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Abstract: We present here the continuation of our work on mixed finite elements for wave propagation
problems. In a previous report, we constructed and analysed a new family of quadrangular (2D) or cubic (3D)
mixed finite elements, for the approximation of the scalar anisotropic wave equation. This work is extended
here to the elastic wave equation, including in the case of an anisotropic medium. These new elements present
the specificity to enforce the symmetry of the stress tensor in a str ong way and lead to explicit schemes
(via mass lumping), after time discretization. The convergence analysis of these mixed finite elements is not
straightforward: neither the standard abstract theory nor the theory we developed for the scalar case can be
applied. That is why we introduce a new abstract theory which allows to get error estimates.
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Eléments finis mixtes, symétrie forte et condensation de masse pour
les ondes élastiques

Résumé : Nous présentons ici la suite de nos travaux sur les éléments finis mixtes pour les probleémes de
propagation d’ondes. Dans un précédent rapport, nous avons construit et analysé une nouvelle famille d’éléments
finis mixtes quadrangulaires (2D) ou cubiques (3D) pour 'approximation de I’équation des ondes anisotropes
scalaire. Ce travail est étendu ici & I’équation des ondes élastiques, en milieu anisotrope. Ces nouveaux éléments
présentent la spécificité d’imposer la symétrie du tenseur des contraintes de facon forte et de conduire & des
schémas explicites (condensation de masse) apres discrétisation en temps. L’analyse de convergence de ces
éléments finis mixtes n’est pas immédiate: on ne peut appliquer ni le théorie classique ni la théorie développée
dans le cas scalaire. C’est pourquoi nous introduisons une nouvelle théorie abstraite qui nous permet d’obtenir
des estimations d’erreur.

Mots-clé :  éléments finis mixtes, condensation de masse, ondes élastiques anisotropes
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1 Introduction

We are concerned with the construction of an efficient numerical method for approximating the linear elastody-
namic problem in complex media, such as anisotropic heterogeneous media with cracks of arbitrary shapes. The
main application we have in mind is non-destructive testing, i.e. detecting the existence of cracks in a medium
by studying the diffraction of a known incident wave by the medium. In such experiments the incident wave
is a time pulse, which justifies a direct computation in the time domain. We have built a specific numerical
method based on the following motivations:

e We would like to be able to perform large scale computations (i.e. for which the wavelength is small
with respect to the size of the computational domain). To facilitate the implementation and reduce the
computation time, we have chosen to use regular meshes, squares in 2D and cubes in 3D, for the space
discretization and explicit schemes for the time discretization.

e To deal with the complex geometry of the crack without producing spurious numerical diffractions as in
a staircase approximation (see [13]), we will use a fictitious domain method, c.f [13, 17, 18]. Thus, we
have to treat the boundary condition on a crack as an essential condition, i.e. as an equality constraint in
an adequate functional space, via the introduction of an appropriate Lagrange multiplier. The boundary
condition on a crack is a free surface condition, which means that the normal stress on the crack is zero.
This condition becomes an essential condition when we consider the mixed velocity-stress formulation for
elastodynamics. The Lagrange multiplier can then be interpreted as the jump of the velocity across the
crack.

e In most examples, the dimensions of the cracks are very small compared to the scale of the problem:
we thus need to consider the elastic wave propagation in an unbounded domain. This can be done by
using a new absorbing layer model based on the Perfectly Matched absorbing Layer (PML) introduced by
Berenger for the 2D Maxwell problem, c.f [8, 9, 12, 22]. The extension of this model to elastodynamics is
natural when using the mixed velocity-stress formulation, c.f [14].

RR n-°3717



4 E. Bécache, P. Joly and C. Tsogka

These considerations justify to base our numerical method on the mixed velocity-stress variational formu-
lation of the elastodynamics equations. However in this paper, we will not consider the presence of the crack,
and we refer for that to a future paper. Moreover, for simplicity, we will consider in this paper an homogeneous
Dirichlet boundary condition, the extension of the PML model to elastodynamics is described in [14].

In order to get a really explicit method after time discretization, we want our spacial discretization to be
compatible with a mass lumping technique. Moreover, it is well known that the main difficulty encountered in
trying to construct mixed finite element methods for the system of elasticity is finding a way to take into account
the symmetry of the stress tensor. Several elements, in particular for plane elasticity, have been proposed in
the literature [1, 25, 20]. In these papers a relaxed symmetry approach is used: the symmetry of the stress
tensor is imposed in a weak sense via the introduction of a Lagrange multiplier. Another approach using spaces
of symmetric stress tensors, based on composite elements, was introduced in [19]. None of these however are
adapted to mass lumping.

For this reason, we have introduced mixed finite elements (inspired by Nédelec’s second family [21]), which
appear to be new in spite of their simplicity. These new elements have two basic characteristics; they allow
mass lumping and they use spaces of symmetric stress tensors.

The first part of this paper (§2) is devoted to the description of these elements in two and three space
dimensions. In §2.1, we define some notation and present the model evolution problem we shall consider, as
well as its variational mixed formulations (with and without relaxation of the symmetry condition). In §2.2, we
present the construction our lowest order elements in dimension 2 and how to obtain mass lumping. Section
2.3 is devoted to the generalisation to higher order elements and §2.4 to the generalisation to the 3D case.

The second part concerns the analysis of these new elements in the 2D case. This analysis involves two main
difficulties. The first one is due to the fact that the classical Ladyzhenskaya-Babuska-Brezzi assumptions for
the discrete problem (c.f [11, 10, 3]) are not satisfied (defect of coerciveness). That is because, compared to
more classical elements, we enrich the approximate stress space but not the velocity one. The second difficulty
in the analysis concerns the symmetry of the stress tensor. In a recent paper [7], we developed and analyzed
the same type of element for a scalar model problem : the anisotropic wave equation. However, the theory
developed there can not be directly applied to the elastodynamic problem.

The outline of the second part of the paper is as follows. Section 3 is concerned with the mixed approximation
of an elliptic problem which is the stationary problem associated to the evolution problem of §2. This will be
used to study an elliptic projection operator that is naturally involved in the analysis of the approximation of
the evolution problem. We show in §3.2 why the analysis of the new element fits neither the classical theory nor
the theory developped in [7]. We thus develop in §3.4 a novel abstract theory for obtaining error estimates. This
theory is based on weaker inf-sup and coercivity conditions but requires stronger approximation properties. In
§3.5.1, we show that our new elements fits within this framework and error estimates are given. To verify the
(modified) inf-sup condition, we use a macro-element approach. §4 is devoted to relating the error estimates on
the time domain solution to the error estimates obtained in the previous section on the elliptic problem. This
part of the analysis is inspired by [16] and essentially relies on energy estimates.

2 Presentation of the new mixed finite elements

2.1 The model problem : the 2D elastic wave equation

In the following, we identify the space of 2 x 2 tensors with the space £(IR?) of linear applications from IR? to
IR?, in which we define the linear form

(].) as(a) =012 —021.

Let £*(IR?) be the subspace of symmetric tensors of £(IR?), that is

(2) L:(R?) = {0 € L(R?) / as(c) =0}.
The scalar product in £(IR?) is defined by
(3) 0T =04Tiy, VY(o,T)E L’(]Rz),

and || is the associated norm. In the sequel, a tensor ¢ will be indefferently identified with an element of R*
or an element of IR? x IR?. In particular, to each ¢ in E(IR2), we shall associate the two column vectors

_ | on _ | o
@ 01_[012]’02_[022]'

INRIA



A new famuly of mized finite elements for elastic waves d

If Q is an open subspace of R?, o a tensor field in Q (o € D'(; L(IR?))), we set

Oo11 0012

. div o; £ s
div o = = P P

div oy 021 022

6301 6:13’2

Finally, if (u,v) € L2(Q)¢ (d=1,2,3), (u,v)q will denote the usual inner product of L?(Q2)?

2.1.1 The elastodynamic problem

We consider now that € is filled by an elastic material. We denote by w(z,t) the displacement field in €2, at
time ¢t (z € Q,t > 0). We associate to u(z,t) the strain tensor (u)

_ 1 8’&1 an

In the following, we consider ¢ as a linear operator from D'(Q;1R?) to D'(€; £*(IR?)). The displacement is
governed by the following system

©) o0t~ div ou) = ,

where ¢ = p(z) denotes the density which verifies

(7 0<o-<o(r) <oy <400, ae €.
We should add to (6) the initial conditions

Q u(t=0)=uo ; P(t=0)=u,
and a boundary condition on 02

9) u =0 on 6.

The stress tensor o(u) is related to the deformation tensor by Hooke’s law
(10) o(u)(z,t) = C(x)e(u)(z,1),

where for all z in Q, C(z) is a 4 x 4 positive tensor having the usual symmetry properties [2] which means that
C(z) is a positive symmetric definite operator in £5(IR?). We set A(z) = C(z) ' and assume that z — A(z) is
measurable and satisfies the uniform inequalities (o and M are strictly positive real numbers)

(11) 0<alo]><A(@)o:0< Mlo|”, Vo € £5(R?), ae. z € .

The elastodynamic problem in {2 can be written as a first order hyperbolic system, the velocity-stress system
with the unknowns

0
v = 8—1: the velocity vector in €,
oc=o(u) : the stress tensor in ,
g@ —dive =
(12) ot
A6_0 —e(v) =0
ot ’
subject to the initial conditions
(13) v(0) =wvo =wu1 ; 0(0) =09 = o(uo),
and the boundary condition on 99
(14) v =0 on O

Remark 1 The homogeneous Dirichlet condition on OQ) has just been considered for simplicity. This has
nothing to do with a free boundary condition on the boundary of a crack interior to Q that will be taken into
account with the ficitious domain method as explained in the introduction.

RR n°3717



6 E. Bécache, P. Joly and C. Tsogka

2.1.2 Variational formulation in X*¥™
We introduce the Hilbert spaces
M = (L*(;R?)?, H=(L* (% L(R*))* and X ={c € H/divo e M}.
We denote X*¥™ C X the subspace of symmetric tensors in X
(15) X" ={o € X /as(s)=0}.
We can write now a mixed variational formulation of system (12, 14) in the following form

Find (o,v) : [0,T] = X*¥™ x M such that
d sym
(16) o), 7) +b(v(t),T) =0, vr e Xm,

S ewlt),w) = b(w, o)) = (fyw) , Vw € M,

where
' a(O',T)=/A0'ZTd(E, V(o,7) € H x H,
o 4 x4
(17) ¢ c(v,w) = / ov - wdz, V(v,w) € M x M,
Q
b(w,7) = / div 7 wdz, V(w,7) € X x M.
\ Q -

Remark 2 In this section we are not interested in the regularity of (o,v) with respect to time variable t. This
is why we simply write (o,v) : [0,T] — X*¥™ x M.

The bilinear form a(-,-) (resp. b(-,-)) is continuous on H x H (resp. on X x M), thus we can define a linear
continuous operator A : H — H' by (Ao, 7) g g = a(o,7) and B : X — M' by (Br,w) 0y = b(w, ) (H'
holds for the dual space of H, and so on). They satisfy the following properties (see for instance [11])

(1)  The continuous inf-sup condition
38>0/VweM, I7eX/b(w,T)2Bllwlyllx-
(18) (#9)  The coercivity of the form a(-,-) on KerB

Ja>0/VoeKerB, a(a,0) > alol%,

with KerB = {r € X / b(w,7) =0, Vw € M}.

The mixed formulation (16) is the one we shall work with for the numerical approximation. It is crucial to work
in the space X°¥™ of symmetric tensors : the operator —¢ is not the adjoint of div if one works in all of X.

However, as we will see in the following, for the analysis of the discrete problem associated to (16) we need to
introduce an equivalent problem in which the symmetry of the stress tensor is imposed in a weak way. This is
the object of the next section.

2.1.3 A relaxed variational formulation in X

The content of this section is classical. We refer the reader to D. N. Arnold, F. Brezzi and J. Douglas [1], R.
Stenberg [25] and M. E. Morley [20] for further details.

1
If we set v = 2 rotv (with rotv = v _ Ou

8.%'1 - (9322

), we get

e(v) = Vo —yx where x = < (1) _01 ),
INRIA
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and we can rewrite the elastodynamic problem in the following form

ov ] _
ga —divo = f,

(19) 9o _ -
A 5 Vv + yx = 0,
as(c) = 0.

