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Abstract: This paper investigates structural properties of occurrence (Petri) nets and their
interpretation as unfolding semantics of Petri net systems. Occurrence nets (ONs) exhibit
three kinds of node relations associated with causal ordering, concurrency, and conflict. We
show that ONs can be decomposed in a natural way into substructures in each of which one
or two of these relations are empty, namely: branches, trails, choices, lines, cuts and alter-
natives. All finite systems will be shown to satisfy certain density properties, i.e. non-empty
intersections of substructures as above. On the semantic level, two established, yet non-
equivalent, definitions of unfolding semantics are studied: branching processes (introduced
by Engelfriet, Winskel et.al) and branching ezecutions (Vogler). To both, the structural
results apply, and both support appropriate partial order logics of high expressive power.
We present two such logics that can be interpreted over occurrence net semantics of either
kind: the branching time logic BLC and a non-branching logic LLC whose frame is composed
of choices, i.e. objects representing horizons of mutually exclusive cuts (generalized global
states) compatible with the corresponding stage.
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Sur les Sémantiques de Réseau d’ actions des Réseaux de
Petri

Résumeé : Cet article étudie des proprietés structurelles de réseauzr d’actions (occurrence
nets) aussi que leur interprétation en tant que sémantique de dépliage de systémes de réseaux
de Petri. Les réseaux d’actions présentent trois sorte differentes de relations de sommets,
associées & Uordre causal, & la concurrence, et au conflit. Nous démontrons qu’ils se dé-
composent en des sous-structures dans chacune desquelles une ou deux de ces rélations
sont vides, & voir, branches, trails, choices, lines, cuts et alternatives. Il sera démontré que
tout systéme fini vérifie certaines proprietés de densité (c.-a-d d’intersections non-vides des-
dites sous-structures). Au niveau sémantique, deux définitions bien établies, bien que non
équivalentes, de sémantique de dépliage sont étudiées, & voir les processus de branchement
(introduits par Engelfriet et Winskel et al.) et les exécutions de branchement (Vogler). Les
résultats structurels obtenus avant s’appliquent & toutes les deux, et les deux sémantiques
soutiennent des logiques d’ordre partiel & force d’expression trés élévée. Nous présentons
deux logiques de ce type-la qui permettent d’étre interprétées dans les deux types de sé-
mantique de réseaux d’action: la logique BLC & temps branché et une logique LLC sans
branchement dont le cadre consiste en des choices, c.-a-d objets qui représentent des hori-
zons de cuts (états globaux généralisés) s’excluant 'un 'autre et compatibles avec la phase
correspondante.

Mots-clé : Concurrence, Réseaux de Petri, Sémantique, Processus de Branchement
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1 Introduction

This paper investigates occurrence nets (ONs for short) with respect both to their structural
properties and their interpretation as branching processes semantics for Petri nets.

Branching Processes (BPs for short) give a partial order representation of system be-
haviour by means of an unfolding into an occurrence net. A first branching process semantics
— which we will present here as EWMMS processes — has been introduced by Nielsen, Plotkin,
and Winskel [18] and Engelfriet [4]. McMillan [15], Esparza [5] and Esparza/Romer/Vogler
[12], [11] have used BPs to decide temporal logic properties efficiently (avoiding state explo-
sion).

The second semantics, branching executions, was introduced in [12]' The differences
of both semantics notwithstanding, the results we derive here will be relevant for both.

b1 q1 P4 g3 De

(G B G
p2@<:

OO0

b3 q2 b5 q4 b7

i

Figure 1: Interplay of conflicts and concurrency

We will introduce structural notions for ONs and propose a suitable CT L* type temporal
logic with concurrency to be interpreted over (the cuts of) ONs.

As an introduction, consider the system in Figure 1 (which happens to be an isomorphic
copy of its branching process net under both semantics below). Several observations can be
made:

1. If a state s was reached where pg is marked, any state in which p; is marked lies on a
path incompatible with s.

2. It is not sure whether the state with ps and ps marked will ever be reached; e.g., g3
may fire before go.

3. Under progress — which will be assumed throughout —, the system will eventually reach
a state — and remain there — in which either pg or p7 is marked (but not both), and in
which either py or ps is marked (but not both).

lwhere they were called ; in [8], the author introduced that semantics independently using a different
terminology; here, we follow [12] because the construction is essentially a branching versions of executions
in the sense of [22]
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4 Stefan Haar

Virbitskaite [21] and others have introduced variants of CTL* that allow to express al-
ternatives (as in Number 1) and distinguish them from nondeterminism brought about by
concurrency (Number 2). But even then, a trans-branch-property such as Number 3 is not
expressible: within the path, trace, or process semantics, it does not correspond to a state
of the system. At most one place out of {ps,pr}) can in any actual state be marked; to
consider both, a state notion allowing for counter-factual properties (i.e. concerning alter-
natives not chosen) is needed. We will call objects such as {ps, pr} the choices of the process
net; a formal definition will be given below.

After studying structural properties of ONs, we will present two different partial order
logics interpreted over some ON semantics of a net here (in Section 4). The first, BLC, is
interpreted over the lower semi-lattice frame of cuts as possible worlds; by contrast, LLC is
interpreted over the frame of choices, each of which comprises several different global states
that could have been reached at this stage.Thus the frame objects, containing in general
incompatible elements, are mnot possible worlds as in the case of BLC; in fact, this makes
LLC a non-standard temporal logic. Another difference is that the atoms of LLC will not be
derived from net nodes but alternatives (to be explained below).

The paper is organised as follows: in this section we give the notation and definitions used;
in Section 2, two non-equivalent occurrence net semantics — EWMMS processes and branch-
ing executions — are studied, and structural properties of occurrence nets are investigated.
The differences between both semantics are restricted to the handling of simultaneously en-
abled transitions: EWMMS processes treat such transitions as concurrent, while branching
processes interleave the transitions in question unless they are structurally independent.

The results on occurrence nets thus apply to both semantics (and might do so for still
others as well) since both reflect causality, although the resulting process nets are in general
not isomorphic.

Section 4 and 5 then introduce the two logics mentioned above, which will be interpretable
over both occurrence net semantics.

1.1 Notation
1.1.1 Sets and Multisets

For the following, let M be a set. A multi-set over M is a mapping x : M — INy. For
x € M, x(z) is the multiplicity of z in M. If x(z) > 0, we write z € x. We further
denote as supp(x) := {x € M : z € x} the set given by x. The set of multi-sets over a set
M is denoted by MULT (M), the power set (set of subsets) of M by @(M). Addition and
subtraction of multi-sets are defined as

(x1+x2) @) = xi1(2)+x2(2)
(1 —x2) (@) = xu(z) —x2(2) if x1 > X2

INRIA



On Occurrence Net Semantics of Petri Nets 5

1.1.2 Relations

A binary relation over X is a set ® C X x X; the identity relation of X is
idy = {(z,x): ze€X}.

