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Superposition de Pavages de Voronoi dans le Plan

Résumé : Nous étudions le pavage obtenu par intersection de deux pavages de Poisson-
Voronoi du plan, dans le but d’obtenir des expressions en moyenne pour ses principales
caractéristiques géometriques. Pour ce pavage intersection, nous distinguons six types de cel-
lules suivant qu’elles contiennent ou non les noyaux des deux pavages de départ. L’intensité
et la surface moyenne de chaque type de cellule sont calculées, soit de maniére explicite, soit
au moyen de développements asymptotiques. Ce modéle peut étre utilisé pour représenter
les zones locales de deux opérateurs de télécommunications en compétition sur le méme
territoire. Les cotts d’interconnexion entre les abonnés dépendent alors du type de cellule
ol ils se trouvent, les cellules étant précisément définies comme celles du pavage intersection
associé & ces deux systémes de zones locales.

Mots-clés : pavage de Voronoi, processus de Poisson, distribution de Palm, processus
ponctuel, réseau de communications, inter-connexion
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1 Introduction

1.1 Motivation

Point processes and stochastic geometry are used in a variety of research domains and have
recently been applied to communication networks. The main idea consists in considering the
spatial configuration of the network objects (subscribers, stations, links) as realizations of
stochastic point or fiber processes, thus allowing one to take into account the irregularity of
the actual spatial structure of the network. Then, quantities of interest such as cost functions
or total length of connections, are expressed as functionals of these point processes, which
allows for the solution of performance evaluation and optimization problems via a study of
certain mathematical expectations. In its simplest form, a single hierarchical level telephone
network consists of subscribers and switches, each of which serves the subscribers located in
a certain area or cell. If the subscribers are served by and linked to their closest station, the
cell system creates a random Voronoi tessellation of the plane, where the cell associated with
a given switch represents the local zone of this switch. Detailed study of different models of
that kind and discussions on assumptions and applicability of this approach can be found
in 2], [1] and [4].

In the present paper, we use such a geometric model to represent the interconnection of
subscribers of two competing telecommunication operators N; and N,. In the basic model,
the operators act independently and each of them possesses only one level of switches. Each
set of switches defines an independent Voronoi tessellation, say 77 for N; and T» for No,
and thus a compound tessellation T, the cells of which are intersections of 77 and T5 cells.
T cells are of different types depending on whether they contain switches of Ny and Ns or
not. There are then at least six types of cells which are exemplified in Figures 1-3.

We assume below that for each operator, the cost incurred and charged for a call of
a given subscriber depends on whether the communication remains within the cell of this
operator (local call) or not (non-local call). Under this assumption, a communication be-
tween two subscribers, S; of V; and Ss of N, belonging to the same cell T', induces different
interconnection costs depending on the type of cell 7. For instance, if the cell contains a
switch of both N; and of N> (as for the cells of Figure 2 bottom), then the communication
will be local for both operators and both subscribers. However if this cell contains a switch
of Ny and no switch of Ny, (as for the cells of Figure 3 top), then this communication will
be non-local for S; and N; because the connection to S goes via the switch of Ny which is
then outside the local zone of S;.

Thus the analysis of the superposition of two Voronoi tessellations and in particular the
computation of the mean area and of the intensity of each type of cell, gives a way to address
predictively certain cost problems which arise in such a competitive situation.

RR n° 3692



4 F. Baccelli, C. Gloaguen, and S. Zuyev

1.2 Mathematical model

Let {z;} be an at most countable family of points in the plane R?. With each point z;, one
can associate a set C,; known as the Voronoi cell consisting of those points of R? which are
closer to x; than to any other point x;, j # 4. The point z; is called the nucleus of the cell
Cz,. Since this set is the intersection of the half-planes {z : |z — z;| < |z — 2|}, Cz, is &
convex polygon. The collection of all these cells forms a Voronoi tessellation of the plane,
meaning that every point of R? (excluding a set of Lebesgue measure 0) belongs to a unique
cell.

The main object of this study is the compound tessellation of the plane generated by
the superposition of two Voronoi tessellations. Namely, let N1, N2 be two stationary point
processes in R? and let T} and 75 denote the Voronoi tessellations generated by the points
of Ny and Ns, respectively. Then the superposition of these tessellations defines a new
compound tessellation T. The set of boundaries of its cells is the union of the boundaries
of T1 and T5. Since the set of points given by N;, N, is random, then the tessellation T is
also random in the sense that its boundary is a random closed set (cf. [5]).