Systems (19) and (12) are equivalent in the sense that (o, v,7) solves (19) if and only if v = 1/2 rotv and (o, v)
solves (12). We introduce now the variational formulation of problem (19)

( Find (0,v,7) : [0,T] — X x M x L such that
%a(a(t)ﬂ') +b(v(t),7) + (v,as(7)), =0, vVre X,
(20) <
%c(v(t),w) ~ b(w, o(2) — (f,w), Vwe M,
\ (777 aS(U))L =0, VU €L,

where L = L%(f)). Problem (20) has a unique solution (&,v,7), namely the solution of (19). To simplify the
notations, we introduce a bilinear form d(-,-) continuous on L x H defined by

d(n,7) = (n,as(1))r, Y(n,7) € L x H,

and we associate to d(-,-) the linear continuous operator D : H — L' with (D1,7),,,, = d(n,T). We then have
the following properties (c.f [11])

(1) The continuous inf-sup condition
3>0/VY(w,m)eMxL,ITeX/

(21) b(w,7) +d(n,7) 2 B ([lwllyr + lInll L) 7l x -

(79) The coercivity of the form a(-,-) on V = KerB N KerD

Ja>0/VoeV, alo,o) 2a||a||§(.
Note that V' is characterized by
V={reX/bw7)+d(n1)=0,V (w,n) € MxL},

2.2 Presentation of the finite element in the lowest order

In what follows, we shall use the following standard notation for spaces of polynomials of two variables. We
denote Py the space of polynomials of degree not greater than k, then Py, is defined by

Pa={p@y) | pley)= ) aya'y
i<k,j<i

and Qk = Pk,k-

We suppose now that 2 is a union of rectangles in such a way that we can consider a regular mesh (7;) with
squares elements (K') of edge h > 0. To obtain our finite element spaces, we shall adopt a constructive approach
which aims in particular at exploiting the geometry of the mesh. We look for approximation spaces of the form

My = {up, € M VK € Ty, up |k € P},
(22) X ={on € X /VK €Ty, on|x € Q},

X" = {on € Xu;/ as(on) =0},

RR n~°3717



8 E. Bécache, P. Joly and C. Tsogka

where P and Q are finite dimensional spaces of C* functions, for instance polynomials, to be determined. We
can remark that X,,*¥™ is seeked as a subspace of X*¥™ : we want to take into account the symmetry condition in

the strong sense, contrary to the approach presented in section 2.1.3. Then the approximate problem associated
to the mixed velocity-stress system for elastodynamics can be written in the following form

Find (on,vs) : [0,T] — Xp*Y™ x M}, such that

d
(23) aa(ahﬁh) +b(vp, ) =0, V1, € ésym,

d
EC(’[)h,wh) - b(UJh,O—h) = (f? U)h), th € %7

with initial conditions ((og,p,vo,n) being approximations of (o9, v0))
O'h(O) = 00,h Uh(O) = o,h-

We want to construct the lowest order spaces Xj and Mj. First, it is natural to approximate the velocity with
piecewise constants

(24) Mf{meﬂ/wxnﬂmKemf}
A possible choice for X}, is the lowest order Raviart Thomas element RTjy,
X,fT = {Uh S é/VK € Ty, (Uh1,(7h2) |K € (RT[O])2} , where RT[O] = P1,0 X P0,1-

However, this choice is not satisfactory, since the space X ,’fT NX®Y™ is too small and thus cannot be considered
as a good approximation space for X*¥™ : indeed, if o}, is a symmetric tensor in X ,?T, then 042 is necessarily
constant in 2. To see this, note that o2 is linear in z, and constant in £; and on the other hand oo is linear
in 27 and constant in z2. Thus imposing 12 = 021 implies that they should be both constant inside each cell.
Finally using the continuity relations in H(div) we can show that they should be constant everywhere. That is
a kind of numerical locking.

Remark 3 If one wants to choose oy, in X fT, one must impose, as it has been developed for the stationary
problem ([1], [25], [20]), the symmetry condition in a weak way using the relaxed variational formulation (20).
We then need introduce some approximation space for L, the space for the Lagrange multiplier

(25) M:{WGLNKG%JMmEﬁ}

with L a polynomial space on K. In this case the approximate problem is

( Find (on,vn,vn) 2 [0,T] — Xp x My x Ly, such that
d—a(ah,Th)+b(vh,Th)+('yh,as(rh))L =0, A E&,
t =
(26) X .
EC(Uh,’th) — b(wp, on) = (f,wn), Ywn € M,
\ (mn,as(mh))r =0, Vnh € L.

This formulation was analyzed by several authors ([1], [25], [20]) in the case of the stationary problem. We do
not use it because we do not see how to do mass lumping, in particular because of the presence of the Lagrange
multiplier.

sym

We shall construct our space X3 as a subspace of X*™, guided by the following theorem.

Theorem 1 For all oy, € X}, where X}, is given by (22), we have

. ( 11 ) € H(div, Q)
op € & VM o 022

012 =091 € HI(Q)

INRIA



A new famuly of mized finite elements for elastic waves 9

Proof. We only prove the direct statement, the inverse being obvious. We first remind that for all o), € X,

we have oy = [ Zu ] € H(div ,Q) and oy = [ Zzl ] € H(div, ). Because of the geometry of the mesh we
12 22

deduce that

e 011 and o091 are continuous in the x; direction and discontinuous in the zo direction, that means, they
can have a jump only through the vertical edges of the mesh,

e in the same way 015 and 092 can only have a jump through the horizontal edges of the mesh.

[015 =0 [025 =0

inH(div,Q) [c,]=0

inH(div.Q)|[0,]=0 [0,]=0 [021

)

0 O
[0,4 [ a,

[0,4=0 [0,4=0

Figure 1: Continuity of o, € X3

If moreover o € X,*¥™, then 012 = 021 is continuous across any edge of the mesh (see figure 2) and thus
belongs to H(Q).

[6,]=0 [0,J=0

in H(div,Q) [0,,]=0

[02]]:0 0'12:0'21inH1(Q) [0-21]:0 [0’1]]:0 [:211
2

[0,4=0 [9]=0

sym

Figure 2: Continuity of o, € X,

Moreover, as (011, 022) |k € H(div,K) for any K and as o11(resp. o22) is continuous in zp(resp. in z2),
we deduce that the vector (11, 022)! belongs to H(div, ). [ |

Theorem 1 shows that o1 must belong to an approximation space of H'. Thus, in order to define the lowest
order element, it is natural to choose

o139 € Hl(ﬂ)/VKE%, 0'12|K € Q1.

It remains now to define the approximation space of H(div,) in which the vector (o171, 022)" belongs. Once
again, a natural choice is the lowest order Raviart-Thomas element RT}s. We denote

X’,’;ym = {Jh Gé/VK €Ty, 012 |K € @1 and (0'11,0'22)|K € RT[O]}.

However, we can easily show that this choice does not permit to get an explicit time discretization scheme. This
was explained in [7] for the anisotropic wave equation. The reason is that the degrees of freedom for the stress
tensor are associated whether to a vertex of an element K (for o12) or to an edge (for (o11,022)) as we can see
in figure 3.

RR n°3717



10 E. Bécache, P. Joly and C. Tsogka

0127 %21 012= 921
|
011> —+» 0n
t
912= %21 4 O12= 021

22

Figure 3: Degrees of freedom associated to the stress tensor for the space )Z',‘iym

Indeed, in order to obtain an explicit time discretization scheme, we want to use a mass lumping technique
for the approximation of the mass matrix associated to the bilinear form a(oy,7,) (the reader can verify that
the matrix associated to c(vy,wy) is already diagonal in the usual basis of M}). Thus we are led to approximate
the mass matrix a(oy,71,) by

ah(O'h,Th) = Z IK(AO'h :Th),
KeTy,

where Ik is some quadrature formula, to be determined. Unfortunately, we did not find any quadrature formula
leading to a diagonal (or block diagonal) mass matrix (for more details see ([7]), ([5]). So, we have to choose
another space for the approximation of H(div,Q). The idea is to regroup all the degrees of freedom at the
nodes of the quadrature formula, namely the nodes of the mesh. Under this condition the adequate choice for
(011,022) is the lowest order element of the second family of mixed finite elements proposed by Nédélec in [21],
that is

{qn € H(div,Q) such that g4 |k € (Q1(K))* VK € Tp},

sym

and thus our choice for the space X3 can be written as

&sym = {0’12 EHI(Q)/0'12|K, VK € 7;, and

(0’11,022) € H(div,ﬂ)/(011,022)|1( € (Q1)2, VK € ’Th}

The key point is that now the degrees of freedom of the stress tensor are all associated to the vertices of an
element K as we can see in figures 4 and 5. In this case the approximation of a(oy,7,) using the quadrature
formula

2
(21) [fenin=T5 ¥ fon, vrecx),
Mvertices of K

on K leads to a block diagonal mass matrix. Each block is associated to a node of the mesh and its dimension
is equal to the number of degrees of freedom at this point (that is 5, see figure 5).

Remark 4 The space X,*Y™ can also be obtained as follows
o Choose both opy and opy (defined as in 4) in the second family of mized finite elements of Nédélec [21]:

X5 = {on € X/(on1,0m) |k € (Qu(K)* x Qi(K)?) VK €Th},
e Impose the symmetry in a strong way

thym Z&ﬂés?ﬂn.

INRIA
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a3 oy
= = -
012= 0 012= 0 A 2 22
b > b
o1 011 Vq
.
h
o1 of Vo
K g
01270 015= 0y 0 022

Figure 4: Degrees of freedom for the stress tensor (left and center) and the velocity (right)

h
011
—
o

AT1Z A
oy =
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Figure 5: Degrees of freedom for the stress tensor associated to a node of the mesh

2.3 Extension to higher orders and mass lumping

The natural generalization of the lowest order element presented in the previous section, consists in taking (see
remark 4)

b

h={mh € X|VK €Ty, th|k € (Qrs1)*} = Xp x Xp,

=

(28) hsym — &nésym’

=

={wn € M/ VK € Tp,, wp|k € (Qk)’} = My X M.

This will be referred as the Qr+1 — @ element. For simplicity, we focus here on the mixed finite elements
corresponding to k = 1,2, that we use in practice. We represent the degrees of freedom for these elements in
Figures 6 and 7. We also indicate in these figures the number of degrees of freedom per node.

o By
Y, 2. %e

y20 IP’* ‘#’ A

14 3 4
A 2. 20

S
s A IR » .
= X1 X3

X5 X5 X3

Figure 6: Degrees of freedom in the 2 — ()1 element
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Y, 20 20 Z
Y, 20 20 20
vy 2 2. 2.

X X3 X3

Figure 7: Degrees of freedom in the Q3 — Q)2 element

The locations of the degrees of freedom correspond to tensor products of 1D quadrature points associated to
Gauss-Lobatto (for o) or Gauss-Legendre (for v;,) quadrature formulas. The exact location of the quadrature
points and the associated weights are given by:

For k =1 (Fig. 6)

e The Gauss-Lobatto points and weights:

( 1
v =y; =0, 27 =y; = bX T3 =ys =1,
- 1
Win T W1 T Wag T Wiz T gp
< 1
Wa1 = W3y = Wiz = Wiz = 9’
4
. Woy = 5
e The Gauss-Legendre points and weights:
v w_ 3-8 . 3+43
Ty =Y = )y Lo =Yg = ’
6 6
v v 1
Wip T Wa1 T Wy = Wip = 7

For k = 2 (Fig. 7)

e The Gauss-Lobatto points and weights:

( o o o o 5_\/5 o o 5+\/3 o
2 =y; =0, z3 =y; = 10 y L3 = Y3 = 10 , Xy =Yg =1,
- 1
w11—w41—w44—w14=m;
< 5
w3 = W3 = Wiy = Wi = W3y = Wiy = Wi = Wiy = 144’
- 25
{ Wog = W3g = W33 = Waz = 144"
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e The Gauss-Legendre points and weights:

( 5—-vV1is , 1 _54+415

=N ="y o T2T =5 B33 0
< wi) = wyy = wig = f3_32%;

Wy = W3y = Wyg = Wi = g:

\w§2=g.

Mass lumping can be achieved using the same technique as for the anisotropic wave equation [7]. That consists
in approximating the integrals in the mass matrices a(op, ) and ¢(vg,wr) by adequate quadrature formulas.
More precisely

e we use the Gauss-Lobatto quadrature formulas to compute a(op, 7) (our degrees of freedom for the stress
tensors are associated to the Gauss-Lobatto points). The resulting matrix is now block diagonal. Each
block is associated to one quadrature point and its dimension is equal to the number of degrees of freedom
at this point: from 3 x 3 for the “interior” nodes to 5 x 5 for the vertices of the mesh.

e The matrix ¢(vp, wy) does not really need to be mass lumped, it suffices to remark that M, is discontinuous
and thus we always obtain a block diagonal matrix. Each block is associated to an element of the mesh
and its dimension is the number of degrees of freedom in the element((k + 1)?). However, for convenience,
we also use a quadrature formula for the approximation of this matrix : the Gauss-Legendre quadrature
formula which leads to a diagonal matrix.

Remark 5 The generalization of the previous techniques to higher orders (k > 3) can be done without great
difficulties, using higher order Gauss Lobatto and Gauss Legendre quadrature formulas [15].

2.4 Extension to 3D

We shall only present in this section the lowest order 3D finite element. The extension to higher orders is similar
to the 2D case but the presentation would be tedious.

