
HAL Id: inria-00072890
https://inria.hal.science/inria-00072890

Submitted on 24 May 2006

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Algorithm, Proof and Performances of a new Division of
Floating Point Expansions

Marc Daumas, Claire Finot

To cite this version:
Marc Daumas, Claire Finot. Algorithm, Proof and Performances of a new Division of Floating Point
Expansions. [Research Report] RR-3771, INRIA. 1999. �inria-00072890�

https://inria.hal.science/inria-00072890
https://hal.archives-ouvertes.fr


IS
S

N
 0

24
9-

63
99

ap por t  


de  r ech er ch e 


INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE

Algorithm, Proof and Performances of
a new Division of Floating Point Expansions

Marc Daumas, CNRS

Claire Finot, ENS de Lyon

No 3771

September 1999
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Téléphone : 04 76 61 52 00 - International: +33 4 76 61 52 00
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r{¬#w�rveK��rvmdgfmGx��n²

� " Q
�/. �0
'21 "

� ' / � �
 

3 4 ����	�(Z�(�����f�����!	���
Z�
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��gn��}~wfgn���¨r�¬üzu�n²U� �d��osru��o¶x����v}~gf}dgOg�±�x¨��zuw�x���x¨bdg5eOrG��x3��ostum~o ��wnz{mGxºwfrueK��rvmdgfmGx��ºzueOrvmdt�x�bdos�U�¨g�xn²3a bdg@��g5mG}~e��>gf���
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tu}�z{��z{mGx¨gngn�&x¨b~z{x o� ' os�yzO¬üz{opx¨b�¬®}dq
z{�d�~�¨r¸±�oseKz{x¨osrum4r{¬8� ' ²»³
ostu}d��g��Oru}�x�qposmdg@� x¨bdg��¨gnqsz{x¨os¯ug3��rG��opx¨osrumZru¬�x�bdg���opÆ>gn�¨gnmGx
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a bdg4mdgf© ��gfe�z{osm~��gn� � '*) � o|��x�bdg4�¨}de r{¬(x�bd��gfg x�gf��e��R#R��gng gn�G}~z{x¨osrum �&%�²µa b~g4�G}~z{mGx�o¶x�� S � ' U o� ' W ��gf�~�¨g@��gnmvx��
z{qsq�x¨bdgO��optvo¶x���ru¬ � ' �d}�xºx¨bdg5eOrG��x3��ostum~o ��wnz{mGxyrvmdguÇ�x¨bdgO��g@w�rvm~��x¨gn�¨e�o|�ºz �¨osmdtuqsg�°~rGz"x�opmdt·��rvopmGxºm�}de5��gn�ºzum~�Zx¨b~g
��gfe�z{osmdosmdt3�d�¨r���}�w�xIo|�#��gf�d��gn�¨gfmGx¨g@�5zv�!x¨b~g���}de¹r{¬�h��Pm�}de��>gf�#gf±��~z{m~�¨osrum~���¨ru�¨x¨g@�����5eKzutumdopx¨}���g(ru�Izv��hUg�±��~zum~��osrum��
r{¬!qsgfmdtux¨b S � U�V�W zu� � os�»x�bdg�qpgnmdt{x�bZr{¬  ²
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§ gU�~�¨g@��gnmvx�zum�}~�d��gn�(��rv}dm~��r{¬!gnzvw�b·x�gf��e)r{¬!osmdgn�G}~z{x¨osrumw#��nÅ&%�²
t �»x�o¶x�gf��z"x¨osrum�%�Ç�x¨b~g��d�¨osru��opx��·�G}dgf}dg�wfrumGx�zuopm��(z"x�eKrv��x SMc %{/ V�W g�±��~zum~�¨oprvm~�(��osm~wfg�gnzuw�b � ' S  U o �W zv�d�d� x�©»r
g�±��~z{m���osrum~�&x�r5x�bdg��G}dgf}~ga"#rum~gº¬®rv� x¨bdg�}~�d��gn���~zu��x(r{¬
x¨b~g�opm~�dop¯�o|��}~z{q¾�~�¨r���}~w�x S � '�!  #"�W%$ z{m~�4rum~g3¬®ru� x¨b~g
x¨bdg�qsr"©&gn�&��z{�¨x S � ' !  " W	& ¬®ru�(' Q c!b b � ²
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a b�}~�nÇ�©&g�wfzum4©(��opx¨ga"
� � '*) ��� � Sq� %{/�� WY�~� �6b � � ' �

È&rum���g@�v}~gfmGx¨qs�uÇGx¨b~g�z{qsturu��opx¨bde)o|�(w�rvm�¯ugf��tuosmdtOzu�(�¨rGrvm�zv� % �������	��
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§ g·w�rvm~��o|��gn��x¨b~z{x�gf¯"zuqp}~z{x¨osmdtZx¨b~g m�}de��>gf�5r{¬ °~rvz{x¨osmdtÂ�>ruosmvx5ru�>gf��z"x¨osrum��0#üzu�~��o¶x�oprvm~�nÇ
e5}dqpx¨os�dqpo|wfz{x¨osrum~�nÇ!��op¯�o|��osrum��
z{m���w�rueK�~zu�¨o|�¨rum~�l%�o|�I�¨}�¼ w�osgfmGx�x�r�w�rveO��z{��g(ru}d�Izuqptvru��o¶x�bde�©(opx¨b�����osgn��xnÃ ��rum~gu² ��g�x � �>g�x�bdg�qsgfmdtux¨bKr{¬`x¨b~gy��os¯Go|�¨ru�@Ç
� ' �>g x¨bdg(qsgfm~t{x¨b�ru¬�x�bdg(��gfe�z{osm~��gn��z"x�opx¨gf��z"x�oprvm %
z{m~� v �>g x¨b~g�m�}de��>gf�#ru¬>opx¨gn��z{x¨osrum~�n²
a b~g(qpgnmdt{x�bOru¬�x�bdg��G}dr{x�opgnmGx
o|�(��}d����g@�v}~gfmGx¨qs�·��os�¨g@w�x�qp����g��~m~gn�Zzu� v ²

Á»r{x�b^z{qsturv�¨opx¨bde��ºmdgfg@� � e5}dq¶x�op�~qpo|wfz{x¨osrum~�3z{m���� � zv�d��opx¨osrum~�yx¨rZ�¨�dqpopxUx¨bdgKw�rveO�>rum~gfmGx��Ur{¬#x�bdg���os¯Go|�¨ru�ºzum~� v
e�}~q¶x�op�dqso|wfz"x�oprvm~�(z{m���� v zu�d�do¶x�oprvm~�»x¨r��¨�dqpopx(x¨b~g�w�rueK�>rumdgnmGx�� r{¬
x¨b~g��v}~r{x¨osgfmGx���ostuopx��(zv�»x¨bdgn�4z{��g3�d��r��d}~w�g@�¾²

�þm^�I�¨osgn��xnÃ �3z{qsturu��opx¨bdeZÇ`gnzvw�b�o¶x�gf��z"x�oprvm^o|�º�~�¨rvªugfmµ��r"©(m�osmvx�rR�Z��x¨gf���j"Uw�rueK�d}dx¨gKz·mdgn© ��ostuopx�r{¬�x�bdgO�G}drux¨osgfmGx
|w�rveK�d}�x¨g x�bdgy�G}~zumvx�o¶x���x¨b~z{xI��b~ru}dq|�O��g�©(opx¨b�����z¸©(mO¬®��rue x¨bdg(��gfe�z{osm~��gn�

|
w�rveO�~}�x¨g x�bdg�mdgn©D��gfe�z{osm~��gn��z{m~� �~m�z{qsqp�

w�rveK�d�¨g@�¨�»opxn²

�Gx¨gn� V c � �
�(�d��opx¨osrum �
��v b ' S[� ' / c �GW ! � b ' S[� ' / c �GW !��
È&rueK�~zu�¨o|��rvm b ' S[� ' / c �GW ! V
½Â}dqpx¨os�dqsoswnz"x¨osrum � ��v
Éyos¯�os�¨osrum v
�þmZru}d�ºz{qsturu��opx¨bdeZÇ�©»g�wfzum�gn¯"z{qs}~z"x�g���op��gnw�x¨qs� x�bdg�m�}de��>gf�yr{¬!ru�>gf��z"x¨osrum��»¬®�¨rve)x¨b~g�m�}de��>gf�ºr{¬#�v}~r{x¨osgfmGxy��ostuopx��

�d��r���}~w�g@�¾² Ò zvw�b��G}drux¨osgfmGxy��ostuopx tvgfmdgn��z{x¨g@�(z5tvop¯vgfm�m�}de��>gf�(ru¬�x�zu�¨ª��n²��Gx¨gn�~����z{m���hKzu�¨gU}dm~w�b~zumdtug@�·gf±dw�gf�dx(x¨b~z{x
��x¨gf� ��z{q|��rOosm~w�qs}~��g@�(z�x�gn��x»¬®rv�(g�±dzuw�x»b�z{qpx¨osmdt�#ü�¨gfg���g@w�x�oprvm4��%�²I�Gx¨gn�~�(�Kz{m~�R�Kz{��gº��gf�dq|zuwfgn�·�G� x¨bdg3gfqsoseOosm~z{x¨osrum�r{¬
x¨b~g3x¨gf��e�� r{¬
x¨bdg��G}dgn}dga"!e�z{m�z{tugUx�bdg��d��oprv�¨opx�� �G}dgf}dg�zum~�Zw�rum���}deKgUx¨b~g3x¨ru�~eOrG��x���ostuopx�op¬�x�opeKg�o|�(w�ru����gnw�x@²

�Gx¨gn� V c � �
�(�d��opx¨osrum c�v �
��v v / c�vwS � U�V�W !��
È&rueK�~zu�¨o|��rvm v c�vwS � U�V�W !������ v v / c�vwS � U�V�W
½Â}dqpx¨os�dqsoswnz"x¨osrum v � ��v
Éyos¯�os�¨osrum v
a�r4�>ru}dm��Âx¨b~gKwfrueK�dqsg�±�opx��Âr{¬I����osgn��xnÃ ��z{qsturu��opx¨bdeZÇ`©&gOb~z¸¯vg�x¨r�gf¯"zuqp}~z{x¨g � ' ²}�þm^x�bdgK©&rv����xUwnzu�¨guÇ`©&gKwfzum^b~z¸¯vg

� ';�D� ' . �W/ c � qpg@zu��osmdt4x¨r � ';�Tc % � / � " ² § g�wfz{mµbdr"©»gf¯ugn�ºzv�¨�¨}deKg�x�b~z"x�©»g5b�z¸¯ug5z��¨o¶x�}~z"x�oprvmµw�qsrv�¨g5x¨r�x¨bdgOrum~gg�±��>gf��opgnm~w�g@��©(o¶x�b�e5}dqpx¨os�dqpg��d�¨g@w�o|��osrumZz{��opx¨bdeKg�x�osw3��zu�¨gn��rumZosmvx�gftvgf���>#®q|z"x¨gn��rumÂwnz{qsqpg@�4osmGx¨gntugf�9�Pqposªug3z{qsturv�¨opx¨bde %�² �þm
x¨b~os��wnzu�¨guÇ�©»g��¨z¸�Kx�b~z"x � ',��v U %{/ � /��Z©(bdgn�¨g��Zo|��zKw�rvm~��x�z{mGx@²

