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Abstract: In this work we present a new a posteriori parameter free error
estimate of hierarchical type and we apply this error estimate to the elasticity
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numerical examples are finally presented .

Key-words: A posteriori error estimate, linear elasticity, bubble functions,
heterogeneity.

(Résumé : tsuvp)

* INRIA, Domaine de Voluceau- Rocquencourt- B.P. 105- Le Chesnay Cedex (France)
e-mail: Rodolfo.Araya@inria.fr.

T Université Paris-Dauphine, CEREMADE, 75 7756 - Paris Cedex 16 (France) e-mail:
letallec@ceremade.dauphine.fr

Unité de recherche INRIA Rocquencourt
Domaine de Voluceau, Rocquencourt, BP 105, 78153 LE CHESNAY Cedex (France)
Téléphone : 01 39 63 55 11 - International : +33 1 39 63 55 11
Télécopie : (33) 01 39 63 53 30 - International : +33 1 39 63 53 30



Un estimateur d’erreur a posteriori
de type hierarchique

Résumé : Dans ce travail on présente un nouvel estimateur d’erreur a pos-
teriori de type hiérarchique pour les problémes d’élasticité linéaire hétérogéne
isotrope. Cet estimateur s’applique dans un cadre tres général et il est tota-
lement intrinséque. Nous démontrons son optimalité en nous fondant sur une
condition inf-sup, assez facile & vérifier et permettant de vérifier I’hypotheése
de saturation et le lemme de partition utilisés dans 1’analyse classique. Cet
article se conclut par une description de I'implémentation numérique et par
quelques validations numériques.

Mots-clé : Estimateur d’erreur a posteriori, problémes elliptiques fortement
hétérogenes, fonctions bulles.
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4 R. Araya and P. Le Tallec

1 Introduction

When we use computers to simulate a physical phenomena, we have to face
two sources of errors : modeling approximations and numerical errors. From
the numerical analysis point of view, the relevant problem is the second one i.e.
how to measure, to control and, hopefully, to minimize the error generated by
the numerical approximation of the equations. The answer to these questions
is based on the a posteriori error estimates introduced in the pioneering work
of Babuska and Rheinboldt [3]. The idea is to give some information about
the approximation error in a computable way which is something completely
different from the so called a priori estimates. A posteriori error estimates,
applied to the resolution of partial differential equations, are now very well
known and established, see [1] for a survey on this topic.

In this paper we are interested in a generalization of the work made by
Bank and Weiser (see [4]), on hierarchical a posteriori error estimates. In the
framework of compressible heterogeneous linear elasticity, we propose a para-
meter free hierarchical estimate, well suited for industrial applications using
complex geometries.

This paper is organized as follows. In section 2 we introduce both conti-
nuous and discrete formulations of our model problem along with the defini-
tions and properties of the standard bubble functions. In section 3 we give the
definition of our new error estimate based on a hierarchical decomposition of
the discrete subspace into generalized bubble functions subspaces, and we also
provide an example of these generalized bubble functions. Finally we present
a relation between our hierarchical error estimate and the residual based one
proposed by Araya and Le Tallec in [2].

In section 4 we carry out the theoretical analysis of our error estimate in
two steps proving the equivalence between the error estimate and the approxi-
mation error independently of the stiffness of the composing materials, but
with constants possibly depending on the Poisson ratios and on the anisotropy
of the materials. The first step, the standard one, is to prove this equivalence
assuming a saturation hypothesis and a partition lemma. These conditions

INRIA



An error estimate of hierarchical type bt

are, in general, not easy to prove. The second step uses, as starting point, an
inf-sup condition, which in our particular case implies the saturation assump-
tion and has the advantage of being easily fulfilled.

Finally sections 5 to 7 are devoted to the numerical implementation of the

error estimate, to the description of various practical examples and conclu-
sions.

RR n°3722



6 R. Araya and P. Le Tallec

2 Model problem and notation

2.1 The continuous problem

Let © a Lipschitz, bounded domain of RY with an interior boundary denoted
by I't;. This boundary represents the interface between two elastic, isotropic
and homogeneous materials, noted Q; and €y, respectively (see Fig 1). Let
' := 09 be divided in two parts I' = TpUI'y, with I'pNT'xy = 0, meas(I'p) # 0
and 0Q;NT'p # 0, i = 1,2. The body is fixed on I'p, which means for the time
being that we assume that each subdomain is fixed on part of its boundary.
In this framework, we consider the following elasticity problem

—dive= f inQ,
(P) u= 0 onlp,
oc-n= g only,

where f € L2(Q)Y and g € L?(I'p)" are the given external forces and & is the
stress tensor. This tensor satisfies the constitutive law

./415(11) on Ql 5
7= (O-”) - { ./425(11) on QQ,

with A; the elasticity tensor of the constitutive material Q; and ¢;;(u) :=

%(u” + u;,;) the components of the linearized strain tensor e(u) associated to

u . We assume that the constitutive materials are compressible and of bounded
anisotropy, which means that we have

CE()e(u) < A(x)e(u) : e(u) < CE(x)|e(u)]? (2.1)

where the positive constants ' and C' are independent of an average Young
modulus F(z) defined for each material.

Figure 1: Q= QU Qy

INRIA



An error estimate of hierarchical type 7

The standard weak formulation of problem (P) is then:
Find u € H such that

a(u,v)=<F,v> |YveH, (2.2)
where the space of admissible velocity fields and energy forms are given by
H {veH(Q)Y/v=00nTp},

qmw::mequ:LAwmqw

<F,v> = /f-v—l—/ g-Vv.
Q Ty

We define the energy norm by:

Ivlie

= a(v,v)
:‘AAqw:qw ¥veH. (2.3)

By Korn’s inequality, since I'p has a non empty measure, there exists a
constant Cq, depending only on the geometry of ), such that

[Vlle < Calle(v)llon ¥V eH. (2.4)

Above || - ||m,o denotes the H™ norm on .

