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presented and numerical experiments are performed.
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Un nouveau schéma volumes finis pour le
systéme de Maxwell

Résumé : Nous proposons dans ce rapport un schéma volumes finis pour la
résolution du systéme de Maxwell basé sur un schéma Saute-Mouton en temps,
et un calcul de flux centrés en espace. Une étude de stabilité du schéma et
quelques résultats numériques seront également présentés. L’avantage de ce
schéma est son coft relativement faible, et sa capacité a traiter des problémes
avec des géométries quelconques.

Mots-clés : Electromagnétisme - Equations de Maxwell - Volumes Finis -
Stabilité.
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1 Introduction

The finite volume methods are considered now as classical techniques to solve
conservative laws problems. It derived by integrating the basic equations over a
grid cell and construct discrete approximations for the resulting integral terms,
which provides a very natural way to use unstructured meshes that conform
to complex geometries . F.Hermeline [3], N.K.Madsen and R.W.Ziolkwski [4]
proposed methods for the Maxwell equations which require a primary grid and
a dual grid based on the Delaunay-Voronoi meshes. These techniques were also
used by K.S.Yee ([10], [11]) to construct a hybrid scheme combining a finite
difference and a finite volume methods applied to the Maxwell system. The
main drawback of these methods is the difficulty to find tridimensional mesh
generators. Others types of finite volume methods have also been investigated
([6], [2]), where all the field vectors are located at the same points. These
methods use an upwind scheme for the space approximation with a MUSCL
technique to get a high order scheme, and a Runge-Kutta sheme for the time
discretization. To avoid confusion, we denote these methods a MUSCL finite
volume schemes. These methods give a good resolution, but they require a
relatively important CPU time compared to finite differences schemes (Yee’s
scheme for example [9] ). We propose here a more simple and economical finite
volume method which is based on a centered space scheme and a

leapfrog scheme for the time discretization. This method is second order ac-
curate, and has no numerical dissipation. We present in this paper some
theoretical analysis of this finite volume scheme, and we give some numerical
experiments and comparisons with a MUSCL finite volume method.

INRIA



A New Finite Volume Scheme for Solving Mazxwell System 5

2 Description of the method

We propose in this paper to construct and study a new finite volume scheme
for the Maxwell system. We note that all the fields are located at the same
points, and are considered as an approximation of a solution on a volume
which is called a cell or a control volume. We consider as control volumes,
the elements of the mesh (as in the figure 1 for example). because they are
well appropriate to treat problems in heterogeneous media, and to take into
account the current sheets.

Figure 1: Control volume

2.1 The finite volume scheme

We consider the conservative form of the Maxwell system given by :

9Q + divIF(Q) = —-J (1)
ot
Where Q = *(B,D), B is the magnetic field and D is the electric field.

IF = (Fl, F2,F3), with

( 0 ) ( D./e ) ( —D, /e )
-D, /e 0 D,/e
D,/e —D, /¢ 0
F =< Y , F =< * , F =< >
Q=1 Q=1 g BQ=1 g
BZ/N’ 0 _Bw/,u
\ _By/:u’ ) \ Bw/ﬂ J \ 0 J

RR n° 3725



6 Malika Remak:

Let’s consider the elements of the mesh as cells, and integrate the conservative
form (1) over each control volume (cell) V.

%—?dv+/IF(Q).nds:0 2)
A\ ov

Where n is the outward unit normal to V. Let’s suppose that the time deriva-
tive is constant on each volume V|, then we obtain the following formulation:

Volume(V)(a—Q) + Y By =0 (3)

ot V'eP(V)
P(V) denotes the number of neighbours of the volume V, and ®y,y a flux

function which approach the integral: / IF(Q).nds .

avnav'

Flux approximation

We evaluate the flux exchanged between the volume and its neighbours by the
following process:

@y v = IF(Q).n = ®(Qv, Qy')

Where n = “(n1,m9) = / nds, IF(Q) is an approximation of IF(Q) at
avnav'

the interface 0V NOV’, and Qv is the value of the field on the volume V. The
centered flux is defined by :

F(U,n) +FU',n)
2
With F(U,n) =n.IF(U)

o(UU) =

Time discretization

After a space discretization, we obtain the following ODE :

dB
22 L u,(D) =
dt+1() 0
dD
2 L0, (B) =
dt+2() 0

INRIA



A New Finite Volume Scheme for Solving Mazxwell System 7

Where ¥, and ¥, represent the space discretization. For time discretization,

we use the second order leapfrog scheme which is defined on each volume by:
B"t: = B"2 — At (D7)

(4)

D"+ = D" — Atl,(B"3)
2.2 Analysis of the numerical scheme

We will study in this section, the numerical characteristics of the finite volume
scheme described above. We evaluate the scheme order and its domain of
stability.

