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Construction de fonctions de Lyapunov contr6lées pour des
systémes homogénes de type Jurdjevic-Quinn

Résumé : Cet article présente une méthode permettant de construire explicitement des
fonctions de Lyapunov controlées pour des systémes affines et homogénes vérifiant les condi-
tions dites “de Jurdjevic-Quinn”. Pour de tels systémes, on connait une fonction définie
positive V; et une loi de commande qui fait seulement décroitre Vj, avec une dérivée qui
peut s’annuler en certains points. Nous montrons comment il est possible d’obtenir une
fonction de Lyapunov contrélée via une déformation de cette fonction de Lyapunov “au sens
large”. Quelques exemples sont présentés, et le cas linéaire quadratique est traité comme
illustration.

Mots-clés : Stabilisation par feedback, function de Lyapunov controlée, stabilisation par
Lyapunov.
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1. INTRODUCTION

In all this paper we consider a control affine system :

&= fo(z) + Y ufr(z), (1)
k=1
with state x € R and control (u1, ... ,un) = u € R™. The fi’s are smooth vector fields

in R™. Smooth means of class C*.

For differentiable dynamical system without control z = F(z), “Lyapunov’s second the-
orem” states that existence of a positive definite and radially unbounded function that is
decreasing along the trajectories of the system (such a function is called a Lyapunov function)
implies asymptotic stability of its minimum. Asymptotic stability can therefore be proved
by exhibiting such a function, this is the so-called “Lyapunov direct method” (see [11]). The
scope of this method is general since the existence of a Lyapunov function is also necessary,
see [15] for a proof with a right hand side that is only assumed to be continuous. However an
unfortunate drawback is that there is no systematic way to build explicitely this Lyapunov
function.

For control systems, the “Lyapunov design” of a stabilizing control law (see [3]), based on
Lyapunov direct method, consists in designing a positive definite and radially unbounded
function together with a continuous feedback law that assigns this function to be a Lyapunov
function for the closed-loop system. Artstein’s theorem (see [2,23,3]) points out exactly
which relations (control Lyapunov function, small control property, see below) a function
has to satisfy in order to allow existence of a feedback law that makes it decrease.

Definition 1.1 (assignable functions). Let V' be a positive definite and radially unbounded
function. We say that a continuous u : R® — R™ assigns V' to be a Lyapunov function for
the closed loop system (1) if the derivative of V' along the trajectories of the closed loop
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4 L. Faubourg € J-B. Pomet

system is negative definite, that means that for all  in R™\{0} :

LgV(x)+ Y uLpV(z) <0.
k=1

Theorem 1.2 (Artstein’s Theorem). Let V' be a positive definite and radially unbounded
function . There exists a continuous feedback that assigns V to be a Lyapunov function for
the closed loop system (1) if and only if

(a) it is a control Lyapunov function (CLF) :

Lflv(x) =0
vz € R*\{0}, = LsV(z) <0; (2)
Lme(.%‘) =0

(b) it satisfies the small control property (SCP): for any € > 0, there is a 6 > 0 such that
for all z € R*\{0},

Jull <e,

3
Liyrsy, ws V() <0 (3)

|zl < 6 = Ju {

This is an existence result, but some explicit formulae have been given, like for instance :

Proposition 1.3 (Sontag’s Formula [23]). If the function V' is a control Lyapunov function
that satisfies the small control property for the affine control system (1) then the control
u=(uy,...,un) defined by

a+/a2+ (X0, b:%)? ,
U = - E:’;l biz bk ’Lf bk # 0 ) (4)

0 if bp=0.

where a = Ly V() and by = Ly, V(z) for all k in {1...m}, is a continuous and asymptot-
ically stabilizing feedback law. Besides it assigns V' to be a Lyapunov function.

In this paper we will not refer to this general expression because we will restrict our
attention to homogeneous systems. In this particular case a simpler construction can be
made (see Proposition 2.5 below) that moreover keeps the homogeneity of the closed loop
system.

Many others methods than building a control Lyapunov function exists in the literature to
design stabilizing feedback law. However, it is well known that a control Lyapunov function,
when it is available, is a convenient tool for many reasons: for instance, the negative definite
function V allows one to quantify robustness to model errors or perturbations in the control,

INRIA
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see [7, section 3.3]. Also, it can be used to perform Lyapunov redesign to enhance robustness
properties, see [14, section 5.5]. Finally, some simple back-stepping-like techniques for adding
an integrator require a strict Lyapunov function (see [7]).

For these reasons it is interesting to obtain control Lyapunov functions for systems that
may be asymptotically stabilized by other methods. Of course, the converse Lyapunov
theorems (see for instance [15,11]) imply the ezistence of functions that are strictly decreasing
along the solutions of the closed loop systems and finally control Lyapunov functions that
are assigned by the same control law. However these theorems are far from giving an explicit
construction of these functions. This work is an attempt to give an explicit design of control
Lyapunov functions as precisely as possible when asymptotic stabilization can be solved via
the so called “Jurdjevic-Quinn method”, also called “damping control”. A preliminary version
was presented in [8].

Note that for linear systems, the above mentioned converse Lyapunov theorems can be
made constructive, and yield a quadratic Lyapunov function, see section 6 for a discussion.
For some special cases of nonlinear systems, explicit control Lyapunov functions have already
been obtained in the literature, based on this quadratic Lyapunov function for the linear
approximation : in [17, proof of lemma 2] for linear systems with saturations and in [18, proof
of corollary 2.16] for cascaded systems with some growth assumptions. The present paper
deals with more general affine control systems, although these results are not strico sensu a
consequence of ours since we assume homogeneity.