Á»r{x�b3zuqptvru��o¶x�bde��¾��gn�G}dos�¨g � ��v / v / � e5}dqpx¨os�dqpo|wfz{x¨osrum~��z{m~� v ��os¯Go|�¨oprvm~�f²�
º}d�/z{qsturv�¨opx¨b~eÀ��gn�G}dos�¨g@� v zv�d��opx¨osrum~zuq
e�}~q¶x�op�dqso|wfz"x�oprvm~�#x�r��d��gn�¨gf��¯ug g�±dzvw�x�b~zuq¶x�opmdt5zu�#�d��gn�¨gfmGx�gn�Oopm x¨bdg�m~g�±�x&�¨gnw�x�oprvm�²!a bdg(x¨rux�zuq~m�}de��>gf�&r{¬`°~rGz"x¨osmdt��>ruosmGx

÷/÷ ñ ¸
¹hº�º
»



zu�~��o¶x�oprvm~�!z{m~�Ow�rveK�~z{��os�¨rum���¬®rv�
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½�zum~z{tvopm~t�x¨b~g»�~�¨osru��o¶x����G}dgn}dg os�!�G}dopx¨g(gf±��>gfm���os¯ugv²
§ g�b~z¸¯ug�zK�>g�x¨x¨gf�Uzu�¨��eO�dx¨r{x�osw�wfrueK�dqsg�±�opx���x¨b~zumÂ����opg@��x@Ã ��zuqptvru��o¶x�bde)osmÂtugnmdgf��z{qÝÇ��d}�xy�I�¨osgn��xnÃ ��z{qsturv�¨opx¨b~e)os��¬üzu��x¨gn�
rumZ�¨opeK�dqsg�wfzv��g@�&©(b~gf��gºx�bdg�gfm~b~z{m~wfgn�Zw�rvmGx¨��ruq`tuos¯ugnm4����x�bdg��d��oprv�¨opx�� �G}dgf}dg3o|�(mdrux m~gnw�g@�¨��z{���u²

�yqptvru��o¶x�bde �(�d��opx¨osrum�� È&rveK�~z{��os�¨rum��
�I�¨osgn��xnÃ � V�c ��v � / V � ��v /�� � /�� v c ��v / ��vwSqv�U�V�W
�þmGx�gftugn�-�Pqsopªvg � v � / ��� ��v / v�S-V�c � U � W / � � � ��v /�� v /�� z � . � {�½�r��do �~g@� c � v ��U�c�v / � � c�vwS ��U V�W � � � v / c�v �
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§ bdgnm x¨bdg·�G}drux¨osgfmGx�e�z¸�^�>g ��gf�d��gn�¨gfmGx�gn� zu��zZ°�rvz"x�opm~t��>ruosmGx�g�±��~zum~�¨oprvm�Ç/�>r{x�b z{qsturv�¨opx¨bde�� �~m�� o¶x@²Za b~gf�^b�z{qpx
z"¬ùx�gf�yz���mdo¶x�g�m�}de5��gn��r{¬#��x�gf�~�y©(o¶x�bZx¨bdg�g�±dzuw�xy�v}~r{x¨osgfmGx@² § g��¨bdr"©Àx�b~z"x(x�bdg���ru}dm���opm~t�gf���¨rv��� osmGx¨��r��d}~w�g@�4osmZx¨b~g
z{�~�d�¨r¸±�ose�z"x¨g·tu}dg@�¨�¨gn��r{¬�x�bdg4�G}drux¨osgfmGxK�doptvo¶x��5zu�¨g4mdr{xK��}�¼ wfopgnmvxOx¨r w���gnz{x¨g4z^opm �~mdopx¨gZ��g@�v}~gfm~wfg·r{¬Uz{�d�d��r¸±�ope�z{x¨g
�G}dr{x�opgnmGx(�doptvo¶x�� x¨b~z{x�©&rv}dq|�4wfrum�¯ugn�¨tvg�x¨rOx�bdg��G}dr{x�opgnmvx��~}�x(¬üz{osq`x¨r z{x�x�zuopm�opx�g�±dzuw�x¨qs�u²