2.2 Finite element discretization

Let h be a positive discretization parameter, and consider a triangulation 7},
of Q, that is a partition of Q into non degenerate triangles T' (respectively
tetrahedra in dimension 3), with diameters bounded by h, and such that each
pair of elements T} and T of T}, are either disjoint or share a vertex, an edge
or a complete face. We denote by hr the diameter of T', by pr the diameter
of the circle (respectively, sphere) inscribed in 7" and we set

pT

ar .

RR n°3722



8 R. Araya and P. Le Tallec

We assume that the family of triangulations (73), is shape regular, i.e. there
exists a constant o, independent of A, such that

or <o NT €Ty (2.5)
Let Hj, the finite element space defined by
Hy,:={vieCOY /vi=0o0nTp, vilr € PT)N VT €T} (k>1),
with P, the set of polynomials of degree at most k.
Then the approximate problem of (2.2) reads: Find u;, € Hy, such that
a(up,vp) =<F,v, > Vv, € H,. (2.6)
In what follows we use the following notation

b<—=a<Cbh
b<—=a=<bandb=<a,

1A

a
a
where the constant ' is independent of h and all equivalent Young moduli F;.

2.3 Edges and vertices

For any element 7' € 7, we denote by &(T') and N(T) the set of its edges
(faces in dimension 3) and vertices, respectively, and set (see [11])

We split the set of faces & o into internal, interfaces and boundary faces,

gh@:ghUngUSNUSD,

with
Ev = {Fe&a/FCcTn} , Ep:={Fec&a/FClp},
512 = {FE(‘:}L’Q/FCIHQ:% , Sh ::{FEgh@/F%gDUSNUng}.

INRIA



An error estimate of hierarchical type 9

Given a F € &, q we denote by N(F) the set of its vertices. For T' € T, and
F € & o we define their neighborhoods

wr = U T, wp = U T,

E(T)NE(T" 2D Fe&(T)
IT)T = U T/ 5 IT)F = U TI .
N(T)NN (T 0 N(FYAN (T")#£0

Remark Condition (2.5) implies that hy/hp, T € Ty, F € E(T), and hy/hr,
T, 7" € T, N(T) N N(T") # 0, are bounded from below and from above by

constants which only depend on o, with hr denoting the diameter of face F'.

2.4 Bubble functions

For each element 7' € T}, we can define the element bubble function b%. by

N+1
by = (N + DV T A (2.7)
=1
Above Arj(z) denote the j barycentric coordinates of the point x in T. Si-
milarly, for each edge (face) F' € &, q, we can define the edge (face) bubble
function

N
by = NV ] Ars (2.8)
i=1
with T € wp.
The above definition of b} assumes that, say for N = 2, in each triangle of
wr, the edge F is associated to the vertices with local numbers 1 and 2.

By construction, we have the following properties of the bubble functions
b% and by.

Lemma 2.1 Let T € Ty, and F € &, be arbitrary, then

suppby C T, 0<b; <1, max br(z) =1, (2.9)
re
supp by Cwp, 0<bp <1, ma%b}(x) =1. (2.10)
T€

RR n~°3722



10 R. Araya and P. Le Tallec

Moreover, using standard discrete norm equivalence arguments, we can
prove (see [2])

Lemma 2.2 The following estimate holds for any local function f € Pp_o(T)
and g € P_(F)

/ b~ e
T
/ brg? = olPar.

/ |\7(Z*Tf)|2 <t

/ VP < b / Y
TEu;p F

/ brg? = hF/QQ-
TEu;p F

We finally have the following technical result, which is a simple consequence
of the basic finite element theory (see [7]).

Lemma 2.3 Let '€ £ U &5 and wrp =Ty U Ty, then

he[VOE (o, (2.11)
he, | V0 fo7; (2.12)

1bF[lor =
=

18F[lo,T:

INRIA



An error estimate of hierarchical type 11

3 Hierarchical intrinsic error estimator

3.1 Introduction

We wish to introduce a parameter free optimal a posteriori error estimator.
For this purpose, we apply the general theory developed by Bank and Weiser
(cf. [4]), but with possible different choices of local spaces.

3.2 Abstract Construction and fundamental example

Consider a finer finite element space W, such that H, C W;, C H and denote
by wy, the unique solution of problem (2.6) in W;,. We assume that there exist
M subspaces H; of W, such that

M
W, =H,+ ) H, (3.1)
=1

with Hy = H;,.

Associated with each subspace H; there is a projection operator P, : H —
H; given by the solution of the local elasticity problem
CL(PZ'V,WZ') = G(V,Wi), \V/WZ € HZ 5 PZ'V € HZ .

Let finally Pw : H — W}, be the projection operator defined by the global
elasticity problem

a(PWV, Zh) = a(v, Zh) Vz, € W3, , Pwv € Wy,

We obviously have w;, = Pyu.

In this framework, the error e = u—uy in the approximation of the solution
u of (2.2) by elements uy of Hj, satisfy

a(e,v) =< Ry, v > ,VveH, (3.2)
where the residual Ry is the element of H' given by

< Rp,v>=<F,v>—a(uv) ,VveH. (3.3)

RR n~°3722



12 R. Araya and P. Le Tallec

Using the Green’s theorem we can represent the residual R; by

<Ry,v>=Y (Rr.vier+ Y (Rr,V)or (3.4)
TEE F€€h7Q
where
Rr = (diVG‘h—I-f)|T ,TGE (35)
and
0 if '€ &p,
Rr = g—0,'n ifFEgN, (36)

—OpT N7 —ORT - N7 if F € gh Uglz.