The paper is organized as follows. Section 2 is devoted to introduce some classical no-
tations and properties about differential geometry and homogeneity. After making precise
the class of systems we deal with in section 3, the result consisting in reshaping a Lyapunov
function in the direction of a vector field is presented in section 4. After some comments on
the result in section 5, we pay attention to three examples in the last sections: the linear
case is studied in section 6 as a particular situation of the results, in section 7 the problem
of stabilization of an underactuated rigid body is considered and in section 8 we deal with
the so-called TORA system. Although this last system does not satisfy all the hypotheses
of our results, the method leads to a control Lyapunov function for this system.

2. SOME NOTATIONS AND PROPERTIES ABOUT VECTOR FIELDS AND
HOMOGENEITY

Let us precise our notations and recall basic properties. For an entire overview, the reader
can refer to [13] and [24].
Definition 2.1 (Flow of a vector field). Let X be a vector field on R*. We define ¢% (z)
by :

F@h(@) = X(#(2)), (3)

% = z.

In general, (t,z) — ¢%(z) is defined on a neighborhood of {t = 0} in R**1. If it is defined
for all (¢, z) in R**!, the vector field X is called complete. For a fixed choice of z, t — ¢4 (z)
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6 L. Faubourg € J-B. Pomet

is a solution of # = X (z). For a fixed ¢, z — ¢% () is called the flow of X at time ¢, it is a
diffeomorphism from an open set of R* onto its image (from R™ onto R™ if X is complete).
For any function h, we denote by Lxh its Lie derivative along X:

d

Lih(@) = 5|~ 1 (35(@) - ©

Proposition 2.2. Let X be a vector field on R* and ¢ a diffeomorphism onto R™. Then
for all t, po ¢l o™ is the flow at time t of a vector field denoted by ¢ * X and called the
conjugate of X by ¢ :

Ppux =00 Px 09 L. (7)
In coordinates, the expression of ¢ x X is given by :

exX(y) =¢' (¢ W)X (e () - (8)

In the sequel we will also use the notion of homogeneity. Let us define precisely what we
mean by homogeneous function and homogeneous vector field.

Definition 2.3. For a fixed choice of coordinates on R™, and for n positive real numbers
T1y--- 3 Tn,
(a) a dilation of weight r = (r1, ..., ) onto R is a family of maps (6,) defined, for all
1 >0 and for all z in R”, by :

b(x) = (U ey, -, pm )

(b) a function V : R™ — R is homogeneous of degree T with respect to the family of
dilations (¢7,) if and only if for all u > 0,

Voé, =uV;

(c) a vector field X is homogeneous of degree o with respect to the family of dilations (¢7,)
if and only if for all x> 0,

SrxX =p"X . 9)

In the coordinates of the dilation, X can be written X = ) fia%,-’ and X is ho-
mogeneous of degree o, if and only if, each f; is a homogeneous function of degree
o+r;.

(d) In the sequel ||.|| denotes a function defined on R™, for a sufficient large p, by :

1
D

n

2

el = [ 3 a1
7=1

INRIA
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This positive definite function is smooth outside the origin and homogeneous of degree
1 with respect to the family of dilations (6},). Such a function is called a homogeneous
norm.

In the sequel r and the family of dilations (6},) are fixed. “Homogeneous of degree d” will
replace “ homogeneous of degree d with respect to (6;)”.

Lemma 2.4. Let G be a complete vector field on R™. G is homogeneous of degree 0 if and
only if the flow of G commutes with the family of dilations, i.e for all t in R and all positive

1,
5;o¢g:¢féoy . (10)
Proof. from (7) we have for all positive p and all ¢ in R :
506t 0 ()7 = Gl

Hence, from (9), G is homogeneous of degree 0 if and only if 67, o ¢f; o (67)7" = ¢f, i.e. if
and only if ¢7; and §;, commute. O

When all the vector fields f; of the system (1) are homogeneous, and when a homogeneous
control Lyapunov function is known for this system, the following result, proved in [3], gives
a feedback control, simpler than Sontag’s one, that assigns V' to be a Lyapunov function
for the closed loop system. Moreover, this feedback law has the good property to keep the
homogeneity of the closed loop system, that means that the right-hand side of the closed-loop
system & = fo(z) + Y1  ur(z) fr(z), is homogeneous of the same degree as fo.

Proposition 2.5. Consider the affine control system (1). Assume that each fr (k =
0...m) is a vector field homogeneous of degree ci, with cg > 0 and ¢ < ¢g (k=1...m).

Assume as well that V' is a control Lyapunov function for the system, homogeneous of degree
d. Then the feedback control, defined for all x in R™ by :

ur(z) = —aLy, V(a)||z) 021 (11)

is homogeneous of degree co —ci, (k= 1...m). This makes the right-hand side of the closed-
loop system & = fo(x) + > pey ur(z) fu(x) homogeneous of degree co, and assigns the control
Lyapunov function V' to be strictly decreasing if, T being the set {z, ||z|| =1, Ly, V(z) > 0},

L
a > sup 5 V(@) . (12)

ST (@ V@)l

k=1
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3. PROBLEM STATEMENT

In [12], Jurdjevic and Quinn noticed that a first integral of the drift vector field plus some
controllability conditions allow one to derive smooth asymptotically stabilizing control laws.
This method has been next generalized in many papers, as [10,3,20]. In this paper we call
“Jurdjevic-Quinn type” systems, these that allow the use of this stabilization method.