�(gnqsz{x¨gn�^�v}~gn��x¨osrum~�ºz{��g�gfmGx¨os��gfqs�4mdgn©«opm^x¨bdg5qpopx¨gn��z{x¨}d��g�rvmÂ°~rvz{x¨osmdt �>ruosmGxUrv��gn��z{x¨osrum~�n²;�þmGx¨gn�¨g@��x�opmdtvqp�vÇ~©»g�©»gf��g
¬®ru��w�g@��x�rUeKr���op¬®��ru}~�!zuqptvru��o¶x�bde�x¨r3rv��x�zuopm5g�±dzuw�x!b�z{qpx¨osmdt~²
a bdos�!qsgn�5}~�
x�r3zU��opÆ>gn�¨gnmGx!�~�¨r�r{¬~¬®ru�#����opg@��x@Ã �#zuqptvru��o¶x�bde��
z{m�� ¬®rv�(ru}d��zuqptvru��o¶x�bdeZ²
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�zum~�  " � 1
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� 
 ��g@�v}�z{q|�
x¨r�Å~Ç��3ru�yh5}dqs�~�f² § g�b~z¸¯vg3hO��opÆ>gn�¨gnmGxywfzu�¨gn�
"

t � ��U
� 
 � Q�� ²#a bdg�zuqptvru��o¶x�bde	�~m~�d�(x¨bdg�gf±�zvw�x(��gn�¨}dq¶x@²
t � ��U
� 
!� Q c � ²�a bdg�gf±�zvw�x(��gn�¨}dq¶x(©(osqpq/��g3¬®rv}dm~�Zz"x x¨b~g�mdg�±�xy��x¨gf�/²
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��osm~w�g�opxOrvmdqp� g@��x�ope�z"x�gn�5x¨b~g4eKrv��x���ostumdo ��wnz{mGx5w�rveK��rvmdgfmGxKr{¬�x�bdg4��gfe�zuopm~�dgf�@Ç#ru}d�Kz{qsturv�¨opx¨bde e�z¸� �d�¨r���}�w�g4zum
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x¨b~g�x�gf��eK� U$� ' _  ²`�þm^ru}~�ºz{qsturv�¨opx¨b~e�Ç>op¬�x¨bdgK�G}dr{x�opgnmGx3��ostuopxºo|�U¯ugn�¨�Zw�qsrv�¨g�x�r·opx��Ubdostubdgn�yb~zuq¶¬I©»ru���¾Ç>©&gOw�rvm~��o|��gn�
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� � 9�9��f	�%&����	����
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§ g^w�rveO��z{��gn�Dx¨bdg^x¨bd��gfgµ��o¶Æ`gf��gfmGx4zuqptvru��o¶x�bde���rum�rv}d�·�~zvw�ª"z{tugvÇ&rvmÀj3½Â� zum~��rum\��gftv}dqszu��°~rGz"x¨osmdt �>ruosmGx
oseO�~qpgneOgnmGx�z"x�oprvm~�n²
a bdg(q|z"x�gf���~�¨r���}~wfgn�Ow�rvm~��x�z{mGx¨qs��gn�¨��rumdgnru}~�
��gn�¨}dqpx���zv�#��r�rumKzu�#x¨bdg��¨opÄng(r{¬>x¨bdg(e�z{x¨��oswfgn�!��gnzuw�b~gn�
�~² § g5bdr"©»gf¯vgf��}���g@�Zx¨bdgneÓzu�Uz ��g�¬®gn�¨gnm~w�gv²ºa bdg �~tu}d��gn�3�Ox�r��·�d�¨g@��gnmGxºz ��z"x�opr ru¬�x¨b~g5��}dmdmdosmdt�x�opeKgKw�rveO��z{��gn�
x¨r�j3z{}~����o|z{mÂgnqposeKopm�z"x¨osrum^rumZ°~rGz"x¨osmdt �>ruosmGxym�}de��>gf���n²ya bdo|����z"x¨osr o|��x�bdg��~�¨o|w�g�x�r �>g��~zuos�Zx�r ru�dx�z{osmÂx�bdg5wfru���¨g@w�x
��gn�¨}dq¶x@² j3½Â� #Rj3ÊBt�½Â}~q¶x�op�dqsgZ����gnw�o|�¨oprvm �~zvw�ª¸zutug�%�o|�Oz^©&gnqpq �PªGm~r"©(m´qpos�d��z{��� x¨b~z{xO}~�¨gn�Kzv�¨�¨gfe5�dqp� wfr��dg4rvm´x¨b~g
osmvx�gftvgf�(}dmdopx(x¨r�wfrum~��x¨��}~w�x(¯vgf��� g�¼ w�osgfmGx(e�}~q¶x�op�dqsg��d��gnwfos�¨oprvm4rv��gn��z{x¨rv���n²
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©»g�b~z¸¯vg�}~��g@� x�©&r��do¶Æ`gf��gfmGx�x����>gn��ru¬(eKz{x¨��oswfgn�
" £"¤!L
Ñ Ð � �´¤�¢n£�KR¥ Ì ¡ # ��t~²!�Âz{m~���&%3z{m~� L Ð L
K[L #>Ì £@¢�K®� � Ì � ¤�¢f£�Kü¥ Ì ¡ # �~t~²#��%�²Da bdg4¬®ru��eKgf�K}~�¨gZ�G�Â�~o¶xK��zum~��rve opmGx¨gntugn���n²´a bdgZqsz{x¨gn�5}~�¨gZopqsq»¬®ru��eKgn��h{ÅuÅ^�dopx
osmvx�gftvgf���»wfrueK�d}�x�gn�Z�¨r5x�b~z"x(x�bdg���z{mdª�ru¬�x�bdg�e�z"x¨��op±·os� � U�V ²