Our aim is to characterize the distribution of the geometrical characteristics of “random
representatives” of the cells of 7. We show below that there are many ways of defining such
a random representative:

e The first way is to take the cell C which contains the origin 0. We will call it the 0-cell
in the sequel. It should be noted here that under stationary distribution assumptions
for Ny, Na, this cell is somewhat “larger” than other cells of T, since the origin is
covered with bigger probability by cells of larger area. This is a spatial analogue of
the well-known waiting time paradox for temporal point processes (see, e. g. [5, §6.2]
or [8]).

o Although each Voronoi cell C* constructed with respect to the points of the process
N, contains exactly one nucleus, this property is no longer true for the cells of T,
which are defined as the intersection of two cells C}, and CZ . In order to study the
characteristics of cells of 7' which contain a nucleus say of N1 (necessarily unique),
one may study the distribution of geometrical characterlstlcs of the cell of T' under
the condition that there is a point of N; at the origin. For the tessellations we study
this is possible since there is a one-to-one correspondence between these cells and the
points of Nj. The interpretation of this distribution conditioned on a null-probability
event is solved by considering the Palm distribution with respect to Nj.

e There are also cells of T which contain neither Ny nor Ny nuclei, so that the above
view points are not sufficient. In order to study such cells, we will supply each cell of T’
with a unique reference point called its centroid and we will study the characteristics
of the cell C = C;, NC;. under certain conditions such as:

1. its centroid lies at the origin. This distribution would correspond to the distri-
bution of a typical cell of T “chosen at random” among all the cells of 7.

INRIA
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2. its centroid lies at the origin, and

— the nuclei z; and y; are both in C;
— none of the nuclei z; and y; are in C;
— the nucleus y; is not in C, whereas z; is in C.

This would correspond to the distribution of a typical cell of T' which contains
nuclei of both types, no nucleus, or only a nucleus of type N;. This or the
symmetrical case can be seen as refinements of what was considered above (see
Figures 1-3).

Again, a rigorous interpretation of this conditioning is given by the Palm distributions
with respect to both processes Ny, N» described later.

2 Notation and definitions.

2.1 Probability space, Palm probabilities

Throughout the paper we use the following notation:

B : the Borel g-algebra of subsets of the Euclidean space R?;

|B| : the Lebesgue measure of a Borel set B € B.

N : the set of o-finite counting measures on B.

n :the o-algebra of subsets of N generated by the system {{n € N : n(B) =

k}, B e B, ke N}
(Q,F,P) :an abstract probability space.

Ni, N2 :random point processes, i.e. measurable mappings from (22, F,P) to [NV, N].
Each realization N;(w) is an at most countable sum ), 6,,(.) of Dirac measures,
where 6,(B) = Ig(x). We assume that the processes N, are simple, i.e. with
probability 1, all z;(w) are distinct. In this case there is a bijection between
N;(w) and the set of its support points supp N;(w) = {z;(w)}i-

II;, TI,  :independent homogeneous Poisson point processes with intensities v; (1 = 1, 2),
i.e. the point processes for which IT;(B) has a Poisson distribution with pa-
rameter v;|B|, for any B € B with |B| < oo, and such that the variables
I1;(By), II;(Bs) are independent for all By N By = .

P; :the Palm distribution with respect to the process IV;, see (1).

We will intensively use Palm calculus for stationary point processes. Let us recall the main
definitions.

The addition operation in R? gives rise to measurable flows in [R?,B] and in [V, 8],

defined as §,B=B+z={y+z: y € B} for B € B and (8,1)(B) = n(6,B) for n € N

RR n° 3692



6 F. Baccelli, C. Gloaguen, and S. Zuyev

and all B € B. In particular, if N = ). 6,, then ;N = ). 0,,—. The point process N
is stationary with respect to the flow 6. if the distributions of N and 6, N coincide for all
x € X. If N is a stationary process, for any Borel B one has E N(B) = Ay|B|, for some
positive constant Ay called the intensity of N.

