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Résumé : A shape optimization problem is considered related to the design of induction hardening
facilities. The mathematical model consists of a vector potential formulation for Maxwell’s equations
coupled with the energy balance and an ODE to describe the solid—solid phase transition in steel during
heating. Depending on the shape of the coil we control the volume fraction of the high temperature
phase. The coil is modeled as a tube and is defined by a unit-speed curve. The shape optimization
problem is formulated over the set of admissible curves. The existence of an optimal control is proved.
To obtain the form of the shape gradient of the cost functional, the material derivative method is
applied. Finally, the first order necessary optimality conditions are estabished for an optimal tube.
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Un probléme d’optimisation de forme relatif & la modélisation

d’endurcissement par induction

Abstract: Nous considérons un probléme d’optimisation de forme relatif & la modélisation
d’endurcissement par induction. Le modéle mathématique consiste en une formulation potentielle
vectorielle pour les équations de Maxwell couplée au bilan d’énergie et & une EDO afin de décrire la
phase de transition solide-solide dans ’acier pendant le chauffage. En agissant sur la forme de 'anneau,
nous contrdlons la fraction de volume de la phase & haute température. L’anneau est modélisé par un
tube et est défini par une courbe de vitesse unité. Le probléme d’optimisation de forme est formulé
pour l'ensemble des courbes admissibles. Nous prouvons ’existence d’un contréle optimal. On utilise
la méthode de la dérivée matérielle afin d’obtenir le gradient de forme de la fonctionnelle de cofit.
Enfin, on établit, dans le cas d’un tube optimal, les conditions nécessaires d’optimalité du premier
ordre.

Key-words: optimisation de forme, équation non-linéaire de la chaleur, équations de Maxwell, con-
ditions nécessaires d’optimalité
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1 Introduction

We investigate the problem of finding the optimal design for an inductor coil in induction hardening
machines. The mode of operation of these machines relies on the transformer principle. A given current
density in the inductor coil induces eddy currents inside the workpiece. Because of the Joule effect these
eddy currents lead to an increase in temperature in the boundary layers of the workpiece. Then the
current is switched off and the workpiece is quenched by spray-water cooling. The solid—solid phase
transitions during this heat treatment lead to the desired hardening effect.

For an induction hardening machine there are generally speaking two control parameters. One is
the frequency of the AC—current applied. This is predefined by choosing a particular machine. Thereby,
also the greatest possibe hardening depth is fixed, since it depends on frequency through the skin effect.

The second control parameter is the shape of the inductor coil. These coils are made individually
for the specific workpiece from long copper tubes of quadratic or circular cross section. The design of
decent coils for specific hardening purposes up to now mostly depends on experience.

However, there is a growing demand in industry for a more precise process control, mainly for
two reasons. One is the general goal of weight reduction especially in automotive industry, leading to
components made of thinner and thinner steel sheets. Surface hardening of these sheets is a very delicate
task, since one must be careful not to harden the complete sheet, which would lead to undesirable
fatigue effects. The second one is the tendency for using high quality steels with only small carbon
content, which again demands for a very precise process control, now for metallurgical reasons, since
the hardenability of a steel is directly related to its carbon content.

There are already numerous papers on modeling and simulation of induction heating machines, e.g.
[6], [8], [10], [14]; results on the mathematical analysis can be found in [2]. Models for phase transitions
in steel have been investigated in [10], [12] and [18]. Optimal control problems in the case of laser
surface hardening have been considered in [1], [13], and for a 2D induction heating problen in [3].

In this paper for the first time a control problem for the 3D induction heating process including
phase transitions is investigated. In Sec. 2 we derive the model, consisting of a vector potential formula-
tion of Maxwell’s equations, the balance of internal energy and an ODE to describe the phase transition
during heating, and prove its well-posedness. In Sec. 3 we formulate the shape design problem for the
inductor coil modeled as a tube with circular cross section. In Sec. 4, we prove the existence of an
optimal design and finally in the last section first order necessary optimality conditions are derived.

2 The state equations

2.1 The vector potential formulation of Maxwell’s equations

We consider the following slightly idealized geometric setting (cf. fig. 1). Let D C IR? with suf-
ficiently smooth boundary and Q C D be the coil. Its boundary 9 is dissected into two parts. In
I’y the normal component of the current density will be prescribed, this is where in reality the coil is
connected to the primary circuit of the hardening machine. ¥ is the workpiece to be hardened and
G := QU X the set of conductors. Moreover, we define @ = ¥ x (0,7T).

In eddy current problems we can neglect displacement currents, hence we consider the following
set of Maxwell equations:

curl H = J, (2.1a)
curl E = —B (2.1b)
divB = 0 (2.1c)

RR n" 3782
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FiG. 1 — The setting

Here, E is the electric field, B the magnetic induction, H the magnetic field and J the current
density. In addition we consider the following linear constitutive relations

J = oFE, inD,
B = uH, inD,

with the magnetic permeability p and the electric conductivity o. We assume zero current density
outside conductors, i.e.

()_ 00>0, iné, -
TEI=9 o, in D\ G,

The magnetic permeability takes different values in the coil (usually made of copper), in the workpiece
and in the surrounding air. Hence, we assume

B, in Q
p(z) =< pe, inX (2.2)
B3, in D\ (QUZX).

Using (2.1a,b) one now introduces the magnetic vector potential A and the scalar potential ¢ such that

B = curl 4, (2.3)
E = —A;— grad ¢. (2.4)
INRIA
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Then, Maxwell’s equations (2.1a—c) can be rewritten in the following way:

1
cA; + curl (— curl A) +ograd ¢ =0, in D.
1

The scalar potential ¢ is determined by the continuity equation div J =0, i.e.

— div (0 grad ¢ + aAt) -0, inG.

Since B is not uniquely defined by (2.3), we impose the Coulomb gauge
div A =0.
Then (2.5b) can be reduced to the Laplace equation
—-A¢p=0, inG

with boundary condition

—0 % _ jga in Pla
%n 0, in 8% UTs,

with T's = 0Q \ I'y.

(2.5a)

(2.5b)

(2.7a)

(2.7b)

The system (2.7a,b) is a linear elliptic problem, which can be solved separately in  and . At the
workpiece boundary 0%, we have homogenous boundary conditions, i.e. the solution is constant in 3.

Since only the gradient enters in (2.5a), we restrict the domain of ¢ to the coil €.

