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Abstract: The minimum zone cylinder of a set of points in three dimensions
is the cylindric crown defined by a pair of coaxial cylinders with minimal
radial separation (width). In the context of tolerancing metrology, the set
of points is nominally cylindrical, i.e., the points are known to lie in close
proximity of a known reference cylinder. Using approximations which are
valid only in the neighborhood of the reference cylinder, we can get a very
good approximation of the minimum zone cylinder. The process provides
successive approximations, and each iteration involves the solution of a linear
programming problem in six dimensions. The error between the approximation
and the optimal solution converges very rapidly (typically in three iterations

2
in practice) down to a limit error of 8% ( where wy is the width and R is the
external radius of the zone cylinder).
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Evaluation de la cylindricité d’un ensemble de
point prés d’un cylindre nominal

Résumé : La zone cylindrique minimale d’un ensemble de points en trois
dimensions est la couronne cylindrique définie par deux cylindres coaxiaux telle
que la différence des rayons (épaisseur) soit minimale. Pour une application
en métrologie, ’ensemble de points est nominalement cylindrique, c’est-a-dire
que les points sont proches d’un cylindre de référence connu. En utilisant des
approximations valides au voisinage de ce cylindre de référence, on obtiens
une treés bonne approximation de la zone cylindrique minimale. La méthode
fournie des approximations successives ; chaque itération résout un probléme
de programmation linéaire en dimension six. L’erreur entre l’approximation
et la solution optimale converge trés rapidement (trois itérations en pratique)
vers une erreur limite de % (wo est 1’épaisseur minimale et R le rayon du
cylindre de référence).

Mots-clés : métrologie, cylindre minimal, zone cylindrique, cylindricité,
circularité



Cylindricity of a cylindrical point set 3

1 Introduction

The aim of metrology is, given an object, to certify that it has the desired
shape.

The usual process consists in sampling a set of points & on the object
boundary and to verify that their distance from the surface of a nominal shape
is smaller than some tolerance. Of course, one normally deals with the shape
and not with the position of the object, so one has to find a position of the
reference shape which minimizes that distance.

Evaluating cylindricity is a very important application in metrology. A
large fraction of mechanical parts are indeed cylinders, and the precision-
mechanical industry is devoting increasing attention to the certification of the
cylindricity of objects. It is worth mentioning that, next to planar surfaces,
cylindrical surfaces are the most natural products of industrial machining.

International standard (Publication ISO/DIS 12180-1 and -2) specify dif-
ferent kinds of measures designed to evaluate the quality of a set of points.
For cylinders (and similarly for circles and spheres), four notions of cylinders
are used: the minimum enclosing cylinder, the maximal enclosed cylinder, the
minimum zone cylinder, and the least square cylinder. Among these four no-
tions, the zone cylinder is the one that best conforms with the international
specifications. The zone cylinder is the cylindrical crown contained between
two co-axial cylinders with minimum radial separation (width) and containing
all the data points. This notion is analogous to the two-dimensional notion of
zone circle. However, whereas resort to the closest- and farthest-point Voronoi
diagrams of the data set in two dimension permits an efficient and exact con-
struction of the zone circle, no analogous constructs are known for the zone
cylinder. The situation is analogous to the triviality of constructing the circle
by three points in the plane and the considerable difficulty of constructing a
circular cylinder by five points in space. Due to this computational difficulty,
practitioners frequently prefer to adopt the least square cylinder measure be-
cause of its relative computational ease.

In all applications, the metrological task operates on a set of measurements
of the cylinder surface (the data points), and it is reasonable to assume that
these points deviate minutely from a nominal cylinder and are more or less
uniformly distributed. These assumptions rest on the manufacturing objec-
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4 0. Deuillers € F. Preparata

tive to produce a cylindrical object of good quality and on the metrological
objective to produce a data set that simplifies the certification task.

In this paper we propose a new approach to the evaluation of cylindricity,
which trades computational effort with a negligible loss of accuracy. Specifi-
cally our method avoids the analytical difficulty of constructing the zone cylin-
der of a given set of points, by "linearizing" the problems and obtaining a
suitable “object” that contains all the points, and from which a (non-minimal)
zone cylinder containing the points can be readily obtained. The resulting
zone cylinder, which is obtained by standard linear programming in time pro-
portional to the size of the data point set, yields an excellent approximation
of the minimal zone cylinder. We shall bound the error between the width of
this zone cylinder and that of the (unknown) zone cylinder of the data points.
We shall see that, in general,the quality of the approximation increases with
the quality of the "cylindricity" of the physical object (i.e., the quality of its
machining process).