Let us give the specific assumption we need here. Consider the affine control system (1).
For a function V; and for an integer L, define the set Wy (Vp) to be :

(13)

R™, L#{WVi =L,4i \% =0
O e A

k=1...m;i=0...L
Note that this set decreases as L increases.

Assumption 3.1 (Jurdjevic-Quinn conditions). We assume that a function Vp : R* — R
is known and has the following three properties : it is smooth, positive definite and radially
unbounded ; it satisfies :

Ve e R", Ly Vo(z) < 0 ; (14)
it is such that there is an integer L such that

Wi (Vo) is reduced to {0} . (15)

Remark 3.2. For many control systems (see the examples in section 7 and 8), the natural
drift vector field does not meet (14), but a preliminary feedback, by adding to it a linear
combination of the control vector fields, gives an f; satisfying (14). Further comments on
the consequence of this preliminary feedback are given in section 5.

Following [12,10,20, 3], one may set :
up(z) = —LyVo(z) (k=1,...,m). (16)

The derivative of V; along the closed-loop system is then given by,

m

% =Ls Vo - Z(LkaO)2 :

k=1

This equation shows that V; is non positive and vanishes at points where the L Vo (k=
0...m) vanish. If such points exist, condition (15) together with LaSalle Invariance principle
(see [11,16]) allow one to conclude to asymptotic stability of the origin :

Proposition 3.3. If system (1) satisfies assumption 3.1, then formula (16) defines a con-
tinuous asymptotically stabilizing feedback control law.

INRIA
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However, V; is clearly not a control Lyapunov function, because there are in general some
points where all the Ly V; (k = 0...m) vanish. In the sequel, we “re-shape” this function
to build a control Lyapunov function.

Remark 3.4. In [18, proof of corollary 2.16], the case where fy is a linear vector field and
where the control vector fields depends on the control (systems are non affine in the control
but it has a particular structure) is studied. A positive definite and radially unbounded
function together with a feedback law that assigns it to be a strict Lyapunov function is
obtained following the idea of [17, proof of lemma 2]. This explicit construction consists
in finding a Lyapunov function for the linear approximation (via Lyapunov equation for
instance, see section 6 equation (31)), and making a combination of this function and the
above defined Vj. It is not clear how this approach might be generalized. We do not follow
this track here.

Remark 3.5. Let us clarify the status of our assumptions with respect to the literature
(and with the help of [21]). Denoting by £ the union of all the trajectories of & = fo(z)
that remain in the set {z € R*, Ly Vy(z) = 0, k = 0, ..., m}, LaSalle’s invariance
principle states that £ = {0} is a necessary and sufficient conditions for (16) to be an
asymptotically stabilizing control law. All the assumptions made in the literature may be
viewed as sufficient conditions for £ = {0}.

In the early works [12,10], some simpler and more restrictive assumptions were made
instead of assumption 3.1: (14) was replaced by L;, Vo = 0 (V} is a first integral of the drift
vector field) and (15) was replaced by the “ad-condition” (rk{adjlo fe, 1<k<m, i>
0} = n) plus the origin being the only critical point of V. These assumptions are rather
restrictive, but they have the advantage of “decoupling” the properties of the control vector
fields and these of fj.

There has then been an effort to weaken these assumptions. By differentiation along the
trajectories, it is clear that the set

W = z € R, L;jl%(x):L}oLfk%(x)zo
g k=1...m;ieN ’
contains £, defined above, and in fact they coincide for real analytic vector fields. In [20]

the stabilization result is stated under the condition Wye,, = {0}. It is noted there that,
with

W =) TERY LEV() = Lug, (4,)Vo(w) =0
gen k=1...m;i€eN ’
the condition Wy, = {0} is equivalent to Wy, = {0}. Note that in general (without

further assumption like Ly, V; identically zero) Ladifo( soVo(z) = L;}OLka[)(x) is true only

for z in £, so that the sets Wyen and W,
Zero.

might not coincide if they are not reduced to

n
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10 L. Faubourg € J-B. Pomet

The set WL(Vp) contains obviously W,.,, and so our condition is stronger. However,

in the very common situation where the drift vector field is conservative (L, Vo = 0), the
knowledge of the integer L is our only restriction.

4. RESHAPING LYAPUNOV FUNCTIONS VIA THE FLOW OF A VECTOR FIELD

For a complete vector field G, we define a function V) from V; as follows :
Vi =Vood5, (17)

where ¢3, is the flow of the vector field G, see (5). We shall always consider a vector field G
that is smooth except possibly at z = 0, with G(0) = 0.

In general, it is impossible to give an explicit expression of the flow ¢7, with some usual
functions. For the purpose of making our method really constructive, we may use for small
A (all our results will anyway be valid for small A only), a function W) that is easier to
compute and agrees with V) up to order 1 with respect to A :

Wi(z) = Va(z) + N2a(\, z) , (18)

where a is a smooth function on [0,400) x R™ that satisfies for all positive A, a(),0) = 0.
A straightforward computation will convince the reader that the following W) can be put
in the above form :

Wi(z) = Vo(z + AG(z)) . (19)

Note that this formula is explicit (does not involve solving any differential or algebraic
equation) and that it depends on the chosen coordinates whereas the definition of V), in (17)
is coordinate-free.