Assuming that the tangential component of A vanishes on 9D, i.e.
nxA=0,
we introduce the spaces
H(curl,D) = {v e L*D); curl v € L*(D)},
Hy(curl,D) = {v € H(curl,D); n x 'u‘aD = 0},
H(div,D) = {v e L*(D); divw e L*D)},

(2.8)

where L denotes the vector-valued counterpart L = [L]® for any real-valued Sobolev space L. Then,

there holds (cf. [7]):

Hy(curl,D) N H(div,D) = {v € HY(D); n x U‘aD = 0}.
Finally, we introduce the Hilbert space
X = {v € Hy(curl,D); div v = 0},
which is a closed subspace of H! (D), equipped with the norm
[vllx = [ curl vl[g2(p)
and recall the Green’s formula

<n><f,g>:/ curlf-gda:—/f- curl gdzx,
D D

(2.9)

for all f € H( curl ,D) and g € H'(D), where < .,. > denotes the duality pairing between H=1/2(9D)

and H'/?(dD).
We assume
(H1) j, € H(0,T; H'(T'1)), such that [ jodz =0, and [ jy:dz =0,
RR n° 3782 I s
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(H2) Ay € X.
Using (2.8) and (2.9) we obtain the following weak formulation of (2.5a), (2.7a,b):
Find (A4,¢), such that A(0) = Ay,

U()/At-valac—{—/1 curl A - Curlvd$+JO/V¢-vdm = 0, (2.10)
G p# Q
JO/VqS-Vud:B-i-/jgudw _ (2.11)
Q Iy

for all v € X and u € H'(9).
In view of (H1), we obtain easily:

Lemma 2.1 Assume (H1), then (2.11) has a solution. Moreover, V¢ is uniquely defined and satisfies

Vol a10,1i2) < C,
where C' only depends on T and j,.
We assume further
(H3) There exists yo € X such that

1
ao/yo-udw—l—/p curl Ag - Curl'uda:—i—ao/Vg{)-Vudw:O,
G D Q

for all v € X, where ¢ is the unique solution to (2.11) (cf. [16]).
Then, we have

Lemma 2.2 Assume (H1)-(H3) and let ¢ be the unique solution to (2.11). Then, (2.10) has a unique
solution A € L*(0,T;X). Moreover, there exists a constant C > 0 such that

| Atll 20,7504y < C-

Proof:
Uniqueness follows from standard arguments. To prove existence, we fix M € IN and define h =
T/M, A° = Ay, and

S| =

mh
§"(z) = / $(z,t)dt  for m e {1,... M}.
(m—1)h

Then, we consider the time-discrete version of (2.10):
1
ao/éhAm -vd:v-l—/— curl A™ - curl vdw-l—oo/V(;Sm -vdv =0 for all v € X, (2.12)
G D K Q
for m € {1,...,M}, with §,A™ = £(A™ — A™~1).
Owing to (H2), the first two terms in (2.12) define a coercive bilinear form on X, hence applying

the Lax—Milgram lemma, inductively we obtain a unique solution A™ to (2.12) for m € {1,...,M}.
Next, we insert v = A™ — A™~! into (2.12) and sum up for m = 1,...k:

k k
00 Z h/ |5hAm‘2d:1: + Z /1 curl A™ - ( curl A™ — curl Am_l)dw
m=1 G m:lG H

a m m m—1 _
+002/V¢ (A™ — A™ Ydz = 0.

m=1¢ INRIA
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Using the inequalities of Young and Hélder, we obtain

b m m m—1
o0 Y [ Ve (Am - A )

m:lQ
k
< %Zh/\wf"\ dr + 20 Zh/|6hAm‘ dz.
m=1
Routine calculations show

Z /— curl A™ . (curl A™ — curl A™™ l)d
m= 1G

1
= Z /—‘ curl A™[*dz — Z /— curl A™ . curl A™ !dg
gt m=lg
d 1 m m—1 1 k|2 1 02
= Z —CurlA — curl A ‘da:+/—‘cur1A|dm—/—‘curlA|d:1:.
2u 2u
m= 1G G G

Hence, using Lemma 2.1, we obtain

oo & 2 1 L2
?mZ:th(ShA |L2(G) 201 1<k%\/[” curl A |L2(D)+
2#1 Z H curl A™ — curl A" 1HL 2(D) < ey, (2.13)

with a constant ¢; independent of M.
To obtain higher regularity, we take the difference of (2.12) for m and m — 1 divided by h,

1
00/5,21Am-vdx+/p curl §,A™ - curlvd:v+oo/V6h¢m-'udx:0 for all v € X,

with 02A™ = 3 (6, A™ — 6,A™1). In view of (H3), we define 6, A® := yo. Then, the previous equation
is valid for m € {1,...,M}.
Putting v = §,A™ — 6,A™ !, in the same manner as above we get
Z poham];

—— max H curl 6, A* ? +

LG 2,u1 1<k<M L*(D)

2/“ Z [ curl 847 — curl a7t <o,

with a constant co independent of M.
Now, we define approximating functions

Ap(t) = A™+ %(Am — A™1) for t € [(m — 1)h,mh],
A, = A™, for t € ((m — 1)h,mh).

In view of (2.13), we have

IN

||Ah||H1(0,T;L2(G))mLoo(o,T;x) C3, (2.14a)
||Ah||L°°(0,T;X) < ey, (2.14b)
RR n " 3782
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and

- h )
| Ap, _AhH%?(O,T;X) < 3 Z /‘ curl A™ — curl A™ 1‘ dx — 0,
D

m=1

for h — 0. Thus, we have the convergences

A, — A,
Ah—)z‘i,

Moreover,

and A is a solution to (2.10).
Now, let y,, = dbA™ and

weakly-star in L°°(0,7; X) N H(0,T; L%(Q)),

weakly-star in L*°(0,7; X).

~

A=A a.e. in D x (0,T)

AV() = ym 4 Emhm ™1y for ¢ € [(m — 1)h,mhl,

Ah(l) = ym’
As before, we get

Agl) —

Ag) — 9,

for t € ((m — 1)h,mh].

weakly-star in L>(0,7;X) N H(0,T;L%(G)),

strongly in L?(0,T;L?(G))
weakly—star in L*°(0,7; X),

and y = ¢ a.e. in D x (0,T). On the other hand, we have

AV = 4,, — A,

Hence, we conclude

y= A a.e. in G x (0,T).

Using Sobolev embedding theorem we finally obtain

I Aellnao,rLa@)) < Yllpeo,rx) < ca-

2.2 Energy balance and the formation of austenite

weakly in L?(0,T; L?(G)).