Let © be a bounded domain of IR® and consider a regular mesh (7) of Q with cubic elements (K) of edge
h > 0. Applying the same approach as in the 2D case, we remark that imposing the symmetry as a strong
condition implies the following :

e (011, 092, 033) € H(div, ) since 011 is continuous only in the z; direction, o9z in the x5 and o33 in the
x3 direction,

e 012, 013 and 023 are continuous in two directions. More precisely, if 7, j, k denotes a circular permutation
of 1,2,3
2 1
xT; — O'jk(',iL'i) S in(H )

Tj Tk

We introduce the approximation spaces X, C X, X,*¥™ C X*¥™ and M} C M defined by (22) with

Q=(Q1)°,  P=(Q)
We give in figure 8 a schematic view of this element, via the degrees of freedom.

Remark 6 We can remark that the number of degrees of freedom associated to the stress tensor o (18 per node
of the mesh) is quite important even for the lowest order element. Thus the reader could naturally think that this
element is quite expensive. However we can overcome this inconvenience by eliminating the unknown associated
to o. That is possible because of mass-lumping. Thus the only unknown remaining is the one associated to the
velocity and that corresponds to 3 unknowns per element (in the case of the lowest order element).
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Figure 8: A schematic view of the lowest order element in 3D.

3 Analysis of the new mixed finite element for an elliptic problem :
the static elasticity case

For the study of the time dependent problem, we shall follow the approach of [7] concerning the anisotropic
wave equation. It is made of two main steps. One step consists in relating, thanks to energy estimates, error
estimates for the evolution problem to the estimation of the difference between the exact solution and its elliptic
projection (that has to be cleverly defined). This step is rather standard and delayed to section 4. The second
step, which amounts to analyzing the elliptic projection error, is much more difficult. It directly follows from
the analysis of the approximation of the stationary problem associated to the evolution problem (23). This is
the object of the present section.

In the following, in order to simplify the presentation, we will consider that 2 is a square in such a way that
we can consider a regular mesh (7;) composed by N x N squares elements (K) of edge h = 1/N. However our
results can be extended without any difficulty to any general structured mesh. Take then X, X5*¥™ and M,
the new family of mixed finite elements defined by -

Xn = {m € X |VK € Ty, ma|k € (Qr+1)*},
&sym :&nés'ym’
My ={w, € M/ VK € Ty, wn|k € (Qr)*}.

3.1 The elliptic problem in X*™ and its approximation

The stationary problem associated to the evolution problem (16) can be written
Find (0,v) € X°¥™ x M such that
(29) a(o,7)+ blv,7) =0, Vr e X,

b(waa) :_(faw)a V’UJEM,

where a(-,-) and b(-,-) are defined by (17) and satisfy properties (18). As a consequence [11], there exists a
unique solution (o,v) in X*¥™ x M of problem (29). The corresponding discrete problem is

Find (o4, vn) € Xp*Y™ x M}, such that
(30) alop, )+ blvn,7) =0, Y € X"V,

b(whdo-h) = _(f7wh)7 Vw € %
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3.2 The difficulties of the convergence analysis

According to the classical theory (c.f [11]), we know that (30) admits a unique solution (o, vs) in Xp*¥"™ x M,
with the convergence property o

]

(31) (on,vn) — (0,v) € X xM

when the following assumptions are satisfied

(H0.0) Vf eIm B, Vi(f) # 0, where we set
Va(f) = {Th € Xp™"™ [ b(wn, ) = —(f,wn), Y wp € %}

(HO.1) The uniform discrete inf-sup condition

There exists a constant 8 > 0 independent of h such that

Vown € My, 37 € Xi®™ / b(wn, ) > B wnlly 7ally

(HO0.2) The coercivity of the form a(-,-) on V}, e V1 (0)
There exists a constant « > 0 independent of h such that
Von €Vh, alon,on) > allonll -

(HO0.3) Approximation properties

lim inf - = Xxsvm
hlig)‘rhelgl(:ym ”U Th”X 0’ Vo € ’

li inf - =0, VYvelM.
fim o, o= ol =0, W

With our choice (28) for X,*Y™ and My, it is easy to check that property (HO0.2) is not satisfied. The proof is
the same as for the scalar problem described in [7].

The abstract theory we developed in [7] (shortly described in [6]) involves a third Hilbert space H such that
X C H, with X dense in H. One replaces conditions (H0.0) to (HO0.3) by the following set of conditions

(H1.0) Vf eIm B, Vi(f) # 0, where we set
Va(f) = {Th € Xp™™ [ b(wn, mh) = —(f, wn), Ywn € %} , Vi =V3(0).

sym

(H1.1) Orthogonal decomposition of Xn
ésym =é3 @ér (op =0}, +0}1) éT C V,
(o3,00)a =0, V(o}p,0}) € és X ér.
(H1.2) “Strong” discrete uniform inf-sup condition
There exists a constant 8 > 0, independent of h, such that
Vw, €My, 37;€Xp® [ blwn,73) > Bllwnllprxer 5 170l x -
(H1.3) “Weak” coercivity

There exists a constant « > 0, independent of A, such that

Vou € Vi, alonon) > a (lloflx + 1ol ) -
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(H1.4) Approximation properties

lim inf |lo—7|lx =0, VoeX®™
hgrrﬁ)rﬁlerg(:hslla Thllx =0, VoeX

li inf - =0, Vwe M.
fim o, o= ol =0, Vo el

Remark 7 The approzimation properties (H1.4) are close to the classical ones. The only difference is that
XY™ must be approzimated by Xp® and not only by Xp*¥™.

Under these assumptions [7], (30) admits a unique solution (o = o} + o},vs) in Xp*¥™ x M} with the
convergence property T

(o7,vpn) — (o,v) in X xM,
(32)

o, —0 in H,

If we wanted to apply this theory to our problem, H must be the space of L? tensor-valued functions. According

to [7], the candidate for the decomposition (H1.1) is then

Xy’ = X, 0 X

where
Xu"™ = {on = (o1,n,02,n) € X / VK € Th, (01,1,02,n) | € (Prt1k X Prir1)’}-

With such a choice, conditions (H1.0) to (H1.3) are satisfied. The problem is that, as we have already explained
in section 2.2, X;° is too small to be an approximation space for X**™. In other words, property (H1.4) is not
satisfied. It is clear at this point that the main difficulty is due to our choice of imposing the symmetry of the

stress tensor in a strong way. In order to overcome this problem, we will step back for a moment by considering
an equivalent discrete problem under the form (20) where the symmetry condition has been relaxed.

3.3 A relaxed discrete elliptic problem in X Y

The stationary problem associated to the evolution problem (20) is the following

( Find (0,v,7) € X x M x L such that
U,(U, T)+ b(’l),’l’)+ (’Ya aS(T))L = 07 VT € é;
(33) $
b(w7 U) = _(fa w): Yw € Ma
\ (nvas(a))L = 07 Vﬂ € La

where a(-,-) and b(-,-) are defined by (17) and satisfy properties (21). We can rewrite problem (33) in the
following form

Find (0,v,7) € X x M x L such that

(34) a(o,7)+ bw,v;7) =0, vre X,

b(w,m;0) = —(f,w), Y(w,n) € M x L,
by setting
(35) b(w,n;7) = b(w, ) + (n,as(1))z, Y(r,w,n) € X xMxL.

We know that problems (34) and (29) are equivalent. To get a discrete version of (34), we would like to find
a finite dimensional subspace (to be determined) of L, denoted Ly, such that the approximate problem (30) is
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equivalent to the following one, where we work in X}, instead of X,*¥™
( Find (04, vh,7,) € Xn X My X Ly, such that
a(on, )+ b(on, )+ (yn,as(m))r =0, V7 € X,
(36) X
b(wn, oh) = —(f,wn), Vwp € M,
{ (mn,as(on))r =0, Vin € L,

which we can rewrite in the following form

Find (o4, vh,7n) € Xp X My, x Ly, such that

(37) a(on, h)+ b(vh,vh;Th) =0, V7h € X,

b(wn,nn;0n) = —(f,wrn), Y(wn,nn) € My X Lp.

Assume for the moment that we can define L in this way, then we can obtain error estimates for problem (30)
by studying the equivalent problem (37).

However, once again, neither the classical theory nor the abstract theory of [7] can be applied to the analysis
of (37).

First, as far as the classical theory is concerned, as for problem (30), one can easily show that property (HO0.2)
(vn being replaced (vh,vh), Xp*Y™ by Xu, My by My x Ly and b(-, -) by b(-, -; -) is not satisfied.

Concerning the abstract theory developed in [7], we have not succeeded to verify condition (H1.2)(we conjecture
it is not true).

Thus, in order to obtain error estimates for problem (37), we introduce in the following section a new abstract
theory, which consists in modifying hypotheses (H1.0)-(H1.4).

Remark 8 Let us emphasize that the introduction of the equivalent problem (37) is necessary only for the
theoretical analysis. However, we never solve numerically problem (37)(or more precisely its corresponding time
dependent problem,).

3.4 An abstract result

We cannot avoid introducing a lot of notation in order to state our result. Let M, X, H and L be four Hilbert
spaces with

(38) X CH, X densein H and |-|5 < ||| x -

We shall denote by M’, X ", H "and L' the dual spaces. The reader can have in mind that, for our application,
we shall have
H=(L*()*, X =(H(div,0))*, M = (L*(Q))* and L = L*(0).

Let af(-,-), b(-,-) and d(-,-) be three continuous bilinear forms respectively in H x H, M x X and L x H. We
define b(-,- ; -) as _

b(w,n;7) = b(w,7) +d(n,7), V(w,n,7) € M xLxX

We shall see in the sequel that the bilinear forms b(+,-) and d(-,-) play a different role, essentially because their
continuity with respect to the second variable 7 involves two different topologies. From the continuity of the
bilinear form a(-,-), we know that there exists an operator A4 in L(H) such that

a(o,7) = (Ao, 7)g, Vo,7 € HxH.
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We also define the operators B : X — M' and B' : M — X' by
(Br,w) = (1, B'w) = b(w,7), V(r,w)€ X x M,

and their kernels by

KerBI{TE£/b(w,T)=O, VwGM},

Ker B' = {we M /b(w,7) =0, VT € X}.
In the same way, we define D : H — L' and D : L — H' by

(D1,m) = <T, Dtn> =d(n,7), Y(r,n) € H x L,

and their kernels

Ker D={re€H/d(n,7)=0,VgeL},

Ker D' ={neL/d(n1)=0,Vre H}.

Finally, we can define B : X —> M' x L' and Bt: M x L — X' such that

<§T;w,n> = <T;§t(w,n)> =b(w,n;7), V(r,w,n) € X x M x L,

we then define the kernel of B and Bt as follows

Ker B=V ={re X /bwnr) =0, ¥(w,n) € Mx L},
Ker B! = V! = {(w,n) € M x L/ bw,ng;7) =0, VTEé}.

In the following, we shall identify the quotient space (M x L)/Ker B with the orthogonal complement of Ker B

(M x L)/Ker Bt = (Ker Bt):

= {(w,m) € M x L/ (v,w)ar + (1,01 = O,¥ (v,7) € Kex B},
and we assume the following properties (||(w,n)||r5 . = llwll s + 17l L -)

(i) Fe>0/V(wmn)eMxL,ITeX/

(30) B(w, 7m) 2 ellw, )l g er 5 17115
(#6) Ia>0/VrTeV, a(r,7)> a||T||§(,
We are interested in the numerical approximation of the solution (o, v,7) of the following problem, with f € M’
Find (o,v,7) € X x M x L such that

(40) a(o, 7)+ g(v,'y; T) =0, vr e X,

b(wanaa) :_<f7w>7 V(wﬂ?)EMXL,
Thanks to (39), we have the classical result (see [11])

Theorem 2 For all (f,0) € ImB, problem (40) has a unique solution (o,v,7) in X x ((M x L)/Ker BY).
Moreover

10 DM a2y cer 5 + Il < C 1l -
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We introduce now the same notation for the discrete problem. Suppose now that X, € X, M C M and
Lj, C L are finite dimensional approximation spaces. We consider then the approximate problem

Find (on,vh,vn) € Xp X My x Ly, such that

(41) a(on, )+ b(vp,Yh;Th) =0, V7h € X,

b(wh,Mh;on) = —(f,wn), Y(wn,mn) € Mp X Lp.