With the above definitions our hierarchical a posteriori error estimate ng
can be defined by the local additive decomposition

ng = {Z a(Pe, Pe)}'/?. (3.7)

We recall that Pe is the solution of the local elasticity subproblem
Find e; € H; such that

a(ei,vi) = a(e,vi) =< Rh,Vi > ,\V/VZ' cH,. (38)

This subproblem only involves the mechanical residual and the local elasticity
operators.

In section 4 we will give some theoretical information about ng. For the
time being, we restrict our attention to the choice of the finite dimensional
subspaces H;. The idea is to choose these subspaces as local as possible and
thus to compute P;e in a cheap way. As a basic example we will use local face
and element subspaces (therefore different from Bank and Weiser) given by

Hp, = span{byRr} T €T, (3.9)
Hg, = span{b;Rr} JFe&EUELUEN, (3.10)

INRIA
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where b% and b} are the element and face bubble functions defined in (2.7)
and (2.8), respectively. Thus ng can be written as

nw=1{Y a(Pre,Pre)+ > a(Ppe, Pre)}'/?. (3.11)

TETh FeELUENUEL

General theoretical results on ng will be proved later, both in a general fra-
mework and in the particular case given by (3.11).

3.3 A particular case

In the particular case when H; is one dimensional (cf. [5] section 3) we have
the following result

Lemma 3.1 [f there exists v; such that H; = span{v;} ;i =1,... .M, then
our error estimator ng reduces to

M < R \% >2
j : hy Vi
=1

CL(VZ', Vi)

Proof. Since H; = span{v;},1 = 1,..., M, there exist coefficients ~; such
that Pie = ~;v;, yielding

%CL(VZ',VZ') = a(Pie,Vi) = a(e,vi) =< Rh,Vi > .

By identification, we obtain

<Rh,Vi>
Vi = >
a(vi,vi)
and hence " )
< [y, V; >
Pie, Pe) = vla(vi,vi) = —————
(P, ) = sfalvi,v) = <

From this and the definition of ny the result follows. O
We can then show the relationship between the weighted residual error

estimate proposed by Araya and Le Tallec in [2] and the above hierarchical
error estimate.

RR n°3722



14 R. Araya and P. Le Tallec

Lemma 3.2 For isolropic heterogeneous materials, lel npr be the error esti-
mator given by

h? . hp
mr= { Ghitrdvalios 3 Elg- ol

Fe&(T)nEn

oT, F)? 1/2
+ ) (TT)hFH[Uh : D]H?J,F} : (3.12)

FeE(T)ﬁ(EhUé‘lg)
where Bt is the restriction of Young’s modulus to the element T, and

b
T, F) = —————
o ) Er, + B,

with F' € 9Ty N ATy . Then, for a proper choice of subspaces H;, we have

=AY naa? (3.13)

TET,

This result will be proved later in a much more general framework, neverthe-
less we give below a constructive proof which helps to understand and justify
the residual error estimator given by (3.12).

Proof of Lemma 3.2. We define the subspace W, by W, = H;, + Ef\il H;
where the one dimensional subspaces H; are spanned by the functions by =
SN b€, with FF € £, U & U Ex.

If I € E}L U ((:12, then

< Rh,bF > < F,bF > —a(uh,bp)
a(bp,bp)1/2 N a(bp,bp)1/2
Jof - br— Joo(us): e(br)
a(bp,bp)1/2
_ Z{fTi(f—I-diVO'h)'bF—faTiO'h'I’l-bF
a(bp,bp)1/2

7

INRIA
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Z fT f—I—leU‘h)bF fF[ah-n]-bF
: (bF bp)!/? a(bp,bp)'/?

|len - n]|lo.r|/brllor

= 2 el

Vh
< }j{——wf+dwaubT}+ -

On the other hand, if ' € Ey then

(Erlle(br)ll5 r, + Ealle(br)ll5 7,)"?

m”[ah ’ n]HQF'

< Rh,bF > < F,bF > —a(uh,bF)

(bF bF)1/2 - (bF bF)1/2
_ Jof-br+ fr g br— [go(u): e(br)
a(br, br)/2
B fT(f—l—diva'h)-bF+ng-bF—f3Ta'h-n-bF
(bF,bF)1/2
fT(f—l—divo'h fF — o, -n)-bp
cz(bp,bp)l/2 a(bp,bp)l/?

o M+ divaillorlbrlor | |lg = an - nlorlbrllor
B VEr|e(bF)llor VEr|e(br)llor
< VAL g — ol
= NG ,

Then using Lemma 3.1, we obtain

g = {Z T"f+d1V0'f"02T‘|‘ Z

TeTh Fe&(T)nEy

hr 9
E_”g —Oh- n”o,z,F

o(T, F)? V2
D DR R I R

FEE(T)O(ghUglg)

RR n "’ 3722



16 R. Araya and P. Le Tallec

4 Analysis of the hierarchical estimate

4.1 Hierarchical residual subspaces

The first step in the analysis is to properly identify the basic mathematical
properties which ensure the efficiency of our proposed approach. This requires
first a few definitions.

Let 75 be a triangulation of Q. We first introduce the finite dimensional
subspaces Hg of H, called the residual subspaces, defined by

{HRT for each T' € Ty,
Hy =

(4.1)
Hp, foreach F'e & U& U En,

under the notation

Hgr, = span{Rr} TeTh,
Hz, = span{Rp} Fe&UELUEN.