The function V) is identically equal to Vj when X is equal to zero. Since Ly V; vanishes
at some points where L Vo (kK = 1...m) vanish, and we want Lz V) to be negative at
points where Ly, V) (k =1...m) vanish, it is natural to require that Ly V3 be a decreasing
function of A for small values of A\ and at points where Ly Vp (k = 1...m) vanish. we
require the following slightly stronger property :

L Vo(z) =0
Lf1V0($) =0 d
va € R"\{0}, ) = 0 L) <0 (20)
. A=0
Lme'()(.’IJ) =0

The same discussion holds replacing V with W) satisfying (18).

Reshaping V; via the flow of a vector field G has the interesting advantage that it replaces
the above difficult condition on V) given by equation (20) by a simpler condition on G as
shown by the following lemma :

INRIA
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Lemma 4.1. For function V) and Wy defined by (17) and (18), we have for all x € R,

d d

x|, (LpVa)(@) = = - (L, W) (z) = Ly, LaVo() (21)

Proof. Let the function x be defined by x(t,A,z) = Vo(¢g(¢%,())). From (6) and the
definition (17) of V) , the left-hand side of (21) is equa.l to m(o 0,z). From (18), the
expression with W) instead of V) is also equal to —(0 0,z). On the other hand, apply-

JtIN
ing (6) twice (with X = G and X = fj), the right-hand side is equal to W(O 0,x). This
proves (21) because the partial derivatives commute. O

Unfortunately, we are not able to prove that condition (20) is sufficient, in general, for
Vi to be a control Lyapunov function . This is however true for control affine systems which
have some homogeneity properties :

Theorem 4.2. Assume that the control affine system (1) meets the Jurdjevic-Quinn condi-

tions (assumption 3.1) with a function Vo that is homogeneous of degree d. Besides, assume

that each fr (k =0...m) is homogeneous of degree ¢y with ¢y > 0 and ek, <co (k=1...m).
Let G be an homogeneous vector field of degree 0 which satisfies, for all x in R™\{0},

L, Vo(z) =
Lf1V0(x) =
. = Ly, LeVo(z) <0 (22)

Ly, Vo(x) =

Then there exists a positive real Ao such that for all X satisfying 0 < A < Ao, Vi is a
homogeneous control Lyapunov function of degree d. The same property is satisfied by W
given by (19) in the coordinates of the dilation. Any W that agrees with (18) also satisfies
this property provided that it is homogeneous and definite positive.

Of course, in order to give an explicit method to build a control Lyapunov function, the
previous result is not sufficient: one still needs to find a vector field G satisfying (22). The
following result gives a “universal” way of designing such a vector field. Note that the above
homogeneity requirement on G makes it difficult to construct such a vector field smooth at
the origin.

Theorem 4.3. Assume that the control affine system (1) meets the Jurdjevic-Quinn condi-
tions (assumption 3.1) with a function Vo that is homogeneous of degree d. Besides, assume
that each fr (k =0...m) is homogeneous of degree ¢, with ci, >0 andcr <co (k=1...m).

Then the vector field G defined by (28) and (24) is homogeneous of degree 0 and satisfies
the condition (22) :

Z S Nowady, fi (23)

=0 k=1
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12 L. Faubourg € J-B. Pomet

with A\ix (1 =0,...,L—1;k=1,...,m) some functions defined by :

L-1 L 2j-it1) Vo
s = —1)ymt o
= O e 4
ajr = (2j+1)c%+26k+d ]

Note that there are of course many other vector fields G satisfying (22), this is discussed
in section 5.
The following lemma is used in the proof of theorem 4.2, but has some interest in itself.

Lemma 4.4. If V is homogeneous of degree d and the vector field G is homogeneous of
degree zero then, for all A > 0, the functions Vy defined by (17) and W defined by (19) are
homogeneous of degree d.

Of course, for a general W, satisfying (18), homogeneity is not granted except if, for
A <0, z — a(A, x) is homogeneous of the same degree as V.

Proof. Since G is homogeneous of degree 0, lemma 2.4 implies that ¢, commutes with the
flow of the vector field G at any positive time A. Then for all 4 > 0 and A > 0,

Vaodl, = Voogyob, = Voob,ody = X Voody = p'Va.

This precisely means that V) is homogeneous of degree d. The function Wy = Vp o (Id+ AG)
is also homogeneous of degree d because :

Wxoé, =Vyo(8, +AGod))=Vyo06 o(ld+ \G) = Vo (Id + \G) .
This ends the proof of the lemma. O

Proof of theorem 4.2. We are going to give the proof that V) is a control Lyapunov function.
The proof that W) satisfies the same property follows exactly along the same lines because
only the properties of lemma 4.1 and 4.4 are used.

From lemma 4.4 the functions V) are homogeneous of degree d. Since each vector field
fr (k=0...m) is homogeneous of degree ¢, each function Ly, V) (k =0...m) is homoge-
neous of degree ¢ + d. Let

S={yeR" |lyll =1}
be the homogeneous unit sphere. For any x € R™\{0}, there exists y € S and a real number
w > 0 such that = 6,(y). Consequently, the homogeneity of each Ly V) implies that it

is equivalent to prove that for all z € R*, Ly, Vi(x) is negative when each Ly Vi(z) (k =
1...m) vanishes and to prove this property only for z in S.