(2.15)

A good measure for the hardness penetration depth in the workpiece is the formation of austenite
during heating, which can be described by the following initial-value problem derived by Leblond &
Deveaux [15] (for details, we refer to [10]):

z(0) = 0,
1

at) = oo -4"

(2.16a)
(2.16b)

where z is the volume fraction of austenite and 6 the temperature. To avoid technical difficulties,

we assume for the positive part function [.]* and the temperature dependent coefficients a,b:
(H4) [z]t = z - H(z), where H is a regularized, smooth Heaviside function,

(H5) b € CHL(IR), b(x) € [0,1] for all z € IR,

INRIA
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(H6) a € CH1(IR), m < a(z) < M for all z € IR, and constants 0 < m < M.
We consider the following semi-linear energy balance equation:

2
pept — div (k grad 6) = —pLz+ ool , in 3 x (0,T) (2.17a)
% = 0, ind%x(0,T) (2.17b)
0(.,0)0 = 6y in 3. (2.17¢)

P, Cp, k, L are density, specific heat at constant pressure, heat conductivity and latent heat, assumed
to be constant. The first term on the right-hand side of (2.17a) measures the latent heat inside the
workpiece 3, which is consumed during the formation of austenite. The second one describes the Joule
heating og|E|?, cf. (2.4). Note that V¢ =0 in X.

Using the results of [12], we can easily prove

Lemma 2.3 Assume (H})-(H6) and let 6y € H'(Z). Then (2.16a,b), (2.17a—c) has a unique solution
(2,0) € WH=(0,T; L*(8)) x H>N(Q).

Here, we have used the abbreviation Q = X x (0,7).

3 The shape design problem

The technological aim is to obtain a certain, possibly uniform penetration depth of austenite inside
the workpiece. The most important control parameter to achieve this goal is the shape of the coil €.
Hence, we consider the following cost functional:

J(Q) = /E ((e.T) - 2(2))” da, (3.1)

where Z is a given distribution of austenite.

Note that the cost functional depends on €2 only implicitely, through the solution to the Maxwell
equation (2.10).

Inductor coils are manufactured from copper tubes with approximately quadratic cross—section. For
convenience, we will consider tubes with circular cross-section. These tubes can easily be generated
from curves in the following way (cf. Gray, [11]).

Let v : [0,]] — IR3 be a unit speed curve, i.e.

|T(s)| =1, s € [0,1],

where T'(s) = 4/(s) is the unit tangential vector. Since the arc-length of a unit-speed curve is given by

t
| 1 Gs)ids =+,
0

unit-speed curves are said to be parametrized by arc length. If the curvature k(s) = |y”(s)| does not
vanish, we can define the unit normal and binormal vector fields N and B, respectively, by

1
N(s) = —T'

() = T
B(s) = T(s) x N(s).
If k(s) = 0, one can easily choose two vectors N, B to form an orthogonal system with 7'(s).
RR n " 3782
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Then, the tube with circular cross—section R > 0 corresponding to  is given by
Q=Q(y) ={wy(s,,9) |0 < s <1,0<r <R,0< 9 < 2m},

with

wy(s,m,9) = v(s) + rcos YN (s) + rsindB(s). (3.2)
The faces of the tube, i.e. the parts, where the inductor is connected to the hardening machine (cf.
(2.7b)) are defined by

I' = {wy(0,r,9) |0 <7 <R,0<Y <27} U{w,(,r,d)|0<r<R,0<YI<2rm}.
The lateral boundary is parametrized by
'y = {wy(s,R,9) |0 < s <[,0 <9 <27},

Therefore, 0Q =T'1 U 5.
Even simply connected curves may generate tubes with intersecting parts. For obvious technical
reasons this case has to be excluded. To this end we introduce the notion of reach (cf. Federer [9]).

Definition 3.1 (Federer, 1959)
Let Iy = {v(s),s € [0,l]} be the trace of y. We call Unp (I',) the set of all points x € IR®, for

which there exists a unique projection onto I’y. Fory € I, we define
reach (I'y,y) = sup {’f‘ Az €R3, |z —y| <7} C Unp (1"7)}, and
reach (I'y) = inf {reach (Iyy),y € I’}.

In other words, reach of a subset B C IR" is the largest € such that for all z in an e—surrounding of
B, there exists a unique projection onto B. If B is convex, then reach (B) = co. On the other hand, if
B is concave with a reentrant corner, e.g. an L-shaped domain, then reach (B) = 0. In our situation,
to avoid too narrow twists of the curve 7, we demand

reach (I'y) > R+, (3.3)

where § > 0 is a given positive parameter and R is the tube radius.
Now we can introduce the set of admissible curves
Uaa = {7 : [0,]] = R*\ Ug45(%), |9'| =1 in [0,],reach (I',) > R+ 4,
0 <Ly <1< Lo, |[yllmapy < M,v(0) =~(1) =0,
7' (0) =7'(1),7"(0) ="(1),7"(0) =+" (1)},

the corresponding set of admissible domains

Uaa = {Q2(7) , 7 € Uad},

and give a precise definition of our control problem, which reads

(CP) Minimize J(2), given by (3.1)
subject to
Q€U
and the state equations (2.10), (2.11), (2.16), (2.17).

Note that (CP) is a non—convex optimization (control) problem due to the non—convexity of Uyq
and of the cost functional.

For the derivation of optimality conditions it will be convenient to introduce perturbations of the
admissible curves, hence we introduce the further notation

I(y) = J(Q()). (3.4)
INRIA
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4 The existence of an optimal domain 2*

Theorem 4.1
Assume (H1)-(H6), then (CP) admits a solution Q° € Uyyq.

For the proof we take a minimizing sequence {2} C Uyq for (3.1). We have Q,, = Q(v,) and
Yo & [0,ln] = R™\ Us(X2). We extend ~y, by defining

3
Ya(8) = D AP (1) (s — 1n)F,  for s € [ln,Lo].
k=0

Hence {,} is bounded in H*(0,Ls) and there exists a subsequence (still indicated by n) satisfying
Yo =" in C3(0,Le).

Extracting possibly a further subsequence we also have I,, — [* € [L1,Lo]. Obviously, v is a unit-speed
curve satisfying also (3.4). Let P = 0 be the prescribed endpoint of the curves defined in U,q4, then

[¥n(1*) = P| < |yn(ln) = P| + |vn (") — v (ln)| < cl* =1, — 0, for n — oo.

"

In the same manner, we obtain v* (0) = * (I*), v (0) = v*" (I*) and +*" (0) = v*"" (1*), and thus, we
have Q" = Q(v*) € Uyg.