Since the construction of the zone circle of a given set of points in the plane
(the roundness problem) provides a much simpler two-dimensional setting for
our approach to the cylindricity problem and is of interest in its own right
(despite the known solution based on Voronoi diagrams), we shall begin by
applying our method to the solution of the roundness problem, and shall see
that the technique applies equally well to the evaluation of sphericity.

1.1 Roundness

The problem of computing the annulus of minimal area containing a set of
points § in the plane is well known to be reasonably simple, since it is solved
by linear programming in the four-dimensional space of the parameters defining
an annulus (center, inner and outer radii) in time O(|S]) = O(n).

The problem of computing the annulus of minimal width wy (and outer
radius Rp) containing S is more difficult and has been extensively studied.
Rivlin [6] showed that the minimum-width annulus is defined by 4 points,
2 on the inner circle and 2 on the outer circle and that inner/outer points
alternate around the center. In other words, the center of the annulus is
at the intersection of an edge of the nearest-neighbor Voronoi diagram and
an edge of the farthest-neighbor Voronoi diagram, so that the superposition

INRIA



Cylindricity of a cylindrical point set 5

of these two diagrams give in general an O(n?) algorithm. This bound was
improved to O(n2+%) by Agarwal and Sharir [3]. Agarwal et al. also proposed
an approximation algorithm which gives an annulus of width smaller than
(1 + ¢€) times the optimal width in time O(nlogn + %) [1]. Garcia, Ramos
and Snoeyink|[4] and Ramos [5] address the special but very important case
where the set S of points is “almost round”: if the circular order of the points
around the center is known, then in some relevant domain there is only one
local optimum of the width of the annulus (in term of the center) and this
optimum can be computed in time O(nlogn). Under the restriction that the
points belong to an annulus whose width is one tenth of its radius, the problem
is almost LP-type |7] and can be solved in randomized O(n) time.

In Section 2, we define as 2D-dense sample a set of points obtained by

sampling a circle so that no angular sector of width 7/2 is empty, and prove
the following result:
Theorem 2 Given a 2D-dense sample S of a circular object of nominal radius
R, a zone circle (minimum-area annulus) of S can be computed in time O(|S]),
such that the difference between its width and the width wy of the minimum zone
circle of S is smaller than 3%%.

This shows that the method is very adequate in most metrology applica-
tions, and that its validity increases with the quality of the mechanical object
(smaller wy).

1.2 Cylindricity

The natural generalization of the roundness problem in three dimensions is
the computation of the minimum-width spherical shell, since this width ex-
presses the sphericity of the set of points. Unfortunately, cylinders are much
more complex to manipulate than spheres, and problems such that minimum
enclosing cylinder, maximum enclosed cylinder or minimum zone cylinder are
very difficult. Agarwal et al. proposed a solution of the minimum enclosing
cylinder problem [2] in O(n?¢) time, involving the lower envelope of algebraic
surfaces in 4D and parametric search.

In Section 3 we fully develop our method and propose an approximate
scheme exhibiting excellent behavior if the points are realistically assumed
to lie in close proximity of some known vertical cylinder and the sampling

RR n° 3747



6 0. Deuillers € F. Preparata

satisfies some reasonable assumption of denseness (to be defined as a 3D-
dense sample). Our approach uses two devices. First, instead of searching
cylinders, we search another family of quadrics (one-sheet elliptic hyperboloids
with circular horizontal sections) which are good approximations of cylinders
when the axis is nearly vertical. Second, as for the roundness problem, we
solve the analog of a "minimum area" problem, by conveniently "linearizing"
the problem. This device affords an efficient linear-time construction of an
approximating hyperboloid, from which a valid zone cylinder is immediately
obtained. We also show that the process can be iterated with rapid convergence
and we prove:

Theorem 6 Given a 3D-dense sample S of a cylindrical object and a zone
cylinder of radius R and width smaller than R/4, a zone cylinder of S can be
computed by iterated linear programming such that the difference between its

width and the width we of the minimum zone cylinder of S is smaller than
5.7w%,
&<

2 The roundness problem

We begin with a discussion of the much simpler two-dimensional roundness
problem. Our conclusions will provide the setting for the cylindricity problem.

As is well known, the circularity of an object is judged on the basis of
the size of the annulus enclosing all the measured points, and there are two
alternative definitions of annulus size: The first is the area, the second is
the radial separation or width ( in the latter case, the annulus is referred to
in metrology as the zone circle). As is intuitive, we shall show that in the
reasonable hypothesis that the measured points deviate minutely from an ideal
circle, the two definition of size give rise to minutely different solutions.