2.2.1 Stability analysis

Proposition 1

For the sake of simplicity, we consider a mesh made up of parallelepipeds
(figure2), where the computational domain is unbounded. Thus, the stability
of the scheme (4) is ensured by the following criterion:

1 1 1
o7+ 5+ 5) <2 6

Where C,,.. is the maximum wave phase velocity in the computational
domain.

Proof of the proposition 1

We consider a normalized region space with € =1 and g = 1, and we denote
(i,4, k) = (iAz, jAy, kA2).

RR n° 3725
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Y

Figure 2: Position of the fields on the finite volume grid
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The finite volume scheme is then given by :

ntl . _ ool _
1>Hf—@+?ﬂ+}k+1) H: 2(i+ 3,0+ 5.k+3)
+2Az Ej(i+5,0+5k+3) —Ej(i+5,7+35,k—3)
—say (B2 + 5,0+ 5.k +3) —EXi+ 35,7 — 5,k +3)

2)HT7@+;j+;k+1r—H$7@+;j+;k+l)
+E{En(l+2’]+2’k+ ) En(l——7]+2,k—|— )
2Az {E"(z+2,]+2,k+ 3) — EZ(Z+§aJ+§;k—§)

nl,. _

@;I i+ w3+;k+5 H. ?(i+5,5+35,k+5)
+oag 1Ea(i+ 5,0+ 5, k+3) —Ei(i+35,7—5.k+3)

“as Byt 5,0+ 5,k +3) ~Ej(i— 5,0+ 5.k+3)

i B b
At n—s . 1. 1 1
Ty{H Z+2’]+2’k+ ) H. 2(Z+5a]_§7k+5)}

n—s nol .
S {0 b b B R b+ b )

5) Byi+ 5.0+ 5. k+3) =B G+ 37+ 5k+3)
T IR W RS N S G GRS RS
A T G L L ) —HI R — L Lk D)
6) EX(i+ 3,4+ 5,k+3) =B (i+§,5+35,k+3)
+2ATt{HZ_%(i+%,j+§,k+%)—HZ_%(Z'—%aj"‘%ak"‘%)}
L A NS N EE I (R )
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We denote :
H: 2(I+%7+3,k+1)
HZ (+1i+3k+d)

Q= | H: 12(l+15,:7+15,k+15)
E;L_l(l-Fg,]'-f—?,k-F?)
EZ (l+§,]+5,/€+§)

| ErY(+ 35,5 +3.k+3)

Using the Fourier transformation, yields the following system :

Qn+1 = G91,92,03 Qn (7)

Where 61, 60,,03 € [0,27]® are the Fourier angles . The amplification matrix
Gy, 9,0, Writes in this case :

»—A ml»—t NI'—‘

(Y Y) Ys 0 Ys Y )
Y, Xs X3 —Y; 0 Xe
YE’) X3 03 - Yé - X6 0

Gy, 0,0, =1d+ | 0 -Y5 =Y 0 0 0 (8)

Y; 0 Xe 0 0 0
) 0 — X 0 0 0

[ Y5 Xs 0 0 0 0 |

Where

Y, = A_582n292 —gsm 20,

Y, = Aﬁ Aysm915m92

Y; = AAZ ~ Sinf sinbs

Y; = zA L sinfs

Y = iﬁ—;sin@

INRIA
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2

X, = — 28 sin%f, — —gsm 20,

Ax

_ A2
X3 = -&-—sinbysinbs
AyAz

Xe = zA L sinb,
Oy = —2L gin?0, — —gsm 29,

Az

The necessary and sufficient stability condition (Von Neumann condition)

writes:

V(6y,6,05) € [0,27], m%)izae‘ N0l <1

Where the values Aj 4, 5. represent the elgenvalues of the amplification
matrix. We first consider the eigenvalues of the matrix H = Gy, g, 9, — Id:

det(H — Md) = \* (X +20X° + (20 + @?)A* + 20°A + o)

With
At? At? A
o= Esm 20, + Esm 20, + Fsm 20,
Let
g(\) = X +2a % A* + (2a + o)A + 20° ) + o
g = (A +ar+a)?

gAN) =0 N +a\+a=0

The sufficient condition

We have stability of the scheme when o < 4. We give here the proof :
for o < 4, the eigenvalues A; » of the matrix H are given by:

—a+ivi4a — a?