For an arbitrary curve -y the lateral boundary I'y of the corresponding tube is parametrized by the
function @, (s,9) = wy(s,R,¥) defined in (3.2). The normal and binormal vectors N(s),B(s) depend on
the second derivative of -y, therefore @, (s,9) is a C! function and the lateral boundary I'y is uniformly
Lipschitz continuous, with a Lipschitz constant depending on M in the definition of the family U,q4.
Therefore, for the sequence {€,,} corresponding to our subsequence of curves {v,} selected above, we
have the following properties:

D\ Q, — D\ Q* in the sense of Hausdorf metric, (4.1a)
Xn = Xa, — X = Xq« in LP(D) for all p < oo, (4.1b)
for all K CC Q" there exists N such thatK CC €, for all n > N. (4.1c)

We refer the reader to [5] for the compactness results in the class of uniformly Lipschitz domains.
Using these properties, in the following Lemmas we are going to pass to the limit for n — oo in the
state equations and show the convergence of solutions, which implies J(Q,) — J(2') and, therefore
the existence of an optimal domain Q" = Q(y*).

We begin with the equation for the scalar potential (2.11). Denoting

—— ] Véu(z) .z €y,
Vn(z) = { 0 2 €D\ Q.

we have
- / XV - Vudz + / joudz =0,  forallue H'(D). (4.2)
D Iy

and obtain

Lemma 4.1 There exists a subsequence satisfying

Vén — Vé strongly in H'(0,T;L?(D)). (4.3)
RR n " 3782
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Proof:
Since {V¢n} is bounded in L2(0,7; L2(D)), (4.3) holds weakly in L2(0,7; L2(D)). Moreover, taking
u = V¢, in (4.2) we have

and thus, strong convergence in L?(0,7;L?(D)). Differentiating (4.2) formally with respect to ¢ and
reasoning as above completes the proof. O
Now, we consider the equation for the magnetic vector potential (2.10). We denote

M1 ,il’l Q_na
/‘n(m) = K2y in Ea L o
ps ,in D\ (Q,UX)=D\G,,

which can be expressed using characteristic functions as

P = f1Xn + poxs + p3(l — Xn — X3)-
According to (4.1b), we have

pn — pin LP(D) for all p € [1,00).

We rewrite (2.10) as

Uo/A -vdx + —curlA”- curlvdx—l—ao/vfaﬁ/n-vdmzo.
fin

Making a priori estimates analogous to the discrete ones of Lemma 2.2 (cf. (2.14), (2.15)), G, = Q,UX,
we obtain

Lemma 4.2 There ezists a subsequence {A™} satisfying
A" — A, weakly-star in L*°(0,T; X)
., A} — xgAi,  weakly in L?(0,T; L?(D)),
A} 5 Ay, strongly in C(0,T; LA(%)).

The equations for temperature and phase transition (2.16),(2.17) depend only implicitely on the
shape of €, namely through A™. Standard a priori estimates for this system yield

||z||W1’°°(0,T;L°°(E)) + ||9||H2,1(Q) <c,
with a constant ¢; independent of n. Hence, using Lebesgue’s convergence theorem we obtain

Lemma 4.3 There exist subsequences {0,},{zn} satisfying

0, — 6, strongly in C([0,T]; H' (%)),
Zn — 2, strongly in C([0,T]; L*(X)).

In view of Lemmas 4.1 — 4.3, we can pass to the limit in the state equations (2.10), (2.11), (2.16),
(2.17) and in the cost functional (3.1), which concludes the proof of Theorem 4.1.

INRIA
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5 Necessary optimality conditions

5.1 Introduction and main results

We propose the following procedure in order to derive the first order optimality conditions.

Let Q = Q(v) be an admissible domain. First, we investigate J(€2) using the speed method [17].
Given an admissible vector field V with sup VNoQ # () and the associated mapping T, (V) : R? — IR?,
we show that there exists the limit

dJ(Q V) = Um(J () — J()), (5.1)

7—0

where Q, = T.(V)(Q2). Furthermore, the Eulerian derivative dJ(£2; V) is linear and continuous with
respect to to V. Therefore, the shape gradient gsq is supported on 92 and

dJ(Q; V) =< goa,V -v >,

where v is the outer unit normal vector on the lateral boundary of the tube (.

Next step is to relate the perturbations of 9Q by means of T (V') with perturbations of the curve 7y
in the form ~,, where ~. is a unit—speed parametrization of 7. = v+ ¢f. We associate with Q. = Q(~.)
the vector field V(8) for € = 0. To this end, for a given parametrization X, of 99, for € > 0 we just
have to evaluate

o1
V(8) = lim ~(X. - X).

The field is defined on 02 and we have
1

lim = (J(2) = J()) = dT (% V(B)) =< gaa,V (B) -v > .

Therefore, we can use the shape derivative dJ(2; V') in order to evaluate

AI(33) = i ~(1(3) ~ 10)) =< gon,V () v >

This means that knowing the form of the shape gradient gs for J(2) and of the speed vector field
V(B) on 0N associated with the deformations Q. = Q(~.) of the tube 2 = Q(v), we can evaluate the
directional derivative dI(vy; ) and derive the optimality conditions. In the same way, we can obtain
the second order derivative of I(-y) (for example for Newton’s method).

Our main result is

Theorem 5.1 Assume (H1)-(H6) then there exists an optimal curve v* and an optimal domain Q* =

Q(~*), such that the following optimality system is satisfied:
(1) The state equations (2.10), (2.11), (2.16), (2.17) written with Q* = Q(~*).
(2) The adjoint state equations:
Find (n,B,p,r) such that for all o € H*(Q*), 9 € X and £ € HY(D),

/Vn-Vgodw—l—ao/B-Vgodx = 0, ae in(0,T) (5.2a)
o o

B(T) = 0, m X (5.2b)
1
—O'Q/Bt"lﬁd.’l,‘-f—/; curl B+ curl ¥ dx
D

J
200 / (par), -9
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p(T) = 0, inX (5.2d)
—pcp/ptédsc—l-k/Vp-Vfd:c — %Tf = 0, ace in(07) (5.2e)
% 5 5
r(Tx) +2(2(Tyz) —z2(z)) = 0, inX% (5.2f)
—ry — pLp — %r = 0, inXx(0,7). (5.2g)
(8) The optimality condition
T T
/ / Ve ViV (h(B)) - vdx dt —I—ao/ / Ay - BV(h(B)) - vdudt +
0 a0 0 a0

T
+0/64 Ve BV(h(B)) - vdzdt+

T
1
+/ / [— curl A] - curl BV (h(B)) -vdxdt >0, (5.3)
0 o0* a o

for all B € Ty, ,(v*), where V(h) is the speed of 052 at € = 0 in the direction h = h(f3) given by
S

hB)(s) = B(s) - (')(s) [ () - B

0

[ is an admissible tangent direction, which defines the unit—speed perturbation . of v* by putting
Ye(s) = 7"(s) +ep(s), 0<s<I
and

Ye(s) = Ye(7:(5)),
where the parameter transformation 7. is characterized by
[Te(s)] = |7 (7e(s)) + B (7=(s)) 7
7.(0) = 0.