In a suitable system of coordinates, the minimum-width annulus, of outer
radius R and width wyg, is defined by the inequalities:

(R—w)® <2* +9* < (R)?
Its area satisfies the inequality

og =T (R2 - (R- w0)2) < 27 Rwy

INRIA



Cylindricity of a cylindrical point set 7

Next we consider the minimum-area annulus. In the same frame of refer-
ence, each point of the measured set must satisfy the two constraints

22+ y? =202 - 20y < R*+2Rp= (R+7n)* —a® - 3

?+y’—20x 28y > R*+2RT=(R+ 1) - o’ -

Since the area of the just defined annulus is
o=2nR(n—1)

we recognize (as is well known) that the minimum-area annulus is obtained by
minimizing the (linear) objective function (7 — 7) subject to linear constraints
on the parameters, a linear-programming problem.

Denoting by w the width of the minimum-area annulus, by definition we
have ¢ < 0y and wy < w. We now wish to establish that, under reasonable
hypotheses, w is an excellent approximation to the minimum wy.

We know that the minimum-width annulus is determined by four points of
S, two on the inner and two on the outer circle. Therefore if the two annuli
are concentric, they necessarily coincide. It follows that any difference between
the two is due to a displacement of their respective centers. Specifically, let
(cr, B) denote the center of the minimum-area annulus, so that the distance
between the centers is d = /a2 + (32.

Expanding +/R? 4 £ to third-order terms,we obtain

L & & 58
2 ~Y N
iR+ op — s+ e

Form this, it is easy to establish that for £ € [—-R?, R?]:

£ & 58 o2+ 7 3
B < 2 < >
R+2R 8R3+16R5_ k +§_R+2R

Thus we have

w = \JR*+2Rn+a?+ (2 — \/R? + 2Rr + o2 +
(2RT +d*)? 5(2RT + d*)?
< - R
< R+n—-R-7+ SRS + 6
o 2 rd? _ 573 d* B 157d*

= R TorTom om s sm

RR n° 3747



8 0. Deuillers € F. Preparata

Figure 1: Minimum width annulus (shaded,centered at O) and possible posi-
tions of the minimum area annulus (centered at b).

. . . 2 .
Our next objective is to bound from above the error term 7% + ... in terms of
wp- To this end, we introduce some reasonable assumption on the distribution
of the measured points, as expressed by the following definition:

Definition 1 A set of points obtained by sampling a circular object is a 2D-
dense sample if there is no empty sector with respect to the center of angular
width Z.

2

With this assumption, and referring to Figure 1, we obtain the inequalities:

INRIA



Cylindricity of a cylindrical point set 9

d\? d\?
R—wy—d <R+7 < — | +|R—- —
ome =TT = (ﬂ) ( ﬂ)

d? + R? —/2Rd

:UKA/—

IN

R+d >R+ 2\<\%>2+<R—w0+%>2

d
:\d2+R2+\@Rd+w§—2wo <R+%>

From these we can bound o from below, i.e.:

o = m(R+7)—n(R+7)
> 7T(2\/§Rd + w(z) — 2&)0R - \/ind)
> 7r\/§(2R —wp)d — 21w R

Using the fact that 2n Rwg > o0y > o, we obtain

< 4Rw0
o \/E(QR - u)())

2w0(2R —wo + wo)

S \/E(QR — wo)

w?

V2R

Finally, observing that 0 > 7 > 7/ > —wy —d we conclude that |7| < wy+d,

so that ) \ )
T (wo +d) < (3 +2v2)w} +O<w_g>

d

2R~ 2R 2R R2

Td? B 573 n d* _ 157d* <0 w_g
2R? 2R?  8R? SRt — R?

RR n° 3747



10 0. Deuillers € F. Preparata

Therefore the error term can be bounded and, since (3 + 2v/2)/2 < 3, we
get:

We summarize the preceding discussion as follows:

Theorem 2 Given a 2D-dense sample S of a circular object of nominal radius
R, a zone circle (minimum-area annulus) of S can be computed in time O(|S)),
such that the difference between its width and the width wy of the minimum zone

circle of S is smaller than 3%3.
0

This result validates our prior claim on the quality of the approximation.

To provide a quantitative appreciation of this fact in metrological applica-
tions, if R = lem and w = 10pm, the resulting error on the width is at most
30nm.