For x € X , we write Rz :={ye X: (y,z) € R} and zR:={y e X : (z,y) € R}. The
concatenation R; o Ry is the relation

RioRy = {(z,y): Jz€ X : Ri(z,2) A Ra(2,y)}.
Further, R* := ;2 , ®" and R* := R+ Uidx. By extension, we also set, for § € MULT (X):

RO := U Rr and ORN:= U R.

z€el z€f
The lifting [R] of R to p(X) is given by
R] = {(m1,m2) € p(X): (m1 xm2) NR # 0}

1.1.3 Petri Nets
A Petri net is a tuple N = (P, Q, pre, post, M), where
1. P is a countable set of places,
2. Q a countable set of transitions with P N Q = (), and

3. pre: Q@ - MULT (P) and post : Q@ - MULT (P) mappings that assign to each tran-
sition ¢ its multi-sets pre?(post?) of input (output) places, respectively.

4. Mo : P — INy is the initial marking.

We write P(N) and Q(N) if necessary to avoid confusion, and set X (N) := P(N) U Q(N).
The subnet of A spanned by U C X (N) is denoted N[U]. The numbers pred(p) and post?
are the arc weights from p to g and from ¢ to p, respectively. The set of arcs of N is given
by pre and post according to

Fo= {(p,g) €P xQ: pepre’}
U {(g,p) € QxP: pE€ post’}.

Set Y(N) := X(N)UF and G := [F U F~!]. For anode z € P U Q, we write
Fr:={yePUQ: (y,z) € F} and zF:={yePUQ: (z,y) € F};

obviously, Gz = Fz U zF. Further, set Oz := Gz U {z}. By extension, we also set — for §
a multi-set of nodes —

Fo:= ) Fz, 0F:={,zF, O6:=|]Ox.

z€l z€h

RR n~°3718



6 Stefan Haar

Definition 1 Let N' = (P, Q, pre,post, My) be a net. N satisfies condition (A) iff

(A) F(q) #0 # (Fq) for all g € Q, and X(N) is finite.

Remark 1 To avoid technical case distinctions in defining the process nets, we will hence-
forth assume that all nets considered satisfy (A).

A net N = (P, Q, pre, post, My) such that, for all ¢ € Q and p € Gq, |pre?(p) € {0,1}| and
|post?(p) € {0,1}|, is called ordinary.

If N = (P, Q, pre, post) is an ordinary unmarked net, the dual net N'? of N is obtained by
regarding places as transitions and vice versa, i.e. P¢ = Q, Q% = P, and for some bijection
dy:P— Q¢

pregl(p) = ]-Fp
postil(p) = 1pp.

A net is a topological space with the topology given by the boundary operator 9(e):
For E C X(N), set

O"E) = {z€FE: WeXWN)-FE: Fy,z)}
OY(E) == {z€FE: yeXWN)-E: F(z,y)}
OE) = {z€E: ye XN)—E: G(z,y)}

0™ (E) U™ (E).
In the net topology on N, E is open iff (E) C P(N) and closed iff 9(E) C Q(N).

Definition 2 Let Ny = (P, Q1, pres, post1, My), Na = (Pa, Qa, prea, posta, M3) be nets.
A mapping ¢ : X(N1) = X(N2) is a morphism iff it is continuous in the net topology. A
surjective morphism is an epimorphism; an injective epimorphism is an isomorphism.

We now turn towards the dynamics of the net. Any multiset § over Q is called a step.

Definition 3 Let N = (P, Q, pre, post, My) be a net. A step 6 € MULT(Q) is enabled
in M € MULT (P), denoted M —2. iff

M > D 6(g)pret.

€6
0 transforms M into M' , denoted M SN M, iff M s and

M = | M- Zﬁ(q)preq + Z 0(q)post?.

q€0 q€f

A marking M is reachable from M iff there exists a firing sequence

9 9 O
Mo =5 My =2 .25 M, =M

INRIA



On Occurrence Net Semantics of Petri Nets 7

1.2 Occurrence nets
For a net N' = (P, Q, pre, post, My), set <:= F* and <:= F*. Forx € SUT, set
*z:={y: (y,z) € F}, z* :={y: (v,y) € F}, FxF :=°*z Uxz".

Definition 4 Let N = (P, Q,pre,post, My). The conflict relation # on X(N) is given
by: x#y iff there exist s € S and t1,t2 € s* such that t1 #t2, t1 <z, and to < y. We
write <:= (X x X) — # and, for U C X, max. (max<) for the set of mazimal (minimal)
elements of U w.r.t. <.

Definition 5 An ordinary net N' = (P, Q,pre, post, &) is called an occurrence net (or
ON for short) iff:

1. no backward branching: |*p| <1 for all p € P;

2. Acyclicity: =(z < z) for all z € X(N); and

3. absence of auto-conflict: —(z#z) for all z € X(N).

4. prefix - finite: < is well-founded, i.e. contains no infinite decreasing sequence, and
5. initial cut: ¢g := min CP

If also |bF| < 1 for all p e P, N is called a causal net or CN. If |co| = 1, |Fg| < 1 and
|gF| <1 for all g € Q, N is an acyclic forward state machine or AFSM.

In ONs, more can be derived from the node relations < and #.
Definition 6 For an ON N, set

Lzliyiffe<yory<z, and

2. x coy iff x #vy and neither x li y nor z#y.
Denote

1. the set of maximal co —cliques (cuts) by CUTS(N),

2. the elements of CUTST (N) :== CUTS(N) NP(S) as P-cuts,

3. the set of mazimal li—cliques, lines, by LINES(N), and

4. the set of mazimal #—cliques — called Alternatives - by V(net).

In particular, ¢¢ is a P-cut, so our terminology above is justified.

Definition 7 Let N = (P, Q, pre, post, cy) be an ON. A set u C X(N) is called line-separating
iff, for alll € LINES(N), unl #0. N is

RR n°3718



8 Stefan Haar

1. K-dense iff all c € CUTS(N') are line-separating, and

2. L-dense iff for all § € V(N) are line-separating.

Note that the dual of a CN is an AFSM and vice versa.

A P-cut intersecting every line can be seen as a snapshot of concurrent state(s) of all local
processes. If a cut contains non-place elements, this interpretation can of course not be upheld;
however, in the context of semantics for CT L*-type logics, it remains important to locate every
non-concurrent state or event either in the future or in the past of the cut considered. This
comparability requirement is ensured by K-density. — Below, an analogous density requirement
— K*-density — will lead us to accept arcs as possible elements of cuts.

Obviously, a K-dense ON must be a CN; an L-dense ON is an AFSM whose dual is K-dense..

Remark 2 Under (A), all branches are K-dense ([1]).
The following properties are easily verified:
Lemma 1 If N = (P, Q, pre, post, &) is an ON, the following holds:
1. < is a partial order (i.e. irreflexive and transitive);
2. li, co, and # are symmetric and irreflexive;
3. ] is symmetric.
4. (PUQ) x (QUP) is the disjoint union of id, li, co, and #.
Moreover, N is a CN iff # is empty .