Admissible 8 € Ty, ,(v*) satisfy the following conditions
(i) if I* = L, then [ satisfies

Ly
Tl (m)=— [+ -pas>0,
0
if I* = Lo, then (B satisfies
Lo
% o) =~ /’Y' -flds < 0;
0

(i) if 17" | z204+) = M, then B satisfies

(h(B)Y) m(0,%) < 0.
INRIA
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Remark 5.1 Note that vy, is admissible only, if reach (v.) > R+ 6 for € > 0, small enough.

The proof of theorem 5.1 uses the following results on the shape differentiability of the shape
functional J(£2).

Theorem 5.2 Assume (H1)-H(6), then the shape fuctional J(Y) is shape differentiable at any domain
Q€U

A direct consequence of Theorem 5.2 is that we can apply the structure theorem (cf. Theorem 2.27
in [17]) and obtain

Corollary 5.1 There exists a distribution gaq supported on the lateral boundary I's C 02 such that

dJ (V) =< gaq,V-v>.

5.2 Proof of Theorem 5.2
For a given admissible domain € U,q and a speed vector field
V € C'(—m,m; C*(R%; RY)),
such that supp V O Q and supp V NE = 0, we denote
Q=T(V)(Q), 7€[0m]

the family of domains associated with the flow of the field V, in particular Qy = Q. All equations
defined in €2, can be transported to the fixed domain 2 using the transformation T, * : €, — €.

In the sequel we indicate functions on 2, with subscript 7 and functions transported to the fixed
domain 2 with superscript 7, i.e. f7 = f; o T,.

The following lemma describes the transport of div and grad to the fixed domain. The proof
can be found in [17], Sec. 2.

Lemma 5.1 Let Bi(7)~! = det(DT,)DT !, then we have

(1)
(grad ¢) o Ty =*DT- ' grad (poT,) for all o € H'(IRY),
(2) .
( divyp)oTy = $t(DT5) div (31 (1) Yo TT)), for all ¢ € HY(Q).

Using Lemma 5.1, we obtain for (2.11) and u € H'(2,)
—/jgudx = Uo/V¢T -Vudz
I Q-
= o0y / det(DT;) (VQST . Vu) oT,dx
Q
= Uo/BQ(T)V¢TV(U0TT)d$
Q
with

By(r) = B(r)DT 1 *DT Y and  f(r) = det(DT;).
RR n~°3782
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Hence, (2.11) is replaced with

- /jgu dz = ap(1,0" 1), for all u € HY(Q), (5.4)

and
Ol()(T,qu,u) = UO/BZ(T)V¢T -Vudz.

For the Maxwell equation (2.10) the situation is more complicated, since functions A, that are
divergence free on ), generally loose this property when transported to the fixed domain. Therefore
we introduce an auxiliary unknown function

n" = Bi(t) A", (5.5)
for which we have (cf. Lemma 5.1(2))
divA, =0 inQ, <= divy" =0 inQ.
In the same manner we replace the test functions v in €, with
w=DBi(r) twoT, in Q. (5.6)

Next we transport the curl operater to the fixed domain. Let e; be the unit vector in z; direction, then
we may write

T
curl A = ( div (A x e1), div (A X e2), div (A x 63))

and using Lemma 5.1, we obtain

(curl A,)o T, = m( div [B1(r)" (A" x e1)],
div [Bi(r) (A7 x e2)], div [By(7) (A7 x e3)]) - (5.7)

Invoking (5.6) and (5.7) we obtain for (2.10):

oo/—vd = Jo/det(DTT)AtT-'UOTTd:I:

= o0 [ Bar) i - wda = au(raf w),

with )
B = det(DT;) *B1(17)B = ———*DT,DT,.
1(7) = det(DT,) Ba()Ba(r) = g DI DT,
Using Einstein’s summation convention, we get for the next term
1 det(DT:
/— curl A; - curl vdzx = /M( div (A; X €;) div v x ei)) oT,dx
p D #
1
- / div [B(r)" (A7 x &)] div [Bi(r) " (v o Ty x ¢;)]d
B(r)u
D
1
_ / Sy A B B x )] div [Bi(r) ™ (Bu(rw x &) do
T
P ©
= a(rn’w).

INRIA
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For the last term in (2.10) we have

/V(;ST-vdx = /det(DTT)(VqST-v) oT, dx
Q- Q
= /det(DTT) *DT,'V¢" - By (1)w dx
Q
= /VQST -wdzx = F(V¢ w).
Q

Altogether, we have replaced (2.10) with
ay(T,n; w) + ao(r,n”,w) + F(¢",w) =0, for all w € X, (5.8a)
g = Bi(r) ' Ag o Ty (5.8b)

With these preparations we can derive the material derivatives. We begin with

Lemma 5.2 By, By, Bs, (8 are differentiable. The derivatives at T = 0 are given by

p0) = divV(0),

B{(0) = - divV(0)I+ DV(0),
BL(0) = div V(0)I —2¢(V(0)),
B4(0) = — div V(0)I 4 2¢(V(0)).

Here, ¢(V/(0)) is the symmetrized part of DV(0), i.e. £(V(0)) = 3(DV(0) + *DV(0)). For the proof we
refer again to [17], Sec. 2.13.

Corollary 5.2 For 7 > 0 small enough, we have
B(r) = 1+76(0) +o(7)
Bi(r) = I+ 7B)0)+o(7), i=1,2,3.