F

We also choose finite dimensional subspaces Hg of H of bubble functions given

by

H f h T
Hy — { By lor eac € Th, (4.2)

Hpg, foreach F'e &, U&,UEN,

where Hp, C [H}(T)N COT)]N and Hp, C [H}(wr) N CO%wr)]Y. We finally

introduce the following constants

hr

O = if7TeT, 4.3

T NG i h (4.3)
vim if F e én,

0p = VI . (4.4)
Y/ Y- ifFe&U&s,.

\/ B +ET,

With these local subspaces we define the decomposition subspace Wy, as in

(3.1), i.e.

M
W,=H,+ > Hg + Y  Hp =Ho+» H. (45
TETh FeELuEiaUEN =1

INRIA



An error estimate of hierarchical type 17

The fundamental assumption on the local spaces Hr and Hp is the follo-
wing inf-sup condition

(LBB) There exist a positive constant 3, independent of h and the physical
coefficients, such that

(ba r)Oﬂi

o

inf su
reHg be}PB 0;][r]o.0;

where ); represents the element T' of Ty, if Hr = Hpg,, or the element I of
gh U 512 U SN ’LfHR = HRF; and wzth QZ = T ZfHR = HRT cmd QZ = Wg Zf
Hyp =Hgp,.

The (LBB) condition combined with the definition of Pre implies that

1 (b, Rr)or
— sup
ﬁ breHp, HbTHT

1 < Rh, bT >
= — sup ——F————
/8 bTEHBT HbTHT

1 a(PTe, bT)

= — sup
B breny, a(br,br)!/?

< a(Pre, Pre)'/?. (4.7)

|| RrlloT

IN

On the other hand, if F' € &, U &, we obtain

1 (br, Rr)or
0| R < — su _—
Fl|BFllor < 3 bFEI'PBF a(bp, bp)l/?
1 < Rha bF > = ZTGwF(RT7 bF)O,T
= — su
3 bFE}?BF a(bp,bp)!/?
o] a(Pre,br) [ Brllo,7|[brllo,r
> - sup o — o
Bbreng, a(bp,br)/? " poen, Teor a(bp,bp)!/?
< a(Pre, Pre)'/? + Z Or|| Rrllor (4.8)
TEwp

RR n°3722



18 R. Araya and P. Le Tallec

because for any T' € wp we have

HbFH(Z),T _ fT br - bg
ar(br,br) ar(br,br)
= E(Jrbrbr)
=< 03,

In the same way we can show that for all /' € Ey

0r|| RF|lor = a( Pre, Pre)'/? + Z Or||Rr||o7 -

TE(UF
Therefore we have shown the following result

Lemma 4.1 [f (LBB) is true, then

<Rpv> = Y |Brllozlvlior+ Y IRelorlvilor

TET FeELuE i UEN
< Y a(Pre, Pre)' 67" |v|lor
TETh
+ Y [a(Pre, Pre)'’? + 3" a(Pre, Pre)'/*105|v]lo.r

FeE Ul UEN Tewp

for allveH .

We can also show that the bubble subspaces defined in (3.9) and (3.10)
satisfy the (LBB) condition. For this purpose, provided that f|7 belong to
a given finite dimensional subspace for any T € T, we define the following
norms on spand{ Rt}

1 *
el = L [ B (4.9
T

1
]l = {E/Tr-r}l/2 (4.10)

1 * *
Irlls = {5a(br. b)), (4.11)

INRIA



An error estimate of hierarchical type 19

Using Lemma 2.1 we have clearly ||r||[1 < ||r]l2. On the other hand, denoting
by R the value of the residual once transported on the reference triangle, and
since span{R;} is finite dimensional, we have by equivalence of the norms on

span{RT}
/ meas(T /
r-r = T
T meas(
T
( / bir -1
meas( T

wn n
= /bTr-r.
T

The equivalence between ||-||; and ||-||5 follows again from scaling arguments

meas

PN

and the equivalence of norms in a finite dimensional subspace. More precisely,
using the affine application F : T — T, transforming the reference element T
onto an arbitrary element 7',

F(z)= Bt +b,
and (2.1), we obtain
a(byr,bhr) ~ ET/ e(byr) : e(brr)dx
T

—ET|Jf 1|/|v DB 4 BTV(bE) [ di

12

12

ET|J}-—1|h7_~2 A
T

E(boh)[? di .

Since span{RT} is finite dimensional by construction of f7 and since [ brr-rdi

and [, |&(
J

a(bsr,byr) ~ Er|Je-|h? / bt -t di. (4.13)
7

on span{R;}, we have

E(bh)[? di ~ /Tb}f-fd:?:, (4.12)

and thus

RR n 3722



20 R. Araya and P. Le Tallec

Transporting the last integral back to the triangle T', we finally deduce that

a(byr, bpr) ~ ETh;Q/ byr-rdx.
T

Thus, from the definition of Hp, (b5r € Hp, = span{b;Rr}), we get

b b
inf sup (r, T)O’T = > inf (r, TI;)O’T* 5
r€Hp, breHp, O7/tllor a(br,br)!/ reHp, O7||r(or a(byr, b3r)!/
2
_ i el

reHry ]l |[r]ls

> .