2

A =

92— 2 Aoy — 2
:>1’I184X‘1+)\1|:\/( Of) -Z(Oé a)zl

Which implies that the scheme is stable.

RR n° 3725
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The necessary condition

We prove here that for a > 4, the scheme is instable.
For a > 4, we have

Suppose that:
1+ XN <1

= a+Va2-—4a <4

which is absurd since o > 4, therefore the scheme is instable. We deduce from
this study the following stability condition :

At\/(ﬁsm?@l + A%/Qsm% + ésmwg) <2 VY(6,0,,05) €[0:27]?

This stability criterion is true in particular for 6, = 7, 6, = 7, and 63 = 7,
which implies the CFL condition (5).

2.2.2 Study of the space accuracy
Proposition 2

The scheme (4) is second order accurate on structured grids.

Description of the modified equation

The modified equation method which was intruduced by Warming and Hyett
[8] is a suited technique for the analysis of the order of a numerical method
to resolve a linear temporel problems. This method allows to derive the trun-
cature errors. We first recall briefly the basic rules of this method (For more
details see [1]). Let’s consider a linear evolution partial differential equation
in the monodimensional case:
Fu
w=Y ot Q

k>0

INRIA
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We approach the equation (9) by an explicit first-order upwind scheme:

n+1 _am
U U;

Let ga, the amplification coefficient defined by:

_ kAzX
9az = Z Cp €
k

Thus, the modified equation of the above scheme writes:

0Fu
U= 2, O

k>0

Where : -
U
2 g

is the formal series expansion of the function:

log(1 + Atga, (%))
At

Proof of the proposition 2

For the sake of simplicity, we will restrict our investigation to the one dimen-
sional case. We propose to prove the above proposition using the modified
equation technique. We recall here the finite volume scheme in the normalized
case (¢ =1and p=1):

( Hn—l—% _Hn—%
ity gty L (Brs —E )
At 2Ay Uit s )
q
E"fl - E"
j+3 ]+% _ _L [Hn+% o Hn+%]
{ At T 2Ay Uit i3

RR n° 3725
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To obtain all the variables at the same time, we use the Taylor series expansion:

H": = H" + %%H" + %tzg—;H" + O(AP)
H" 2 =H"— %%H" + %ﬁg—;H" + O(AP)
Er=E" i + %%E”% + %HS—;E”% +O(A#)
E"! =E"? — %%E"‘% + %%E"‘% +0(AP)

Using the modified equation technique and the above development, we get the
following modified equation:

0 0

‘H=—_2E+00A At Ay?
pr o + O(AtAy) + O(At") + O(Ay7)
9k = I H 1 0(AtAY) + O(AR) + O(AYY)
ot oy Y 4

which prove that the scheme (10) is second order accurate in space and time.

2.2.3 Conservation of the numerical energy

We define the discrete energy by:

_ n 2 n+tsy n—1
260 =2 (Ej )" + H 7 x H ¢ (11)
J
Remark
. : . . .\ At
The formulation (11) is a quadratic and definite positive form for v = Ay <2

INRIA
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Proof

_ n 2 % v n n 2 v n 2
260 = Y (B7,y) + (B 7 - (B —E) ) - (Bl —E )

J

We deduce that:
_1 vV, n n 2 v n
2> (H,: -2, —B)) + (- )8,

= 2&, > 0 for v < 2.
We also have; (26, =0 = E;,; =0and H;, 1 =0, V).

The variation of the energy is glven by:

n n n+3 ntl ntl n—21
208, =3 ((B711)" = (Bj)") + (< H 8 —H 8 < H) )
J

2
v n—|—— n—|— n n—l—l n—|—l n—+ n n
=3 L -HT B (H -H) - o -2y 2(E]++§ ~E)

T2
——H"+2 (Bl,s —E7 )
2
_ V_ n+ C1vt32 o 1on nty  prnbgy o pantdona ntl
_;4 :-H 2) vE}, (5 —HF) - vH [} (Er - Erf)

]"‘2 ) JT3 J+3 J= 2

n—|— n—|—l 7'z—|—l 7'z—|—l _
+4H LHEL -2HD 2 +HTE) =0
(12)

Which implies the conservation of the discrete energy.