Higher dimension

The dimension is not explicitly used in all computations above, thus we can
deduce the following result. Given a set S of points in d dimensions, if the
minimal-width spherical shell containing & has width wy and there is a point
of § in any cone of angle 7 with vertex at the center, then the spherical shell
minimizing the difference of the square radii of the inner and outer spheres has
width w such that

w0§w§w0<1+3%>

This spherical shell can be computed by linear programming in d + 2 dimen-
sions.

3  The cylindricity problem
We assume that the nominal cylinder has equation

x2+y2:R2, —h<z<h

INRIA



Cylindricity of a cylindrical point set 11

A zone cylinder (domain limited by two coaxial cylinders of identical height
2h) is defined by the mid-point (a, 3,0) on the common axis of the two cylin-
ders, by the direction (u, v, h) of the axis, by the external radius R+, and by
the internal radius R + 7. Thus the six parameters (all having dimension of
a length) w, v, «, 8,7, 7 define a point p = (u,v,a, 8,1, 7) of a 6-dimensional
space P, to which a unique zone cylinder Cyl(p) corresponds. The origin of
P corresponds to the nominal cylinder (obviously with radial separation 0).
Since the six parameters are expected to be very small, we shall restrict our
attention to a neighborhood of the origin.

3.1 Equations of a circular cylinder and of its associated
hyperboloid

Consider the axis of parameters (u,v, a, ). The distance d(x,y, z) (or ¢ for
short) of a point (z,y, z) of space from this axis is the length of the difference
between the vector w = (z—a, y— 3, z) and its projection on the axis of length

Tlall (where a = (u,v, h)). Thus we have

and

2
2 = = ( )
Tl
h

[ 24+ u? +07) ((a:—a)2+(y—,3)2+22)

—((z — &)u+ (y — B)v + hz)’]
h2+u2—|—v2[h’2+v z +(h2+u)y2—2uvxy (1)
+(u® + v?)2* — 2huzz — 2hvyz + 2h(ua +vf)z
—2(h*a + via —uwvB)z — 2(h*B — uwva + u?B)y
+h (o? + ) + v a? +up? - 2uvaﬂ]

RR n° 3747



12 0. Deuillers € F. Preparata

Figure 2: Parameters of a cylinder

The zone cylinder Cyl(u, v, «, 3,7, T), illustrated in Figure 2, is defined by
the inequalities:

(R+7)* < e [+ 0%)2? + (B2 4+ u?)y? — 2uvzy (2)
+(u? +v?)2% — 2hurz — 2hvyz + 2h(ua + vP3)z
—2(h?a+via —uwvB)z — 2(h%B — uwva + u?B)y

+h%(a? + B%) + v2a? + u? 3% — 2uwvaf] < (R+n)?

The equation 62 = R? describes a cylinder of radius R and axis of pa-
rameters (u,v,q, ). Using this equation to determine the parameters of a

INRIA



Cylindricity of a cylindrical point set 13

cylinder through five points or the zone cylinder through six points gives rise
to a system of degree-4 equations'. This kind of systems need sophisticated
algebraic geometry tools for their solution. It is therefore appropriate to resort
to suitable approximations.

We assume that p = (u,v,«, §,7n,7) is in a neighborhood of the origin of
size O(f) we will define precisely in Section 3.3. Rewriting Equation (1) in a
form where only first-order terms in 6 are explicit, we obtain:

6% = +4? —Z%xz —Z%yz — 2ax — 2By + O(6?) (3)

Given the cylinder 62 = R?, the quadric surface

R* =z + 4 — 2y — QByz — 2ax — 20y
h h

is a one-sheet elliptic hyperboloid, referred to as the hyperboloid associated to

the cylinder. Moreover, given p € P, consider the geometric object Hyp(p)

defined by

R> 4+ 2Rr < +y? —2uxz/h — 2vyz/h — 20z — 2By < R+ 2Ry (4)

This region of space is delimited by two coaxial one-sheet elliptic hyper-
boloids, and its horizontal sections are annuli. It will be referred to as a zone
hyperboloid (see Figure 3).

Following Equation (3) we compute a second order approximation of §%:

6% — (2 + y* — 2ux — 2vyz — 2ax — 203y) (5)
= (uz —vy)*/h* + (u* +v*)(2%)/h* + 2(ua +vB)z/h+ o® + * + O(6°)/h

Clearly, a cylinder and its associated hyperboloid are two distinct geo-
metric objects with a common axis. If this axis (i.e., its defining parameters
(u,v,a, #)) is known, then performing a transformation of coordinates that
brings the z-axis to coincide with the common axis, both objects have equa-
tions 22 4+ y? = R?, that is, they coincide. This observation is the key to our

1 This parameterization is not the most convenient one for determining the equation of a
cylinder through given points and it is used here for the purpose of our approximation.