When dealing with several point processes, it is sometimes convenient to introduce a
shift ¢, z € X on the probability space (2, F, P), which is assumed to preserve P, and to
assume that this shift is compatible with the translations §. in R?, namely that

Ni(pgw) = 0, N;(w),

for all i, x and w. The Palm probability of an event = € F with respect to N; is then defined
by
P;(2)

1
v Z = (ppw) Ni(dz), (1)

where Ay, is the intensity of the process IV;; it can be shown to be independent of the choice
of B € B. The expectation with respect to P; is denoted by E;. The intuitive meaning is
that of the conditional distribution "given there is a point of the process N; at the origin 0".
By the standard monotone class argument, the following identities can be directly derived
from this definition :

1
B /() = 1157 B [ f(oe) Nilde), ©)
B
E / Fla,w) Ni(dz) = A, / E: F(z,¢_ow)dz 3)

for any measurable functions f : @ — R, and F : R?xQ +— R, . The last formula is known
as the refined Campbell formula for stationary marked processes (cf. [12, Formula (4.4.11)]).

Formula (2) provides another useful interpretation of E; as an ergodic mean. Assume
that f(w) is some characteristic of the configuration when the origin is a point of the support
of N;. When the set B becomes “large”, then by the Law of Large Numbers, the RHS of (2)
is equivalent to

1
N5 > flemw),

z;EN;NB

that is the mean value of f “seen from” the points of N; located in B (cf. [3, Prop.12.4.1]).
This allows one to interpret E; f as the value of f at a typical point of the process ;.
The particular case where N; = II;, ¢ = 1, 2, a homogeneous Poisson processes in the
plane, and where the point processes II;, II; are independent, which is considered in the
paper, can, of course, be embedded within the above framework. For a Poisson process II;,
its Palm distribution P; coincides with the P-distribution of the processes I + §g, i.e. the

INRIA



Superposition of Planar Voronoi Tessellations 7

process with an additional point at the origin 0. This is known as Slivnyak’s theorem and
is, in fact, another characterization of Poisson processes (see, e. g., [12, p.121]).

Let now g : Q — R; be a measurable function. The following identity expresses the
relationship between the Palm and the original distribution of a marked stationary point
process (cf. [3, Formula (12.3.13)]) :

Eg(w) = Av, E: / 9(pew) da ()
&

The set Cj above is the Voronoi cell with nucleus 0 constructed with respect to the point
set IV, (note that, under the Palm distribution P;, there is a.s. a point of N; at the origin 0
and therefore C} coincides with the O-cell C?).

The following exchange formula relates two Palm distributions and can be obtained by
taking a(w,t) equal to the indicator of the event “t is the point of the process N;(w) which
is the closest to the origin”, in the remark following the proof of Proposition 1 in Neveu [10,
p.201]:

A, Br £(@) = Aw, B / £ (o) Ny (da), (5)
cs

for any measurable f: Q+— R,.

2.2 The point process of centroids

Centroids Each compound cell C is the non-empty intersection of two cells C;, and C7_,

where C¢, denotes the Voronoi cell with nucleus v € N; constructed with respect to the points
of N;. We define the centroid z(C) of C as its center of gravity. So, a compound cell always
contains its centroid.

By construction, there is one-to-one correspondence between the compound cells and
their centroids, which is in addition compatible with the flow ¢.:

2(C(paw)) = 22(C(w)) -

This property implies that the point process Z of the centroids is also stationary. This
enables one to define the Palm probability with respect to Z as follows:

1
v B/ Tz (o) Z(dz) | (6)

Pz(2)
where Z € F and Az = E Z([0, 1]?) is the intensity of centroids (of the compound tessellation
cells).

The probability Pz can be interpreted as the law of a configuration with a centroid of
the compound tessellation at the or@gin. ‘Therefore under Pz the cell whose centroid lies at
the origin is exactly the 0-cell C = C' NC2.

RR n° 3692



8 F. Baccelli, C. Gloaguen, and S. Zuyev

Other point processes As mentioned in the introduction, several subprocesses of the
point process Z will also be of use:

Z11,2] : the subprocess of Z which only keeps the centroids 2(C) = z(C}, NC;.) such that
xz; € Cand y; € C.

Z[1.2] :the subprocess of Z which only keeps the centroids of cells C such that z; ¢ C
and y; ¢ C.

ZI[1.2] : the subprocess of Z which only keeps the centroids such that z; € C and y; ¢ C

(and the symmetrical case).

AL : the subprocess of Z which only keeps the centroids such that x; € C (and the
symmetrical cases).

Each of these subprocesses is compatible with the flow ¢ ., so that to each of them, one can

associate a Palm probability. The following notation will be used: Pg’i], P[ZI’Q], P[Zl’z], P[Zl]

etc., with an obvious signification.
One can also define Palm probabilities with respect to other point processes related to
the tessellation 7', such as the process of cell vertices, edge middle-points, etc.