1.3 CN Projections

We will often regard arcs of an ON as objects of their own, having structural relations with nodes
and among each other like the nodes of the net. For this, it is convenient to project an ON
No = (Po, Qo,preo, posto, c§) to a CN Vg = (Pc, Qc, prec, postc,cS) in such a way that
the places and transitions alike of No = (Po, Qo,preo, posto, c§) become the transitions of
N = (Py, Qa, pres, posta, cd), and the arcs are replaced by places. Formally:

Definition 8 Let No = (Po, Qo,preo, posto, ¢f') be an ON, Fo C (Po x Qo) U (Po x Qo)
its arc set, and Ne = (Pe, Qe prec,postc, c§') a net such that there exist bijections
Lo : X(No) = Q¢ and vp : F(No) — Pc such that for all zo € Xo and pc € Po

preto(m) = Lyepri(i-1(pe))-
Then N¢ is called the projection net of No.
One has:

Lemma 2 If N is the projection net of Np, N¢ is a CN, and <o=<c o' Moreover, N
is the unique ON — up to isomorphism — whose projection net is N¢.

INRIA



On Occurrence Net Semantics of Petri Nets 9

2 Branching Processes

Informally speaking, Branching Processes (BPs) are unfoldings of Petri net systems into occur-
rence nets obtained from the firing rule. This can be done in several ways, depending on the
semantic interpretation of concurrent enabling.

2.1 EWMMS Processes

Engelfriet’s [4] definition of branching processes requires that A/ is ordinary — the definition below

does not require this— and the initial marking contains at most one token per place (see also
[16]). The following

Definition 9 Let N = (P, Q, pre,post, My) be a net, and Mqy(p) € {0,1} for allp € P. An
EWMMS? BP of NV is a pair (N1, ), where

1. N1 = (P, Q1, pres, posty, MY) is an ON such that min(Ny) € CUTST(N) ,
2. nX(N1) = X(N) a labelling function such that
(a) W(Pl) C P and 7T(Q1) C Q,
(b) for all ¢, € Q1, let w(q1) = q; then
Vpe Fq: prel(p) = |FigiNa(p)]
Vp€qF: posti(p) = |aFinm '(p)|.
() Va,q1 € Qi : (Figqs = Figi Am(q1) = n(@)) = @1 = @, and
(d)VpeP: Molp)=|m"1(p)Ncol

See Figure 2 for an illustration. To extend Definition 9 to more general initial markings, the
following auxiliary construction can be used:

Definition 10 Let V' = (P, Q, pre, post, Mg) be an arbitrary finite net.

1. Add a place p,iqr¢ and a transition qgqre to N such that

(a) p/’.eqsmrt = ]-{psw”} and pstartF = {qgtart}: and
(b) Vp € P : posti=t=rt(p) = Mo(p)

and let N' = (P, Q, pre, post, Mo)a be the new net with Mg =1y, , 1.
2. Compute a branching process (N1 ), 74) for N,.

3. Remove the minimal place and the minimal transition from J\_f(1,a) and let w be the restric-
tion of 7, to the smaller net.

We will call (N, 7) the ENMMS (branching) process of N.
2Engelfriet/Winskel /Meseguer/Montanari/Sassone

RR n~°3718



10 Stefan Haar

2.2 Branching executions

The following alternative definition of branching processes, introduced in [8] and [12] , also yields
an occurrence net. For 1-safe systems, the two definitions agree (in the sense that the process
nets are isomorphic), in general, however, the concepts are quite different.

Definition 11 Let N = (P, Q, pre, post, Mo) be a net. A branching execution3_of§] is a
triple IL = (N1, 7,1), where N1 = (P1, Q1, prei, post1,cy) is an ON, c}) € CUTSP (N1), and

7: XN) = XWN) , 1:Pr—»IN
are mappings such that
1. 7(P1) CPandw(Q1) C Q,
2 Vg, € Qi : (Fa =Fq An(q) =7(@1)) = 1 = @,
3. m., is a bijection between cy and P,
4. Vpé€co: l(p) = Mo(n(p)).
5 Vq € Qi: withm(q1) =g,

(a) for any p € Gq, either

i. A (p1,P1) € [Fiq1 x q1 F1] such that ©(p1) = w(P1) = p and l(p1) > prel(p),
or
ii. ™ Y(p)Ng1Fy =0, and 3! p; € Fyq such that w(p1) = p, and I(p1) = pre?(p)
and posti(p) =0, or
iii. m7Y(p)NFiq1 =0, and 3! p, € 1 Fy such that w(p1) = p, and I(p1) = posti(p),
and prel(p) = 0.

6. Vpl,ﬁ1 eP 1 p1 co pr =>7T(p1) # ﬂ(ﬁl) .

Thus, a firing of transition ¢ is reflected in such a way that ¢'s pre- and post-domain are
jointly represented (by corresponding conditions) both in the pre- and the post-domain of the
corresponding event in the branching execution, where clean places are suppressed. Thus in the
1-safe case, this and the EWMMS definition are equivalent.

The structural mapping 7 encodes the two-fold effect of any transition, forward and backward,
whereas [ encodes the marking behaviour. In particular, the BP semantics is generated by the
quantitative change of markings in A/, where concurrent writing on the variable containing the
marking of a place is prohibited. The ’identity’ of a given token, the history of the way past
conflicts have been resolved, is ignored by 7 and I, as it is ignored by the firing rule of Petri nets.

Thus branching executions allow fewer concurrent firing than EWMMS processes but use
fewer place elements to represent a state, and abstract more from individual token histories. As

3generalised branching process in [8]

INRIA
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O Branching
Execution
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Figure 2: Maximal branching execution and EWMMS process

an example, consider figure 2 which shows the two unfoldings for the same system. The final
markings reachable are M; and M, where

Ml(a) = Ml(b) = Ml(d) = 0, Ml(c) = 3, Ml(e) =2
and M2 (l) = 2, Mg(b) = Mg(d) = O,MQ(C) = 4, Mg(e) =2 ;

this corresponds to the cuts
G = {atl)ab(l)acid&eg} and Cs = {a(2)7bg7cg7d8>e(2)}
in the branching execution, and
Ci ={ci,c3,ca,e1,62} or Ch={ca,c5,c6,€1,€2}
and
C{ = {01,03,04,61,62} or Cé = {C3,C4,C5,C(5,61,€2},

respectively, in the EWMMS process.
The central difference between the two semantics presented is the following: In figure 2,
transitions « and 3 are ‘in some way’ in conflict with one another, depending on the situation;

RR n~°3718



12 Stefan Haar

a1 D—»Q
2
P1 ﬁ—>©
—0O
q3
Figure 3: On Concurrency

in the initial marking depicted, they may fire in parallel, but after one of them has fired, « and
(B 'battle’ over the remaining token on b. The conflict situation is, as expected, represented
by conflict in the branching execution. Now, the parallelism is reflected by the presence of all
interleavings of the corresponding events in, respectively, those branches of the process in which
both occur.

On the other hand, true concurrency — by which we mean the absence of ordering between
events — arises iff the extensions are disjoint: consider 3 and «. All pairs of their occurrences
are co - pairs in the branching execution; this is the case — and is only possible — for each pair
q, G of transitions such that Gg N Gq = 0.

