
HAL Id: inria-00072873
https://inria.hal.science/inria-00072873v1

Submitted on 24 May 2006

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

A Eulerian Method for Capturing Caustics
Jean-David Benamou, Ian Solliec

To cite this version:
Jean-David Benamou, Ian Solliec. A Eulerian Method for Capturing Caustics. [Research Report]
RR-3786, INRIA. 1999. �inria-00072873�

https://inria.hal.science/inria-00072873v1
https://hal.archives-ouvertes.fr


IS
S

N
 0

24
9-

63
99

   
   

 IS
R

N
 IN

R
IA

/R
R

--
37

86
--

F
R

+
E

N
G

ap por t  
de  r ech er ch e 

INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE

A Eulerian Method for Capturing Caustics

Jean-David Benamou , Ian Solliec

N ˚ 3786

Octobre 1999
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: �b� L�M P �0^�� r ^fc]�8XY^8c�Q�PR_ M a j �k���k�T�k���k�k���k���k���k�k�T�k���k���k�k���k���k�T�k�k���k���k���k�k���k�T�k� S
: � : �sZ]\gP r Xg^fc��,Xgh�n�aJhiXg_�l�h`a8\YZ]_iXgafc.h �k�T�k���k�k���k���k���k�k�T�k���k���k�k���k���k�T�k�k���k���k���k�k���k�T�k� ;
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{.�b� $�Z]\b_`X �5�~^�\YZ]P j c]PRh�h ���k���k�k���k�T�k���k�k���k���k���k�k�T�k���k���k�k���k���k�T�k�k���k���k���k�k���k�T�k� |
{.� : ¢�^ rED �Rafc]Pmh �k���k���k���k�k���k�T�k���k�k���k���k���k�k�T�k���k���k�k���k���k�T�k�k���k���k���k�k���k�T�k� |
{.� { °�aJQ[�]XYcx^8_iXgafc!a � _ M Pk_�µsa �k���k�T�k���k�k���k���k���k�k�T�k���k���k�k���k���k�T�k�k���k���k���k�k���k�T�k� }
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S;�b� L�M P �0^�� r ^fc]�8XY^8c��fP r hiXgafc �k���k�T�k���k�k���k���k���k�k�T�k���k���k�k���k���k�T�k�k���k���k���k�k���k�T�k� �
S;� :  r aJQ �F^8� r ^8c]�fXg^fc�_ia �sZ]\bP r XY^8c �T�k���k�k���k���k���k�k�T�k���k���k�k���k���k�T�k�k���k���k���k�k���k�T�k����G
S;� { $Ba r PTaJc �sZ]\gP r Xg^fc"H �0^�� r ^8cx�8XY^8con�a r`r PRh�e.aJc j Pmcxn�P ���k�k�T�k���k���k�k���k���k�T�k�k���k���k���k�k���k�T�k���8�
S;� S ��H¢  TZxQ�P r XgnR^�\ r PRh�Z]\g_`h �k�k���k�T�k���k�k���k���k���k�k�T�k���k���k�k���k���k�T�k�k���k���k���k�k���k�T�k��� :
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°s^fZxhi_`XgnRh ^ r P�n�aJQoQVaJc]\gl[af�.hiP r �fP j ^8h9^fc�afe]_`XgnR^�\.e M PRc]aJQVPmcx^�^fc j _ M P�Pm^8h`XbPmhi_9^fc j XYcf_�Z]Xg_iXg�8P j P·;c]Xg_iXgafcoa � h�Zxn M ^8coaJ�,�
tuPmn�_ r P\gXgPRh�aJcV\gXg� M _ r ^®l,h�S�^kn^fZxh`_iXYn�Xgh9_ M P�PRcJ�8PR\baJe.Pda � ^ � ^fQ�Xb\gl[a � r ^®l]h� L�M XYh9XYh ^�\Yh`a�^[e]\g^fn�P�µ M P r P r ^®l]h�n�aJcxn�Pmcf_ r ^8_iP
^fc j _ M Pkex^�_`_iP r c!a � ^onR^8Zxh`_iXYn�nR^8c�PR^8h`Xg\bl��;P j Xgh`_iXYc]�JZ]Xgh M P j ^fh�\gXg� M _dXgcJ_iPmcxh`Xb_�l�XYcxn r Pm^8h`PRh j r ^fQo^�_iXYn^8\b\glo_ M P r Po¡�T D ^8Zxh`_iXb�
D afhEU	Q�PR^fcxhF�.Z r cxXgc]�TXYcV^fcxn�XgPRcJ_�¶ r PP D £Ò� L�M Xgh�e M PRc]aJQVPmcx^�a,nRnZ r hFµ M PRc r ^®l]h ^ r Pd�;PRcJ_FPRXb_ M P r �Jl j Xb� r ^8n_iXgafc[a r �flk_ M P
�~^ r XY^�_iXgafc�a � _ M P�afex_iXYn^�\;e r aJe.P r _`XbPmh�a � _ M P�QVP j XYZxQWVJa r hiXYQoe]\glVµ M Pmco_ M P�h`afZ r nPsa � _ M P�\gXg� M _�Xgh h`Zxn M _ M ^�_9_ M P r ^®l]h � a��
nRZxh�¡ r PRQ�PmQ[�;P r _ M P�ex^ r ^8�;a8\gXgnsQ�X r�r a r hFa �*� r n M XYQ�P j Pmh�_ia�h`P_�afcV· r Pd_ M P w afQo^8cVµs^ rYX PPR_9ZxhiXYc]��_ M P r ^®l]h0a � _ M P�h�Zxc;£Ï�

v � nafZ r hiP�_ M P�^8n_`Zx^8\�e;P r n�PRex_iXgafc µsP M ^®�fP�a � _ M XYhVe M PRc]aJQ�PRcx^BXgh�c]a8_ r Pm^�\g\bl r ^®l,h�¡¬c]a�afc]P M ^8hVP�fP r af�xh`P r �8P j
^�h`Xgc]�f\bPo\gXb� M _ r ^®l.£Ò����_�µ�aJZ]\ j �;P�QVa r Po^8nRnZ r ^�_`PV_`a�h`e;PR^ D a � ^±nafcJ_iXYc,ZxZxQ a r ^�·;P\ j a � r ^®l]h� w ^®l]hT^ r Poh`XgQoe]\gl�^
nafcJ�8Pmc]XbPmcJ_0^fc j c.^�_`Z r ^8\Jµd^®lka � QVa j PR\bXYc]�k^8c j Zxc j P r hi_�^8c j Xgc]�T_ M PdZ.c j P r \glJXYc]�ke M Pmc]afQ�Pmcx^x�F�uc[_ M Xgh�e.^8e;P r «8c,ZxQ�P r XgnR^�\
Q�P_ M a j hT�x^8h`P j aJc r ^®l]h�^ r PVn^�\g\gP j �F^8� r ^8c]�fXg^fc!�;PRnR^8Zxh`P[a � _ M Po^8cx^8\baf�8l��;P_�µsPPmc r ^®l,h	^8c j e.^ r _iXYn�\gP�_ r ^~tuPmn�_ia r XgPRh�Xgc
X ZxX j Q�Pmn M ^8c]XYnhZS[�~^ r XbaJZxh�e M l]h`XgnR^�\ �,Zx^fcf_`Xb_`XbPmh�^ r P�n�aJQoexZ]_iP j �xZ]_Vafc]\gl�^8\baJc]� n M ^ r ^8n_iP r XYhi_`XgnonRZ r �fPRh�µ M XYn M _ M PRQV�
h`P\g�8Pmh j PRe;PRc j h	aJc±_ M P�e M l,h`XYnhR���uc�_ M Xgh � r ^fQ�Pµsa rED « j P_`P r QVXYc]XYc]��n^fZxh`_iXYnh	e;a8XYcJ_`h	afc r ^®l]hdXYh�Pm^8h`l8� L�M P[Qo^�XYc j r ^®µ
�x^fn D a � _ M P �F^�� r ^fc]�8XY^8c�Q�PR_ M a j Xghs_ M P j X "�nZ]\g_�l�_`a�Qo^�XYcJ_`^8Xgc!^[Zxc]X � a r Q r PRh`a8\YZ]_iXgafc�Xgc!h`ex^fn�PTP�fPRc�µ M Pmc�XYcxn r Pm^8h`Xgc]�
_ M P±c,ZxQV�.P r a � n�aJQ�e.Z]_iP j r ^®l,hR�í°s^fZxhi_`Xgn!nZ r �8Pmh[^fc j h�Z r � ^fn�Pmh�¡ XYc {��H¢�£k^ r P�_ M Pmc r PRe r PRh`PRcJ_iP j �Jl ^�n�af\b\gPRn_iXgafc a �
e;afh�hiXY�]\glíh�ex^ r h`P�e.afXgcJ_`hV�.PR\baJc]�8XYc]��_`a j Xb�*P r Pmcf_ r ^®l]hR� L�M P�nafcJ_iXYc,Z]afZ.hk�,Xgh`XbaJcíµ�P M ^®�8Poa � _ M Xgh[afe]_`XgnR^�\�e M PRc]aJQ�PRcx^
XYh	_ M P r P � a r P j X "�nZx\b_�_ia�^fn M XbPR�8P�c,ZxQ�P r XYn^�\g\gl!XYc�_ M P �F^8� r ^8c]�fXg^fc � r ^8Q�Pµsa rED ¡H^�e.aJh`h`XY�]\bP�·xp±XYh�_`a!Zxh`P[h`afe M Xgh`_iXYn^8_iP jr PRe r PRh`PRcJ_�^�_iXgafc[H®XYcf_`P r e.af\g^8_iXgafc�_`PRn M cxXg�,Z]Pmh�^8hdXYcN\ : ��]^\ �m�>] £Ò�

� c�^�\g_iP r cx^8_iP�Q�a j P\gXgcx��e.aJh`h`XY�]Xb\gXg_�l8«.XYc h`afQ�P�h`PRcxh`P[n�\gafh`P r _`a�afZ r �,Xgh�Zx^�\0e.P r nPRe]_`XbaJc³«.XYh�_`a�Zxh`P � Zxcxn_iXgafcxh j P�·*c]P j
aJcB_ M P�nafcJ_iXYc,Z]afZ.hTQ�P j XgZ.Q ^8c j µ M XYn M ^8\gh`a j Pmh`n r XY�;PV_ M P�e r aJex^��J^�_`XbaJc�a � \gXg� M _� L�M Pl ^ r P��8PRcxP r ^�\g\bl�n^8\b\gP j e M ^fhiP
¡¬a r _ r ^®�fP\b�H_`XgQ�Pka r PX D aJcx^�\Ç£s^8c j ^8Qoe]\gXb_�Z j P!¡ a r XgcJ_`PRcxh`Xb_�l.£d^fc j _ M Pl�hiaf\b�fPk_�µ�a!ex^ r _iXY^�\ j X �OP r PRcJ_`Xg^8\ PR�,Zx^8_iXgafcxh_S r PRhi�
e;PRn_iXg�8P\gl ^���^8Q�Xg\b_`afc,���J^8n�aJ�]X�PR�,Zx^8_iXgafc ^8c j ^�_ r ^fcxh�e.a r _kPm�JZ.^�_iXgafc&�� �Z.QVP r XYn^8\ Q�P_ M a j h[�x^fhiP j afcí_ M XYh[^fexe r af^fn M
^ r P�nR^�\g\bP j �sZ]\gP r Xg^fc`S�_ M P j XYh�n r P_iXg�R^8_iXgafcía � _ M P�h`Z.exe.a r _ka � _ M P�h`a8\YZ]_iXgafcíXYh�·xp]P j ^�e r Xga r X ^8c j XYc ex^ r _iXYnZ]\Y^ r j aJPmh
c]af_ j Pme.Pmc j aJc�_ M P r ^®l]h� L�M Poh�ex^8nP r Pmhiaf\gZx_iXgafc�a � _ M PocJZ.QVP r XYn^8\FQ�P_ M a j XYh	_ M P r P � a r P[PR^8h`Xg\bl�Qo^�XYcf_�^�XYc]P j ^8c j _ M P
^fnnZ r ^fn�lBa � _ M P±^8exe r a®p]XgQo^8_iXgafc j PRe;PRc j h[aJc _ M XYh r PRh`a8\YZ]_`XbaJc³�BvTc]P�XYh`h�Z]P�a � �fPaJQVPR_ r XgnoaJe]_iXYnh[Xgh[_ia � a r Qo^8\bXg�P�_ M Pr P\Y^�_`XbaJcxh M Xge �;P_�µsPPmc r ^®l]hR«0e M ^8h`P�^8c j ^8Qoe]\gXb_�Z j P8���uc ex^ r _`XgnRZ]\g^ r «0_ M XghV_ M PRa r líe r P j Xgn_`hV^8c XYc,·;c]Xg_iP±^8Qoe]\gXb_�Z j P±^�_
nR^8Zxh`_iXYnh�a r PR�,Z]Xg�~^�\gPRcJ_i\gl±_ M ^8_�_ M P[\ba]n^8\ j Xg\g^8_`^8_iXgafc r ^�_iPka � _ M Pk·;P\ j a � r ^®l]hdXYhJGx� L�M P[e r PmhiPmcf_�exXbPmn�P�a � µsa rED h M a~µ�h
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S � � ������ ����������
�[�	 � ��
�
���� � ��� ��� +