The same analysis can be carried out for a face F' € &, U &, U Ey. In fact,
for ' € &, U &2, we can define the following norms on span{ Rr}

1
el o= E/Fb}r-r}lﬂ (4.14)

1
el o= g [ rerp (4.15)

1
lells == {

—  a(bir. ber)} /2 4.16
ETl _I_ET2a( Fr7 Fr)} ( )

where wp = Ty U Ty. Thus we have, using once again Lemma 2.1 and trans-
porting to the reference element, that || - ||; ~ || - ||2. On the other hand, using
the same arguments as above, we have

1
2 _ a(bir b
113 Er, + ET2G( it bir)
ET 9 ET 2
~ b € b* r dl[; _I_ . —r2 £ b* r dm
ET1 —I_ ET2 T1 | ( r )| ETl + ET2 T2 | ( " )|
< [ letinPdn+ [ e
T T
T T
p %(})h;f/ |b}f2di+mh%f/ V[ di
meas(T) T meas(T) T

INRIA



An error estimate of hierarchical type 21

meas T1 / |b* L2 g3 meas Tg / |b* .
meas T

< bt h / el + hig? / of?
F F

A

PN

< b [ IeP
F
= ell3
Thus using the equivalence between ||-||; and || - ||z we obtain that ||-|[s < |||
and then
b b;
inf  sup (v, br)o.r — > _inf (x, FI;)OF* 75
r€Hr, breHp, OF||Tlo,r a(br,br)!/ veHp, Op||r|[o,r a(bjr, byr)!/
2
o
v ||r]|2 [[r]]s

> .

4.2 Hierarchical approach. First step.

The basic error analysis of a hierarchical approach is classically based on two
major assumptions. The first one assumes that the approximate hierarchical
solution w}, converges towards u more rapidly than u;. This can be expressed
in terms of the following saturation assumption

(SA) There exists a positive constant o, with a < 1, such that
lu — Pwulle < allu — o

Remark The drawback of this approach is the fact that assumption (SA)
is not easy to prove, except in simple cases. See [10] for a different approach
without the hypothesis (SA). But we will see later that this assumption is in
fact a consequence of the fundamental LBB inequality.

The second basic assumption corresponds to a partition lemma and is the
fundamental ingredient of any additive Schwarz technique. The corresponding
assumption, also to be checked in the next section, is
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22 R. Araya and P. Le Tallec

(PL) For all z, € Wy, there exisls a representation z, = vo + Zf\il v, with
vg € Hy, and v; € H; and a positive constant Cy such that

M
a(V07VO) + Z CL(VZ',VZ') S cYO G(Z}”Z}L) .

=1
With both assumptions, (SA) and (PL), we can first prove

Lemma 4.2

1 1
(H—Q)HPWU — wfle < flu—unlle < (=) Pwu — unfle.

Proof. By a simple application of (SA) we have that

[lu—urfle < flu—Pwulle+[[Pru—ue
< aflu—wlle + [[Pwu—uille
1
§ 1—HPW'11 — uhHQ .
—
Conversely
[Pvu—wille < [lu— Prulle +[u—usle
< allu—ufle + [[u—urlle
< (I+ao)fu—ule,
and the lemma follows. O

The optimality of our proposed hierarchical approach is now quite easy to
prove.

Theorem 4.1 Under the assumptions (SA) and (PL), if e :== u — uy, is the
error in the approximation of the solution of (2.2) by elements of Hy, then

M
lella ~ > [ Pell&)' (4.17)
=1

with constants independent of M, h and material heterogeneities.
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Proof. By construction, from the definition of P;e, using Cauchy-Schwarz and
the fact that Fope = 0, we have

M 2 M 12
Z Pe, Pie) = Za (e, Pe)
i=0 _2:1 . .
= a(e,ZPie)
] - MM

< a(e,e)a(z Pie,ZPie). (4.18)

But, using Cauchy-Schwarz, we have

G(Z P,L-e, Z Pze) = Z Z a(PZ-e, Pje)

i=1 jel,

1
< ZZ{ (Pe, Pe) 2a(Pje,Pje)}
=1 jel;
M
< Z Pie, Pe), (4.19)

where [; denotes the set of spaces H; which neighbor H;, i.e.
I; ={j/3v; € H; and v; € H; such that a(v;,v;) # 0},
and where C,,, denotes the maximal number of neighbors,
Crnaz = max{card(l;) /1 <1 < M} . (4.20)

Then, from (4.18) and (4.19), it’s clear that

a(Pe,Pe) < Cpuzale,e). (4.21)

Ms

i=1
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On the other hand, using assumption (PL), there exist elements u; € H;

such that
M
u, — Pyu = Z u; ,
=0

with
M

Z a(u;,u;) < Coalup — Pyu,uy — Pwu).

1=0

Thus, by Cauchy-Schwarz, we obtain

M
a(uh — vall7 u, — PWu) = a(uh — Pwll, Zul)

1=0

M
= Z a llh — PWu) 112')
M /2 ¢ app 1/2
S {Z a h — Pw'll), Pi(uh — PWu))} { a(ui,ui)}
1=0 1=0

1/2
< Gy {Z (Pi(un — Pwu), Pi(up — PWU))}M(U}L — Pwu,u, — Pyu)}'/?

1=0

which yields

Ms

(uh — PWu uy, — PWu <

llh — PWu) Pi(llh — PWu)) .

But H; € W, and thus we have

a(PZ'(PWu),Vi) = CL(PWu,VZ')
G(U7Vi)
= CL(PZ'U,VZ') Vv; € H;.

This implies that P; o Pw = P; and thus

Pi(uh — PWu) = Pi(uh — u) = Pie .
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On the other hand, by Lemma 4.2 we have
a(u, — Pwu,uy, — Pyu) > (1 —a)’a(e,e).