So we have, altogether, four different ways in which two occurrences ¢; and G of transitions
¢, ¢ can be related to one another:

1. causal ordering, reflected by I3,
2. conflict (#),

3. interchangeability: GgNGq # 0, but the common upstream places contain enough tokens
to allow both ¢ and @ to fire; in this case, the event representing firing of ¢ will occur
before that for ¢ in some of the branches in the branching execution, and with the order
reversed in others; and, finally ,

4. concurrency: GgN Gg= 0, and hence ¢1 co q.

Note that case 3 can arise even 'between’ a transition and itself (i.e. ¢ = g) whereas,
obviously, case 4 cannot.

Returning to the previous discussion, we may say that a collection ¢!, ...q"™ of two or more
transitions accessing the same place (resource, variable, ...) are in proper conflict only if the
resources are too limited to allow ¢! through ¢ to fire. Otherwise, ¢',...q™ may fire in arbitrary
order and with repetitions (“auto-concurrency”). Put less formally, conflict is interchangeability
under limited resources. The semantical differences we just discussed are one justification for
the differences in treating independence and parallelism; another is illustrated in figure 3.

INRIA



On Occurrence Net Semantics of Petri Nets 13

In the system, transitions q,r, s are pairwise parallel, but at most two of them can actually
fire. Thus parallelism lacks the relational property of upward inheritance, see [10], while true
concurrency — independence here — is upward hereditary. A formal distinction between merely
parallel and independent collections of transitions, is upheld in branching executions but not
EWMMS processes.

To end this section, a few remarks on the relationship between EWMMS processes and
branching executions are in order: both definitions coincide in the case of 1-safe net; computing
a branching execution of A is equivalent to producing a 1-safe version N of A/ by a “folk-
lore” construction probably first described in [20] and then computing a corresponding EWMMS
process for N”; and, most importantly for our purposes, both represent reachable markings as
P-cuts in a non-ambiguous way.

Figure 4 shows both kinds of processes for the same net (which is a slight variation of that
in figurel). The inscriptions (n) and (n,m) at a place p indicate that 7(p) = p, and l[(p) =m
for the two types of processes, respectively.

Dn @1 Ps Q2 ps

©O—=[=0O=l—=0

D2
b3 qD3—> CP>6

(1) (4) LD 41 - (51)
O~ O

(2,1)

@; = (22)
iy O~=O

) = o) /(2,1) OIS

=0 CH-O6 &V

Figure 4: A net with both EWMMS process (left) and branching execution

3 Properties of Branching Processes

3.1 Node Relations

We first consider structural properties of ONs. For a partial order (X, <), aset d C X is upward
closediffforallz € dand y € X, z < y implies y € d, and downward closed iff for all z € d
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andy € X, y < x implies y € d The upward closure of d is denoted as d 7, the downward closure
asd .

Lemma 3 Let N7 = (Py, Q1,pre1,post;, M) be an ON and z € X;.

1. x co is open.

For all g1 € Q1 and z € X(N1) — {q1} such that x co p for any p € Fiq1, x co qi.

For all ¢ € Q1 and x € X(N1) — {q1} such that x co p for any p € 1 F1, = co q1.

A LN

For all ¢ € CUTS” (N1) and qi € Qi such that Fiqi C ¢, set ¢ := [c — Fiqi]U ¢ 1.
Then ' € CUT S (M).

(z#) is upward closed.

(z#)is (topologically) closed.
(x
(

) is downward closed.

© N O &

B>
x ) is open.

Proof: Part 1: We have to show that for all ¢ € Q; and z € X(N;) — {q1} such that
x co q1, « co p; for any p; € Gyqi. First, let p; € Fiq; such that =(z co p1). Then we have
to consider the following cases:

1. z < p;: Then also z < ¢; contradicting the assumption.

2. p1 < x: Then either ¢; < x or gy #x, again a contradiction.

3. p1#tx: Then there exist p; € Py and G1,q, € ¢1Fy such that ¢ # @, @1 < p1, and

d; < z. But then ¢; < g} and hence G #z.

Thus we have contradictions in all cases. For p; € ¢ F1, the proof is analogous.

Part 2: Assume —(z co q1).

1. z < ¢ implies the existence of p; € Fiq; such that z < p;.

2. q1 < z implies p; < z for all p; € Fiq;.

3. q1#x implies the existence of p; € Py and §1,q; € p1Fi such that ¢y # g} and @1 < ¢,
q1 < z. But then there exists p; € Fiq; such that z#p;.

Part 3: Assume —(x co ¢1). Again, we have three cases:

1. 2 < ¢ implies x < p; for all p; € q1 F}.
2. g1 < z implies the existence of p; € ¢ F; such that z < p;.

3. q1#x implies the existence of p; € Py and ¢1,q; € bF such that 1 # @ and p1 < q1,
¢1 < z. But then z#p; for all p; € ¢1 F}.
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Part 4. a consequence of parts 1 — 3 .
Part 5 is immediate from the definitions;

Part 6 is equivalent to the claim that m,, := (zli) Uz co = X — x# is open. Suppose g € m,
and p € GgN (z#). Then there exists p € P and ¢, q, € pF such that ¢, #, and ¢, < z,
gp < p. If pFq, this implies g, < p < ¢ and thus g#z contradicting the assumption; if ¢F'p,
one has ¢, < ¢ < p since Fp = {q}, so again g#x contradicting the assumption.

Part 7: an immediate consequence of Part 5. and Part 8 is just the dual of Part 6. O

If ¢’ arises from ¢ as described in 4, we write ¢[[e[)c’. We order branching processes according
to how far the corresponding net unfolding goes:

Definition 12 Let N = (P, Q, pre, post, M,).

1 If Ty = (Ny,m,l1) and Ty = (N, 7a,13) are two branching executions of N, then
Iy < Iy iff Ny is isomorphic to an initial segment of N>.

2. IfTly = (N1, m) and ITy = (N3, m2,) are two EWMMS processes of ', then II; < II, iff
N1 is isomorphic to an initial segment of N>.

It can be shown that < is a partial order; the most important result concerning < is

Theorem 1 For every system X, there is — up to isomorphism — a unique <-maximal branching
execution TI; = (N1, m1,11) and a unique <-maximal ENMMS process T, = (N, ms of X .

Proof: As in Engelfriet [4] or Meseguer, Montanari and Sassone [16]. O

By induction, one finds that both EWMMS processes and branching executions do in fact
reflect the behavior of X:

Theorem 2 Let N = (P, Q,pre, post, Mo), N1 = (P1, Q1,pre1, post1, cy) and Ny = (P2, Qa, pres, posts, i),
and let II; = (J\71, m1,11) be the maximal branching execution and 11, = (J\72,7r2) the maximal

EWMMS process of N'. Then for every n > 1 and every firing sequence My[q°) M1]...q"),, there

exist 3, ...,c7 € CUT ST (N;) and ¢} € w;l(qi), j €{1,2} and {0, ... ,n}, such that

1. gDy
2 foralli=0,...,n and all p € ¢;, M;(m1(p)) = l(p), and
3. foralli =0,...,n and all p € ¢;, M;(ma(p)) = |c;i N 75 ({p})].