Characteristics We will use the following standard notations for the pathwise character-
istics of the tessellation 7:

n20(C)  :the number of vertices of C,
15(C) : the perimeter of C,
IC| : the area of C,

Thus Ez n29(C), Ez l5(C), Ez |C| can be interpreted as the mean characteristics of a “typical
cell” of T. As it was already mentioned, the distribution of C under P is different from the
one of a typical cell. The above expectations can of course also be considered under the
Palm probabilities of any of the other subprocesses.

Finally, the following notations will be used for the intensities and mean values related
to T':

Ao, A1, Ao:the intensity of the vertices, centers of edges and of the compound cell centroids,
respectively (note that Ay = Az).

o2 : the mean number of cells meeting in a typical vertex.
lo :the mean total length of edges emanating from a typical vertex.
i : the mean length of a typical edge.

La, Lf:) : the mean length of edges of T' (resp., T;, i = 1,2) per unit area.

INRIA
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3 Ergodic characteristics of the compound tessellation

This section is mainly based on the mean characteristics relationships for planar tessellations
established in [6] (see also [12, §10.3]), which give expressions for all quantities A;, 2, lo,
Ii, Ezl5(C), Ez|C|, and Ez ngo(C) from the three basic variables Ao, Ez ngy and L4 only.
We also use exact expressions for mean values of the Voronoi tessellation geometric charac-
teristics that can be found, e. g., in [9]. Although formulae (9), (19) and (20) have already
been obtained in [11] we give their proofs for the sake of a uniformity of the presentation.

Throughout the section, 77 and T are the Voronoi tessellations generated by two inde-
pendent Poisson processes II; and Il,, with respective intensities v and vs.

3.1 Intensities

We first focus on A\g = Ag(7'), the intensity of the point process of vertices in the tessellation
T, described in Section 2 above.

To find \g, we first compute the intensity v of the points which are intersections of edges
of the tessellations T} and T». The general formula was obtained in [7, Th.3.1]. Since II; is
Poisson, the mean total length of edges of T; in a unit square is

LY =2y,
Therefore from Mecke’s Theorem 3.1,
2 8
7= 1YL =~y

Since the vertices of the compound cells are either the vertices of T7 and 75 or these inter-
section points, then

Xo(T) = 2o(Ty) + Xo(T3) + = VFiTs = 2un +2) + > yaTs @)

In the vertices of each Voronoi tessellation, exactly 3 cells meet, while in the above
intersection points, this number is 4. Thus, taking into account the densities of both types
of vertices we get

v+ vy \VV1V2
32 . 8
)\0 + 71')\0 ( )

g2 = 6

Using the mean characteristics relationships, we get the following values for the centroid
intensity and for the edge center intensity:

8
)\2I)\o(ﬁ02/2—1):1/1+V2+;\/V1V2; 9)
16
AL =X+ X 23(V1+V2)+?\/V1V2; (10)

RR n° 3692



10 F. Baccelli, C. Gloaguen, and S. Zuyev

We now concentrate on )\[21’2, /\[21’2], )\[21’5] and )\[21’2], which respectively denote the in-
tensities of the stationary point processes Z12, Z[1:21 z[1.2] apng Z1.2],

Let D,(z) denote the open disc centered in z € R? and such that y € R? belongs to its
boundary. Each cell C with a centroid belonging to Z[1:?] is the intersection of two cells C1
and CZ such that = € C2 and y € C;. Therefore the points of Z (1:2] are in bijection with the
point x € II; with the following property: if y = y(x) is the closest point of II,, namely the

a.s. unique point of II, such that
then

The probability of the last event is

P, {y(0) € Cl} =y /67"””7’”26*”2””3’”2 dy = 27r1/2/‘37("1+”2)’”2 rdr = —2
V1 + Vs
0

Therefore, the intensity of the points x; € II; such that the above property holds (and thus
the intensity of Z['?) is equal to

Py - % . (11)
Consequently,
AR AT A0 — A VIVT%VZ : (12)
Similarly,
AL = myTgw : (13)
and, finally,
A = 3y — (T4 Ay o e 8 (14)
v+ e
3.2 Mean geometric characteristics of a typical cell
Evidently, for the mean length of edges of T" per unit area one has
La=LP+10. (15)

INRIA
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This, together with expressions (7-8) for Ag and for 7ig2 above, allows one to express other
mean ergodic characteristics of the compound tessellation 7. The mean length of a typical

edge:

C_La_ 2wy

1=

AL 3(v1 +1va) + 171,_6\/7/17/2 ’

the mean total length of the edges emanating from a typical vertex:

l*_2LA_ 2(M+\/V—2)

1 ;
Ao v+ 2/

the mean area of a typical cell:

; 1 8 -1
Bzl =+ = [m+w+_vom]| ;
2 o
the mean perimeter:

By 1p(C) = 224 - _AWVIH V)

A2 V1+V2+%\/V1V2 ‘

Finally, the typical cell contains on average

. 2\ 6(v1 + 1a) + 2 /th1s
Ezngo(C):2+—0: ( ) 87r
A2 V1t V2t /U1

vertices (and edges). In particular, the minimal value of Ez ngo(C) is

attained when vy = vs.

RR n° 3692
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4 Integral formulae for the mean area of the 0-cell

In this section we are interested in the mean area of the 0-cell C of T' under various Palm
probabilities.

4.1 Mean area under P;

Let us take ¢ = 1. Using the notation introduced above, and polar coordinates, we get the
following representation:

E [C|

E, [¢'n¢?|

27w oo

00

= //Pl{(r,O) € C}P{(r,0) € C*} rdrds

[ e}

= 27r/P1{(r70) € C*}P{(r,0) € C?} rdr,
0

Il

where we used the independence between II; and II; to obtain the third relation and isotropy
to derive the last one.
Since II; is Poisson of intensity vy, it follows from Slivnyak’s theorem that

P, {(r,0) €C'} =™, (21)
Now Campbell’s refined formula yields

P{(r,0)eC?} = ET, g)ece

= E/]I(o,o)ecg T, 0)ec2 Ma(dz)

/ Po{ L(0,0)c02(p—ow) Lir0)e02(p_pw) } V2

[ PANAD((©0,0) U D ((r.0)) = 0} vad,

where we used Slivnyak’s Theorem to obtain the last relation. Let (]|z||,6) be the polar
coordinate representation of z, and for r > 0, let ||z|| = ar. Representing now z in the
coordinates (a, ), we obtain that

™

P{(r,0) € C*} = 21/27"2/ e ALed) gndp | (22)
0

INRIA



Superposition of Planar Voronoi Tessellations 13

where A(r, o, ) denotes the area of the union of the two discs D,q,9)((0,0)) and D,q,9)((r,0))
(see Figure 4).

It follows from classical geometrical arguments that A(1, o, 6) = A(a, 8) with

1—acosf
A(a,8) = asind + o*(r — ) + (a? + 1 — 2acosh ( — arccos )
(o,6) (m=6)+( I Va2 +1—2acosf
(23)
We obtain from (21) and (22) that
By [C] = 2x / re=""" Q vy, r)dr (24)
0
with
= 2ur? / / e_”T2A(D"9)adad0, (25)
0

and with A(a,6) defined by (23). Let u = /vr. Then Q(v,r) = 2P(u?) with

= v//e*A(“’e)”adadG,
00

so that
3 4 T —rilly
E, |C|] = T ue ™ 2P(uz)alu
D]
0
2T T Y
— = 7r vP

" (v)dv

= //l/ e Ala, o)vvdv]adadG
00

Finally, we get the following representation, to be used later:

2
E || == / /  dadb. (26)
Tk + Al 9))

RR n° 3692



14 F. Baccelli, C. Gloaguen, and S. Zuyev

4.2 Mean area under P

By the same arguments,

E|C| = E|C'nC?

27 | Q(v1,7)Q(va,r) rdr
!

I
N

41/11/2(11(12

[0,7]2 [0,00)2
/ e (Al 0) 02 A(02,02)) g oy doryd6y dB
0

[ee]

—  driv / / / V2e—(14(@1,00)+124(22,02)) iy dour deva dly dB
[0,7]2[0,00)2 O
so that

o109
(viA(ar,61) + v2A(az,62))

E |C| = 871'1/1 1) 3 dalda2d91d02 .

[0,7]% [0,00)2

4.3 Mean area under P[Zl’2]

Using the same bijection as in § 3.1 and the results obtained there, we get

el |¢] E: [|c1 NC2ol | 4(0) € cl]

= (Pu{y(0) € C}) " Bu [I03 N C2y) Typec

vy +vs
= Vo E1 ['CO ncy(o | Hy(o)ecl] -

We have
E, [|c3 NC2 o)l ]Iy(o)ecé] = v / E; [|cg NCy| Tyecr ﬂng(Dy(O))zo] dy

= Uy // E1 zECl ]Iyecl HzEC2 ]IHQ(D,J(O ] dxdy

(27)

=y // exp{—1|Do(x) U Do(y)| = v2|Dy(0) U Dy(z)|} dzdy .