A particular consequence of Corollary 5.1 is
Corollary 5.3 Let 7 > 0 be small enough and g; be real-valued functions satisfying g;(7) = o(1), i =
0,1,2.
(1) For all ui,us € H(Q) we have

ao(Tyurue) = ap(0,u1,u9) + 1oy (0u1,u2) + Go(T,u1,u2),

o, (0ur,up) = /Bé(O)VmVuQ dz,
Q

Go(ruu)| < go(m) Vel o IVu2la g
(2) For all wi,wy € L?(D), we have

ar(rwi,wz) = ai1(0wi,wa) + oy (0,wr,w2) + &1 (7,w1,w2),

@, (0,w1,we) = /Bé(O)wl - wo dz,
G

@ (rwiws)| < g () wall gy s oy

RR n " 3782
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(8) For all wi,wy € X, we have

az(T,wr,wz) = oag(0wi,we) + Ta,  (0,w1,we) 4 da(T,w1,w2),

/
a,, (0,wy,w9) = —/w curl wy - curl wydz + / 1 div [(Bl_l)'(())('wl x €;)] ( curl wsy); dzx
7 Jou
1
+/ﬁ div [BY(0)wy x e;] ( curl we); dx
1
+ / - (curl wn); div [(B7Y(0)(wz x )] de
-l-/ ( curl wy); div [B](0)w; X e;] dx,
D

Ga(rwnwa)| < ga(r)llwnlx [lws]x-
Using Corollary 5.1, we can prove

Lemma 5.3 (Stability)
Assume (H1)-(HG6), then there exists a constant C > 0 such that
(1) V¢ = ¢l g1 o,r5200)) < C -7l
) In" — Allz20,rix) + 177 — Aellpao,r;we
(3) 2" = 2|z 0,72 (2)nL= 0124y < C 7
(4) 167 = Ollg21(q) < C-|7l.

ay < C-7l,
|7

Remark 5.2 (27,07) is the solution to (2.16),(2.17) where Ay in (2.17a) has been replaced with nf . In
view of (5.5) we have nj = A] = A, on X.

Proof: According to Lemma 5.1 we have Ba(7) = I + 7B,(€) for 7 small enough and & € (0,7).
Using (H1) this gives immediately
IV |l e 0,01200)) < @

independent of 7. Moreover, we have

= O‘O(T7¢Tau) —Qp (O,(}S,U)
— a0(0.47 ~ ) +7 [ B4V - Vuda.

Q

Inserting u = ¢” — ¢ and using Young’s inequality we obtain

IVé™ = Vollr20,r12(0) < caltl-

Since the same estimate holds true for ¢] — ¢, assertion (1) is proved. In the same way, writing
Bi(t) = I +7B(£), Bs(r) =1+ 7B4(£), (note that (By')' = —B}), we obtain

17" |2 0,r3x) < c3,
independent of 7, and, defining
6y = Bi(1) "y o T; (5.9)
(cf. (H3) and (5.8b)), we get

In{ a0, 714(a)) < ca-
INRIA
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Now we take the difference of (5.8) for ™ and A and obtain

0 = 041(”'>77tTaw) + 042(7'5777@) + F(¢T7w) - Oé]_(O,At,’U}) - QQ(OaAaw) - F(¢7w)
= (0]~ Avn) + 020377 ~ Aw) + F(@ — 60) + 7 [ B&iwde + 760" w),

with a function G that satisfies
|G (w1,w2)| < esllwillx - [|[wellx-

Putting w = ™ — A and integrating in time leads to

/| "(t) — |2da:—|—//—|curl (" — A)|? dz dt

t
<[ [1v - n—ﬂMﬁ+—/% Aof? da
0 D

+m%/mwfmf—mu+m%/wmw@ww-mm@-
0 0

Applying the inequalities of Young and Gronwall and using (5.8b) the first part of assertion (2) is
proved. Differentiating (5.8a) formally with respect to time, making the same computations as before
but using (5.9) finishes the proof of assertion (2).

Now, we test the difference of (2.16) for 27 and z with z; = 2] — z:. Using (H4)-(H6) and Young’s
inequality, defining § = ™ — 6, we obtain

t t

[ [ < 4] [ O

0 X 0

¢
C7//92dxds+08//22dmds
0= 0=

Invoking Gronwall’s inequality leads to

IN

IA

12l zr10.1;02(5)) < eollOllL2(q)- (5.10)

Next, we test the difference of (2.17) for ™ and # with 6; and apply the inequalities of Holder and
Young to get:

t _ P o
pes / / 2 duds + 5 / Vo) deds
0 X P
t t 9
L//Zsésdxds+00//‘(77§ — As) - (ns + As)

/mwﬁ+m/WMmﬂwyﬂm Al I + Aslace
by

dxds

VAN

IN

PCp
2

O\H_

Using (5.11), assertion (2) and Gronwall’s inequality, we get

161l oo (0,711 () (0,7322(x)) < €r2| T
RR n " 3782
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In view of the last inequality we can test the difference of (2.16) for 2™ and z with 2z, apply the
inequalities of Young and Gronwall and obtain

121 oo (0,13 24(x)) < ca3lT].

Testing (2.17) with —A@ making the same computations as above finishes the proof. O

Remark 5.3 All the unknowns depend on the shape of Q2, either explicitly as A™ and ¢ or implicitly

as 0" and z”. For all these quantities, we call

f':lime_f

T—0 T

the strong material derivative of f, whenever the limit exists in the strong sense.

Our main result in this subsection is
Lemma 5.4 (Strong material derivatives)
Assume (H1)-(H6), then the following are valid:
(1) The strong material derivative
Vé exists in H(0,T;L2()),
A egists in L®(0,T; X) and WH4(0,T; LY(Q)),
% erists in H'(0,T; L*(%)),
0 exists in H>(Q).
(2) Moreover, ($,A,%,0) satisfy the linearized state equations

ao(O,q'S,u) +ao,(0,0,u) = 0, forallue H'(Q), (5.11a)

a1 (0,A4,w) + a(0,A,w) + F(dw) (5.11b)

+a1,,(0,4;,w) + a2 7(0,A;w) = 0, forallweX, (5.11c¢)

A(0) — DAV (0) + B,(0)4y = 0, inD, (5.11d)
. Of , Of. .

_ gLy — A1

% 890 577 0, inQ, (5.11e)

20) = 0, %, (5.11f)

pcpét — kAD + pLz — 200 A - At = 0, inQ, (5.11g)
90 .

5 = 0, nd% x(0,1), (5.11h)

6(0) = 0, inX, (5.11i)

where f is the right-hand side of (2.16b).
Proof:
Similar to the proofs of Lemma 2.1-2.3 one can show that (5.11a-i) has a solution and that
(ng'S,A,é,O') are uniquely defined. It remains to show that these solutions are the strong material deri-
vatives. To this end let

V=1 - - (512
then according to Corollary 5.3(1), (5.4) and (5.11a), 9" satisfies
aO(OawTalu’) = _%(QO(TﬂsT’U’) - a0(0a¢Tau)) - Oz()(O,QZ.S,’U/)

1. T
= aO,T(Oa¢ - ¢Tau) - ;a0(01¢ 7u)
INRIA
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Integrating in time, inserting u = 9" and using Corollary 5.3(1) once again we obtain

VY™ 20,712 (02)) = O(7)-

Since the same computations hold for V¢, the first part of assertions (1) and (2) is proved.