One therefore has a correspondence from markings in the system to S-cuts of the branching
execution net, in the sense that markings reachable in X can be 'reached’ in N; in fact, [[))
defines a 'pseudo-firing’ in the unfolded net that simulates the firings in ¥. If A/ is finite?, the

4in fact, the claim made subsequently is valid under more general assumptions; but finiteness is already
general enough to cover all practical cases
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correspondence is actually two-way, i.e. for every ¢ € CUTS” (N) there is a reachable marking
M. represented by c.

For EWMMS processes, one has a 1-1-correspondence of the P-cuts in the maximal process
net to those in the maximal branching execution, translating [-values into numbers of representing
places.

Note that the theory of alternatives is dual to that of cuts (replacing co by #); hence we
have the following property corresponding to Lemma 4:

Lemma 4 Let N = (P, Q,pre, post,co). Forall § € V(N) and p € PN, set

& = (6 — {p})) U ({p} x pPFy) and &, := (§ — {p}) UpFy.

Then 61,05 € V(N).

Proof: An application of Lemma 3. |

3.2 Branches
3.2.1 Definition and Properties

Definition 13 Let N' = (P, Q, pre, post, &) be an ON, and

V = {UCXWN):
U is downward closed, and (U x U) C <} .

If Z is a maximal element of V, N'[Z] is a branch of N. The set of all branches of N is

denoted by J(N).

As we will see, each branch represents a possible behaviour of the system, with all conflicts

resolved. — For the next result, we need an additional assumption on the structure of J(N):

Definition 14 An ON A satisfies condition (B) iff:
(B) For all 3 € J(N) and z € X(B), x is <g-maximal iff it is <-maximal.

Note that the net in Figure 1 violates condition (B): the branch containing p; has ps as a
(relative) maximal element which is not maximal for A”. Any such private maximal element,
i.e. maximal w.r.t. one branch but not for A/, must be a place since branches are open. So an
ON violating Condition (B) can be repaired by extending every 3 in question by a new transition
gg, whose input places are the private maximal places of 3, and a new post-place pg for gg.

Now we can prove some properties of branches:

Lemma 5 Let N = (P, Q,pre, post,&,) be an ON.

L X(-/\_[) = Uge:(/v) X(B)-
2. Every branch is a CN.
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3. Forall g € :(./\7), cog = ( CO_A—/)ﬁ and lilg = (llj\—/)g
4. co C X(B) for all B € I(N).

5. Under (A), CUTS(N) = U seayr CUTS(B)
6. Under (A), LINES(net) = Ugennr) LINES(B)

Proof: Part 1 is immediate; Part 2 follows from the definition of #. Part 3: Let z,y € X ().
If z cogy, neither z < y nor y < z since X(3) is downward closed. Since = v« y, this
implies z cogy. Conversely, z cogy excludes z <y y nor y <ji x, entailing x cogy. — The
result for [7 is an immediate consequence.

For 5, we first show D. Let ¢ € CUTS(N); then ¢ | is downward closed and a clique of
(otherwise there would be z,y € ¢ such that x#y contradicting the definitions), hence ¢ | can
be extended to a branch 3.. By Part 3cis a co -clique of 3;; we have to show maximality. Let

z € X(B) such that z cog,y for all y € ¢; this implies z cogy for all y € ¢, so ¢ € CUTS(N),
which is a contradiction.

Conversely, let ¢ € CUT S(B) for some 3 € I(N). By Part 3, we only have to show maximality:
Let z € X(N) — c such that z cogy for all y € . Now z € X(B) is impossible by assumption,
so there exists Z € X () such that z#Z. However, since < is downward closed, z > y for all
y € cl, hence T € ¢c?. Let p € P be such that there exist ¢, gz € pF, ¢z # ¢z, and ¢, < z,
gz <Z. lfp€ct z €c?;thusp € c. Because (A) implies of K -density of 3 (by Remark
2), there exists § € ¢ such that ¢z < § < Z; but then x#7, contradicting the assumption.

Part 6: First, let | € LINES(N); thus we can extend [ to a branch §;, and by Part 3, it
follows that I € LINES(B). Now, let 3 € I(N) and I € LINES(B). If I & LINES(B),
there exists z € (V(N) — Y(8)) such that {z} x I C lig. If there exists y € [ such that
z <y, z € Y(B), since Y(B) is downward closed; since this contradicts the assumption, it
must hold that y < z for all y € [. By assumption (A), there then exists a maximal element
of I. Now, § must be <g-maximal, since otherwise [ would not be a line of 3. But by Condition
(B), ¢ is then maximal in AV, contradicting # < z; hence | € LINES(N). O

3.2.2 Relations between Cuts

Within branches, it is known ([6]) that the restriction to CUT S(B) of the binary relation
CC X(B) x X(B) given by

caCer <= (Myi€cr,y2 €ca:—(y2 <y1)
Adxy €Ec1, T2 €Ecy: 1‘1<.’L‘2)

is a partial order and that (CUTS(6),C) is a conditionally complete sub-lattice with
vSCceuTs(B): \/S = max(JS

NS = m<inU8,
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and its restriction to CUT S” (B) is a conditionally complete sub-lattice.
Remark 3 Note that T does in general not coincide with [<].

For any partial order <, the covering relation <° for < is given by
<’y <= <y AVz:z < z < y=>z€e{z,y}
The net topology lifts to CUT S as follows:
Definition 15 A set O C CUTS(N) is open iff O :=J o c is open in N.
Lemma 6 O C CUTS(B) is open in CUTS(B) iff it is open in CUT S(N).
Proof: Follows from Part 1 of Lemma 3 and Part 5 of Lemma 5 O

Lemma 7 Let N be an ON and U C J(N'). Then U is open, where
u = [)x®)
peu

Proof: Follows from Part 8 of Lemma 3. O

We consider now the lifting [#] of # to CUT S(N') and the relation co on CUT S(N') defined
as follows:

Definition 16 Let a,b € CUTS(N'). Then we write
acob iff (aVbexists A (aVb)¢{a,b}).
One observes:
Lemma 8 For a,b € CUTS(N), a co b iff
1. (a xb) C <, and
2.alZbandblZ a.

Moreover, the following properties result from the absence of auto-conflict in ONs and the
order minimality of cy:

Lemma 9 Let N = (P, Q,pre, post, &) .

1. a,b € CUTS(N), a[#] b iff a and b do not have a common upper bound; in particular,
a V b does not exist.

2. Co[#] = @
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A . Alternative

Figure 5: A schematic view of some substructures of ONs

3.3 Trails

Definition 17 Let N = (P, Q, pre, post, &) be an ON. A maximal clique of (Ii U #) is called
a trail of N'. The set of trails of N is denoted F (N).