We can introduce, as in the case of the continuous problem, the operators By, : X; — M} and B}fl My — Xy
such that o o

(BhTh;'wh)M = (Th,Bth)X = b(wh,Th), V(Th,wh) S é X %,
and their kernels

Zy = Ker By, = {Th € é/ b(wp, ) =0, Ywy, € %},
Ker be = {wh € My [/ b(wp, 1) =0, V11, € é}
In the same way, we define Dy, : ﬂ — Ly and DZ Ly — ﬂ such that
(Dathsmn) g, = (Thy, Din) iy = d(n> 1), V(7h,mm) € Xp X L,

and their kernels

Ker Dy, = {Th € é/ d(’r)h,’rh) = 0, Vnh S Lh} ,
Ker Dz = {’I]h S Lh/ d(ﬂh,Th) =0, V1, € &} .
Finally we define Eh from X, to My x Ly and Efl from My x Ly to Xp by

(Ehah;wh;nh) = (Uh;gﬁ(wmh))x

(MxL)

= b(wn,Mn;on); Von € Xn, V(wh,mn) € Mp X Lp.
Finally we introduce
Vi = KerBy, = {ah € é/g(wh,nh;ah) =0, Y(wh,nn) € Mp x Lh} ,
KerB: = {(wh,nh) € My, x Ly | b(wh,nn;00) = 0, Yoy € é} )
Our convergence theory will be based on the following hypotheses
(HO) V(f,0) € Im B, Va(f) = {m € Xn /bwn, mnsm) = —(f,wn)} #0.

(H1) Orthogonal decomposition of X},

Xn=Xp"®Xp" (=14 +1;) , Xn" CZ,
(8, )u =0, ¥ (75,71) € és X ér.
(H2) “Weak” discrete uniform inf-sup condition
There exists a constant 8 > 0, independent of h, such that
Y (wh,nn) € My x Ly, E|Th€é/

Z(whﬂIhQTh) > ||(wh=7lh)||(M><L)/Ker B} (I3l x + 1741 g)-
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(H3) “Weak” coercivity

There exists a constant « > 0, independent of h, such that

V7 € Vi, a(mom) > a (Il + 17kl -

(H4) “Strong” approximation properties

fm inf o= 7illy =0, Voex,

li inf — = M
hliﬂ] whHGIMh ”IU wh”M 0, Vu € )

lim inf |y —ml, =0, Vye€L
Jim inf Ay = sl g

(H4b) Additional approximation property in L

lim inf

- <h>H =0, Vyel
h—0 p(n) AP "7 n L y VY )

where

AP = {y® e L/ dn™,77) =0, vri € Xu"}.

Remark 9 Once again, the approzimation properties (H4) are close to the classical ones (X must be approzi-
mated by X3° and not only by Xp).

On the other hand, hypothesis (H4b) is new, since the space Agh) is not included in Ly (it has infinite di-

mension). In practice, in order to verify (H4b), we will search for L) a5 g finite dimensional subspace of Agh)
which satisfies the approzimation property (H4b):

lim inf — M| = L.
(42) hLmo,,(h}QL(h)”V ¥ lle=0 Vvye

We then have ) )
li inf - < li inf — = L.
Lim n(hirelAgm Iy =n*le < lim ot lv=n"lc =0 Vye
Remark 10 Note that, since X is dense in H, (H4) implies that:

lim inf
h—0TieX]

o—"Ti|lg =0, VoeH.

Remark 11 It may be more convenient to characterize hypothesis (H0) by
(HO) — (i4) Ker Bf = Ker B' N (Mj, x L)
Theorem 3 With the hypotheses (HO) to (H4b), problem (41) admits a unique solution
(on = o} + 0h,vn,70) € Xi x (M x Ln)/Ker B}),
and we have the following convergence result

e (oi,vp,vn) — (oyv,7) in X xMxL,

o o -0 in H.
More precisely, we obtain the error estimates

lohlg + llo = oillx + 110 = vr, v = V)l ey jer B <

SC’{ inf [lo—74llx +

inf v — inf |y —
nf oi2f Mo —wnlly + inf Iy =l

(43)

+ inf |Ao—z;|y + inf Iy =n™|L s
; nreAl®

2 €Xy

The convergence follows from the error estimate (43), thanks to (H4) and remark 10.
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Proof.

(i) Existence and uniqueness

First note that hypothesis (H3) implies a non-uniform discrete coercivity on the kernel Ker By, i.e.,
(44) Jay, >0, Yo, € Vi, ,a(on,0n) > ap ||Uh||§(-

That is because in finite dimension all the norms are equivalent. Thus using (44) and (HO) we obtain existence
and uniqueness of the solution (o, vs,n) of the discrete problem (41) in X x ((My x Ly)/Ker B}).

(ii) Error estimates on o — oy,

In its principle, our proof follows the same lines than the one of the classical theory. We shall use the triangular
inequality on the identity ¢ — o), = 0 — 7, + 7, — 0 where 73, is an arbitrary element of V},(f) and use the
discrete coercivity of a (assumption (H2)) in order to estimate 75, — op. The new difficulty is that we have to
deal with the very specific norm in X,

1
= (ITall% + |75 13) %

appearing in the coercivity inequality (H3) and the inf-sup condition (H2). Therefore, we shall have systemati-
cally to get rid of terms, such as terms of the form b(-, 7/ ), whose estimate would make appear ||7}||x. This is
essentially what makes our proof much longer than the usual one.

From the second equation of (41), o}, belongs to V3 (f). Thus, for any 75, in Vi (f)

op — Th € V.
We can write
(45) a(op — Thyon — Th) = a(o — Th,0n — Th) + a(op — 0,0 — Th).-
Taking the difference between the first equation of the continuous (40) and the discrete (41) problem we get
(46) a(op —o,0n —Th) = g(v — WhyY — Nh;Oh — Th), Y(Wh,Nn) € Mp X L.
Using (H1) in (46), we can write, with obvious notations

a(lop —a,0n — 1) =blv —wp,07 — 1)
(47)
+b(v, 0}, — 1) + d(y — Nh, Oh — Th)-

We have used the fact that b(wy, o} —77) = 0, since X} C Z,. Now, since we only have a “weak” coercivity,
we want to keep only terms leading to H-norm on the X part, thus we want to eliminate b(u, o}, — 77) (which
would give ||o} — 77 ||x from the continuity of b). By using then the first equation of the continuous problem
(40), we obtain

a(on — 0,00 = 7h)  =b(v —wn, 0, = 7}) — a0, 0}, = 7})

—d(v,0}, —717) +d(y = h, O — Th)
(48)
=b(v —wn,05, —11) — (Ao,0} — T4 )H

— d(v, 0% —73) + d(y = Mh, O = Th)-
Thus, using the orthogonality of X7 and X (H1) and hypothesis (H4b), we get for any (z§,n")) € Xp® x AW
a(on — 0,00 —7h) = b(v —wh, 04 —74) — (Ao — 24,05 — Th)m
(49)
— d(y =™, o7, — 17) + d(y — 1, oh — Th),
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From (45) through (48) and (49), we obtain
alop —mh,0n — 1) =a(oc —Th,0n — Th) + b(v — Wk, 08 — 1)
(50) — (Ao — 23,05 — Th)u
—d(y =™, 0}, —70) + d(y =, 0 — Th)-

Furthermore from (H3), (50) leads to
alloh = 7hllx + ok = 7hl5) < llalllo = al g lon = aly

+16lHlv — wall o llog — 751l x

+ Ao — zj| 4 o — Thl g

+ldll |y = 2P|, log = 75|

+ iy = nall lon = 7alg -
We deduce the existence of a constant C > 0 depending on ||a||, ||b||, ||d]|] and « such that, for any

(s wh, s 250 ™M) € Vi(f) X My x Ly x X" x AP (lo = 1l < llof = 731l + o, — 771 that is to say

llog = mallx +lon —Thlg < C( |U_T}ﬂH + |Tﬁ|H + llv —wallpr + Iy = mall,

(51) B
+ Ao =zl + v =1l )
We then use the triangle inequality to get, for any 7, € V. (f)
lo—oillx +lonly =llo—7 +7; —o}llx +loh — 7% + 77y
<llo=mllx +llmh = oRllx + lok = 7 lg + 17w 5

which gives, using (51)

lo—oillx +lokly <@1+C) ( inf
ThE

o—17 |y + |77
af (o = 7l + 177l

C| inf — inf —
+0 (i o= wnlly + inf =l

+ inf |Ao -2z inf — A )
z;eéJ Y h|H+TI(h)€A(Th)”’7 "l

To conclude, let us recall that the inf-sup condition (H2) implies (cf. [11], Proposition 2.5)

inf o—"T1illy + |77 < ¢ inf — 7w + |77
i U =il i) < ening (o= millx +I7i 1),

in particular

inf o—Ti ||y + |75 <e¢ inf |lo—7.
L o =il + L) S 0 _ind o~ 7

(iii) Error estimates on v — vy and v —
Once again, we shall use the triangle inequality
1w = vnyy = W)l ey jcer B2 < N8 = why Y = 10| a1y jxcer B2+

(52)
(v = wh, ¥ = M)l arx ) jcer B2 0
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where (wp,n) is arbitrary in My x Ly . To estimate ||(vy — wp, v — 77h)||(M><L)/Ker Bis we use the discrete
inf-sup condition (H2) which expresses that, for any (ws,nn) € My x Ly

1 b(vh — Wh, Y — k3 Th)
(53) l(ve = wh, v — 1)l 5 < osup
(MxL)/Ker By, 8 ThEXh ||7—}§||X + |TI€|H

psing the decomposition of 74 in 7; + 7/ and the fact that X; C Z,, we get the following expression of
b(vh — Wh, Yn = MA5 Th)
(54) b(vn = why Yh = M3 Th) = b(vn — wh, 74) + d(vn = May 7)) + d(h — Mn, TE)
Now, let us subtract the first equation of (41) from the first equation of (40). We get
a(o — on,Th) +E(’U —Vh,Y =Y Th) =0, VTR € é
In particular, for any 77 € és, we obtain
a(oc —op, 1) +b(v—vp, 1) +d(y =y, 75) =0, V75 € ﬁs,
which, introducing an arbitrary (ws,ns) in M X Ly, can be written
a(o = on, 7)) +b(v — wh, 74) + b(wp — v, ) + Ay — M, ) + A — YR, ) =0,
that we shall use in (54) as
b(vn — wh, ) + d(Yh — Mk, Th) = a0 — on, 7)) + b(v — wh, 7)) + d(Y — M, ),

to obtain

( ) E(Uh—wh,Wh—nh;Th) :a(J—O'h,T,‘:)-i-b(’U—wh,T;:)
55

+d(y = nn, 73;) + d(Yn — N8> TH)-

Since we have already estimated o — oy, in (i), and since b(v — wp,7;) and d(y — 9, 7;) can be estimated by
C |7l (lv — wallar + Iy — m&llz), only the term d(yn — nn, 7)) needs to be treated. It can be rewritten as
follows, thanks to (H4b)

dlyn —nns73) = d(yw — 7, 7) + d(y — n, 7))
(56)
= d(yn,75) + d(n™ — 5, 77) + d(y — mn, ), I € A
If we take then 7, = 7}, in the first equation of the discrete problem (41), we get
a(op, )+ d(yn,11) =0,
or equivalently

(57) d(yn, ) = —alon, 7,) = =(Aow, ) = (25 — Aon,73,), Vzj € X’

From (55) through (56) and (57), we obtain
b = whyvh =M Th) = alo — o, i) + b(v — wa, ) + d(y = 1w, T + 7))
+ (25, = Aow, 77) +d(n™ —~,7)
< C{lo—onla +llv—whllp + v —mllg

+ |27 = Aonla + 0™ =1} {73 llx + 177z},
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where we shall use

|zp — Aoplar = |25 — Ao+ Ao — Aop|m
(59)
< |z, — Aole + llalllo — onlm-

Since wp, Nn, 25 and n®) are arbitrary, using (58) and (59) in (52) and (53), we finally obtain
(v = vn,y = ’Yh)”MxL/Ker B! < C'{lo —ohlg + okl

inf — inf —
+ 0 o= wnly + ot b= mlly

+ inf |2} — A + inf (h) .
Zieéjh olu n(h)eA(Th)lln e

that permits to conclude. |

Remark 12 If Ker g}; = 0, we obtain error estimates for the usual norm ||(v—vp, ¥ — Y )|lmxr- That is what
will happen in our case.

Remark 13 Theorem 3 can be easily generalized to the following problem

Find (o,v,7) € X x M x L such that

a(o, )+ bv,1;T) =(9,7)y, VrEX,

b(wa"FU) = _<faw)a V(wﬂ?) EMX La

with g € H. Error estimates for this problem are slightly different from (43). More precisely we obtain

o7l + llo = o3l + 10 = 00,7 = 90l a2y e 72 < C {;( lo = 7l
h h

inf [jv - inf ||y —
(60) t+of v —wally + inf by =l

inf - — 2 inf —g®|L b
+ ot (g = A7) Zh|H+n(h:I€1A(Th)”’Y e

3.5 Application to the elastic problem
3.5.1 Statement of the main results
We first recall the functional spaces for the continuous elastic problem
H=(L*()", X =(H(div, Q))*, M = (L*(?))* and L = L*(Q).
The operators B and D are defined by
(61) Br=divr, Vre€X, Dr=as(t) VTe€H,
and the operator A is given by
(62) Ar(z) = A(z)1(x).
Consider Xn, Mp the new family of mixed finite elements defined by (28). We then define Ly, as
(63) L, = D(ﬁ) = as(é).
Note that, in this case, Dy, is nothing but the restriction of D to X} and that
(64) L, =Im Dy, X,°¥™ =Ker Dy.