Hence we finally get

(1—a) i Pe, Pe). a

4.3 Verification of the saturation assumption and parti-
tion lemma

The difficult part in the previous analysis is to verify the saturation assumption

and the partition lemma. In our particular case, the (LBB) condition implies

the saturation assumption, as we will show in the Lemma 4.4. For this purpose,
we first prove

Lemma 4.3 [f (LBB) is true then
a(e,e) = > a(Pre,Pre)+ Y a(Pre, Pre). (4.22)
TET FeELu&iaUEN
Proof. From Lemma 4.1, we have that
<Ri,v> = Y a(Pre Pre)'?07"|v]or
TeTh
+ ) [a(Pre, Pre)'? + Y a(Pre, Pre)'”105||v]lo.r -

Fe&E U UEN Tewp

Let now II, : H — Hj, be a projection operator of Clement type (cf. [8]).
Then applying the above inequality with v = e—1Il,e, we deduce from Cauchy-
Schwarz

ale,e) = < Ry, e>
< Rp,e —1le >

< Y a(Pre, Pre)'/?07"|le — Ielor
TeTn
+ Y la(Pre,Pre)'” + ) a(Pre, Pre)'’105"le — ye|lo.r
Fe€hU€12U€N TE(UF
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< {) a(Pre,Pre)+ > a(Ppe, Pre)}'/*.

TETh FeELu&iaUEN
(D07 lle—Thelgr+ Y 07|le —Mhelgx}'/*.
TET FeELUuEUEN

But, as proved in [8], we have under assumption (2.1)

Z 07%||e — e

TET
Y b0 e—Theldr = alee),

FeELuEiaUEN

or = alee)

with constants independent of the local values of the Young modulus. There-
fore our lemma follows directly. O

We can now prove

Lemma 4.4 If (LBB) is true then the saturation lemma holds, meaning that,
there exists a positive constant o such that a <1 and

[u— Pwula < aflu—ua.

Proof. Using the shape regularity of 7, we have that C,,.. given by (4.20)
is bounded uniformly and then by construction, we have

Pie = PZ(PWu - llh) . (423)

Thus, we deduce that

M M
a(Pie,Pie) = Za(PZ(PWu — uh),PZ'e)
=0 =0
M
= Za(PWu — uh,PZ'e)
=0
M M
§ a(PWu —uh,PWu —uh)l/za(z Pz-e,ZPZ-e)l/Z.
=0 =0
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Proceeding as in (4.19), we get

M M
a(PZ-e, Pze) § a(PWu — Up, PWu - uh)l/QOTln/fr Z a(PZ-e, Pie)l/Q 5
=0 =0
that is
M
(> a(Pe, Pe)}'* < CMa(Pwu — up, Ppu —u,)'? . (4.24)
=0

On the other hand, u — Py u is a-orthogonal to Wy, yielding

a(e,e) = a(u—up,u—uy)
= a(u— Pwu+ Pwu —u;,u — Pyu+ Ppu—uy)
= a(u— Pwu,u— Pyu) + a(Pwu — us, Pwu —uy). (4.25)
From equations (4.25) and (4.24) and Lemma 4.3 we obtain
a(u — Pwu,u — Pwu) = a(e,e)—a(Pwu—up, Pwu—uy)
M
1

C ZG(PZ'E,PZ'E)

< a(e,e)—

We are now also ready to prove that (PL) condition is also valid in our
case.

Lemma 4.5 For the space constructed in (4.5), there exists a positive constant
Co, independent of h and of physical constants, such that for all v, € Wy, there
exists vo € Hy, and v; € H, with

v=vorY v (4.26)

and

a(vo, vo) + Z a(vi,vi) < Coa(v,v). (4.27)
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Proof. Let v € W, then we can write
M
vV=vo+ » vi. (4.28)
i=1

Let T € T,. Using (4.28), we can write

M
Vir=vor —m,r+m,r+ Z ViT, (4.29)

i=1
where m, 1 i1s any rigid motion of element T'. Let
Voo :=vor—m,r and Hor:=Hyr/M, 7,

with M, r the subspace of rigid motions of 7. We have then

M
Vir =vor+m,r+ Z ViT. (4.30)
=1
Due to the definition of subspaces H;, : = 1,... , M, we can prove that the
set
Ir={j/vjr#0} (4.31)

is finite and that its number of element {card(Ir)/ T € Ty} is uniformly
bounded. Also we have that the subspaces {H;};>1 are in direct sum, i.e.

H,NH, = {0} .i#j. (4.32)

Thus, using the fact that m, 7 is a rigid body motion (a(m, r,v) =0,Vv)
we have

ar(v,v) = ar(Vor+ Z Vi, Vo,T + Z Vi)

i€l ielr
= ET/ le(Vor+ Y vir)|*dz
T ielr
~ b [ Jer 4 3 v P 1B el
T i1y
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But [;]&(v, 4+ ZieIT v, 7)|? d# is a norm on Ijloj X HieIT H, ;. Indeed, if

then

since Vo r + EieIT v;r 1s not equal to a rigid motion by construction. From
this and (4.32) we obtain

‘N/'O,TZO , Vi,TZO ,\V/iE Ir.

Thus, using the equivalence of norms on ﬁo 7 % I;er. H; 7 and adding the
’ Ll ’

rigid motions of T, we obtain
CLT(V, V) ~ ET/

T
£ Fr [ Jetv )PIB I e

i€l T

(Vo) P BT |71 |di

~ ar(Vor,Vor)+ Z ar(vir, Vi)
iEIT
= ar(vor,Vor) + Z ar(vir,vir), VT €T,.
i€lp
The result follows by addition on all triangles. O

4.4 Direct Analysis

The systematical hierarchical approach followed up to now can in fact be by-
passed by a direct analysis without using the saturation assumption (SA) and
the partition lemma (PL), as shown in the next theorem.