Theorem 3 For all 7 € F(N) and all 3 € Q(N), TN Y(B) € LINES(N)

Proof: Setl:=7NY(B3); we will show [ € LINES(B), which suffices because of Lemma
5. By construction, | x I C lig, so it remains to show maximality of [. Let z € X(8) —1
such that I x {z} Cli,andy € 7 —I: (x coy). Assumey € P(N). If y € co, y € Y(B) and
therefore y € I, a contradiction. Hence y cannot be minimal; thus there is a unique ¢ € Q such
that ¢F'y. x+#q implies x#y and is therefore impossible; x < ¢ implies z < y contradicting
the assumption; ¢ < z implies ¢ € X(8) and thus y € X(3), which also contradicts the
assumption. Thus q co z. Let {p} = 7 N pre? (note that, as above, ¢ cannot be minimal);
then z cop. If p & [, repeat the above argument; we can hence assume p € [. But by
construction, p € z; hence [ is maximal. O

Thus trails are composed of lines within different branches, rooting in a unique element of ¢g.

3.4 Choices

We now turn towards choices.
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As hinted at above, we will now consider arcs as possible elements of cuts (and, firstly, of
choices, see below), along with nodes as before. Obviously, arcs have no “state” interpretation in
themselves but mark possible intersections of the state snapshots we will consider with the lines
representing local processes. As above, the comparability requirement that any element should
be concurrent, in the future or in the past of the snapshot, leads to requiring line separation;
this, as we will see in an example, can only be guaranteed by including arcs.

For the formal preliminaries, let N' = (P, Q, pre, post, o), and extend the relations # and

co to X(N') U Fy as follows:
L (z,y,) <ziffy<z, o< (y,2) iff z <y, (z,9) < (21,22) iff y < 21;
2. (p,Q)#z (or (¢, p)#z) iff g#=;
3. (w1, y1)# (22, y2) it yr#fyo;
4. u co v iff neither u < v nor v < u nor u#v.

The inheritance properties from Lemma 3 carry over up to the obvious modifications. Maximal
cliques of co on X(N') U Fyy are called weak cuts, and their set is denoted by CUUT S (N). For
notational convenience, we set Y(N) := X(N) U F.

Definition 18 (compare [9]) Let No = (Po, Qo,preo,posto, ¢f) be an ON with arc set Fo
and projection net N¢ of No according to Definition 8. A choice of N isa sety C X(No) U Fo
such that 1(y) € CUTS(N¢).

Thus choices represent possible state horizons of the systems, i.e. complete collections of states
the system could have reached at similar stages of its evolution, had some decisions been taken
this instead of that way. In general, choices may contain arcs.

Definition 19 Let N = (P, Q,pre,post,c;) be an ON and v € I(N). v is called line-
separating iff VI € LINES(N) : LN~y #0. N is called weakly K-dense iff all v € J(N)
are line-separating.

Lemma 10 Under (A), ENMMS process and branching executions nets are weakly K-dense.

Proof: Under (A), the projection nets are of finite width, i.e. all cuts are finite; such CNs
are known to be K-dense ([19], [1]), from which the claim follows by reversing the projection.
O

Consider choices restricted to nodes; following Rozenberg and Engelfriet [2], we denote such
sets as slices. However, in general, slices are not line-separating: consider Figure 6. While the
slice {ps,ps} is a choice (and line-separating), this does not hold for the slice u := {p1, 4¢3}
sketched by dashed lines: u misses the line connecting p2 and ps.

Now, (3(NV),C) is obviously a partial order; one even has:
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Lemma 11 Let Np = (Po, Qo,preo, posto,c§) be an ON such that pre? # ) for all g € Q,
and No = (Pc, Qc,prec, postc, ¢) the projection net of N'. (I(N),C) is a conditionally

complete lattice with, for C C J(N),
i | N\ e
vy€eC

A¢
i ( V LQ('Y))
y€EC

~P1 Q1 P4 42 Ps

Q*’D—>©—>D—>©

Ve

~

P2

OO

p3 q3 Dé

Figure 6: A non-separating slice

The interpretation of choices as horizons of states is supported by the following fact:

Theorem 4 Let N satisfy Conditions (A) and (B). Let N' = (P, Q, pre, post, &) be a process
ON for N, and v € J(N). Then for each 3 € J(N), (yN B) € CUTSW(N).

Proof: Obviously, cs :=yN 3 is a clique of cog; it remains to show that cg is maximal.
Suppose there exists z € Y(8) — v and such that {z} x ¢g C cog. Let I, € LINES(B) be
any line containing z. Then, by Lemmas 6 and, 10, there exists y € I, N+y; by construction,
y € cg. But then z li y, which contradicts the assumption. m|

Dually, choices intersect with trails in alternatives:

Theorem 5 Let N satisfy Conditions (A) and (B). Let N' = (P, Q, pre, post,c,) be a process

ON for N, and v € J(N'). Then for each trail T € F(N), (yn7) € VN).
Proof: Let §:=(8N7); 6 is a clique of # by construction; it remains to show maxi-

mality. Let € X —§ be such that ({z} x §) C #, and let 8, be a branch containing z.
By Theorem 4, there exists a cut cs := (YU B,;) € CUTS"(B,), and by Theorem 3, a line
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ls == (B2 N7) € LINES(B); by K-density of 3 (Remark 2), 16 N ¢s = {u} for some u € ;.
By construction, u € 4; however u <1 z contradicting the assumption.

O

We may thus regard choices as basic temporal entities, composed from (it exhaustive) alter-
natives. Alternatives will yield the atomic propositions in the “choice logic” LLC which we will
introduce in Section 5.

4 BLC: A branching Partial Order Temporal Logic for
ONs processes

The logics proposed here are both interpreted in an occurrence net semantics; that is, let
N = (P, Q, pre, post, M) be a finite net satisfying (4) and N = (P, Q, pre, post, &) an occur-
rence net satisfying (B), which can be given by the maximal branching execution or the maximal
EWMMS process of A/. We will give the definition of the state based version for both logics;
by including Q(N) into the set of elementary formulae, events can be considered as well. A
P-cut cp € CUTSP(N) can be seen as a possible global state of the system, while a non-P-cut
d € CUTS(N) —CUTSP(N) is a "time slice " (compare, e.g., the logic ESTL, Kindler et al.
[14]). So for BLC, Z¢ denotes either CUT ST (N') or CUTS(N'). However, we will not make
the corresponding distinction in the context of LLC where we will often have arcs as elements of
choices.

Note that, in order to ensure condition (B), it may be necessary to add new elements as
above; we denote the set of places (transitions) added in this way as Pg (Qg). The interpretation
functions have to be adjusted for that.

We further assume — as is common practice in the context of CTL* type logics ([3], [17])
— that there exist no maximal cuts; that is, if necessary, to each such a cut ¢ we have to add a
loop ¢ — ¢ to CC in order to ensure that in ¢, EG¢ holds for every ¢ that holds in ¢ (accordingly
for the choices). Note that we do not need to add new elements.

So BLC (and LLC below) will in fact be interpreted over a quasi-order = derived from C; C
will be a partial order iff it coincides with [, i.e. iff N has no maximal cuts.