INRIA



Control Lyapunov functions for homogeneous Jurdjevic-Quinn systems 13

To simplify the proof of this fact, let us introduce some notations :

E = {z€S8, Ly LeVy(z) >0},

F = {z€8, LyV(z)=0},

' = {z€8, LpW(x)=...= Ly, V(z) =0},

'y = {Z’GS, LfIVA(.’L')=...=Lme)\(.’L')=O} s

I' = I'nF={xelb, LyVo(x)=LysVo(z)=...= Ly, Vo(z) =0} .

With these notations, (22) is equivalent to
I"'nNE=90, (25)

and from the above considerations, V) is a control Lyapunov function if and only if Ly V)
is negative on the set T'.

Compactness of S and continuity of (z,X) — Ly, V3 imply that any neighborhood of T in
S, say for instance

NyT)={x €S, dxT)<q}, ¢>0,

contains the sets T'y, for A small enough (If not, there would exist a sequence outside that
neighborhood that would converge to a point in T"). More precisely for any ¢ > 0 there exists
A2(q) >0 s.t,

0< A< A(g), = T CN,() . (26)

To end the proof, it remains to prove that there exists two positive real numbers Ao and
g such that,

0< A< A
Z’GNq(F) } — LfOV/\(x)<0, (27)

First, note that from (25), I'' and E are two disjoint compact sets, so that the distance
between them is strictly positive. Let ¢’ be such that 0 < ¢’ < d(E,T"), and define:

Ny(T")y={z €S, d(z,I") <{'}.
This set is compact and disjoint from E. Define the function x : R x R* — (—o00,0] by
XA, z) = Ly Va(z). It is smooth away from z = 0, and in particular on [0, +00) x Ny (T").

From lemma, 4.1, g—i\‘(Q x) = Ly, LgVy(x) for all z, so that %(O,m) is strictly negative for x
in Ny (T"). Compactness of N (I') implies that :

dx
zerl{flgfr') 5(0,3:) =—F<0.

RR n° 3724
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Continuous differentiability of x on [0, +00) x Ny (I') implies that, for a certain A; >0 :

19}
(o) € 0N x Np(T) = Xy =5 <o

By integrating with respect to A on the interval [0, A\;] and taking into account the fact that,
from (14), x(0,z) < 0 for all x, one obtains that x(A,z) < —52—)‘ for (A, z) in [0, \] x Ny (TV).
This proves:

0<A< A\

re qu(r,) } - LfOV,\(.Z‘) <0. (28)

Let us now introduce the set IV = T'n{z € S, d(z,I') > %’} If I is not empty, then, by
their definition I and F are two disjoint compact set, so that the distance between them
is strictly positive. Pick ¢” such that 0 < ¢” < d(T", F'), and define

Ny (T")y={z €S, d(z,T") <"} .

The function Ly, V} is strictly negative on this compact set. Hence it has a strictly negative
maximum and again, by continuity of the above function x, we deduce that for a certain
Ao >0:

0< A< A

z € Nyo(T") } = LpWi(z)<0. (29)

If T is empty then, setting Ny (") = @ by convention, the above is trivially true for any
A2 >0 and ¢” > 0.

Finally, let us define the two positive real numbers ¢ and g by ¢ = min(%l,q” ) and
Ao = min(Aq, A2). Let A be in (0, ) and z be in N (T'). If d(x,T") < ¢ then x belongs
to Ny (I"). Since Ag < A2, equation (29) proves that Ly Vy(z) < 0. If d(z,T") > ¢" we
have d(z,T") < d(z,T"); and, noticing that ' = T"uU{y e T, d(y,T") < %’}, we deduce

’

that the points y in T' such that d(z,y) = d(z,T) satisfy d(y,I") < 4. Then we have

d(z,T") < d(z,y)+d(y,I') < ¢'. Consequently x is in Ny (I"). Since Ao < A1, equation (28)
proves that Lz Vi (z) < 0. This proves (27) and completes the proof of the theorem. O

Proof of theorem 4.3. One can easily checks that G is homogeneous of degree 0. Let us
proves that it satisfies (22). If G is given by (23), then [Fo,G] = > > (Lfo)\l‘,]c ady fr. + Nik ad}glfk).
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Thus, using (24),

ad (fk)Vf)(ﬂU))2

M=

fo\lF
[f()a ]%( ) = - Z [
i=1 k=1 (2Vo)ex
+> Lydo k(@) Ly Vo(w)
k=1
L m L-1 L g2i—i+1 Vo(x)L g Vo(x)
i a (fx) ad’ (fr)
+LgVo(@) | 20D D (=1Y " 20— (2Vo)aj,k+1f0
i=1 k=1 j=1

for all z in R™. Considering (15) this implies, for all z in R*\{0},

Lfo%(x) = 0
Lfl%(x) =0

: = Lig,qVo(x) <0
Ly, Vo(z) = 0

To finish the proof recall that, since L, V} is non positive on R™, it is maximum at all points
where it vanishes. Consequently, for all z such that Ly, Vy(2) = 0, we have Lg Lz, Vo(x) =0
hence Lz, ¢1Vo(2) = Ly, LaVo(z). Tt follows that condition (22) is satisfied by the vector
field G. O

5. THE METHOD TO DESIGN CONTROL LYAPUNOV FUNCTIONS, SOME
EXTENSIONS

Theorems (4.2) and (4.3) give a method to design a strict Lyapunov function for homoge-
neous systems that satisfy Jurdjevic-Quinn conditions (assumption 3.1) with a homogeneous
function Vj :

Step 1: Design a vector field G that satisfies the condition (22). Theorem 4.3 gives a
“universal” method to obtain it, but many other solutions G for (22) may be considered.
They produce different control Lyapunov functions, possibly simpler, possibly “better”.
See the the examples and remark below.