2.2.4 Study of the numerical dispersion

We propose here to evaluate the degree of the dispersion of the scheme. First,
we recall the dispersion relation in the continuous case, it’s given by:

w? = [k|*C? (13)

RR n° 3725
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This relation is verified by non dissipative waves with wave phase velocity
+C. We deduce the discrete wave equation from the finite volume scheme:

Enl(i,4,k)—2E"(i,5,k)+E™ " 1(i,5,k) _ 2 E™(i42,5,k)+E™(i—2,5,k)—2E"(4,5,k)
At? o 4Ax2

(14)

2 ( E™(4,5+2,k)+E™(¢,j—2,k)—2E™(i,3,k) E™(4,3,k+2)+E™(i,5,k—2)—2E"™(i,5,k)
+C 4Ay2 + 4Az2

we consider the harmonic wave:
E(]Ax, ZAy, mAZ, nAt) — EOei[wnAt—(kmjAz—l—kylAy—l—kzmAz)]

Injecting this expression in (14), yields:

2A2 4 (15)

sin? wAt C? [sinzkIAa: n sianyAy n sinzszz]
Ax? Ay? Az?

It represents the numerical dispersion relation. The Taylor series expansion of
(15) gives:

kyAx? + ki Ay® + kA2

V(1 + O(W?A)) = C2lk2(1 + O P

) (16)

Where
k| = k2 + k. + k2

The relationship (16) shows that the numerical method presents a second order
dispersive error. We compare now this error to the dispersive error given by
Yee’s scheme [9]. Using the Taylor series expansion, the dispersive relationship
given by both methods (Yee’s method and the finite volume method) writes:

The finite volume dispersion

2A 2
21— 1; + O(WiAt) =
1 k2AZ? + k2Ay? + kA2 ESAz* + kESAy* + KSAZ*
211.12 I A Y z T Y z
C? kP |1 - 5 T )+ 0 T )
(17)

INRIA
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The Yee’s scheme dispersion

2A 2
21 =2 L owrar)) =
12
1 kEAx? + EAAY? + k2AZ? KSAz* + kSAy* + kS AZ4
211.12 R A y z T y z
el [1- L > )+0( > )
(18)

Assume that

2
A< Y3 with = 2" is a period.
T w

Then, we can deduce that both schemes present a second order dispersive
error, however the Yee’s scheme has little less numerical dispersion than the
finite volume one. Therefore it will be interesting to construct a hybrid scheme
combining both methods in order to exploit the different advantages, which
are the ability of the finite volume scheme to treat complex geometries, and
the smaller amount of a numerical dispersion of the Yee’s scheme in the struc-
tured grids. We can notice that both methods are economical and simple to
implement.

3 Numerical experiments

We give here some numerical experiments in order to validate the finite volume
method described above. The meshes used are unstructured ones. The first
test consists in computing the evolution of a mode of resonance in a cavity.
We also give an example of an electromagnetic field produced by a sheet of
current over a cross section of a rectangular waveguide. Another test consists
in a qualitative analysis in an heterogeneous case. It represents a propagation
of a pulse into a material composed of a vacuum and a glass. Lastly, we
simulate the scattered wave across a dielectrical material.

3.1 Evolution of a mode of resonance

We give here the evolution of a mode of resonance in a metallic cavity. The
number of points per wavelenght is arround 12. We first compare the numer-

RR n° 3725
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ical solution to the exact one (figure 3 is a zoom of the numerical solution).
We can notice that we have a good resolution for 70 wavelenghts, and the
numerical solution is not dispersive, neither diffusive. The (figure 4) shows
the conservation of the numerical energy. This is matches to the theoretical
results given in the begining of this study.

o8 EH Y F 11

0.6 fr 2} 1

0.4 ft 111

o BT N I h na a iy 1

o BRI R O i a

ke

o4 AN NN O et e g T 8

06 FH

40 45 50 55 60 65 70 75

Figure 3: Time evolution of a mode of resonance between 40 and 70 wave-
lenghts

INRIA
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0.2525 T T T T T T

ENERGY ——
0.252 | A
0.2515 A
0.251 | A

0.2505 4

0.25 - A

0.2495 A

0.249 A

0.2485 b

0.248 - A

0.2475 A

0.247 1 1 1 1 1 1 1
0 10 20 30 40 50 60 70 80

Figure 4: Discrete energy

3.2 The rectangular waveguide

Consider a currrent J; over the cross section of a rectangular waveguide on
x = 0 (figure 5) given by:

Js = \@sin(%g)cos(wt) (19)

In this experiment, we fixed d= 1m, and the propagation frequency

f= 0.3 GHZ. The mesh used here corresponds to 12 points per wavelength.
The figures (6) and (7) represent respectively the electric field and the magnetic
field produced by the current. We can see the good quality of the approximate
solutions compared to the exact ones.