4.1 BLC: A branching partial order logic on the frame of cuts

To translate elements of an ON A into predicates, let A be a set of atomic propositions and
A: (YN UPUQgB) — A. In general, Alyxr = m; in special cases, however, more can be coded
into A and \. If, for example, N is k-bounded, and we are given a maximal branching execution
= WN,rl),set A:=Q U (P x{l,...,k}), and

n(z) : z€ QW)

{(w(w),l(a:)) : xz e QW).

In a similar way, one can, e.g., introduce counters for the number of occurrences of a given
transition in some branch, provided the length of branches is bounded.

A(z)
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4.1.1 Syntax of BLC
Let N = (P, Q, pre, post, My) satisfy (4) and (B), and N = (P, Q, pre, post, &) a maximal

process of N/, Further, let = range over X (N') or P(N\), depending on Z7.
1. A(z) is a BLC formula.
2. If ¢ and 9 are BLC formulae, then so are
(a) ~(¢) and (¢ vV ¥),
(b) Pé, He and Co,
(c) EF$,EX¢$, EGp, EG, and E(¢U),
(d) AF¢, AG,APH, AGh, AH¢ and E(¢Ub),
(e) O%¢p and O¢¢.

As usual, (pAq) and (p — ¢) are used as abbreviations for (¢ V ) and (¢ V —q).

Before the formal definitions, a few informal comments on the intuitive meaning of the
operators in BLC.

P can be read as "at some stage in the past", H as "always in the past". C refers to a cut
in co, i.e. which is not exclusive, but non-comparable with the current one. — The operators in
2c and 2d are almost as in CTL* ([17]), the difference being that the interpretation over paths is
replaced by that over branches, which correspond — in general — to several different paths in the
associated transition system (reachability graph). Finally, O® and O¢ are operators connecting
to alternative, i.e. inaccessible, branches (compare [21]), with O¢ containing an ezistential and
0% an all quantification.

4.1.2 Semantics of BLC
Let ¢ range over Z°(N) and z over X(N') or P(N), depending on =° .

1. N,eEMz) iffz €c

. N,elEVYIff NelE ¢ and N, e |E .

. N,cE-¢iff N,c £ ¢.

. N,cEPg¢iff 3 € E°(N): ¢ Ccand N, = ¢.

N,cEHoiff V¢! € Z¢(N): ¢ Ce= N, c | ¢.

N,c k= Coiff Ic' € E¢(N): ¢/doc and N, c' |= ¢.

N,cEEF¢iff Ic € E°(N): cC ¢ and N, ' |= ¢.

N,cEAF¢ iff V3 € AN): c€ Z¢(N) = 3c' € 2¢(B): N, Egpand cC ¢
N,cEEX¢iff 3¢ € Z°¢(N): cC° ¢ and N,c' | ¢.

© ® N o o r w P
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11. N,cE EG¢ iff 38 € J( c€Z(N)and V' € E¢(B): cC ' = N, ¢ E ¢.
12. N,cl= AGo iff: YV € Z°(N): cC d = N,d' = ¢

13. N, c = BE(gU) iff there exists ¢’ € Z¢(N):
cCcandd Eyand Ve € Z6(N): cC"Cd = E ¢

14. N,c = A(pU) iff for all 3 € 2(N) such that ¢ C X(B), there exists ¢’ € Z¢(N): cC ¢
and ¢ Eyand V" € E°(N): cC ' Cd = " [ ¢.

15. N, = 0% iff V' € Z¢(0):
d#le= N, E¢

16. N, ¢ = 0% iff 3¢ € Z¢(N):
d[#]ecand N, |= ¢.

10. N,c = AX ¢ iff: V' € Z°(N): e = N, E ¢
):

4.1.3 Rules
Let ¢ and ¥ be BLC formulae.
1. N,c | ¢ implies

(3) N,c = EGé iff N,c = EGEG

(b) N,c = AGé iff N,c = AGAG

(c) N,cl= EF¢ iff N,c & EFEF¢

(d) N,c = AF iff N',c |= AFAF

() N,c=Hoiff N,cl=HH¢

(f) N,cE Poiff N,c = PP¢

(g) N,c k= ¢ implies N,c = HEF¢

(h) N,c = ¢ implies N, c = AGP¢

(i) N,cl= Ho implies N, c E P¢

() N,c = EGo implies N, ¢ = EF¢

(K) N,c = AF¢ implies N, ¢ = EF ¢

() NV,cE AG¢ implies N,c = EG¢ and N,c = AF¢
(m) N,cl=C¢ implies N,c = PEF¢ and N,c = AGP¢
(n) N,c = A(@U) implies N, ¢ = E(¢U7)

(0) N,ck= 0% implies N, c = O¢¢

Further, let p,p1,p2 € P(N), ¢,q1,92 € Q(N), z,21,22 € X(N), m C X(N) finite, and

c € Z¢(N).
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Theorem 6 Let ¢, v be BLC formulae.

1. If.’L'l#.CL'Q or x1 < xo then N,C |= H"(Z‘l /\.’Ez) AN ﬁ(.1'1 /\.73'2) /\AGﬁ(.Z'l /\.’EQ).
2. N,co E(zV EFz)
3. Ifx1#tz2 and N c |= z1 then N c |E ((mz2 A AG—xa) A H-o)

Remark 4 An asymmetry between past and future results from the forward-branching-only of
occurrence nets. It is reflected by the fact that P and H are not E/A - quantified over: from
any cut c, there is only one non-branching (if partial order) past leading up to c.

O

D&Q y2!
(& —=—ps
P2 a3

b1

Figure 7: On the C-Operator of BLC

Note that statements containing C formulae are of a particular kind, belonging neither to
the past nor to an alternative branch. It is possible, if it is desired to express such properties, to
allow E/A quantification over C, since there are nontrivial situations as in figure 7: on has

N,{P1,p5} |= C{pz,m}
N {p1,ps} E C{p2,ps},

and the cuts {p2,p3} and {p2, p+} belong to alternative branches. This leads to variants of BLC
that are of independent interest.
4.2 Limits of Expressiveness: trans-branch requirements
Consider again figure 1. Informally, it holds that
it will always be the case that eventually either pg or pr is marked. (1)
In BLC, we have (suppressing \)
N,co E AG(EFpsV EFpy)
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which is weaker than (1) since it allows runs that never actually reach a state with pg or with
pr. The statement

Neo = AGAF(psVpr) | (2)

has lesser power of distinction than (1): it holds, e.g., also if pg inevitably holds eventually.
While E/A operators cannot express any trans-branch properties, we have , in BLC, the
operators O° and O° which permit that: in the present example, we have

N, Co |= EF(pGOGAF]h). (3)

Statement 3 connects pg and p7 in a way that shows the quasi-simultaneity of the two nodes
across the boundaries of alternative branches, yet not the symmetry of the situation. The fact of
the matter is that BLC does not cover counter-factual properties, i.e. invariant properties across
branches.

However, such trans-branch requirements may arise as intended "no-matter-what" properties
(which need not be safety ones); imagine for instance an arbiter modelled as in Figure 1.

In order to account for such properties, we propose to change frames: the logic LLC defined
in the next section is interpreted over choices rather than cuts, i.e. instead of possible worlds
we look at “horizons’ of alternative worlds of the system. The idea is to identify stages of the
system behaviour in which, returning to the example, ezactly one out of {pg, pz} hold, i. e.
their simultaneous alternative.