Next, defining
1 .
pT = _(UT _A) - Aa
T

and using (5.12) and Corollary 5.3, we see that p” satisfies
T T 1 T
a1 (0,07 w) + ax (0.p7 w) = = (F(¢7 ) — F($,w))

1 1

_ - T _ O T _ - T _ 0 T
T@mmww a1 (O w)) = ~ (e w) — 02 (0" )

+F(¢7w) + ajr (OaAtaw) + g r (O,A,’LU)
= _F(¢Taw) — Q1,7 (OJYtT - Ataw) - a2,T(0177T - A),'LU)

1_ , 1._ 'r
Tal (Tant ,’LU) Ta2 (7',77 ,’LU).

We take w = p” and integrate in time to obtain

% p T|2d~77__/|p0|2d-75+//—| curl p” |2dxds

t

< cl//|pT|2dx+(5//l| curlpT|2dwds+02//|ntT—At|2d:vds
w

0 0

,

4—//—| curl n7 — curl AJ? dxds—|—03//|v¢r|2d:1:ds+0( 2). (5.13)
0D 0

Using (5.8b), the second term in (5.13) gives

1 .
[ 15 ds = [1=(Bu(r) 4 o T, — Ao) — Aofds.
G G

According to [17], Sec. 2.14, 7 + Ag o T’ is differentiable with

d
—(AgoT.
dT( 0° T)Tz

L= DAV (0),

hence
AgoT,. = Ag + TDA()V(O) + 0(’7‘).

Moreover, Corollary 5.2 implies

Bi(r)! =1 - 1B}(0) + O(?).

[ 132 do = (7).
G

Taking ¢ small enough and invoking Gronwall’s Lemma, we obtain from (5.13)

Altogether, we obtain

1973w ey + | 1971 = O,
RR n " 3782



Dietmar Homoerg , Jan Sokotowsk:

Now, we differentiate (5.8) formally with respect to time, using (5.9) as initial condition and make the
same estimates as above. Reasoning similar to the end of the proof of Lemma 2.2, we obtain

Pt |4 (0,m514(c)) = O(7)- (5.14)

To prove the differentiability of 87 and 27, we first remark that there exists a constant C' > 0, such

that _
101 2.1 (@) + 121l 51 0,7502(2)) L (0,1504(x)) < C-

We define
1 .
qg = ;(97 -0)—¢6
r’ = l(zT —2z) — 2,
T
then, (¢",r") solve
pepd” —kAG = —pLr” +oor|Aif? + oop] - (241 + 2y + 7] (5.152)
1 of . of
T —_ - T T
o= (£6727) + £(8,2)) - 50200 — 5-(0,2)2 (5.15b)
=: G(7) (5.15¢)
o _ g T=0, r7(0)=0 (5.15d)
81/ ? q ? . -

Owing to (H4)-(H6), we can apply Taylor’s formula to develop G(7) and obtain (with a constant
£ €0,1])

. 0 . 0
G = [2(70+7a" +0)z 4767 +2) — 1(6.2)) - 0.0~ L 8.2)3
= (¢ +9)g§(9+57(q7—i—é),z—i—fT(rT—i—z'))
07290+ er(a ).z +Er67 +2) — 20,00 - T (6,2)4
< eald” sl 161 (0 + (a7 +0).z + €707 +2) — 92 (0,2)

0
L 0,2)

(s + col 71161 + es|rl|2]) la"| + I7] (cs6? + csld|2]) + (cs + cz|l[0]) 17| + col2]|2" — 2].

+\z’||%(0 +E7(q" + )z + E7(r7 + 2))

AN

Invoking Hélder’s inequality, Sobolev’s embedding theorem and Lemma 5.3(3), we can conclude

t t
. 2
JI6MIEmds < 0+ / [ea+ cotrlion + csll2D)] .

)||q7||%rl(z) ds

t
[ (oo +colrllBllm) )12 sy s
0

Now testing (5.15b) with r] and applying Gronwall’s and Young’s inequality leads to

t

t
1 T
5//7" dzds < O(t )—l—cl)/H(C4+ce|TH0|+cs|7'||z|) L4(®) g ||§{1(z) ds.
0 0 INRIA
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The proof is concluded by testing (5.15a) successively with ¢f and —Agq", taking into account the
previous estimate as well as (5.14) and Gronwall’s inequality. m|

Using Lemma 5.4, we see that the Eulerian derivative (5.1) exists and that it is linear and continuous
with respect to V. This concludes the proof of Theorem 5.2.

5.3 Proof of Theorem 5.1

Let v be an optimal solution and 7. = 7 + eh + o(¢) in C? be an admissible perturbation of the

curve v (cf. Appendix). Then,
I(ve) > I(7), (5.16)

where I is defined in (3.4). In view of Theorem 5.1, we have
J(Qye)) = J(Q(7) +edJ(Q(y); V(h)) + ofe)-

Hence, from (5.16) it follows that
dJ(Q(y); V(h) 20

for all admissible directions € C®; and in particular

!
dI{y;h) = lim ~[I(y) = I()] = dJ(2(); V().

Applying the structure theorem (cf. Corollary 5.1) we obtain
dI(v;h) =< gaa; V/(h) - v > .

In general, ggq is a distribution. Assuming that the density ggo is a function, it can be identified in
the following way. Utilizing a general strategy to derive the first order optimality system described eg.
by Cea in [4], we introduce the Lagrangean

L (¢, 77, A,B;0.p,z,r) = J(Q)

+//v¢ Vnda:dt—// i dzdt

0 Q. 0TIy
T T
+// A, B+ cul A curlB]dxdt—i—ao//ngS-dedt
e
D 0 Q.

+ [pcpﬁtp +kV6O-Vp+ pLzip — 00|At|2p] dxdt

/ r dxdt.
p)

Here, Q. = Q(7.) and 0§ = 0y in Q. and 0 otherwise.

The adjoint state equations are obtained for € = 0 by differentiation of the Langrangean with respect
to the state variables, i.e. < 22 3¢ ;o >=0 gives (5.2a), < %—ﬁQ; 1 >= 0 gives (5.2b,c), < %Q; £E>=0
gives (5.2d,e), < ‘950 s w >=0 gives (5.2f,g).