Theorem 4.2 Suppose that (LBB) is true, then

lelle ~{)_ a(Pre,Pre)+ Y a(Pre, Pre)}'/?, (4.33)

TETh FeE uEn
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where the equivalence constants are independent of h and the physical coeffi-
cients.

Proof. The inequality

Y a(Pre,Pre)+ Y a(Pre, Pre) < a(e,e) (4.34)

TETh Fe& uEn

can be proved as in (4.21). The reverse inequality is a direct consequence of
Lemma 4.3. O
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5 Numerical implementation

5.1 Computation of a(Pe, Pe)

Let P; : H — H; be a orthogonal projection where dim H; = n;. On each
subspace H; we have to solve the following local elasticity subproblem:

a(Pie,Vi) =< Rh,Vi > ,\V/VZ' cH,. (51)
Let B = {%,,... %, } be a base of H; (bubble functions). Then

a(Pe,¢) = ale ¢y) <k <n;
= <F, ¢, > —a(u, ¢,)
= < Rp, ¢, > .
But
Pe = Zaﬂﬁj —a’v
j=1

and thus we obtain the following very simple linear system

A,a=R
where
Ai (a]‘k) 1=T or I (5
a = (O‘J)
R = (Ry) 5.4
with
semalbiw)= Y [olw)iew)  69)
T Csupp(p;)Nsupp(Py) T
and
Ry =< Ry,py >= Y {/f-¢k+/ g-m—/a(m)w(m)}-
TCsumn(oy) 7T aTAC x T

(5.6)
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Once & is computed, we then have simply
a(PZ-e, Pze) = _)TAZ'& . (57)
To enter in more details, we introduce the basis scalar matrix

P =[pi,pa,--. , PNy (5.8)

where py, pa, ..., pn, are the Nr scalar shape functions. In 3D, we denote the
corresponding vector matrix by

P 0 0
P= 0 P O ) (5.9)
0 0 P
We have then
]) 0 0 Ut
[UT] = 0 P 0 UaT =P ﬁT (510)
0 0 P UsT

where U7 represents the value of u on the nodes of the element 7.

We also introduce the gradient matrices

9p1 9p2 ..., Op»

gx gr gm
pp = (B o

QQL Qﬂ% [ 9pn

Oz dz dz

DP 0 0
DP = 0 DP 0

0 0 DP

The gradient Du|r of u on 7', can now be expressed in function of DP and
ﬁT by

Du|T: duy :DP'ﬁT.
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The tensors & and & can then be written as

€11 J11

€22 022

{e}=| 2 and {o}=| 7®
€12 012

2623 023

2e3 031

We can write {e} like
{e} =D -DP - ur

where

(sl Ballall S
OO~ OO O
OO O o O
OO, OO O
O OO O~ O
O R OO O O
—_ 0 O O o O
O R, O O O O
S OO = OO

1
We can express {&} by means of {e}

{e}=A-{e}=A-D-DP -ur
where A is the elastic tensor, which is his general form is given by

Ell E12 E13 E14 E15 E16
' E22 E23 E24 E25 E26
' E33 E34 E35 E36

E44 E45 E46
: E55 E56
Sym . . . . E66
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With these definitions in mind, we obtain the finite element local matrices

ajp = > /Tqu;;-Df-A-D-Dq;].

T Csupp(v, )Nsupp(thy,)

meo= Y /Tf-¢k+LmNg-¢k—/Ta<uh):e<¢k>

T Csupp(vpy,)

= Z /¢k-f+/ J};-g—/sz;-Df-A-D-DP-u*hT.
T aTAC T

T Csupp(vy,)

Finally, we can resume the computation of our error estimate using the
following flow charts:

For each T € T},

( Compute the internal matrix Ar 1

( Compute the rhs Ry 1 1

Subloop internal

( Subloop 'y

Solve the local linear system

Arar = R 1

Set

a(Pre, Pre) = oL Arar

Figure 2: Flow chart to compute the error estimator n for each element
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The subloop corresponding to an external face F' € 'y N T is then given
by

For each F' € I'y (

Compute the matrix Ap

Compute the rhs Rj

Solve the local linear system

Aror = Ry p

Set

a(PFe, PFe) = a}AFaF

N

Figure 3: Subloop to compute the error estimator n for each face in I'y

For a side F in &, U &3 the computation is a little more complicated.
First, we need to compute the local matrices A and the rhs R, g to form the
matrices App and the rhs Ry pr, this is necessary because each F' € &, U &y

RR n~°3722
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appears twice when we do an iteration on T € 7T,. Therefore, the subloop
corresponding to the construction of the local face matrices is given by

4 M\

For each F' C 0T\I'n

Compute the matrix Ap

Compute the rhs Rj

Forming the matrix App

Arr = Arr + Ar

Forming the rhs Rj, pp

Ry rr = Ryrr + By r

AN J

Figure 4: Subloop to construct local face submatrices in error estimate for
each face in &, U &5

The last step for a side (face) F in &, U &3 is to solve the local system with
the matrix App and the rhs Ry gr instead of the matrix Ap and the rhs Ry r.
It is then given by a loop operating on all internal faces
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For each F € &, U &1 ‘ Solve the local linear system

‘ Arrarp = Ry rr

|
‘ Set

a(PFe, Ppe) = othAFFaF

Figure 5: Second step to compute the error estimator 1 for each face in £, U &,
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6 Numerical examples

In this section we give two examples of the numerical implementation of our
hierarchical error estimate. Both examples are calculated using three nodes
first order triangles (P1). Here the choice of bubble space is given by the
following finite dimensional subspaces

Hp, = span{bre, brey} T €T,
Hp, = span{bye;,byes} JFe&U&rUy,

where b7, and b}, were defined in (2.7) and (2.8) respectively.