³drv��z{qsq�x�bdg�x�gn��x��nÇ!wfruqs}deKm ©(os�¨g·��gn¯ugnqprv�deKgfmGx5�¨bdr"©&g@� tur�r��µ�>gf�¨¬®ru��e�z{m~wfgn��©(opx¨bD��e�z{qsq�e�z"x��¨o|w�g@�f²�j3zu}~�¨�¨o|z{m
gfqsoseOosm~z{x¨osrum ©»zv�3�¨}~mdmdosmdtÂw�ru����gnw�x�qp��¬®ru��eKgn��os}de ��osÄfg�e�z{x¨��oswfgn�n² Á»zu�¨gnos���nÃ>gnqposeKopm�z"x¨osrum o|�3x¨b~g ��g@��x�zuqptvru��o¶x�bde-zv�
�¨rGrvm�zv�»x¨bdg�zv�d��opx¨osrum~zuq�w�rG��x(r{¬�x¨bdg��dop¯�o|��osrum�os�yz{eKru�¨x¨osÄfg@� ��� x�bdg�qpgnmdt{x�b4ru¬�x�bdg�g�±��~zum~�¨oprvm�²

a bdgÂx�©»r´��opÆ>gn�¨gnmGx4e�zuw�bdosmdg@��opm�¯vruqs¯ugn�2osm\x¨b~gÂx¨g@��xZw�rumGx�z{osm�z2È&�G��op± �{±o��� ¬®ru��x�bdg ������x·rum~g^z{m~�\zum��þmGx¨gfq
�!gfmGx¨os}de ����r4¬®ru�ºx¨bdgK��g@w�rvm~�Ârum~gu²�a bdgO��ru}d�~qpgOg�±�x¨gnm~��g@���uÅ·�dopxº¬®rv�¨e�z"x3© zu��}���g@�Âx¨rZ��x¨ru��g�x�bdgKw�rueK�>rumdgnmGx��ºr{¬
x¨b~g�g�±��~z{m���osrum~�n²
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§ g(mdr"©Db�z¸¯ug z�w�rueK�dqsg�x�g(qpos�d��z{����r{¬¾z{��o¶x�bdeKg�x�osw rv��gn��z{x¨osrum~�!rvm5gf±���z{m~�¨oprvm~�#z{m��5©»g b~z¸¯ug»x�gn��x¨gn�5x�bdg��>gf�¨¬®ru��eKzum~w�g@�
r{¬�g�±��~z{m���osrum~�&rum x¨bdg�w�rveK�d}�x�z{x¨osrum ru¬�zO��e�z{qsq`��g�x�gf��eOosm~zumvx@²#�(gn�¨}dqpx�� z{��gº�G}dopx¨gUtur�r��·zum~��©(opx¨bZw�bdrv�¨gfm e�z{x¨��oswfgn�nÇ
g�±��~zum~�¨oprvm~�!b~z¸¯ug(�>g�x¨x¨gn�I��gn�¨}dq¶x��!x¨b�z{mK©(os�dgfqs�5}~�¨gn�Kqsos�d��zu�¨osgn�!qsosªugyj3½Â�!²�³dru��x¨bdg(x�bdos���K��o|z{tv��zue�Ç{x¨bdg�e�z{x¨��oswfgn�#©»gf��g
wfzu�¨gf¬®}dqsqp�^w�b~rv�¨gfmµx¨rZtuos¯ug�z�qpopx�x�qpg zv��¯"z{mGx�zutug5x¨rZx�bdg�g�±��~zum~��osrum��ºr"¯vgf��j3½Â�!² § g ��}�wfw�gngn��g@� ��osm~w�gKgf±���z{m~�¨oprvm~�Uos�
x¨b~gf��g3wfrum~��x�zumGx¨qs��x¨bdg��>gn��x��~zvw�ª¸zutugv²

a bdo|�(��opx¨}�z"x¨osrum�o|�(�¨gn�d��gn�¨gfmGx�z{x¨os¯ugUr{¬
zO}~�¨gf� x�b~z"xy�drGg@� mdr{x�© z{mGx x¨r�qsgnzu�¨m�z{�>ru}�x(x�bdg��>gnw�}~qpo|z{��o¶x�opg@� r{¬!bdo|�(w�r���gu²
�y�Uopx���x�z{m~�d�nÇ���gfx¨gf��eKopm�z{mGx��Urum�°~rvz{x¨osmdt4�>ruosmGxUgf±��~z{m~�¨osrum~�Uz{��g5z4tur�r��^�¨ruqs}�x¨osrum^¬®ru�3z·��zuw�ª"z{tvg�x¨b�z"x���bdrv}dq|����}dm
rum z{m��^�¨opx¨}~z{x¨osrum�²0��r"©»gf¯vgf�@Ç�z�b~z{m~�µx�}dmdgn� �~zvw�ª"z{tugK��x¨osqpq���gf�~�¨g@��gnmvx��3z·¬üzv��x�gf���¨ruqs}�x¨osrumµ¬®ru��z�}~�¨gf��©(opx¨b z�tur�r��
g�±��>gf��opgnm~w�g3osm�x¨bdo|� �~gnqs�¾²

�(g@��}dqpx��
rvm�x¨b~g)�{±!�a��zu�¨g»mdr{x!¯ugn�¨�3tvrGr���¬®ru�!g�±��~zum~��osrum���wfrueK�~z{��gn��x¨r�j3½Â�!²{a bdgyÈ&�G��op±>�{±!�a��o|�
ª�mdr"©(m�x�rºb~z¸¯vg
z ©»gnzuª�°~rvz{x¨osmdt·�>ruosmGxU}dm~o¶x�w�rveO��z{��gn�Zx�r4opx��Uosmvx�gftvgf�y}~mdo¶x@²�a bdgO��g@w�rum��^��o|z{tv��zue �¨bdr"©��yz4¯�os�¨os�dqpg5opeK�d��r"¯ugneKgfmGx
©(opx¨bOg�±dzuw�x¨qs��x¨bdg(��z{eKg&x¨gn��x��#zum~�5g�±dzuw�x¨qs�3x¨bdg(��z{eKg �d�¨rvtu��z{eZ²�a bdg g�±��~zum~�¨oprvm�qsop�d��z{����}~�¨gn��x¨b~g&°�rvz"x�opm~tº�>ruosmGx!}~mdo¶x
©(bdgn�¨g@zu�(j3½Â��}~�¨gn�»x¨b~g�opmGx¨gntugn�(}dmdopxn²��y��qprvmdtOzv�»x¨bdg3°�rvz"x�opm~t5�>ruosmGx�}dmdopxyw�rumGx�opm�}dg@�»x¨r����>gfg@�·}~��osmÂw�rveO��z{��os�¨rum
x¨r x�bdgZopmGx¨gntugn�O}~mdo¶x@Ç&gf±��~z{m~�¨osrum ©(osqsq���bdr"© opeK�d��gn����os¯ug���gn�¨}dq¶x��Kw�rueK�~zu�¨g@� x�r osmGx¨gntugf�Kqsop�~��zu�¨osgn��¬®ru�Kx�bdos�Kª�osm~�Dr{¬
z{�~�dqpo|wfz{x¨osrum~�n²