INRIA
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Introducing the coordinate change
1 =rcosf
Ty =rsinf
y1 =1 —racos(p +6)
ya = o —rasin(e +6)
O<ra<oo,0<0<2r, - w<p< T,
(see Figure 5) we obtain that
2r oo T oo
[1 2 |C| =2(v1 + 11 /dG/r3dr/dcp/ada exp{—v1 A(ar,a™", @) — o A(r,0,0)},
0 0 0
where A(r, a, ) is the function defined in § 4.1. Continuing as above, we finally get

EL? (6] = 21(vy + vy / / adad‘p : (28)
(na?A(at, ) + 1 A(a, ¢))

4.4 Mean area under P[Zl’i], Pg’ﬂ and Pg’i]

Proceeding as in the previous section, we can write

E[ZI’E] Cl =E, [|Co ﬁC2(0)| | y(0) ¢ Co] .

But
E1 |C] = Ex [Ic} 0 C2o)l | 9(0) € €3] Pu{y(0) € 3}
+E [|co NCol |90 ¢co] P1{y(0) ¢ C}}
= +V B0+ + E[”]|C|
Therefore

51 - v . v .
B¢ = (1+2) Baje - 2 EL e, (29

and the final integral expression is obtained after substitution of formulae (26) and (28).

Obviously, the expression for EE’Q] |C | is the same except that v; and v, are interchanged.
Finally,

1= MEz|C| = NP ERTC|+ AT ERTC + AT ERT 1| + AT ERT e, (30)

from where and from (9), (11)—(14), (28), (29) the expression for EFZLQ] |C| can be easily
derived.
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4.5 Example
Table 1 below gathers numerical results for all the mean values considered above. Let

141
r=—.
V2
Four cases are considered: x | 0, with 11 | 0 and v» = 1; x = 0.6, with v; = 0.6 and v» = 1;
rz=1,withvy =1land v» =1; 2 = 00, with vy =1 and v5 | O.

The first value given in each entry is the mean area under the Palm measure for the type
of cell which is considered. The value in brackets is the proportion of the plane which is
covered by this type of cells (product of the first entry and the intensity of the corresponding
cells - see Figure 6). The variations of E; |C|, Ex [C|, E[ZI’Q] IC| seen as functions of z, are
shown in Figure 8.

z]0 z = 0.6 =1 z 1 oo
Ez|C| | 1.00— 25z [1.00] | 0.28 [1.00] | 0.22 [1.00] | 1 — 2.5/ [1.00]
E|C| |128—-1.08yz [—] | 060[—] | 048[—] |1.28—1.08/v/z [—]
E,[C| |1.28—231z  [0.00] | 0.63 [0.38] | 0.48 [0.48] | 1 —2/(n\/Z) [1.00]
E,[C| | 1.00—2/7y/Z [1.00] | 0.57 [0.57] | 0.48 [0.48] | 1.28 —2.31/z  [0.00]
ED?IC| | 1.28-1.73z  [0.00] | 0.74 [0.28] | 0.59[0.30] | 1.28 — 1.73/z  [0.00]
ERA|C) | 1.00 - 2/xyz  [1.00] | 0.47[0.29] | 0.36 [0.18] | 0.69 — 0.7/ [0.00]
EZAC) | 0.69— 0.7z [0.00] | 0.44 [0.10] | 0.36 [0.18] | 1.00 — 2/(w/Z) [1.00]
EZF|C) | 0.25-0.13y/z [0.00] | 0.14[0.33] | 0.11 [0.34] | 1.25 — 0.13/y/z  [0.00]

Table 1: The mean area of different types of cells.

5 Asymptotic expansions and numerical results for the
area of the 0-cell

Numerical tools, e. g. the package Mathematica, can be used to evaluate the integral ex-
pressions obtained in the previous section for particular values of v, and v5. An alternative
approach, that we consider in this section, is based on asymptotic expansions of the func-
tions under the multiple integrals with subsequent explicit evaluation of the terms. It may
be particularly useful when one needs to consider a variety of different values for the inten-
sities, and can be easily programmed. The corresponding Microsoft Excel program can be
obtained from

INRIA
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ftp://ftp.stams.strath.ac.uk /pub/sergei/Vcells.xls. Since relation (30) holds it is sufficient
to consider just three cases: B |C|, E|C| and E[Zl’z] |C| below.