Our first result is the equivalence between problems (30) and (37).
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Theorem 4 If Ly, is defined by (63), problem (37) admits a unique solution (o, vh,vn) € Xp X My x Ly, where
(onh,vr) is the unique solution of problem (30). o

The main result of this section is the following convergence theorem, that we restrict to the cases k = 0,1 and 2
for reasons that we explain in remark 14.

Theorem 5 Assumek < 2 and let (op,vh,vn) € Xp X Mp X Ly, be the solution of (87) and (o,v,v) € X xM x L
be the solution of (34), then oy, can be decomposed as o, = o} + o}, such that we have

o (0F,vh,mm) = (0,v,7) € (H(div, Q))* x (L*(2))* x L*(2),
e g, -0 €(L*N)*.

Furthermore if we assume that the solution (o,v,7) of (34) is such that (o,v,7) € (H™())* x (H™(Q))? x
H™(Q) and that (Ao,div o € (H™(Q))* x (H™())? for m = k + 1, then we get the error estimate ( |- |gm
denoting the usual semi-norm in H™)

lo = oplla(ai) + lohlee + v =vallLe + v = nllez <
(65)
< Ch™ (lo|gm + |div(o)|gm + |v|am + |Ac|gm).

In order to prove Theorem 5, we will use the abstract theory presented in the previous section to problem (34)
and its approximation (37). The basic steps of the proof are the following. First, we will justify the choice of
Ly, defined by (63). Then, we will characterize this space and finally we will check hypothesis (H0)-(H4) for
the new family of finite elements. Finally, we obtain the error estimates (65) by using the usual interpolation
results (c.f [24]) in Xp*, My, Ly, (see also §3.5.3-d and Lemma 3).

Remark 14 In fact we shall see in §3.5.4 that the proof of the convergence result of Theorem 5 for any k can
be reduced to check that a rectangular matriz A, whose dimension increases with k, has a full rank. It appears
difficult to check this properly by hand for a general k. We have thus written an algorithm which is able to form
the matriz A for each k and then compute its rank. To prove that Theorem & is valid we have implemented this
algorithm with MAPLE for k = 0,1 and 2. However, for a given k > 3, it would be sufficient to use again this
algorithm to conclude that Theorem 5 is still true if we find that matrix A has a full rank.

3.5.2 Equivalence with the relaxed problem : Characterization of the space L

The proof of theorems 4 and 5 will follow from the next lemma. This will justify our choice for L; if we are
able to check the assumptions of this lemma, which will be the object of the two next sections.

Lemma 1 Assume that the spaces Xy, My, Ly defined by (28) and (63) verify assumptions (HO) to (H4b), then
theorems 4 and 5 hold. o

Proof.

(i) Existence and uniqueness for problem (37)

First note that assumptions (HO) to (H4b) ensure the existence and uniqueness of the solution of (37) thanks
to theorem 2.

(ii) Existence and uniqueness for problem (30)

Next we remark that Ly = D(X}) implies

(66) Vi(f) = {m € Xa™™ [ bwn, ) = =(f, wn), Ywn € M} .
Indeed, b(wp,nn; ) = —(f,wp) for any (wp,ns) implies in particular (choose wj, = 0) that d(n,7s) =

(Dtp,mp) = 0 for any np, in L. Then take n, = D7, € Ly, we get D7, = 0, that is to say 7, € X,*¥™.

Then, it suffices to remark that b(wp,nn; ) = b(wp, 7,) When 7, belongs to X,*™, to deduce that
Va(h) € {mn € Xa®"™ | blun,m) = —(fwn), Vun € My}
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The converse inclusion is straightforward. Then hypotheses (HO), (H1) and (H3) imply (using the equivalence
of norms in a finite dimensional space) the following discrete coercivity result

(67) Jap > 0, Yo, € Vh(O), a(oh,ah) > ayp ||Uh||§( .

Using the classical theory of mixed variational problems hypothesis (H0) with (66) and the discrete coercivity
condition (67) ensure the existence and uniqueness of the solution (op,v;) of the discrete problem (30) in
Xp"™ x My (Ker B}, = 0).

(iii) Equivalence between problems (37) and (30)
Finally, let (o4, vn, 1) € Xp X My x Ly, be the solution of (37), clearly o, belongs to Vi, (f) which implies, cf.
(66), that o), € X3*¥™. Then, taking 7, € X;,*¥™ in the first equation of problem (37) shows that (o4, vs)

satisfies problem (30). [ |
We next characterize the space L. We introduce the following spaces
e The space of @y discontinuous functions
Qhr={an € L*(Q)/ VK € Ty, aqnlx € Qr}-
e The space of j continuous functions
Qhr={am e H'(Q) /YK € Ty, qnlx € Qu} -
We define then Eh C L as follows

Definition: Eh is the subspace of functions in Qg,kﬂ which satisfy an additional relation at each interior vertex

of the mesh Tj,. More precisely, the four values q;,1 < k < 4 of the function q;, € Eh associated to each interior
vertex M; ; of the mesh T, (see Figure 9) must satisfy

(68) @1 +q3=¢q + Qs

q3o °q,

Figure 9: Degrees of freedom associated to an interior vertex of the mesh

Lemma 2 The space Ly, = D(é) is a subspace of Ly,.
Proof. By definition of Ly:
Vi € Ly, 31, € Xp such that gy, = as(my) = 721 — 112,
Using then the definition of é we deduce that

VK € Ty, Mhlx € Qrt1-
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To conclude, it remains to prove that 7 also satisfy the local relation (68) at each interior vertex of the mesh.
Indeed, consider M; an interior vertex of the mesh as shown in figure 10. By definition of as(.), we have

— 12
Ul:el |M, TH |MJ TK, |Mj d
_ 12
TK, | M; TK2 M; — Tk, | Mj »
77K3|M = 7'1(3|M - 7'1(3|M- s
vy = 7|y = 7|
ke | My = Ticy | M= Ti |0
where we denote by 7k, |k, at point M; (and the same notation for 742 and 77).
Using now the continuity relations in X, we get
Ky K,
% Bl
21 — _h21
7-M TK |M —TK |M ZTJ\J,. )
-1 412 ! * g
i A L AT
M; ¢ M; _ _ b2l
| | TK2|M' TK3|M' _TMJ' 5
__»
| _ | _ . d12
Tbaﬂl TKl MJ TKQ M] - TMJ' ?
M
12 _ 12 — . g12
K3 Ko TK3|MJ' _TK4|M' _TMj ’
Figure 10: Continuity relations.
so that we can write
_ k21 _d12
ey = T — 7,
_ b2t d,12
T’K2|MJ‘ = 7-M — Ty o
21 _g,12
TIK3 |M_7 TM M; >
_ . h21_ _g12
MK, |MJ =Ty, M; -
One then easily checks that
PRV VNIV TAIVAE S T AV u

Our next result characterizes entirely Ly,.
Theorem 6 The dimension of Ly is equal to the dimension of the space L. Therefore we have
Ly = Ly.

Proof. Let us first compute the dimension of the space L.

Dim L, =Dim Q{, , — Number of interior vertices of the mesh

(69) =N2?(k+2)%—(N-1)?
= N?(k* + 4k + 3) + 2N — 1.

On the other hand, we remark that, since L, = D(X4) = Im Dy and X,*¥™ = Ker Dy,

(70) Dim L, = Dim X}, — Dim X,*'"™.
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4
Considering X}, as a subspace of (Qf. 1) , we have

(71) Dim X}, = Dim @} ,; x 4 — Num. of continuity relations.

Since 7}', 72! (resp. 712, 72%) are continuous across each vertical (resp. horizontal) edge, the number of

continuity relations in é is given by
Num. of cont. relat. = Num. of edges x Num. of deg. of freed. per edge x 2
=2N(N—1) x (k+2) x 2.
Therefore, (71) gives
(72) Dim X;, = 4N*(k* + 3k +2) + 4N (k + 2).

In order to compute the dimension of X;*¥™ we will rewrite it as a direct sum of two subspaces corresponding

to the decomposition of a tensor as the sum of its diagonal part and of its extra-diagonal part
(73) &.wm — &sym,d +&3ym,e’

where
X;*¥™? is isomorphic to {(r}t, 722) € H(div), VK € Tn, (141,722 |k € (Qr+1)*} s

Xp®™ is isomorphic to {7y*> = 7' € H' / VK € Th, 7" |k € Qps1} -
Therefore, we have
(74) Dim X,*Y™*° = Dim Qj, ;,, = (N +1)* + 2N(N + 1)k + N°k?,
while, as for the the computation of DimXj,

Dim &sym’d = Dim Q‘,il,k+1 x 2 — Num of continuity relations

(75) =2N%(k+2)? —2N(N — 1) x (k + 2)

1
=2N%(k* +3k+2)+2N(k+2) (= §Dim&),

Dim &sym = Dim &sym,d + Dim &sym,e
(76) = =t Zh
= N%(3k? + 8k + 5) + N(4k + 6) + 1.

From (70) through (72) and (76), we obtain
DimL, =4N2(k?+3k+2)+4N(k+2) — N2(3k? + 8k + 5) — N(4k + 6) — 1
e = N2(k? + 4k + 3) + 2N — 1.
(69) and (77) show that L, and Ly have the same dimension. |

In the sequel, we shall set NL; = Dim L, and shall denote by
(78) {g;, 1<j < NL}

the basis of Ly associated to the following set of degrees of freedom (here we distinguish the “vertices” of 7}, from
the “nodes” which correspond to the refined mesh obtained by dividing each square K into k? equal squares):

o Degrees of freedom associated to the boundary:
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— The value of the function at each vertex of 2, node type 1, (there are 4),

— The value of the function at each node of the boundary which is interior to an edge, node type 2
(there are 4kN),

— The two values of the function at each point of the boundary which is a vertex of the mesh, but not
one of the vertices of €2, node type 3 (there are 4(N — 1) x 2).

e Degrees of freedom associated to the interior:

— The value of the function at each node which is interior to an element, node type 4 (there are k2 N2),

— The two values of the function at each node located on an interior edge, interior to this edge, node
type 5 (there are 2kN(N — 1) x 2),

— For each interior vertex of the mesh, node type 6 (there are (N — 1)2 x 3), the three quantities:
(@1 + @+ ¢+ 0)/4 (@ — @2 — a3+ 04)/4, (@1 + @2 — a3 — a4) /4

We present in figure 11 the differnt types of nodes for Ly,.

3 1
5e ¢ 2
50 2
5e ®2
3 3
4 4 4 |6
e o o
4 4 4
e o o
4 4 4
o o o
1 1
3

Figure 11: The six types of nodes for Ly,

The reader will easily verify that the support of each basis function is made of one element K, except for the
degrees of freedom associated to the interior vertices, for which the support of the basis function is made of four
elements.

It remains, in order to apply lemma 1, to check assumptions (HO) to (H4b) for the spaces X}, My, Ly. Section
3.5.3 is devoted to the proof of (H1), (HO0), (H3), (H4) and (H4b), in this order. The proof of (H2) is much
more complicated and delayed to section 3.5.4

3.5.3 Proof of the main theorem : Verification of the conditions (H1), (H0), (H3), (H4) and
(H4b)

a - Hypothesis (H1) It appears as a simple generalisation of the results presented in [7]. We introduced in
[7] the spaces X}, defined by

(79) Xp={qn € X = H(div; Q) / VK € Ty, qnlk € Xy = Qp41 X Qp41}
and we have shown that X, admits the following orthogonal (in L?) decomposition
Xn=X; o Xy},

Xp = {pn € H(div; Q) / VK € Tn, prlx € RTjy},

XIT; = {ph € H(le,Q) / VK € 7717 pth € \I]k}a
where ¥y, is defined as the orthogonal complement in X}, of RT}, (for the inner product L?(K))
(80) wk(K):{¢eX//¢¢dx=o, \7’¢>€RTk}.

K
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Thus, as
& = Xh X Xh,

it is straightforward that X} admits the orthogonal decomposition

(&) Xy = X' ® X',
with
(82) Xa® = Xjp x Xj and Xi" = Xj x X}

Moreover, one can prove easily (see [7]) that
Xn" C Zp.

This is in fact a corollary of the following strongest property

(83) VK € Ty, Yw € Qy, Vpp, € X,Tl, (divph,w)K =0.

b - Hypothesis (H0) From remark 11, we know that (HO) is equivalent to

Ker B} = 0.
Therefore, we have to prove that for (wp,n,) in My x Ly, which satisfy
(84) g(wh,’nh;Th)Eb(wh,Th)+d(nh,Th):0, V1 Eé,
we have

wp, =0 and g, = 0.
Indeed, take first in (84) 7, = 7, a diagonal tensor of X}, we then get
(85) Z(wh,nh;ﬁ‘f) = b(wy, i) =0, V7 € Xh.