Step 2: Compute V) or Wy according to (17), (18), or (19). Formula (19) always yields
explicit control Lyapunov functions for A\ positive and small enough. If it is possible
to compute explicitly the flow of G, then one may also take V} given by (17). Finally
other formulae than (19) are possible to satisfy (18). See (46) for instance.

Step 3: Design a feedback law that makes V) or W) strictly decreasing. Equations (11)
and (12) give a possibility to obtain it.

Remark 5.1. Tt is possible that a preliminary feedback is necessary to transform the system
in a Jurdjevic-Quinn type system (see remark 3.2). Then, if we denote by fq the drift vector
field for the original system, the assumptions are in fact met with fo = fo+A fi+ - -+Amfm
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instead of fy. Of course, this preliminary feedback is in general necessary : there is no reason
for L 7o Vo < 0toimply Ly Vp <0, for instance. However, being a Control Lyapunov function
is obviously feedback invariant : from definition given by equation (2), a function V' is control
Lyapunov function for the system defined by (fo, f1,---, fm) if and only if it is a control
Lyapunov function for the system defined by (]70, fi,--- > fm)- Hence our results yield control
Lyapunov functions not only for the Jurdjevic-Quinn type system (fo, fiy--+ s fm), but also
for the original system. Consequently, in step 3, the design of the feedback law can be made
without taking into account the preliminary feedback. This feedback is used for constructing
the CLF, but not in the control design itself, contrary to the Jurdjevic-Quinn design. See
for instance the example in section 7 : formula (41) considers the original system (34) and
does not take into account the preliminary feedback (35) that was necessary to design the
control Lyapunov function W.

Remark 5.2 (On the homogeneity requirement). The assumption of homogeneity is not
very natural. It is a convenient case where we can restrict our attention to the situation on
the homogeneous sphere, take advantage of the compactness, and extend the result to all
the space. This condition is of course not necessary. The TORA example (see section 8) is
a good illustration of this: the model does not meet homogeneity hypothesis, but a control
Lyapunov function is obtained by reshaping Vj in W, with a vector field G that meets
condition (22).

Remark 5.3 (On the choice of G). Formula (23)-(24) gives a “universal” way to obtain a
vector field G that satisfies condition (22). However, this equation is very undetermined,
and it may be a good idea to choose another another solution than (23)-(24).

It is natural to write G as a linear combination of some adjco f&, as in (23), and trans-
late (22) into equations for the coefficients A; . Note that the vector fields adz}o fe (k=
1,...m, 1=0,...L) need not span the whole tangent space at all points. But despite this,
(23) is convenient, and although it does not recover all possible vector fields, it allows to
satisfy the negativity requirement in (22) because Wr(Vp), defined by (13), is reduced to
Z€ero.

It is easy to see that the form of equation (22) yields rather simple equations for the
coefficients A; ;. Formula (24) has the advantage of singling out a solution basically obtained
by taking zero for A, with the highest ¢ (in (23) ¢ “should” naturally range from 0 to L
instead of L — 1), but many other possibilities might be used. For instance the choices of the
vector fields G in sections 7 and 8 for the rigid body and the TORA systems, are obtained
writing explicitely condition (22) and solving simple partial differentials equations.

6. THE LINEAR CASE

Let us just make a short visit in the linear world. Consider the linear system given by :

& = Az + Bu (30)

INRIA
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with £ € R and u € R™.
For a quadratic function Vy(z) = %xTQx (where @ is a symmetric positive definite
matrix), the equations of the set Wy (Vp) (see (13)) are given by :

T (ATQ+ QA = A'B)Qr =0, i=0...n—1.

It is well known that, from Cayley-Hamilton theorem, the equations for ¢ > n are redundant.
Assume that the system (30) satisfies the Jurdjevic-Quinn conditions defined by assump-
tion 3.1 :

(a) condition (14) becomes : ATQ + QA <0,

(b) condition (15) becomes : rk(ATQ + QA, B, AB, ..., A" 'B) =n.
Note that if ATQ + QA is identically equal to zero then (a) is satisfied and (b) is equivalent
to the controllability condition: 7k{B, AB,... ,A" !B} =n.

From proposition 3.3, the linear feedback u = —B” Qx makes the origin of the closed-loop

system

i=(A—BB"Q)x

asymptotically stable, although V4 is not assigned to be a Lyapunov function. For such
systems the problem of finding a “strict” Lyapunov function can be solved via Lyapunov
equation (see for instance [4]) : for each symmetric positive definite matrix M there exists
one and only one positive definite matrix @; satisfying the linear equation :

(A= BBTQ)"Q: + Qi(A— BBTQ) = —M . (31)

Our result gives an alternative method to tackle this problem, without solving this equation.
Indeed, we may apply theorem 4.3 : formula (23) gives, by a simple computation :

|
N

2
(—1)/(A*+*HUB)T Q. (32)

n

G(z) = A*B Z
‘ ;

k—
=0

n—

ES
Il

K3

Then theorem 4.2 proves that V), (resp. W), defined by,
1 T 1
V\ = §xTe>‘G Qe ( resp. Wy = E:UT(Id +AGHQId + \G)x ) (33)

is a control Lyapunov function for A small enough.
Let us apply this method on the most simple example : a double integrator with a
preliminary feedback that makes the system conservative :

jjl = X2,
To = —T1+4+u.
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This system satisfies the above conditions with Q = Id, i.e. Vj = %5012 + %9@2. Applying
our method, we obtain G via formula (32) :

a@=[7¢][a]

Then a control Lyapunov function is obtained via formula (33), with in this case e’¢ =
Id+ )G :
I o 1 2
Vi(z) = 521 + i(xz + Az1)” .
Since Vi (z) = —Az? + (@2 + Az1)(u + Azz), the function V) is a control Lyapunov function
for all A > 0. Note that controlling the first equation by zo = —Az; and using classical

methods to “add an integrator” yields the same Lyapunov function.