5.1 Expectation of the area of C with respect to P,
In Section 4.1 we have obtained an integral formula (26) for the mean area of the cell under
distribution P;. Denoting © = v; /v, expression (26) can be rewritten as

: 2
B¢ = 2 f(a).

where

// (rz fdj(f 0))? (31)

in the integration domain D = [0,00) X [0, 7], where A(a,6) is given by (23). Such an
expression does not lead to closed form formulas. However, asymptotic expansions are
possible, with a particular form depending on the values of x and of A(a,f). The main
variations of A(a, §) are induced by the parameter a, the angle 6 being important for small
values of « (see Fig. 7). We will therefore consider the following three cases:

e Case z < 1/2. Here mz < A(w,0) in the whole domain D, so that the function under
the integral can be expanded in absolutely convergent series in the variable 7z/A(a, 6).
After integration, the function f(z) can be approximated by

f@) = Y (=mz)P(p+ 1) Fy, (32)

with K large. The coefficients F), are given by

T i ada
F, = _ .
=) ] aaap (33)

In ftp://ftp.stams.strath.ac.uk/pub/sergei/Vcells.xls, we take K = 43.

e Case 1/2 < z < 4. We split the integration domain into two sub-domains: D; =
[2,00) % [0,7] and D \ Dy. The inequality 7z < A(e,8) still holds in domain D; and
the same expansion as above gives an expression similar to (32), with coefficients G,
which are now integrals over D; given by

Gy —/ da/ a6P+2 (34)
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More elaborate methods should be used in the domain D \ D; where neither a rea-
sonably fast convergent expansion in 7z /A(«, 8) nor that in A(«,8)/(wz) are possible.
In this case we expand the function A(a,f) in the variable @ at a point ag which
depends on the range of a. The first term of the expansion, A(ayg,#), is then written
as ay + a(0) where we take

1. a9 =0and a; =1 for a € [0,1/4);
2. a9 =1/2 and a1 = 11/8 for o € [1/4,1); and finally
3. &g =3/2and a1 = 17/4 for a € [1,2).

Denoting all the subsequent expansion terms by a; (¢ = 3,4, ...) we may now integrate
term by term the following expansion of the integration function:

1
(r2z + a1 + - + a;)?
o .

= ) (mpynetmeteim (atmst---4mit ! aples®...af" (35)

o nalng!. .. n;! (rx + ap)natnstetnit2?
which is absolutely convergent provided all the ratios

a
Tp 2] pP=2,...,1

Sz tar -+ apa|
are less than 1, that is indeed the case. We actually choose o so as to minimize 7,
which optimizes the speed of convergence of the expansion.

This allows us to obtain the following approximation formula for f(z) with comple-
mentary terms corresponding to the integration over Dj:

p=0
6 o N 13 o
—1)? el
i ;( "Tror Tt g( "\ arvsap | ©9

where the coefficients c;i) are given in Vcells.xls.

Finally, if z > 4 then the integration domain is split into Dy = [0, 1] x [0, 7] and D\ Da.
In Dy we have A(a,8) < mx and the expansion is obtained in the variable A(«, 0)/mx
with coeflicients H), equal to

Fid 1
H, = / d / aA(a, 0)7da. (37)
0 0

INRIA
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In D\ D5, the same method as in D \ D, allows us to obtain the following expansion

1 & p+l 5 N, Ly
f(z) = (n2)2 Z (_Wx)pHp * 24734 n (1 * E) - % ; av
1 Pi(z) Py() Py(z)
2r(l+xz)  (L+z)3  z(1+2)° 231+2)7’

(38)

where the polymomials P;(z) and the coefficients d, and ¢; are listed explicitly in
Veells.xls.

Figure 8 shows the curve (dotted) obtained by the above series expansions. In the intervals
x € [0.43,0.5] and [3.66,5.41], the series converge too slowly to be practically useful. The
proposed interpolation formulae for f(z) are

f(z) ~ 1.0143 — 0.6566x for x € [0.43,0.5];
™ 10.4095 — 0.08076z + 0.0056422 for z € [3.66,5.41] .