It is easy now to check that (85) implies wy, = 0. That is a direct consequence of the well known properties of
the Raviart-Thomas element, given that the space X} contains the Raviart-Thomas space (X;*). To conclude

it remains now to prove that
(as(rh),nh) =0, V1, € é =N = 0.

Which is true, because from the definition of Ly we have

Ly = D(X4) (z as(é)) .

¢ - Hypothesis (H3) Checking hypothesis (H3) is also a simple generalisation of results presented in [7].
From (11), we get

a(on,on) > alonlyy = a (i} + 1oil};) -
Remark now that op € Vp implies
(a) (as(on),nn) =0, Vnu € Ly,
(b) (div(ah),wh) = 0, th € %
Moreover
(i) dive} € My,
(it) (divej,wp) =0, Vwy € My,

(i) is a well known property of the Raviart Thomas space and (ii) is a straightforward consequence of (b) and
Xp" C Zy. Thanks to (i) we can take wy, = dive}, in (44), which gives

divey, = 0.
Therefore ||o¢]|% = |o$|% and consequently
rllx hlH
Von € Vi, a(on,0n) > a (||0fz||§( + |Uﬁ|§1) :
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d - Hypotheses (H4) - (H4b) The approximations properties in X,,* and M), are a generalisation of the

well known properties of spaces X and M}, defined by (79) (cf. [23], [24], [11]). Moreover, as Ly, contains the
Qr+1 continuous functions so we have

lim inf |y—mll, =0 Vvye€ L
Jim inf v — sl v

using the well-known properties of Q41 continuous finite elements. Concerning hypothesis (H4b) (cf. Remark
7) we will search for a finite dimensional subspace L(*) of Agh) which satisfies the approximation property (42).

Lemma 3 The space L") = Qg,k is included in A&h). and satisfies

li inf — M|, = L.
(86) lim n(h;relL(h)llv "L =0, Vye

Proof. Property (86) is well known. Thus, it only remains to prove that L(#) = Qﬁ,k is also a subspace of

A = {n(h) eL/dn™,7)=0, V7] € ér}

= {0 e L/ (as(s7),n™) =0, Vo7, € X'}
For this, it suffices to prove that
(87) VK €T, (as(h),n™) L2y = 0, Y(r,n™) € X" x LM,

This follows from the construction of the space X,". Let us simply recall some basic properties of this space.

For simplicity and without any loss of generality, we can work with the reference element K = K =1[0,1]x[0,1].
The restriction ¥ to K of any element ¥, of X" is of the form (cf. [7])

X PP pi(z1)ok(z2) p2(22)0k(21)
U= X X = y Pin<i<a € Pry1 o,
Y1 Yoo p3(z1)or(x2) pa(x2)on(21)

where the function oy, is characterized, up to a multiplicative constant, by

1
/ ou(2)p(x)dz = 0, Vp € P,
0

o € Pk+1, 0'1;,% 0.
Thus, as any function ¢(z1,%2) € Qf can be written as a linear combination of terms of the form ¢ (z1)g2(x2)

with (q1(21), g2(22)) € Pr(z1) X Pr(z2), one easily checks that

/ or(z2)q1(21)g2(x2)dz1dEs = / or(r1)q(x1)q(x2)dr1dzs = 0.
K K

Therefore, we have
Vig)i=12 =12 (Jya), . =0 VieQuK).

This implies in particular (87). ]

3.5.4 Proof of the main theorem : Verification of the condition (H2)

Finally we are going to verify the discrete inf-sup condition(hypothesis (H2)). To do so, we will split it into two
parts, by showing the following two lemmas.

Lemma 4 For all v, € My, there exists 7} = 7,° € X4* such that
(1') (diVTiawh) = (vhawh)a vwh € %7
(it)  (as(ry),un) =0, Vup € Ly,

@id) Nl llx + 1" | = Nl llx < eallvnlln,
with ¢; a positive constant independent of h.
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Lemma 5 For all g, € Ly there exists a T,? € Xy, such that
(i) (divry,ws) =0, Ywy € My,
(i) (as(r3),mn) > ¢ |mnll7, ,

(iid) Nmllx + || < esllmmllz,
with ca, c3 positive constants independent of h.

Before proving these lemmas let us first prove that they imply the following theorem which is equivalent to
hypothesis (H2).

Theorem 7 For all (vy,nn) € My, X Ly, there exists a 7, € X}, such that

(divrn, vn) + (as(7h),mn) 2 C (lonllas + lmnll) (72l x + 17715 »

with C a positive constant independent of h.

Proof. For all (vy,nn) € My x Ly, we take 7, = 74 + 77 € Xp, with 7} (resp. 77) verifying Lemma 4 (resp.
Lemma 5). Then we get

(divTh, va) + (as(7n),mn) = (divry,va) + (as(7;),mp) (Lemma 4-(ii) and 5-(i))

> |lvnlly + ez [l (Lemma 4-(i) and 5-(ii))

2
> c([lvnllpy + llmnll L)
2 C(llonllar + llmallz) (el x +17415) (Lemma 4 and 5,(iii))

|
To prove Lemma 4, we will follow the usual technique for proving the discrete inf-sup condition (see [11]). More
precisely in Lemma 6, we first obtain for the continuous problem a result analogous to the one of Lemma 4.
Then, by using the well known properties of the Raviart Thomas mixed finite element space, we are able to
conclude.

Lemma 6 For all v € M there exists a T € X such that
(i) 7 is diagonal (thus as(t) = 0),
(i1) divr = v,
(i) I7llx < Cullvlla-

Proof of Lemma 6. In the case of a rectangular domain Q it is easy to prove that for all v = (vy,v2) €
(L?(Q))?(= M), there exist a 7 = (11,72) € H(div, Q)(= X) with

T11 0
() =)

711 OT22 —
8.’171 (9.(132 2
Indeed, we define vy (resp. 72) the extension by zero of vy (resp. v3) at the exterior of Q. We can define then 711
(resp. T22) as a primitive of v (resp. Us)

where 71, 72 verify

divr = = v and divry =

1 Z1
T11(£L‘1,.’L'2) :/ 51(8,1172)(18, TQQ(IEl,.’L‘Q) :/ 52((13'1,8)(18.
0 0
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A new family of mized finite elements for elastic waves

Tt is clear then, that 7 = (m1,7») satisfy (i), (ii) and (iii) of Lemma 6. |
Proof of Lemma 4. Take v, any element of M}. By Lemma 6, we can construct e X such that

(al) 7" is diagonal = as(7") =0,
(88) (a2) divr = vy,

(a3) [I7"lx < Cillvallar-

Let II; be the usual interpolation operator on the Raviart Thomas space X®. It is well known (see [11]) that

(b].) (le(T el HZT), wh) = 0’ V(T, wh) = é X %’
(89)
(02) |Ii7||x < Coll7||lx, VT € X.

Moreover, because of the particular mesh we work with, we have

(90) T is diagonal = II} 7 is diagonal too.

Let us take now 74 = Ti’s = I3 7" and check that it satisfies properties (i), (ii) and (iii) of Lemma 4. Indeed,
(i) is a consequence of (88)-(a2) and (89)-(b1).
(ii) is a consequence of (88)-(al) and (90).
(iii) is a consequence of (88)-(a3) and (89)-(b2). |

A macroelement partitionning. To prove now the second part of the inf-sup condition that is Lemma 5 we
will use a macroelement technique (c.f [26]). This technique will permit us to obtain a global stability estimate
by simply adding together analogous local estimates. We need to introduce some notation.

We shall define a reference macroelement M as a finite connected union of 4 disjoint unit squares.

M= U I?j where I?j, 7 =1,...,4 are unit squares,
j=1,...,4
I/(\'j = Tj(I?), K =[0,1]? and T; is a translation, T;(Z) = T + t;, t; € {—1,0}?

A current macroelement M, will be associated to each vertex S, of the mesh 7; and defined as
M= |J K whith Kf = F,(K;) = F, o Ty(K),
j=1,..4

where F, is the affine transformation:

F.(x)=S.+hx.
We have obviously:
(91) QC M.,

e=1,...,N?

and the finite overlaping property

(92) Each element K € 7, is included in at most 4 macroelements,

We define the following spaces of functions on the reference macroelement M , that are local spaces associated
to Xp and My

[[><>

) = {7 € Hy(div,M) / VK € M, 7|z € Qi },
93

=)

= {® e L>(M)> /V K € M, | € Q3},
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where we recall that
Hy(div, M) = {7 € H(div, M) / 7 - nl,5 = 0}.

Of course, as a local equivalent of the decomposition (81), (82), g can be decomposed as

8

={7Te€

(<>
[l

] a7
+X,

(=<t
(<>

/VEK e M,7|; € RT?},
(94)

[

" is the orthogonal complement in i of i * for the scalar product of L2(]/\4\ )4,
where we recall that g " has the fundamental property (cf (83))

(95) VEeM,VieQ}, VireX, (divi',@)z =0.

We then define the local space corresponding to Ly,

(96) L =as(X).

Using the same arguments as in the proof of Lemma 6, one characterizes the space L as

L ={feL*(M) /YK € M,ijlz € Qry1 and 7 satisfies (), (i3), (iii)}.

(i) 7 satisfies the continuity condition (REF) at each interior node M.

(ii) 7 is continuous on oM.

(iii) 7 = 0 at each of the four vertices of M.

The difference with the characterization of Ly comes from the additional conditions associated to the nodes
of the boundary. These conditions are the consequence of the boundary condition imposed in X. Note that

the dimension of L is NL = 4(k? + 4k + 3) — 9. In the sequel, we shall note {pt;,1 < i < NL} the basis of L
associated to the following degrees of freedom:

the value of the function at each boundary node which is not a vertex of M (there are 8(k + 1) — 4),

the value of the function at each node which is interior to an element (there are 4k?),

the two values of the function at each node located to an iterior edge, interior to this edge (there are 8k),

for the interior vertex, the three quantities (g1 + g2+ g3+ q1)/4, (1 — @2+ a3 —qa)/4, (1 — @2 — g3 +q4) /4,
where (g1, g2, ¢3,¢4) have been defined in figure (9) (there are 3).

We then define the same type of spaces for each macroelement
X ={r= ToF7', TeX},
(97) M, ={w.=®%oF,", &eM}
L= {776 :ﬁoF;l > ﬁEE}

Obviously, to the orthogonal decomposition (94) of i , corresponds the following orthogonal decomposition of
X

—€

-~ -~ — A _ N ~8
X, =X +X), X={neX, |VR. CM,nlx ¢RI} =(FoF ", 7eX")

X" is the orthogonal complement in ie of i: for the scalar product of L2(M,)%.

As a consequence of (95), we have
(98) VE.€M,Vw €Q Vi eX, (divif,we)x, =0.
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A new family of mized finite elements for elastic waves

We recall here that, thanks to a well-known property of the space RT}:

(99) The divergence operator is sujective from X* onto M,.
1

Also, notice that if u¢ = fi; o F, !, then {u¢,1 < i < NL} is a basis of L.. In the sequel, we shall use the

following definition

Definition 1 If u. is a function defined in M., u. represents the restriction to 0 of its extension by 0.

The reader will check easily that, by construction, these spaces have the following property

(T67w€7n6)€£eXMeXLC:(%Caﬁeyﬁe)e&x%XLh7
(100) T
(r3,70) € X* x X7 = (7,77) € Xp" x X"

From now on, to avoid two much notation, we shall use the same notation ||.||x for the H(div) norm in X,

and X and will use the same convention for the notation ||.||as, ||.[[z or [.|a-

We shall use the following property of Ly,

Lemma 7 Any n, € Ly, can be decomposed as

(101) M= Tes 7e€ Le.

where each . satisfies (C is a constant independent on h and 7. ):

(102) el < C llmnla. ||z

which implies that

(103) D lnellz < C limallz

ecf
Proof: (i) We first prove (101). Using the basis (78), any 9y in Lj can be written as

NLy

=Y 1 -
j=1

[

A consequence of the properties of the macroelement partitioning My, is that, for each g;, there exists at least
one macroelement M, (we choose one of them denoted e = E(j)) and a basis function uf (i = I(e,j)) of L.

such that
a4 = ;.-
Moreover, for convenience, we shall note (f = n;. Thus, np in Ly can be rewritten as

NLy
M=y C - i, where e=E(j), i=1I(e,j)

j=1

Introducing the set of indices 7§ = {I(e,j), Vj such that E(j) = e}, this can be rearranged as

= > & B,

e i€Llf
which gives (101) if we set
(104) he= 306 K
i€Ts
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(ii) Inequality (102) is due to the fact that (see (104)) 7. is only defined with degrees of freedom of 5, which
are local to the macroelement M, and that the number of these degrees of freedom is bounded independently
on h.

(iii) To prove (103), we simply write using the finite overlaping property (92)

Dolmbae =D > lmlxslz <4 Y7 lmnlxllz = 4lnallz- u

ect ecf j=1,4 KeTy,

The proof of Lemma 5. It is based on a similar local property in the reference macroelement:

[

(Viel, 3=+ €X=X+X such that

_ (i) (div#,@)z =0, Vi e M, VK € M,

L (iid)  ||17°]lx +|7"|e < C |||z,

Lemma 8 Suppose that (ﬁ) is satisfied, then Lemma 5 is true.