For each example, we give the initial mesh and a adapted mesh obtained
using our hierarchical error estimate. To have an idea of the quality of our
adaptation process, we show a cut of the solution obtained by the finite ele-
ment method in the initial mesh, the adapted one and a very fine reference
mesh. The reference mesh is a uniformly refined mesh with 90.000 elements.

Finally, we show a comparison between our hierarchical estimate and two
class of residuals estimates. The first residual is the standard one, ie. the error
estimate originally derived by Babuska and Rheinboldt [3]. The second resi-
dual estimate is a modification of the standard one by the way of introducing
a weight in the jump of & - n on each element interface. This estimate was
introduced in the work of Araya and Le Tallec [2]. It’s interesting to note that
the new hierarchical estimate and the weighted one seem to be numerically
equivalent in these two cases.

Remark We follow [9] in order to obtain a optimal mesh refinement
procedure, i.e. if gg is the accuracy required by the user, we say that the mesh
T is optimal if its elements number N* is minimum and it provides a global
error £* equal to &g.

In this framework, for each element T" € 7T,, we compute a refinement
factor:

h
~ hr

rr
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where hr is the size of the element T' of Ty, and h% the size of the elements of
7.5 within the T" area (in 2D case).

If no strong gradients appear in the solution, then a priori error estimates
indicate that the local contribution to the error should scale like

nr hr T

where p depends on the element type (p = 1 for linear elements, p = 2 for
quadratics elements) and nr (local error estimate) is given by

nr = {a(PTe, PTe) + Z a(PFe, PFe)}1/2

FEE(T)O(ghUc‘:lQUgN)
for each T' € Tj,.

Thus we have the following minimization problem:
dim
1
1 N* = — th 2p2 — 52 .
min gT (TT> wi gT N = €

In the 2D case, this problem admits the explicit solution:

6é/p
- 1/2p °
n;/(pﬂ) { . n;/(pﬂ)

The new mesh is then obtained by a metric controlled Delaunay mesh genera-
tor [6], constrained to generate local equilateral triangles of size rrhy.

Q

000000000000

Figure 6: A description of the first example
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Figure 7: Initial coarse mesh (68 elements)for example

gﬂmmvmmm{gwgnmnwwy ANV AV \SIORR

SRS NN
>

AN/

N1\

>
VAVAYE "AWA“F':%';E
R RN s

ANV A"musmﬂk
RIS
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v‘ AN YA TAVA NN,
' Yavy

Vavis,
VAVAV. 000

Figure 8: Final adapted mesh (3843 elements)
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— INITIAL SOLUTION _ u
ADAPTED SOLUTION
_ REFERENCE SOLUTION

I e e o B
P

&
8
&
g
By
g_
'\—‘)_
o
&
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— INITIAL SOLUTION _ v
ADAPTED SOLUTION
_ REFERENCE SOLUTION

o000
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-2 T T T T T T T T T ]
90 105 120 135 150

&
8
&
8
By

Figure 9: A diagonal cut of the different solutions obtained in the initial,
adapted and reference mesh
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.11E-4 . 0803 ’ . 1598

Log(ERROR ESTIMATOR)

Figure 10: Distribution of  in the final adapted mesh
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o I
0
05 | e R
1 | | | |
2.5 3 45 5

35 4
Log(NUMBER OF ELEMENTS)

Figure 11: Comparison between different error estimates
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Figure 12: The second example

Figure 13: The initial mesh (623 elements) for example 2
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Figure 14: Final adapted mesh (7684 elements)

0.06
0.055
0.05
0.045
0.04
0.035
0.03
0.025
0.02
0.015
0.01
0.005

-0.005

N
PTED SOLUTION
REFERENCE SOLUTION

Figure 15: A diagonal cut of the different solutions obtained in the initial,
adapted and reference mesh. Adapted and reference solutions are superposed.
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—_INITIAL SOLUTION _ A
ADAPTED SOLUTION
_ REFERENCE SOLUTION

o
Q
a
Lttt

o
&)

10 15 20 25 30 35 40 45 50 55 60 65

Figure 16: A diagonal cut of the different solutions obtained in the initial,
adapted and reference mesh.Adapted and reference solutions are superposed.

H B | 1
01073 - 1832 356 528 4y

Figure 17: Distribution of n in the final adapted mesh
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Log(ERROR ESTIMATOR)

4 T T T T
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Figure 18: Comparison between different error estimates
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7 Conclusion

In this paper, we have introduced a parameter free hierarchical intrinsic error
estimate which can be used to improve the quality of a discrete approximation
given by the application of the finite element method to an elasticity problem.
This estimate is in some way a generalization of a weighted residual estimate
introduced in [2].

This estimate is justified by a classical hierarchical error estimate analysis
using a saturation assumption and a partition lemma which we have deduced
from a inf-sup condition. This LBB condition is more powerful than the two
standard assumptions in the sense that it is easier to verify, even for hetero-
geneous compressible elasticity. In fact, we have proved the optimality of our
error estimate independently of coefficient jumps.

For the moment our present work is not adequate to consider the anisotro-
pic case and also this hierarchical approach does not provide a reconstruction
of the stress fields unlike the equilibration technique (cf. [9]).

In a forthcoming paper we extend this hierarchical analysis to consider
quasi-incompressible materials, the idea here is to obtain an error estimate
which will be independent of Poisson ratio v.

Acknowledgment. The authors wish to acknowledge fruitful discussions with
Dr. Barbara Wohlmuth from Augsburg University, and the support of Firtech
Calcul Scientifique.
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