RR n° 3747



14 0. Deuillers € F. Preparata

Figure 3: Cylinder approximation by a hyperboloid

approach. In fact, rather than searching over the set of zone cylinders, we
perform the much easier tasks of searching over the set of zone hyperboloids as
defined above. If, as it happens in general, the axis of the minimal zone cylin-
der has nonzero parameters (u, v, o, ), then it does not coincide with the axis
of the minimum zone hyperboloid (as computed for the given data set), nor
do the two objects coincide. However, if we can prove that these two axes are
reasonably close, then we can bring the z-axis to coincide with the (known)
axis of the minimum zone hyperboloid, and be assured that the (unknown)
axis of the minimum zone cylinder is brought closer to the z-axis than it was
initially. Iterating this process, we can approach the cylinder axis with very
good precision (for small width),

3.2 Computation of the minimal zone hyperboloid

As previously stated, our approximation approach consists of searching, rather
than circular cylinders, hyperboloids with circular horizontal sections. Specif-
ically, we are looking for a zone hyperboloid, parameterized by six parameters

INRIA



Cylindricity of a cylindrical point set 15

as described by Equation (4) containing all the points of S, i.e., for a point
p; € S the parameters of the hyperboloid must satisfies the two inequalities:

2x;2; 2y;z;

- xhzu— yhzv—Qa:ia—Qyiﬁ—i—x?—l—yf§R2—|—2Rn:(R+77)2
Q-Tizi 2yzzz 9 ) 9 9
— u— A v—2r;a—2y;8+x; +y; > R +2RT~ (R+7)

This formulation yields 2n constraints in a six-dimensional space, which can
be solved in time O(n) by a linear program minimizing the objective function
n—rT.

Incidentally, the same approach enables the determination of the minimum
enclosing hyperboloid or of the maximum inscribed hyperboloid (by linear
programming in 5 dimensions).

3.3 Error analysis: Distance between Cyl(p) and Hyp(p)

Let (z,y, z) be a point on the outer hyperboloid of Hyp(p), i.e. (z,y, 2) satisfies

the equation:
2 2
—%u— %v—?xa—Zyﬁ+x2+y2 = R* + 2Rn.

The distance §(x,y, z) of this point from the axis, satisfies 6> = R? + 2Rn +
O(#*) by Equation (3) and Inequality (4). Using now the explicit expression
of the error O(6?) given by Equation (5) we have:

6 = R*+2Rn+ (ux —vy)’/h* + (u* + v*)2* /h?
+2(uar +vB)z/h+ o + 2 + O(6°) /h

We now characterize the neighborhood of the origin of P to be used in our
approximation. We assume that:

e the distance between the axis of our object and the origin in the plane
z =0 is at most 0,

RR n° 3747



16 0. Deuillers € F. Preparata

e the horizontal projection of vector (u, v, h) defining the axis direction has
length smaller than 6,

e 1 and 7 are also of the same order of magnitude 6.

Next we make some reasonable assumptions on the quality of the physical
object and of the sampling process:

e for —h < z < h, we have ||(z,y)|| < R+ O(f) and § < R < h.

Definition 3 A set of points obtained by sampling a cylindrical object is a
3D-dense sample if the at height z € {—h,0, h} it contains a 2D-dense sample.

We formalize these hypotheses as follows:

Hypotheses:

(1) u? + 0?0+ 32 < 0

(i) nl, |7 < 6

(é11) l(z, )|l < R+0(0)

(i) 0 < R<h (6)
Vzo € {—h,0,h} and V sector W

(v) in plane z = 2y of angular width
> 5 WNS # 0

The domain defined by (6i,ii,iii) will be denoted A/ (6). From these condi-
tions we derive the following bounds:

0<|ur—wvy|l < O(R+0O(0)) from (64, 17)
0 < (uz—wvy)? < 6*(R*+O(RY)) < 62h*>+ O(h#?)
0<|ua+vp] < 02 from (67)

2

We recall that R+ & — & + 250 < /R?+ € < R+ Sfor € € [-R?, R?).