7. EXAMPLE: CONTROL OF THE ANGULAR VELOCITY OF A RIGID BODY

The problem of stabilization of the velocity of a rigid body with two torques has been
first solved in [4,1]. In [19], Pascal Morin gives a homogeneous control law that allows him
to prove asymptotic stability together with robustness towards general errors on the model.
These articles prove asymptotic stability using Jurdjevic-Quinn methods. In this example,
a control Lyapunov function is obtained via our method.

Consider a rigid body in an inertial reference frame. We note w;, ws and ws the angular
velocity components along the principal axes of inertia. j;, j» and j3 denotes the principal
moments of inertia. The Euler equations yield the following model :

(.Ul = CiwWows + ;—:
d)Q = CoWwiWs + ;—2 (34)
d)g = C3wWiWwsy
: — J2—Js — Js—J — h—J
Wlthcl—lej , CQ—]jZJ , c3 =112

J3
A preliminary feedback is proposed in [19] to make the system satisfy the Jurdjevic-Quinn
hypotheses.

1 = ji(—ciwaws + Beswiws + k1) (35)
T = ja(—(c2 + pcs)wiws + k2)

We obtain the new system :

w = fo(w) + ki f1 +kafo (36)
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Beswiws 1 0
fo=| —weswiws |, fi=1] 0|, fo=]1
C3WiWw2 0 0

where k; and ks are the new controls of the system. This system is of Jurdjevic-Quinn type
with the positive definite and radially unbounded function V{ defined by

1 1

Vo==(w1 — BW3)2 + w2+ ng . (37)

2 2 2
In fact it is easy to verify that the set Wy (V) is reduced to {0}. The stabilizing control law
given in [19] is obtained applying proposition 3.3 and modifying (16) in order to keep the
homogeneity of the closed-loop system :

{kl = _O‘1|Lf1V0|Lf1VEJ7 (38)

ky = —aa|LpVo|Lp, Vo

The system (36) is a Jurdjevic-Quinn type system with a homogeneous non strict Lya-
punov function V4. In addition the vector fields fy, fi and f, are homogeneous of degree 1,
—1 and —1. As a consequence, we are able to design a strict Lyapunov function (this is new
to our knowledge).

Design of G.

One can use theorem 4.3 to design the vector field G, but the following simpler G also
satisfies condition (22) (left to the reader) :

0
2
Gl = | s (39)
(2Vp)2
0
Design of the control Lyapunov function.
The flow of G does not have a simple expression , so we use formula (19). It yields :
1 1 Bucsws 2 I
2 3W3 2
= — _ - o . 4
Wi 2(w1 ,8(4)3) +2<WQ+)\ \/m ) +2w3 ( 0)
One can check that W), is a control Lyapunov function if 0 < A < alcs-

Design of the new control law.
Of course, W is not in general a Lyapunov function for the control law defined by (35) and (38).
One has to design a new control law that assigns W to be decreasing. Moreover, as it is
underlined in remark 5.1, W) is a control Lyapunov function for the original system. Then,
equations (11) and (12) give the following expression :

{Tl = —allw||Ly Wy

41
n = —alw|LWh (41)
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with ||.|| a homogeneous norm and « sufficiently large:

S C1Waws %I;Vf (W) + cowrws %‘;? (w) + czwiwa %‘;V; (w)
a sup > .

€T oW oW,
T ((13e) + (3820) )

where T' = {w, ||lw|| =1, ciwaws %‘;Vl* (W) + cowrws %‘;V; (w) + czwiwy Y2 () > 0}.

Robustness to misalignment of actuators. o
There is no reason for these control laws to have better robustness or performance properties
than these given in [19], but it gives a tool (the negative definite function Wy) to analyze
it. Let us quantify, for instance, the tolerable errors on actuators misalignment with the
principal axes. We consider the initial system (34):

u'):X()(w)-f-Tlfl +T2f2 (42)

with (71, 72) defined by the addition of the preliminary feedback and the control law we have
made (kq, k2).

Let (¢1,0:1) and (2, 02) be angles between the position of the torques and the principal
axes. That means the vector fields fi and fa of the system (42) are given by :

cos(1) sin(pz)cos(62)
fi=| sin(er)cos(0r) | fo= cos(p2)
sin(py)sin(61) sin(p2)sin(fs)

Then we have :

Wi = Lg,Wx+ ki Ly Wa + koL, Wa + 7Ly W +7L, ¢ Wy

2*]?2

We defined three positive constants 31, 32 and (3 :

ﬁl = —”Sllllp (LfOW)\ +k1Lf1W)\ +k2Lf2W)\)
wl||=1
W
B2 = sup 7| I
Jol=1 0w
= sup 22
— 2
Joll=1 0w

Then we deduce :

W < el (81 =282 sin (5 )| = 2 oin () )

Consequently, if ¢1 and o are small enough to satisfy the following equation,

2 i (32)] 2 i ()] <
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then the origin remains an asymptotically stable equilibrium.