It is easy to see that the linear system of adjoint equations admits a unique solution. First of all,
one proves that (5.2d—g) admits a unique strong solution (p,r) by a contraction mapping argument in

M—

+

O g O ~—n °
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H(0,T; L%(X)). Then, (5.2b,c) is solved using Lemma 2.2 and finally standard elliptic theory shows
the solvability of (5.2a).
The gradient of the cost functional is given by the derivative

AT(y; ) = ATV (1) = 2

assuming that we have enough regularity for the solution to the state and the adjoint equations. To
derive the gradient, we make use of the following

e=0’

Lemma 5.5 (cf. Proposition 2.46 in [17])
Let f € WHL(IR3) and Q C R? with boundary of class C*,k > 1, then

(%ﬂ/fdx) Ezoz/anV-udw,

where v is the outer unit normal on OS).

Using this lemma and taking into account the different values for permeability in the tube and in
the air, we directly obtain (5.3), which concludes the proof of Theorem 5.1.

Acknowledgement
The authors gratefully acknowledge financial support by DAAD (Germany) and by the Ministry
of Foreign Affairs (France) within the scope of the French-German project PROCOPE No. 98158.

Références

[1] Arndutu, V., Hémberg, D., Sokolowski, J, Convergence results for a nonlinear parabolic control
problem, WIAS Preprint 490 (1999).

[2] Bossavit, A., Rodrigues, J.—F., On the electromagnetic "Induction Heating" Problem in bounded
domains, Adv. Math. Sc. Appl., 4, (1994), 79-92.

[3] Bodart, O., Touzani, R., Optimal control of electromagnetic induction heating 1. a two-control
parameter model, Preprint Laboratoire de Mathématiques Appliquées, Université Blaise Pascal
(Clermont-Ferrand 2).

[4] Cea, J., Conception optimale ou identification de formes, calcul rapide de la dérivée directionelle
de la fonction coit, Math. Mod. & Num. Anal. 20 (1986), 371-402.

[5] Chenais, D. Sur une famille de variétés a bord Lipschitziennes, application & un probléme d’iden-
tification de domaines, Ann. Inst. Fourier, Vol. 27, No. 4, (1977), 201-231.

[6] Clain, S. et al., Numerical modelling of induction heating for two—dimensional geometries, Math.
Models Methods Appl. Sci., Vol. 3, No. 6 (1993), 271-281.

[7] Dautray, R., Lions, J.—L., Mathematical analysis and numerical methods for science and techno-
logy, Vol. 3, Springer—Verlag, Berlin 1990.

[8] Egan, L.R., Furlani, E. P., A computer simulation of an induction heating system, IEEE Trans.
Mag. 27, No.5 (1991), 4343-4354.

[9] Federer, H., Curvature measures, Trans.-Amer.-Math.-Soc., 93 (1959), 418-491.

[10] Fuhrmann, J., Hémberg, D., Numerical simulation of surface heat treatments, Num. Meth. Heat
& Fluid Flow.
[11] Gray, A., Modern differential geometry of curves and surfaces, CRC Press, Boca Raton, 1993.

[12] Homberg, D., A mathematical model for the phase transitions in eutectoid carbon steel, IMA J.
Appl. Math., 54 (1995), 31-57.
INRIA



OUptimal shape aesign of inauctor cous jor surface haraening

[13] Homberg, D., Sokotowski, J, Optimal control of laser heat treatments. Advances in Math. Sc.
Appl. 8 (1998), 911-928.

[14] Hoppe, R.H.W., Kornhuber, R., Multi-grid solution of two coupled Stefan equations arising in
induction heating of large steel slabs, Internat. J. Numer. Methods Engrg., 30, (1990), 779-801.

[15] Leblond, J.-B., Devaux, J.,A new kinetic model for anisothermal metallurgical transformations in
steels including effect of austenite grain size, Acta Met. 32, (1984), 137-146.

[16] Kacur, J., Method of Rothe in Evolution Equations, Teubner-Texte zur Mathematik, Vol. 80,
Leipzig 1985.

[17] Sokotowski, J., Zolesio, J.-P., Introduction to shape optimization, Springer series in computational
mathematics, Vol. 16, Berlin 1992.

[18] Visintin, A., Mathematical models of solid—-solid phase transitions in steel, IMA J. Appl. Math.,
39 (1987), 143-157.

A Calculation of the speed vector field

In the appendix we explain, how the speed vector field V (h(3)) of 9(~.) at € = 0 can be computed
from a perturbation of the curve . To this end let 4. = v + ¢, then -, is the unit—speed curve

Ve(s) = (7e(s)) +eB(e(s)), 0<s<l,e>0, (A1)
where 7. : [0,l;] — [0,/] is a reparametrization satisfying 7.(0) = 0, 7.(lc) = [ and 7/(s) > 0 for all
s € [0,0].

We recall that the lateral tube boundary I's is parametrized by
Ty = {z € R®| X (u,w) = y(u) + Rcosv N(u) + Rsinv B(u),0 < u < 1,0 < v < 27}
Using (A.1) and the unit-speed property of 7., we have

Ye =7 +¢eh(B) +o(e) in C?0,l],

where

If I, > I, we of course have to extend <y in the same way than in the proof of Theorem 4.1.
We assume that the normal and binormal vector fields N¢(u), B:(u) take the form

N. = N+eNi(h)+o(e), inCHO,L],
B. = B+eBi(h)+o(e), inC'0,.].

Remark A.1 If |[y"(u)| > 0 for all u € [0,l], then we have the Frenet Formulas

T' = kN,
N' = —kT+ 1B,
B' = -7N,

where T is the torsion, and the curve 7. defines in a unique way the fields N, (u), B:(u).
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Dietmar Homoerg , Jan Sokotowsk:

The lateral boundary of 02, = 9€(~,) is defined by the parametrization
X®(u,v) = 7:(u)+ Rcosv N.(u) + Rsinv B (u)

X (u,w) + 6{h(u) + Rcosv[lf;,(gi;) - 7”|(:I),('u};l|;(u)N(u)]

+Rsinv| - 7"(1,‘32%(3)"(“)B(u) I (u) x N(u) + ﬁ:r(u) < 1'(w)]} + ofe)

in the space of continuous functions C, provided 7,8 € C3, here 0 < u < 1,0 < v < 27.
Therefore, the speed of 02, with respect to the parameter € at € = 0 is given by

Vo) = S| o)
— h(w) + Rcosv[i;, '((u“)) - 7|(;‘) ('u’;];,(“)N(u)]
+Rsinv[— 7"(?2%(5'(“)3@) + R (u) x N(u) + ﬁT(u) x h”(u)].
Remark A.2

(1) In order to have V (u,v) to be C', we need y € C*, since h depends on v'.
(2) If the condition |y"(u)| # 0 is not satisfied, we cannot use the Frenet formulas and should directly

construct the field V from the given parametrization of 0€)..
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