3R~ BR_ _16R°
Therefore using above values of §2 and Hypotheses (6):

1
6> < R+ 2Rn+50”+ %0(93)

1 1
< 1 (s 2 1 3)
5 o< R+2R<Rn+50 +50(6)
5021
< ot L s
Rt n+ 5z +150(6°) (7)

INRIA



Cylindricity of a cylindrical point set 17

and

(52

v

1
R? 4+ 2Rn — 26 + 50(03)

1 1 1 2 H5RO(6?)
> L _op2 4 T 3 ) __— (9 2\)* _ YW
5 > R+ (2Rn 2+ £0(6%)) - 55 (2Rn+ 0(6%)" - 2
92  AR2 1 3
> R+n— 7 @nz + EO(QS) from (6i7)
362 1
> R+n_ﬁ+ﬁ0(03) (8)

Thus, the cylinder of axis (u, v, i, #) and whose constant term in the equa-

tion is R? + 2R(n + %) encloses the outer hyperboloid of Hyp(u, v, «, 3,7,0)
and the cylinder with constant term R* + 2R(n — %) is inscribed in this
hyperboloid. Similarly, a cylinder of axis (u, v, @, 8) and with constant term
R*+2R(T+ %) encloses the inner hyperboloid and the cylinder with constant
term R? + 2R(7 — 3% is inscribed in it.

This is summarized as follows:

Theorem 4 Under the hypothesis p € N (0), the zone cylinder
Cyl(p + (0,0,0,0,3%2 —32Y) encloses the zone hyperboloid Hyp(p).

' 3R 2R
3.4 Relationship between optimal zone hyperboloid and
optimal zone cylinder

Consider in P the sets

H= {peP:SC Hyp(p)}
and C= {peP:S8CCylp)}

Since H is defined by a set of linear constraints, it is a convex polytope in P.

Let Hyp(py) be the minimal zone hyperboloid (computed by the linear
program as explained in Section 3.2), that is, py is the extremum of the
convex set  in the direction v = (0,0,0,0,1, —1) (since the linear program’s
objective function is n — 7). Let Cyl(pc) be the minimum zone cylinder, that
is, the global extremum of the set C. Our present objective is to obtain a
neighborhood of py in P that is guaranteed to contain p¢.

RR n° 3747



18 0. Deuillers € F. Preparata

Cyl(p + Pe) e T
+pP.

»
Ll

Figure 4: Positions of cylinders and hyperboloids

Let p. = (0,0,0,0,3%2 3% b/, = (0,0,0,0, 32 5% and p a point on
the boundary of H. From Equations (7) and (8) we conclude that p + p. is
inside C and p + p', is outside C. In fact Cyl(p + p.) encloses Hyp(p) and
therefore §; on the other hand, there exists a point ¢ € S which belongs to the
boundary of Hyp(p) (otherwise Hyp(p) could not be minimal), so that ¢ is
outside Cyl(p+p’.) which consequently cannot contain S (see Figure 4). This
statement holds under Hypotheses (6). The conclusion is that, in the relevant
neighborhood N () of the origin, the boundary of C is sandwiched between
two translations of the boundary of H by vectors p’, and p. (see Figure 5).
We also know that in ordinary space Cyl(pc), by definition of optimal
solution, has smaller width than Cyl(py + p.). In P this fact is interpreted
as follows. Since w = n — 7 is the width, each width value is associated with
a hyper-plane in P orthogonal to the vector v. Therefore, pc lies in the half-
space Z delimited by the hyper-plane passing by py + pe with inner normal v;
the equation of this hyperplane is n — 7 = wy + % = wy. Let H +p', denote
the domain obtained by translating H by p’,. Then Z N (H + p',.) defines a
small domain K that is guaranteed to contain p¢ (see, again, Figure 5). K is
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1.42wp + 8.25%

Po ’LL,/U,C!.B,TT'FT

Figure 5: How p¢ is approximated by py

clearly above the plane n—7 = wy — %. It follows that the difference between
the respective widths we and wy of Cyl(pc) and of Hyp(py) is at most %:

\wg —we| = (g — 1) — (nc —7¢)| < —- 9)

We now wish to (over)estimate the size of . To this end we establish
necessary conditions for p to be in . Assuming that p € K, as in Section 2
(see Figure 1) in appropriate sections of Hyp(p) we can bound the radii of the
annulus in terms of the corresponding radii of Hyp(py). Let d be the horizontal
distance between the axis of Hyp(p) and the axis of Hyp(py) at some height
20 € {—h,0,h}. Note that /R> + 2R7 + p?, and v/R? + 2Rn + p? are the radii
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of the annulus for Hyp(p) at z = 2y, where p*> = (a+uz/h)
+ (Bu +vnzo/h)’.

similarly define p% = (ag + ugzo/h)?