Proof: According to lemma 7, 5, € Ly can be written as

nhZZﬁea Ne € L.

The local relations (i) and (ii) imply that, for each 7., there exists 7. € X (if 7. = 7o F1, we take

Te =7 o F-1, where 7 satisfies assumptions of (ﬁ)), such that, if K, = F,(K),
() Ywe (=@WoF,')eM,, (divr,we)k. =h(divF d)g =0,

(b) as(Te) ="Ne (as(%e) = ﬁe)'

If 7o = 77 + 77, as the operator divergence is surjective from X z onto M,, we can take w, = div 77 in (a), which
shows that divr? = 0. Therefore, using (iii), we obtain

© NWelx +ela = lrela +rele = h (17°[g + |77 |a) <ch [lille < C nellz.

T2 = E Te.
e

We define then 77 as

First, we remark that, using (a) and (b)

(div T,::,wh) = Z(div Te,Wp) = Z(div Te,’wh|Men o)k, =0, Yw, € My,
K. e

as(my) = Zas(?e) = Zﬁe = .

On the other hand, one has 77 = T,f’s + T,f’T, (Tg’s,Tz’T) € X5 x X", where T,f’s = ng and 7,7 = ZT:T
€ e
Then, using (c) and (103)

@id) Nrllx + | |a < D (Irellx + 17 la) < C Y melle < € limnlle- L
e e

To conclude, it remains to prove that property (?’I) holds. We shall use the rotational operator

Op Oy
€ H! tp=(——, =)t € (L?)?
(p — ro (,0 ( 63:2763:1) ( )7
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which satisfies
div (rot ¢) = 0.

The idea is to look for ¥ = 7% + #7 in a subspace N' = N* & N of )A( (WN¢ C )A(s and N7 C )?T) such that
property (i) of Lemma 8 is automatically satisfied. More precisely, we search 7 in the form 7 = <I>( 7j) where ®

is a linear map from L into V. Then we also have the property (iii) satisfied, since L has a finite dimension.
Thus, it suffices to define properly @ in order to satisfy (ii).

We first construct N' = N* @ N'". Let us recall that (i) will be satisfied by 7 = 7% + 7" if and only if div7* = 0.
Moreover, condition (ii) is independent of 711 and 7a22. This justifies to define

~

N = {f' = (1,72) = (rot @1,10t 2), V (p1,02) €V X

Vi,
(105) where V = {go € H} (M M) / ¢li € Qi+, VK € }

NT = {%TEXT/%TiSOftheform (q Tﬁm)}.
= a1 0

We remark that ¢ € V — rot  is injective, so that
(106) Dim A® = N, = 2Dim V = 8k + 8k + 2.
On the other hand, using the characterization of X" given in [7], we compute that
Dim N" =N, =8k + 4
Thus, the number of degrees of freedom defining 7 is
N; = N, + N, = 8k> + 16k + 6.

On the other hand, (ii) is nothing but a linear system of N, equations (constraints), that 7 should satisfy. A
simple computation gives N
N., = Dim L = 4k* + 16k + 7.

We notice that V., < Ny if and only if
k>1.

To write in practice the linear equations corresponding to (ii), we consider a basis {7%,1 <1 < N} of V¥, a
basis {77,,1 <m < N,} of N" and a basis {7,1 < g < Ney} of L. We then write

N, N,
P= apit+ Y el
=1 m=1
Neg
n= beTlq
q=1

Introducing Z the vector of IR’ whose the N, first components are the z;’s and the N, others are the z]’s,
and b the vector of R™*¢ with components by, then (ii) can be rewritten

(107) Ai =D
where A is a Nj x N,, matrix that can be computed explicitly with the three bases {7}, {77} and {wg}.

Let us assume that we are able to prove that A has full rank, i.e. that it is surjective. Then, we know that
(107) has at least one solution Z, which is not unique when Ny > N,,. We can take for instance the solution of

minimal norm in R™’, using the pseudo-inverse of A

= A* (AA*) "D
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We then define the map ® by
(108) 7 =&(f) = &= A* (A4*)7 b

which concludes the proof.

Proof for k = 1,2. It remains to check that A is surjective. It seems difficult to give a general abstract proof
for any k. Therefore, a separate proof must be done for each value ok k. In practice, for k£ = 1,2, we form the
matrix A and compute its rank using MAPLE. The results are the following;:

e For k=1, n=2, Ais (27 x 30) and rank(A) = 27 (P, holds).

e For k=2, n=2, Ais (57 x 70) and rank(A) = 57 (P; holds).
According to lemma 8, we have proven the following lemma:
Lemma 9 Lemma 5, and thus assumption (H2), is satisfied for k=1 and k=2.

Proof for k = 0 . On the other hand, we have to modify the proof for the lowest order element. For k =0
the matrix A is 7 x 6 and rank(A) = 6. Let L* be the subspace of L (of dimension 6), which is the image of A
by the application &. It is clear that property (P1) is replaced by

(Viel*, 3=+ e€X=X +X such that
. (i) (div#,d)z =0, Vi € M, VK € M,

(i) as(f) =1,

L (@d)  ||#*]|x + |77 |e < C |19z,

Tt is not difficult to characterize L*. One finds (we omit the calculations)

4 4
(109) Lr=3nel, /) ) il (S =
j=11i=1

This space is generated by the 6 basis functions {z¢, ad} U {u§, fis, 11§, 715 }, where the functions fi¢,i = 1,2 are
discontinuous and represented in figure 12, where we give on each element the four values of the function at the
four vertices of the element (by convention, this value is omitted if it is equal to 0).

~d ~d
M1 Ha

Figure 12: The basis functions fif and ug.

The four functions fi§,7 = 1,4 are continuous and represented in Fig. 13-left.

7§ s 75 75 i
-1]-1 -1]-1 -1 -1

1 -1 1 202 1 1 11

1 -1 ;122 -1 1 1 1|1
1|1 1] -1 -1f-1

Figure 13: The basis functions fi§, j = 1,..,4 (left) and i (right).
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We complete the space L by adding the usual continuous @; function g associated to the center of the
macroelement, see Fig. 13-right.
From L* we define for each macroelement

Lr={n.=foF ', feL*}.
and we introduce the space

LZ = {nh = Zﬁeane € L:}

Using the same arguments as the one used for proving lemmas 7 and 8, we prove the following result: for all
nn € L} there exists a 77 € X}, such that

(Z) (le Tlgawh) = 07 vwh € %7
(i) (as(r7),mn) = Ca |l

(i) |8 lx + 10" |7 < CsllmllL,

with Cs, Cs positive constants independent of h. This is nothing but Lemma 5 if we are able to prove that
L} = L. Since

Ly = {nh = Zﬁeane € Le}
e

it remains to prove that any 7, is in L}. As any 5. € L. can be written as
Ne = N* + Qepre with n* € L¥ and p = Jio F, !

it is sufficient to prove that fi, € L}. As we will see, this is true thanks to the overlaping between macroelements.

For the proof it seems more elegant to consider the mesh 7}, as a subset of the infinite uniform mesh of IR?
and to identify the index e to the couple (7, j), if the point S, denotes the vertex of coordinates (¢h, jh). In what
follows, we shall work with the functions of L} associated to this infinite mesh, that we shall represent in the
figures by their four values at each vertex. Let S, be one of the vertices of 7, we denote by (uf)® = fif o F
for k=1,2 and (uf)° =g o F, ! for k =1,4.

[NFN

Bl &

A
s
\

Figure 14: The functions (1§)¢ on the left and 7} on the right.
Let t; = (1,0) and t2 = (0, 1), we represent in Figure 14 the function:
W= )+ ) = )+ ) — (e

H(§) ) — (ap) e ¢ () ) — (g) (o)
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By induction, it is clear that the restriction to Q of the function of Lj

M
)+ 30 ()M = G )+ ()t — g )
k=1
+(l~1€)(e+2kt1) _ (ﬁi)(e—zktl) + (ﬁg)(e+2ktg) _ (ﬁ;)(e—?ktg))

coincides for M large enough with the function 2. |

4 FError estimates for the evolution problem

We will show in this section, how we can use the abstract theory described in section 3.4 in order to obtain
error estimates for the evolution problem (16), (13) (14). We follow the same technique as in [7], that is we first
define an elliptic operator and then we relate error estimates for the evolution problem to an elliptic projection
error thanks to energy estimates.

We consider first the variational formulation of the continuous elastodynamic problem in X x M x L, that is

Find (o,v,7) : [0,T] = X x M x L such that

(110) Laot) 1) + Ho@A(s7) =0, YreX
L) w) — Hwmolt) = (fw), Ywm) € MxL,

with the initial conditions (13). Take now X, X,*Y™, M, the new family of mixed finite elements (28), Ly
being defined by (63) and consider the discrete problem

Find (op,v4,7) : [0,T] = X x My, x Ly, such that

(111) %a(oh(t),m) +  b(va(),m(t);m) =0, V7 € X,
%C(Uh(t)awh) — b(wh,ma;on(®) = (f,wn), V(wh,mm) € My x Ly,

with the initial conditions
(112) or(t=0) = 0h,0, vp(t = 0) = Vp,0-
From the classical theory of ODE’s, we get the following result

Theorem 8 If f € C°(0,T; My), then problem (111) admits a unique solution (op,vp,vn) in C1(0,T;X4) X
CI(OJT’%) X CO(OJT7Lh)

Our aim in this section is to study the error between the solution (o,v,v) of the continuous problem (110)
and the solution (op, vp,7y) of the approximation problem (111).

Remark 15 As we have already mentioned, numerically we do not solve problem (111) but its equivalent (23)
with the strong symmetry condition. Although we have constructed the new family of mized finite elements in
order to be able to do mass lumping, we analyze here the error for the discrete problem without mass lumping.
Of course, when doing mass lumping, one should add to this error the quadrature error due to the numerical
integration (see [27], [4]).
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4.1 The elliptic projection error

Following [13, 16] we introduce the elliptic operator defined in the following way

Find Iy (0,v,7) = (Gh, Vn,Yn) € X X My x Ly, such that

(113) a(0 = Ohy Th)+ bV —Vh,y —An;Th) =0, V7 € Xp,

b(wh,nn; 0 — Th) =0, Y(wh,mn) € Mp X Ly,
where (0,v,7) is an element of X x M x L. We introduce now the following notations
cmr=Cm(0,T; H)nC(0,T; X),
llo =anlll = llo =3 llx + 16,7 a,

(114)
| [(o,v,7) = Tn(o, v, V)] | = |llo = nll| + lv — Vnllar + |7 = Fnllz-

We can show then the following theorem

Lemma 10 Let (o,v,7)(t) be the solution of problem (110) and assume (o,v,7)(t) € C*° x C*(0,T; M) x
C°0,T; L), then

(i) For allVt € [0,T], problem (113) admits a unique solution
Ih (0, v, 7)(t) = (@4° + 04", 0n, Vn) (1) € X X Mp X Lp.
Moreover we have the following error estimates
(o, 0,7) = Wa (o, v, )] (D] < C Enlo, 8o, v,7)(2),

with

En(o, Oo,v,7)(t) = { inf |lo(t) — 7|l x +

inf lo(t) -
.t o2 M0(®) = wally

+ inf [ly(t) —mmllp + _inf [A(i0)(t) — 2}
zp €Xy

nnELp
‘v(t) - 77(”)HL} :

which shows in particular that |||o —apl||, ||lv — Vrllar and ||y — FrllL tend to zero uniformly in time
(t €[0,7]).

(ii) In the same way, if (o,v,7)(t) € C¥*LF x C¥+1(0,T; M) x C*(0,T; L) we have

+ inf
MOYING

(115) || [(8{907 6tk'l}7 8tk’7) - Hh (6tko-7 6tkv7 6?7)] (t)H < c gh (6tko-7 8f+10-7 815:”7 8{“7) (t)7

. k 5’“9
where we used the notation 8;g = 5k
Proof. The proof is a simple application of the abstract theorem 3. It suffices to rewrite problem (110) as an
elliptic problem in the following way

a(o(t), )+ b(t),y(t);r) =alo(t),7) — —alo(t),7), VreX,
(116)

b(w,m;0(t)) = —=(f,w) + —c(v(t),w), V(w,n)€MxL.
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Then we can remark that problem (113) is an approximation of problem (116). Indeed we can rewrite problem
(113) as follows

Find Iy (0, v,7)(t) = (Gh, On,Tn)(t) € X x My x Ly such that

~ =~ d
(117) a(Oh, Th)+ bV, s Th) = a(o(t),Th) — %a(a(t)ﬁh); V7n € X,

~ d
b(wh,Mn;0n) = — (f,wn) + Sre(v(t),wr), V(wn,nn) € Mp X Lp,.

dt

In order to apply the abstract Theorem 3 or more precisely its generalization (see Remark 13) we need to check
that the term

d
a(o(t), ) — —alo(t), mh),
can be written as a H-scalar product. Indeed, we have

d

a(o(t), ) — Ea(a(t),rh) = (A(o(t) — 0o (t)), h)H-

We obtain the expression of &, by replacing g by A(c(t) — 8;0(t)) in (60) (see Remark 13). In the same way if
(0,v,7) is sufficiently regular in time, we can differentiate problems (116) and (117) with respect to ¢ and then
apply theorem (3) and get (ii). |

4.2 From error estimates for the elliptic problem to error estimates for the evo-
lution problem

We will prove here the following theorem

Theorem 9 Let (o,v,7) be the solution of (110) and (op,vn, ) the solution of the approrimate problem (111)
with the following initial conditions

(118) (00,hsv0,n) = p(0o0 , Vo).