8. EXAMPLE: THE TORA SYSTEM

Using our ideas to find some control Lyapunov function for this system was suggested by
Rodolphe Sepulchre, from Université de Liége. The following is a summary of [9, section 4].

Let us consider the mechanical system called TORA (Translational Oscillator with Rotat-
ing Actuator) in [22] and RTAC (Rotational/Translational proof-mass Actuator) in [5,6,25].
It consists of a platform connected to a fixed frame of reference by a linear spring. The plat-
form can oscillate without friction in the horizontal plane. On the platform, an eccentric
rotating mass is actuated by a DC motor. The control of this rotating motion is used to
dampen the translational oscillations of the platform. A precise description is given in [5].

.’jl'l = X2
. —21 + x4 sinxs —£COS 23 ! B u
T2 = 2 a2 + 22 U |
1 — &2 cos? 3 1 —¢e?cos? z3 ;
.’i‘g = T4 | L4

. x3
ecoszz(ry — exy?sinas) +u

G4 = |
1 —efcos?as e

In [22], this system is extensively used as an illustrative example, an(()i the I;(alpers [5,6,25]
also propose various control methods. The following is an illustration of our methods on
this example to derive a (global) CLF. We do not propose new or “better” control laws.

Setting the new state variables 21 = 1 +€sinzs, 2o = To+€x4COSX3, 23 = X3, 24 = T4, &
preliminary feedback (see [22,9] for more details) yields the following control affine system :

z = foz) + v fi(2)

where fy and f; are, in the coordinates (z1, 22, 23, 24),

29 0

—21 +esinz 0

Jo= 1 3 hi= (43)
24 0
€x1 COS 23 — k123 1

Let us define the following positive definite and radially unbounded function V; :
L 1 k 1.
Vo(z)zi(h —8Sinz3)2+§z22+71232+§z4z (44)

with ki some positive constant.

RR n° 3724



22 L. Faubourg € J-B. Pomet

We have Ly Vp = 0 and a computation of the L;OL 7 Vo for 3 =1,2,3, shows that this
system satisfies the Jurdjevic-Quinn conditions (assumption 3.1); precisely, Ws(Vy) = {0}.

Unfortunately we can not actually apply our method because this system does not meet
the homogeneous assumptions of our theorems. Yet in the following we look for a complete
vector field G satisfying condition (22), we give a function W, that satisfies formula (18),
and we prove that it is a control Lyapunov function for system (43).

The first step consists in finding a vector field G that meets the condition (22). Instead of
using formula (23)-(24), we find another simpler vector field G that satisfies this condition.
Indeed, Let G be defined by :

—e2p(22) cos? 23
0
2ep(z2) cos z3
—em1 (14 2p'(22)) cos zz + k123 — 2e24 p(22) sin 23

G(.’L']_ ) %2, 23, 24) =
where p is a smooth function of z5 that is bounded, whose derivative is positive, bounded
and such that :

2270 = 29p(22) > 0 (45)

A simple computation shows that this vector field satisfies condition (22) (see [9]). Following
the idea of our method, we define Wy . The following formula gives a W) that differs from (19,
but satisfies (18) :

2 2
1 1 .
Wy = 3 <x1 — Xe?p(22) COS223> + 5 202 + k—21 <Z3 + 2Xep(22) coszg)
. 2
+ 3 ((1 — 2Xep(22) sin 23)24 — Aew1 (1 + 2p(22)) cos 23 + Aky 23> . (46)

Recall that Ly, W) is simply W) /0z4. Hence

LpWy = (1—2)\ep(22)sinz3)?&y (47)
kizs — ex1(1+ 2p'(22)) cos z3
1 — 2Xep(z2) sin 23 ’

with & = 24 + A (48)

This vanishes either when £, = 0 or when 1 — 2)ep(z2)sinzs = 0. As p is bounded we can
take A such that 2Xep(z2) < 1. Provided this is satisfied, a careful computation yields,
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2 2
W, = =)\ [kl 23 — € COS 23 (3:1 — k1 + % COSQZg)p(22)>:|
g2 2
—Xe? cos?z3 p'(22) [xl - )\E coszzgp(zg)] (49)

—Xe? cos®z3 p(22) [22 — AMp(20)

-
(Z(l + p'(22)) cos? 23 + k1% cos? 23 + kf)

+ & | AR(N e, 21, 20,23, 24) + k123 — w1 cO8 23

(1 — 2Xep(zy) sin 23)?2
1—¢e2cos? 23

)

(a cos z3(z1 — £242 sin 23) + u)

where R is some function, whose expression is somewhat lengthy but can easily be handled
with a computer algebra system.

The three first terms depend only on 1, 22, 23, and they are a negative definite function
of these three variables since p'(z2) is everywhere positive , and |p(z2)| < a|z2|. Note that
the requirements on p are met for instance with p(z3) = 2 Arctanz,, and that, if k; = 1 and
e = 0.1, X only has to be taken slightly less than 1.

Then equation (49) clearly proves that W, is a control Lyapunov function, and it sat-
isfies the small control property since equation (49) allows one to derive very explicitly
a continuous stabilizing control by making the last term non-positive, and negative when

&4 # 0.
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