In the limiting case as x vanishes, the II;-cells are rather larger than II-cells so that
C almost always coincides with the II, cell containing the origin. Its area is known to
be 1.28017/vs. If x — oo, the cell C almost coincides with the II; cell centered at the
origin, which is known to have for mean area 1/v;. Accordingly, the asymptotic expansion
1/v2(1 + x) has the limit 1/v.

5.2 Expectation of the area of C with respect to P

Equation (27) is symmetric in vy and v, and will be considered only for values of =z =
v1/va > 1. It may be written as

E[C| = SV—% / ag(zA(a,0)) dadé (39)
2 D
where
adadf
4
/ (y + A, 9)) (40)
D

The approach used in the previous section to derive expansion (38) for f(x) in the case
x > 4 is immediately applicable to g(y) in the range y > 47. The resulting expression is
used in (39) provided that the condition A > 4r is verified (remind that A > 7/2, so that
this condition is verified for > 8). A simple integration then gives the following expansion
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for the mean area:

. 2nFy  6ymM,  2F;(15+4272)  5M3(128 — 4572)
I/2E|C|% —

x x3/2 3z 18y/mxd/2
L 2nF> (—1155+6920m” +576n* o\ | TM(=61683712 + 155232007 — 16368757%)
23 64072 ! 4050007 /727/2

(41)

with coefficients F,, H, as above and

™

:/de/Aa9p+1/2
0

(M5 = 0.10163420, M3 = 0.03648602, M, = 0.01612125).
The asymptotic expansion (41) approximates the numerical values with a relative error
within 3.6% for z > 8. For 1/100 < x < 100 it may be completed by the function

[0.8(1 + z) + 0.4929+/2] ",

which approximates v, E |C| with a relative error not exceeding 2% in this range. Note that
such an approximation is not consistent for large values of x.

The function v, E|C| is shown as solid line in Figure 8.

The same reasoning as at the end of the previous section allows one to obtain the limiting
behavior of the function that tends to 1.28017 /v, when x | 0 and behaves like 1.28017/v2(1+
x) = 1.28017/v, for large .

5.3 Expectation of the area of ¢ with respect to P[ZI’Q]

In domain D = [0,00) x [0, 7], the function A(a,#) defined by (23) verifies the following
relation:

Ala,0) +a?A(a™,8) = 27(1 + o) + 2a[sin 6 — (7 + 6) cos 0] = 27rm(a 0). (42)

Using this, it is easy to show that expression (28) is indeed symmetric in v; and vy, as
expected. It is therefore sufficient to consider the case z = vy /vs < 1. Formula (28) can be

written as
12 2 14+« . 2z
C
Ve = i \ioz)

adadf
a é/ (A(a,0) + mym(a,6))?’ (43)

where
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where m is defined in (42), and y is positive. Since A/m < 47/3 (resp., 27/3 < A/m) in
domain D, we can derive convergent series expansion for j(y) provided that y > 4/3 (resp.,
y < 2/3). We have

N Ep:l p(_ﬂ-y)p_lk’zh ify <2/3
= {Epzlp(_ﬂ-y)_p_lLPv if y > 4/3, (44

with coeflicients K, L, given by

K

am(a,0)?

p = // gy d0da
aA(a,)P1

Lp = //maap+l d0da

In the limiting cases, as z | 0 (y | 0), the function E |C | approaches 1.28017v; ! and as
r — 1 (y — 00), it tends to 0.59v;

Figure 8 shows the corresponding curves (dashed). In the range z € [0.15,0.5], the
interpolation 1.2465 — 1.2907x + 0.7743z% may be used for v, E[ZI’Q] |C|. Conversely, in the
range z € [2,8] interpolation formula is given by 1.2465 — 1.2907/z + 0.7743/x2.

Acknowledgements. The authors are grateful to Marc Lebourges for interesting dis-
cussions on the problem and to anonymous referee whose remarks allowed us to improve the
presentation of the material.
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\j

Figure 4: Union of two discs D, ((0,0)) and D, ((r,0)).

Free of points of II;

\j

Free of points of II,

Figure 5:
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Figure 6: Percentage of the plane covered by the cells containing: a) both II;, II5-points; b)
II; but not I»-points; ¢) Iz but not II;-points; d) neither IT; nor I points.

)

24

r)

o 4

)

2

© 4

°

P

0

@ [\
T T T
0 1 2

Figure 7: Level lines of function log A(«, 6).
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Figure 8 1, E|C| — solid line, v E; |C| — dotted line and vy E[Zm] |C| — dashed line, as
functions of z = vy /v» (here v, = 1, the lower graph is in log—log-scale).
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