2+ (B+wvzo/h)*. We
Using the hypothesis

(6v) of sufficiently dense sampling at z = 2y we obtain:

2
<\/R2+2RnH+p%I+d) > R?4+2Rn+ p* > (

2
(\/R2+2RTH+p§,—d) <R’4+2R7+p* < (

d\? d\?
2 2

V2

d\’ d\?
— ) + (y/R?+2Rny + p? ——)
ﬂ) (\/ TR

From these we derive the following bounds on 7 and 7:

+d2+p%{—p2 d\/R2+2RTH+p%{
=T 2R V2R
d* + p% — p* d dry 63
> — 7 4 +0 | —= 10
> it T 5t ar O\ @ (10)
a2+ 0% — o2 d\/R?2+2Rny + p?
T < N+ Ll Sl \/ TP
2R V2R
P +ph -0 d dnH 0
< L o S +0 (= 11
a + p2 — p? d\/R2+2RnH+p%,
n < nuw+
2R R
d’ + ph — p* + 2dng 0°
< d O = 12
A2+ 02 — 2 dy/R?+ 2Rty + p?
2R R
d* + p% — p* — 2d7g 63
< d — 1
< 1tg+d+ R +0 2 (13)
Now, since p € K, we have n — 7 < wz, i.e.,:
> > Vad+ MG Lo o
Wwz>2nm—T 2 Tg—Ng+ + JoR + 72
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Using (611),

46? \/_9 93
we derive:
0 462
d\/é <1_E> S 2(UH+§
46? 0 62

2 < (2 — 1

dv2 < (wH+R)<+R+O<R2>>
d < 0(93)/R (14)

fR

To apply this result to zg = —h,0, h, we note that for these values of z
the distances between the axes of Hyp(pg) and Hyp(p) are, respectively, the
lengths of the vectors:

(@ —u—ag+uy,f—v— By +vy),

(¢ —apy, B — By) and

(o +u—ayg —uy,f+v— LBy —vy)

Each of these distances satisfies bound (14), so that:

Vo o an (P < Vit e (19

These inequalities bound the size of K in the first four dimensions of P.
It remains to bound it in dimensions 7 and 7. We use inequalities (10)-(13).
Specifically, from (12) and (13) we respectively obtain

d2+p2 —p?4-2dT 992

n—ng < d4 —H———" d+—2R
d%4p2, —p?—2dr 592

—T4+71y < d— TH T <dton
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which, using (14), are combined as

96?
_ _ < -
THTmn—ne < dt g
2 2
< \/in—l-—('S\/_—i_g)e

2R

Similarly, subtracting ny from both sides of (10), 7y from both sides of (11),
and using wy = Ty — Ny, We obtain

d &+ p4 —p?+ 21y
_ > + —
n—Nug =2 —WH /2 oR
2 2 2
S N . i

V2 2R

We have therefore obtained the following bounds of K in the n and 7 dimen-
sions:

2

bl ral < Vg + EEDE (15
Theorem 5 Given a 3D-dense sample S of a cylindrical object and a zone
cylinder of radius R and width 20, a zone cylinder of S can be computed in
time O(|S|), such that the difference between its width and the width wc of the
minimum zone cylinder of S is smaller than %. This zone cylinder approaches
the minimal one with an error smaller than 1.414wes + %
external radii and on the position of the axis.

on the internal and

3.5 Iterative approximation

The preceding arguments establish that, given a nominal cylinder of radius R
and assuming that the minimum zone cylinder, enclosing the measured set S,
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is in a small neighborhood of the nominal cylinder, we can compute a zone
cylinder enclosing S. In our terminology, the latter is Cyl(py + p.), whereas
Cyl(p¢) is the minimum zone cylinder and Cyl(0) is the (zero-width) nominal
cylinder. The above hypothesis is formalized by saying that pc € P belongs
to a neighborhood of the origin defined by u?+v?, a*+ (3* < 6% and |n|, |7| < 6,
for sufficiently small 6.

The quality of the approximation depends of the distance between 0 and
pc- Ideally, if the first four coordinates of pc are 0, then py = p¢, and the
problem is solved exactly by Hyp(pg). Therefore our objective is to move the
origin of P closer to pc by an iterative process. Since only zero-width nominal
cylinders are allowed, the new origin must belongs to the plane n = 7.