If (0—:1)17) € 03’2 X 03(05T7M) X 02(0,T,L) and (Uh;vharyh) € 02(05T7&) X CZ(OaT;% X Cl(O,T; Lh)): we
have the following convergence result ¥Vt € [0,T],

(e —ap)®)llx =05 lop®)a =05 (v —va)@)llar =05 I(y =)@l — 0.
More precisely, we obtain the error estimates

o =an)®llx + lor®llr < C{&nlo,0i0,v,7)(t) + En(Oeo, 070, 8w, 07)(2)

t
+/ (Eh(O', 8750-71)77)(8) + gh(atO', 3t20-7 6t1),at’)/)(3)
0
+gh(6t207 8?0’, 61627)7 8‘?7)(3)) ds} ’

(v = vr)(®), (v =) lmxr £ C{En(0,00,v,7)(t) + En(Oeo, 0} 0, B, O (1)

¢
+/ (En(B10,07 0, Byv, Bry)(s)
0
+En(8}0,0}0,07v,077)(s)) ds}.

PFurthermore if we assume that the solution (o,v,v) € C3(0,T; H**1(div,Q)) xC3(0,T; H**1(Q)) xC%(0,T; H*+1(Q2)
we obtain using the usual interpolation results (c.f [24])

(119) 10 = af)®llx + o) Ollz + (v = va)(®), (v = 1) () larxz < CA)RE,

with C(t) = O(lloll¢s(0,4,5%+1 (aiv,0)) T M40 || 020,6,5%+1(0)) + 1Vl o306 54+1(0)) + +Vlleso,6m%+1 (2)))-
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In order to prove theorem 9 we need the following lemma

Lemma 11 Let (0,v,7) be the solution of (110) and (op,vh,vn) the solution of the approximate problem (111)
with the initial conditions (118). Let Iy (o,v,v) = (6,° + 0}, Un,7n) the elliptic projection defined by (113).
We set e, = 0 — 0p, Op = v — Vp,.

o If (0,v,7) € C*' x C%(0,T; M) x C1(0,T; L), there exists a constant C1, independent of h such that ¥Vt € [0,
|@n" = o) Ola + @ = pr)(B)]a + [1(On —vn) () ar <

120

(120 Ci [ Qorenlun(s) + en(s)lr + 10:80(3)as) .

0

e Moreover if (o,v,7) € C>? x C3(0,T; M) x C*(0,T;L) and (on,vn,7n) € C*0,T;Xn) x C*(0,T; Mh x
C1(0,T; L)), there exist constants Ca, Cs3, independent of h such that Vt € [0,T]

@) (@n = vr)(@®), On — 1)l sexr = [|Fr = 0)) Oz + |(Oh — va)(E)]| L
t
<Gy {|3t€h(t)|H +len(®)|m +/ (167en(s) a + |0wen(s)a + 107 6n(5)]1a1) ds} ;
(121) o
(@) (@n° —ap)(®)llx < Cs {||3t5h(t)||M +/ (167en(s)|
0
+0en(s) a + len(s)|m + 1076n(5) || m + 10c6n(5) ) ds} .
Proof of Lemma 11.

e Estimation (120) : we begin by rewriting equations (110) with the test functions 7 = 7, € X}, C X,
w=wp € My C M and n =n € L, C L and we subtract it from (111)

aa(lf — OhyTh) + 0V —vp,y —Ym3Th) =0, V7 € Xa,
ac(v_")hawh)_Z(wh;nh§g_0h) =0, Vw, € My,
(0 —0r)(0) =09 — 00,h (v —vp)(0) = vo — Vo, k-

Introducing the elliptic projection Iy (o, v,v) = (Gh,Un, V), we split the error between the approximate solution
and the exact solution into two parts

(e —on)®llx = ll(c—an)®)llx + [@n = on)(®)llx,
(122) (v =vr)®llar = (v =0)O)lIar + [|(@r = va)(#)lar,
Iy =)Dz = N0y =) BNz + 1Gh =)Dz,

and we choose as approximate initial conditions the elliptic projection of the exact initial condition, (118), so
that at time ¢t = 0 we have

(8h - Uh)(()) =0 N ﬁh - ’Uh(()) =0.

Using now the error decomposition (122) we obtain
(@@~ on), ) +b(Oh — vn, 30 = i) = ~a(Bu(o ), h)

_g('u_ﬁha’Y_ﬁh;Th)a VTh E&:
(123) | ) =
(0t (Vh — vn), wn) — b(wh, Nn; Th — on) = —¢(0:(v — Vn), wn)

+b(wh, M3 0 — Gn), Y(Wwho7n) € My X Lp.
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From (123) and (113) we get
( a(8i(Gh — 0n)h) + b(Oh — Vhy A — Th;Th) = —a(i(o = Gn),7h)

+a(a — (/J'\h,Th), V1, € &,

(124) X B
c(0¢(Vn — vn), wn) — b(Wh, M3 Th — On) = —c(0(v — V), wp),
\ Y(wh,nn) € Mp X L.

Furthermore by taking 7, = & — on, wp = Up — vp, Mp = Yp — n in (123) and by adding the two equations,
we get

a(&t(ﬁh - O'h),ah - O'h) + C(@i(ﬁh - ’Uh),ﬁh - ’Uh) = —a(@t(o - &h),&h — Uh)
(125) +a(o — Gp,0n — o)

—c(0¢(v — Vp,), U, — vp)-

1
Next set Ep, = 3 (a(oh — on,Tn — on) + c(Vh — U, Vp — vp)), We have
dEy, ~ ~ ~ ~
(126) 5 = U0u@n = on)Tn = on) + (B — vn), B — vn),

Moreover 3C' > 0, independent of A such that

(127) E}2(t) > C (|G — on) (% + 1@ — o) (DI3) .
From (126) and (125) we obtain
12, dE
2B, ()10 < (o =Fn)O)lar + (0 = Fn)(0)|m + 18w = Bm)(®)]1n1)

(1Gn — on) O + 1@ — o) (O2)

Using then (127) it comes

1/2
dE)/
(128) dt

() <C'{l0u(o =) (B)]u + (o —Tn)(®)|a + 10:(v — Bn)(®)]l 2}
< CH{10en(®)]m + len(®)lm + 10:6n () llar}
and from the choice (118) for the initial conditions
EL(0) =0.
It is then easy to see that (128) leads to (120).

e Estimation (121)-(i) : to get this error estimate, we will use the inf-sup condition, written in the following
way
Y(wh,mn) € My x Ly, 3c independent of h, such that

1 b(wh, Mk; Th)
WhyMp) || MxL £ — SUPp 7—7 .
Consmlarxe < 2 mex, ITillx + 175 | m

We apply now the inf-sup condition on wy, = v, — vp and np =, — Y4

=N - 1 5ﬁh—vh,Ah— h>Th
(129) “(Uh — Vh>,Yh — ’Yh)”MXL < - sup ( s 1 T"Y )
€ rneXn Imallx + 7| &
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From the first equation of system (124) we have

b(ﬁh — Uh;ﬁh — ’Yh;Th) = —a(at((f — gh),Th) + CL(O’ — Eh;Th) — a(@t(ﬁh — O'h),Th), VTh S é

Substituting that in (129) and using then the continuity of the bilinear form a(-,-) we obtain

(130) I((@h —va) (), Oh — W) lmxr < —

+len(®)|u + |0e(Gh — an)(t)|n) -

Till now, we only have used the C? regularity of the solution. In order to bound |8;(Gy — op)|m, we need C3.
Indeed, we want to apply (120) replacing o, by 803, 01 by 8,05 and so on... More precisely, we have

t
(131) 106 — o) ()] < C / (1821 (s)| 1 + Bren(s)]ar + 1076m(5)llnr) ds.

Finally, combining (130), (131) we get

(@ = vr)(8), (Tn = Y0)(Earxr < C2{[Geen(t)

¢
+|Eh(t)|H/ (107en(s)l i + 10sen ()| + 1107 6n(s) | 21) dé’}-
0
e Estimation (121)-(ii) : to get the estimate on the X norm, we will use the inverse inf-sup condition, that is

V71, € Xp,3c independent of h, such that :

I .
sup (Wh, h; Th)

|| 5, <~ W wr, me) v x
X/Ker Bp, c(wh,nh)E%XLh ||(wh)nh)||MXL,

where we use the notation
ITnlx = lIllx + |7 &

Let us first remark that for 7, = 77 € X;,* we have

|Tf§|X/Ker By = ”Tﬁ”X/Ker B
Indeed,
Thlx/ker 5, = I0f _ (7 +@illx +lgple) = inf _ (I + ¢illx) = 174l x/er 5, -
gnE€Ker Bp, qgnE€Ker Bj,

So that, for any 7 € X,® C Xj, the inverse inf-sup condition gives
y h p— p—

1 b(wh, Mn; 7E)
(132) Frillxer 5 < SR TComm) e
wllx/Ker By, € (wnymn)eMn x L |(Why M) | xL

We recall now that for all 7§ € X;,* we have 7§ = 7{ + 75 with 77 € Ker By, and 75 € (Ker By)* so

Il = 1715 + 1711

(using that ||7f||x = |||z V7 € Ker By). We set 75 = 55 — o}, the term |75| g is already estimated from the
inequality (120), therefore in order to get the second inequality (121)-(ii) we only need to estimate ||75]|x. To
do so, we will use (132). We also know that ||5||x = ||T§||X/Ke]r B,- Thus by taking 7; = 75 in (132) we get
1 b(w 3T
Imlx < = sup M’
c (wh,’nh)E%XLh ”(wha nh)“MxL
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using now the second equation of (124) we obtain

(133) 73 llx < C"{l10u(v = On)llaz + [10:(Fn — vn)llaa } -

To estimate ||0;(Vy, — vp)||m, we replace as previously vy, by Oyvp, Uy by 8,0, and so on... in (120). We obtain
then

(134) 10:(0n — va) ()| < C/O (107en(s)]ar + [Bren(s)lm + 107 6n(s)l|nr) ds.

Finally, combining (133), (134) we get

I3 llx < Cs {IlatéhllM + /Ot (10Fen(s)|ar + [Bren(s)lm + 1107 8n(s)lln) dS} :
and the proof is achieved. |
Proof of Theorem 9. We combine results given in lemma 10 and in lemma 11.
e Error estimates on |lo — o} || x(t) + |0}, |m(t)
We have
(e —ap)®llx +ller@®lle = (e — o}, + 74 —op)(D)lx + (oh — o} +74)@)||&

< (o =aR) D)l x + |o4(8)|m + I3k — o)D)l x
from lemma 10-(i) from (121)-(ii)
+|(@h —oh)D)lm -
~—_————

from (120)

The first term is estimated using (i) of Lemma 10 and we obtain
(e =aR)D)x +[65)(®)]m < Enlo,810,v,7)(?).
The second term is estimated using (121)-(ii), this requires to estimate
|Ocenlm, 107enlm, 110:nllar and [|076n -

For this we use (ii) of Lemma 10 for £k =1 and 2, we get

Oen(8)|m + 10n(8)lm < En(Dr0, 870, 84w, 0,7)(s),
(136)

07 en(s)lm + 1076n(s)llae < En(070,0}0,07v,077)(s).

Finally for the third term we use (120). In this case the terms |O:en|m, ||0:0n]|m appear and to estimate them
we use Lemma 10 for £ = 1 or more precisely (136).

e Error estimates on ||(v — vp, vy — Vo) || mrx £ (t)

In the same way we have

(v = vr)(8), (v = 30) ) xz = [|(v =V + Oh = va) (@)l a1 + 1 (¥ = Fn +F0 = W) (@)l

(137) < 10 =3Ol + 10y = A Ol + 1@ = o) (B)llae + |G = 1))
from leana 10-(i) from1r21—(i)

The first term is again estimated from (i) of Lemma 10. For the second term we use now (121)-(i), in which the
terms |Oien|m, |02en|m, ||0:0n||a and ||826n||a appear. Finally we obtain the error estimates (119) by using
the usual interpolation results (c.f [24]) in X,®, My, L (see also Remark 3.5.3 and Lemma 3). |
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