RR n° 3725
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J /7S S S S S

J /S 7/ /S S/
métal

Figure 5: A sheet of current in a rectangular waveguide

1 T T T

" EXACT SOLUTION
APPROXIMATE SOLUTION

0.8
0.6 4
04 B
0.2 4

o N
02 - 4
04 F 4
06 F ! | -

0.8 f

1 Il Il Il Il Il
-6 -4 -2 0 2 4 6

Figure 6: Section on y:g of the electric wave E,

INRIA



A New Finite Volume Scheme for Solving Mazxwell System 21

0.8 T T T

EXACT SOLUTION
APPROXIMATE SOLUTIO

-0.8 Il Il Il Il Il
-6 -4 -2 0 2 4 6

Figure 7: Section on yzg of the magnetic wave H,

3.3 Propagation of a pulse

We simulate the evolution of a pulse into a media composed of vacuum at right
of x = 0 and a glass at the left (¢ = 4, and g = 1). The mesh used in this
experiment, corresponds to ten points per wavelenght in the dielectric material.
The approximate solution is compared to the exact one, and we can notice the
good quality of the numerical solution (figure 8).

RR n° 3725
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0.8 T T T

T
EXACT SOLUTION ———
APPROXIMATE SOLUTION -------

0.6

0.2

-0.2

.04 ! ! ! ! !
-3 -2 -1 0 1 2 3

Figure 8: Propagation of a pulse into an heterogeneous media

3.4 Scattered wave across a dielectrical material

We propose here to simulate a scattering problem in an heterogeneous case.
We illuminate a coated NACA0012 whoses mesh corresponds to 15 points per
wavelenght (figure 9) by a monochromatic wave placed at right of the object.
We assume a dielectric layer of thickness 6 = 0.1\ (with ¢ = 4 and p=1).
The figure (10) represents the isolines of the scattered electric wave, and we
can notice that the numerical solution doesn’t present any oscillation at the
interface between the different media.

INRIA
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Figure 9: The NACA0012 mesh

Figure 10: The scattered electric wave
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3.5 Comparison with a MUSCL finite volume method

We propose to compare our method with a MUSCL finite volume method
which is based on high upwind scheme in space, and a Runge-Kutta scheme in
time with three steps. This scheme is third order accurate on structured grids.
We consider a simple case, which represents the same experience as in the
paragraph (3.1). We use the same mesh for the two methods (same number of
degree of freedom). We can notice that the new finite volume method diffuse
less than the MUSCL finite volume one (figure 11). The time of computation
given by the new method is arround 23 seconds, and by the MUSCL method
is arround 57 seconds. Thus, we can notice that the new method gives better
CPU performance than the MUSCL finite volume one.

1

‘ EXACT
{ INBW FINITE VOLUME -------
HIFINITE VOLUME RK3 -------- 4

i

-0.8

1 1 1 i 1
0 20 40 60 80 100

Figure 11: Comparison between two finite volume methods

INRIA



A New Finite Volume Scheme for Solving Mazxwell System 25

4 Conclusion

We have presented in this paper a second order finite volume scheme to resolve
the Maxwell equations. Theoretical analysis of the method was presented, and
numerical experiments were investigated. This study shows that this technique
of approximation is well appropriate to resolve the electromagnetic problems in
a linear case, but not necessary homogeneous. The advantages of this method
compared to the others finite volume methods are its simplicity implemen-
tation, and its flexibility to handle with complicated geometries since all the
field vectors are lacated at the same points. We can also notice the numeri-
cal conservation of the energy. Owing to these propreties, it seems to be the
most appropriate method to be combined with the finite difference method 9|
in order to obtain a hybrid scheme for the Maxwell equations in complicated
domains. An hybridation technique is in study.
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