Let 0, = 6. If we choose as a new origin p; = (ug, vy, o, B, BT, LLETIL )
( so that Cyl(p;) is the new nominal cylinder), Equations (15) and (16) shows
that in the new frame of reference the parameter vector p’ of the minimum
zone cylinder satisfies the bounds:

UIZ-I-UIZ, a12+ 12 <
\/ ¢ tve \/ ct+pbe < \/_R
) 9)?
.| < ﬁw+—( V219)

This implies that 6, = Vowg + (5‘/527;9)0& can now be used as the parameter
bounding the neighborhood of the origin; if 83 < #;, then the process can be
iterated in the new parameterization corresponding to the nominal cylinder

C(p1)-
Assuming w small enough, the i-th iteration will give a solution with an

error of ((5‘/257;9)9)2 i %9 on the width. In other words, if (5\/257;’9)0 <1, ie.,
20 < R/4 this process converges to pc very rapidly.

The assumption that w is small enough, upon which the stated convergence
is contingent, is equivalent to saying that in the definition of 6;,; the term in
0; is large with respect to the one in wy. When the accuracy improves 6;
decreases and converges to v2we. The upper bound on the error converges to

4
fwc This is summarized as follows:
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o support,

turn-table

0

Figure 6: A physical metrology system

Theorem 6 Given a 3D-dense sample S of a cylindrical object and a zone
cylinder of radius R and width smaller than R/4, a zone cylinder of S can be
computed by iterated linear programming such that the difference between its
widzth and the width we of the minimum zone cylinder of S is smaller than
5. 7w

- ZC
R -

4 Metrology application

Measuring cylindricity in metrology involves an apparatus consisting of a
turntable, a probe, and the support of the probe, as illustrated in Figure
6.

Such a system does not directly measure three-dimensional coordinates.
Rather, the probe measures variations of the radius as the table turns or as
the probe support slides vertically. This measurement involves three different
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axes: the axis of rotation of the table, the axis of the cylindrical object and the
axis of the probe support. Ideally, all these axes are parallel, but in practice
they are not. Conventionally, the axis of the turntable is taken as the z-axis;
the deviation of the axis of the probe support is corrected by calibration, and
the axis of the cylinder is the real unknown we are looking for.

This system gives three outputs: the height of the probe z, the angle of
the table v and the probe value p; these parameters are transformed into
the three-dimensional point ((R + p)cos~y, (R + p)sin+y, z). Since the probe
measures variations of the distance from the axis of the turntable, getting
three-dimensional points involves the knowledge of some nominal radius R.

In a first order approximation, this nominal radius does affect the width
of the set of points. We can remark that in the iterative process, described in
previous section, we can take advantage of the knowledge of successive nominal
cylinders to improve the accuracy of the transformation of the triples (p, v, 2)
to three dimensional points.

We shall now consider some typical values occurring in metrology systems
and compute the resulting error on the width of the minimal zone cylinder.
Our parameters are the cylinder height and radius, (of the order of a few
centimers), the offset from the cylinder axis (of the order of a small fraction of
a millimeter), the machining spread (or "width", of the order of a few pm).The
precision of the probe can be as small as 5 nm. In a table below we shall
illustrate two examples: The first is a pessimistic case ( large positioning error
and machining spread), and the error is reduced to about 2% in 4 iterations.
The second example is more realistic, and in 3 iterations the error is reduced
below the precision of the sensor.
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h R | position w || iteration 0 final
(mm) | (mm) error | (pum) (pm) error
100 5| 100pum 10 1] 100 8 pm
2 30| 0.7 ym

31 15.6 | 0.2 pm

41 14,5 0.17 pm

oo | 14.2 | 0.16pum

100 10 50pum 1 1 50 1pum
2 3.4 4.7nm

3 1.4 0.8nm

00 1.4 0.8nm

5 Conclusion

We have shown that in two dimensions the minimum area annulus gives an
approximation of the minimal width with an error O(w?/R) and an analogous
result has been established in three dimensions for the cylindricity problem. If
w is not small enough (i.e., the physical object is of poor quality, so that its
zone cylinder is "thick"), the linear programming approach does not produce
a good approximation of the desired solution.

In two dimensions, Ramos [5] proves that the exact minimum width annulus
can always be determined by solving an LP-type problem. This would suggest
that, to avoid the described limitation of our approach, one may try to establish
that finding the minimum zone hyperboloid in the family

(r+7)? <2’ +y®—2uxz — 2vyz — 202 — 20y < (R+1n)?

is an LP-type problem (where R and r are fixed), so that iteration may be
possible without assuming a small width.

Finally, we remark that our scheme applies also to the construction of the
minimum enclosing cylinder or the maximal inscribed cylinder, by minimizing
n or —7 instead of n — 7 in the linear program. In such cases, however, the
quantity being optimized is the area of an horizontal cross-section and not the
radius. Nevertheless, under reasonable hypotheses, we expect that in these
cases as well provably good approximations can be obtained.
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