5 LLC: A Lattice Logic on the Frame of Choices

When passing from the frame (2¢(N),C) to (E7(N)), all branchings are eliminated since the
choices of NV form a single “flow” or “stream” of time. The logics LLC to be proposed below will
therefore not be a branching time one and "more linear" than BLC because of the absence of FE,A
and O quantification. However, the order relation C is not entirely linear but a lattice; in fact,
lattices are the smallest possible generalisation of linear orders allowing for proper independence
of local subprocesses.

An important difference resulting from the change of frames is the need to work with alter-
natives rather than nodes within one frame object; this reflects the fact that these objects are
no longer possible worlds since, in general, they contain mutually exclusive (i.e. #) elements.
Instead, we use as atoms the alternatives: by asserting an alternative § in -, one states that
in any realization, whenever a cut contained in « is reached, exactly one element of 4 is valid in
the sense of BLC validity for that cut. So LLC fits into the context of non-sequential algorithms
in which several choices (which may, e.g., be representations of correct versus failure behaviour)
are subsequently made, and one wishes to ensure progress to certain stages of the program
irrespective of the way these choices are made.

The interpretation function )\, see above, is extended to arcs in the obvious way:

A(z,y)) = (A=), ),

and lifts to an interpretation function A on alternatives.
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5.0.1 Syntax of LLC

Let N = (P, Q, pre, post, My) satisfy (4) and (B), and N = (P, Q, pre, post, &) a maximal
process of /. Further, let 7 range over F (N).

1. A(7) is an LLC formula.
2. If ¢ and 9 are LLC formulae, then so are
(a) =(¢) and (¢ V¥),

(b) A ¢, Vo, Ag and V@,
(c) A° ¢, V°¢p, A°¢P and ¥°¢,

(d) (¢Uy) and (¢S).

The operators here are quasi-modal ones: A and V stand for "at some stage in the past” or "at
some stage in the future”, respectively, while A and ¥ denote “always in the past’ or "always
in the future’, respectively. Again, the interpretation is not taken over possible worlds, which is
why LLC is not a modal logic in the conventional sense.
5.0.2 Semantics of LLC
Here, let v range over =7 (N), = over Y(N'), and m over the finite subsets of V().
1. N,y E||miffm e~ and m xmC co.
N,yEemiffmeyand mxm C #.
Ny ESVYN,yEdor N,y 9.
N,y E g iff Ny 6.
N,y EAGIfFIY € ZYN)yC Y and NV, | ¢
N,y E v iff 3y :€ 2Y(N) v Cyand N,y | ¢.
NYEAPIfEVyeZIN): Y Cy=> N,y Eo
NAyEVYIffVY €e2YN): yCv = N,¥ E¢
N,y E (@Up) iff Iy € EY(N): yC v and N,y EvandVy" € EY(N): yCA" Cv = N,y E ¢

10. N,y E (¢SY) iff Iy € EY(N): v Cyandy EpandVy" € EY(N): v L' Ev= N,v E ¢

© © N o v A W N
~—

Here, we have greater past-future-symmetry than in BLC; there is, however, still an underlying
asymmetry in the unfolding which
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5.0.3 Rules
Theorem 7 Let ¢ be an LLC formula.
1. N,y |E A¢ implies N,y =A .
2. N,y |E Yo implies N',~v' = v¢.
3. N,y | ¢ implies N,y |= AV and N,v' E V¥ A ¢

5.1 Examples

b1 q1 P4 g3 DPe

D3 q2 b5 44 pr

Figure 8: The modified net from Figure 1

Returning to our introductory example, we first notice we have to extend the net to satisfy
Condition (B); Figure 8 shows the resulting ON, which we refer to as /. Let A be a net whose
maximal process (EWMMS or branching execution) net is \V; the straightforward solution is to
take A itself with Mo = 1c,. Then we can state, with v9 = {p1,p2,p3}, 1 = {p2,p1,p5}, and
Y2 = {ps,po}

Ny E A} A {p2}
N,y B AA{pi} AMpa} A V{ps, pr}
N,v E ¥ A{pspr}

Notice that {p1,p2} is not an alternative, hence

N)’YO bé {plap2}-

The fact 1 — adapted to the extended structure — now reads

N,y E Y{ps,po}

and is valid and derivable.
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5.2 BLC Theorems
The BLC theory of A contains — with ¢ = {p1,p2,p3} and ¢1 = {p4, p2,D5}

N,co = EF((ps Aps) ANC(p1,ps)
N,ea E Hps

etcetera.

Theorem 8 For g € P(N) and q € c € CUTS(N),

N,e E EX N\

pEpostd

N,c|:AF/\.

pEpost?

Proof: Both statements follow from the fact that post? # () under (A) and the openness of
branches. O

Theorem 9 For g € P(N) and pre? C c € CUTS(N),
N,¢c E EXq
Proof: Follows from the maximality of the unfolding since in any marking M. corresponding

to g, M, 0y m|

5.2.1 LLC Theorems
In LLC, we are also able to express firing operations.

Theorem 10 Let p € P(N) such that pFyy #0, andp € § € V(N) and § C v € I(N). With

& = (6—{p}) U({p} x pFy)
n = (v—A{phU{p} xpFg)
6 = (6—{p})UpFy.

Then N,y |E Vv°81, N,y |E Vé2 and N,y |= V°0s.
Proof: Follows, under (4) and (B), from Lemma 4. |

Of course, a dual result can be obtained with A instead of v.
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6 Closing Remarks and Perspectives

We have given two partial order logics on different frames yet on the same underlying structure,
that of (cuts of ) occurrence nets. The semantic equivalences induced by the two process concepts
are strictly incomparable; the equivalence(s) given by BLC and LLC correspond, respectively, to
relational isomorphism for (CUTS,C) or (3,CC).

This frame being a conditionally complete lattice, it can be viewed as a near-linear time
semantics, in which the execution history contains all alternatives, chosen or not, that have
occurred along the way (however, the model is more general than that of bipolar synchronisation
schemes in [7].)

Occurrence nets semantics have been used for model-checking of S, formulas; this requires,
of course, that the system can be checked using a finite model. This is the case iff the net
N is finite and bounded. For the 1-safe case, an efficient reduction to a finite prefiz has been
developed and exploited; McMillan’s approach [15] has been improved upon and used by Esparza
et al. [12] also extend their approach to the general bounded case using branching executions.
Unfolding techniques are particularly efficient in systems whose degree of concurrency is high
compared to the degree of branching.

For BLC, essentially the same holds; model checking a CTL* type logic on a partial order
structure will, however, be a considerable gain in expressive power. Care must be taken not to
loose efficiency in BLC by the overhead incurred by computing and inserting Pg and Pg.

For LLC, no investigation has thus far been made into dedicated model checking algorithms
and their efficiency. It would also be of interest to study the equivalences obtained from possible
fragments or extensions of LLC, and to further explore the change in expressiveness brought
about by working with alternatives and choices rather than nodes and possible worlds.
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