����opg@��x@Ã �Iz{qsturu��opx¨bde�m~gfgn�~��z{qsqdx�bdgyw�rveK��rvmdgfmGx��!ru¬`x¨bdgy�dop¯�o|��rv��z{m~�5x¨b~gy��os¯Go|��gnm~�K��gf¬®ru��g(o¶x&��gntuosm~��w�rveK�d}�x�z{x¨osrum�²

º}d�!z{qsturv�¨opx¨bde�rvmdqp����gn�G}dos��gn�/zy¬®gf© r{¬dx�bdgfos�!eOrG��x#�¨optvmdo �>wfz{mGx!w�rueK�>rumdgnmGx�����gf¬®ru��g&opx#�d�¨r���}�w�gn�/x¨b~g&eKrv��x#��ostumdo ��wnz{mGx
��ostuopx�r{¬Ux¨bdgÂ�G}dr{x�opgnmGxn² § g���z¸� x¨b�z"x�ru}d� �dop¯�o|��osrum2e�z¸� ©&rv�¨ª rvmo�ÝqsosmdgZ©(o¶x�b x�bdgÂeKrv��x��¨ostumdo ��wfzumGx��doptvo¶x��Kr{¬ºopx��
ru�>gf��z{m��d� �~����x@²»¿�g�xnÇ�x¨b~g��¨}~mZx¨oseOgO������x¨gne7z{�~qpg�x�r�x�zuªug�zv��¯"z{mGx�zutug�r{¬
x¨b~os�º�d��ru�>gf�¨x��·o|�y��x¨osqpq/x¨r �>g�w���gnz{x¨g@�¾²�
ºm~g
r{¬#}~�y�d��gn�¨gfmGx��yopm��s�uÇ`h��
z �d�¨rux¨rux��G�>g�r{¬��¨}~w�b��¨����x¨gneZ²�
U�d�d����gfe�zuopm~�(x¨b~z{xyx¨b~g�}~�¨gf�y©(osqsq/�>g��d��r"¯�os��g@��opm~�dop¯�o|��}~z{q
�~zv��o|wºx¨r�ruq|� ��z{x¨bdgn�»x¨b~zumZz5x���zum~����z{��gfmGx �¨����x�gfeZ²

a bdg�zu�d��opx¨osrumDz{m~� x�bdg�e�}dqpx¨os�dqsoswnz"x¨osrumDru�>gf��z"x�ru����opeK�dqsgfeKgnmvx�gn� opm �p�@��Ç&�
�dÇ �@��Ç#��� ru�>gf��z"x�g·qsgnzv��xK��ostumdo ��wnz{mGx
��ostuopx�� ������xn² § g�©(osqpq�osmZmdgnzu� ¬®}�x¨}~�¨g3x���zum~��¬®rv�¨e7z{qsq`x¨bdg@��g�rv��gn��z{x¨ru���&x¨r�rv��gn��z{x¨g3rumo�Pqsopmdgv²�a bdo|�(os�(x¨bdg�m~z{x¨}d��z{q���x¨gn�
x¨rKrv��x�zuopmÂz{mZzu�~z{��x�op¯vgUqsos�d��zu�¨�v²
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