_ M ^�_�Xg_�Xgh	e.aJh`h`Xg�x\bPf«x�xZ]_�c]af_�hi_ r ^8Xb� M _ � a r µs^ r j «f_`a j P_iP r Q�XYc]P�n^fZxh`_iXYnhdXYc�_ M P%��Z]\gP r XY^8c � r ^fQVPRµ�a r D �
��_TXgh�µsP\g\ D c]a~µ�c�_ M ^�_ �F^8� r ^8c]�fXg^fc±h`a8\YZ]_`XbaJcxh«*µ M XYn M ^ r P[_ M PV�xXgn M ^ r ^fn�_`P r Xgh`_iXYnh	a � ^��fXb�fPRc��T^8Q�Xb\g_iaJc]XY^8c h`l]hi_`PRQ±«

Qo^�_�n M _ M P �sZ]\bP r XY^8c�h`a8\YZ]_`XbaJcxh9a � _ M PTn�a r`r PRh�e.aJc j XYc]���T^8Q�Xb\g_iaJc,���f^fn�af�xXxPR�,Zx^8_iXgafc�^fh9\gafc]��^8h9_ M Pl�^ r P�T`n�\Y^8h�h`XgnR^�\ UZ\ �RS�]
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Z Q ¡UPO£%R {�	 y P WNG2b ; y� :¡`�4;f£
µ M XYn M�M ^8h�^oh`Xgcx�fZ]\Y^ r Xb_�l�^8_ P7R G&b ;x�

vTc�Pm^8n M h`X j P�a � G2b ;kXg_�XYhde.aJh`h`XY�]\bP�_ia�_ r ^8nP�n�\Y^8h�h`XgnR^�\ r ^®l]h��WJP�fP r ^�\*a � _ M PRQ ^ r PTe]\baf_i_`P j XYc�·;�fZ r P	S�^8c j a � n�aJZ r hiP
_ M P r P�^ r PTcxa�n^8Z.hi_`XgnTXYc!_ M XYh�n^fhiPf�

ÈFÈ Ó'aRã�áÒâ�b
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L�M PTXYcf_`P r PRh`_iXYc]�oe M PRcxafQ�PRcx^Va]nnRZ r h�µ M Pmc�µsPTe r a]n�PRP j _iaon�afQoexZx_iP�_ M PT�,Xgh�n�aJhiXg_�l�hiaf\gZx_iXgafc³� L�M P�\gP�8PR\O\bXYc]PTa � _ M P
e M ^8h`P[^ r P�^��J^�XYc!h�Zxe;P r XgQoe;afh`P j afc�_ M P r ^®l]hdXgc±·.�JZ r P ;]��v � n�afZ r h`Pk_ M P[�JXYh�n�afh`Xg_�l!h`a8\YZ]_iXgafc j a,PRh�c]a8_ D c]a~µ�_ M ^�_�_ M P
n\g^fh`h`XgnR^�\ r ^®l]h j a c]a8_ r Pm^8n M _ M P�Q�X jxj \gP r P�8Xgafc=¡ _ M P j ^ r D �aJc]P®£T^fc j ·.\g\ghkXg_[^fnn�a r j Xgc]��_`a r Z]\gP�¡5|f£Ò� L�M P�h`a8\YZ]_iXgafc
^fn�_`Z.^�\g\blí�.P M ^®�8Pmhk^8hk^�e r afex^8�f^8_iXYc]� � r afcJ_kµ M XYn M XgcxXb_`Xg^8\b\gl M ^fh�^�n�a r cxP r ^�_ 8 R G&9�P R G&b ;x� L�M P�n�a r cxP r �8Pmc]P r ^�_`PRh
^ j X � r ^8n�_`P j n�X r nRZ]\g^ r � r afcJ_	µ M Xgn M ·;\b\YhT_ M P j ^ rED �afcxP8� L�M PV�,XYh`nafh`Xb_�l�h`a8\YZ]_iXgafc�XYQoe]\gXgnXb_`\bl��fPRc]P r ^8_iPRh j Xb� r ^8n_iP j r ^®l]h
¡¬XgQo^��fXgcxP�^ � ^8c�a � r ^®l,hdXYc�_ M P j ^ rED �Rafc]P~£Ò�)�íP r P � P r _ia&\ �4;4] � a r ^�Qo^�_ M PRQo^8_iXYn^�\ XgcJ�8Pmhi_`Xb�J^�_`XbaJc�a � _ M P�\gXgc D �.PR_�µ�PRPRcj Xb� r ^fn�_iXgafc�^fc j �,XYh`nafh`Xb_�l�h`a8\YZ]_`XbaJcxh�

��_�Q[Z.hi_��.P�h�^�X j _ M ^�_�_ M PRh`Ps_�µsa	P�*Pmn�_�h�P�px^8n_i\gl�n�a r�r PRh�e.aJc j _ia�h M a]n D ^8c j r ^ r P � ^8n�_`XbaJckµd^®�8PRh � a r h�n^�\Y^ r �	l]e;P r �.af\bXYn
nafcxh`P r �~^�_iXgafc�\g^®µ�hd\gX D P�¯�Z r �fP r hsPR�,Zx^�_`XbaJcB¡ tiZxh`_ j Xb�*P r Pmcf_`Xg^8_iP�_ M Pk��^8Q�Xg\b_`afc,���J^8n�aJ�]XOPR�,Zx^8_iXgafc!Xgc�h�ex^8nP®£Ò�

�5� � � 3*-��F)<'� a02)+3*' 3�� 02�(� 0�� 3
w Pm^�\g\bl��x^ j _ M Xgcx�fh M ^fexe;PRcoµ M PmcV_ M PRh`P�_�µsa�e M PRcxafQ�PRcx^o¡ j PRh�n r XY�.P j XYcohiPmn�_`XbaJc�{.�b��^fc j {x� : £Fn�aJQ[�]XYc]P�XYc�_ M P	e r PmhiPmcxn�P
a � nR^8Zxh`_iXYnhR��íP�^ r PTc]a~µ n�afc.hiX j P r XYc]�[^��~^ r XY^8�]\gP�XYc j Pp�a � r P � r ^8n�_`XbaJc�Qo^ j P�a � ^[nafcxh`_`^fcJ_ ex^ r _ XYc�µ M Xgn M _ M P r ^®l]h ^ r P	h`_ r ^�Xg� M _
\gXgcxPRh�^fc j ^o�fP r _iXYn^8\*\Y^®l8P r µ M Xgn M �;PRc j h�_ M P r ^®l]h�XYc±_ M P�cxP�f^8_iXg�8P�P j X r Pmn�_`XbaJc

� 
�¡UPO£%Ry� 9 /10�2AP	�@G&b ;

�¡�PO£*R � W ¡�P WNG2b ;f£�
 9)/10�2AP� G&b ;¡`�R�J£

L�M PkXYc]Xg_iXY^�\ e M ^8h`Pke r Pmh`n r XY�;PRhd^8c±XYcxn�aJQVXYc]�oaf�x\bXY�,Z]Pke]\g^fc]Pkµd^®�8P
Z Q ¡�P³£%R P� : 9¡`�®|8£

^fc j µ�Pk^ j.j ^on�aJQoex^�_`Xg�]\gP��;afZxc j ^ r l�n�afc j Xb_`XbaJc�^�_5PwR G�µ M XYn M ^�\Yhia��8Pmc]P r ^�_`PRhsXYcxn�aJQVXYc]� r ^®l]h _`a�^®�8a8X j r ^ r P � ^fn�_`XbaJc
P�*Pmn�_`h�afc!_ M Pk\gP � _	h`X j P S Z [ ¡�8:9 G,£,R �� : 9��o8:b¡`�R}J£
��_��8PRcxP r ^�_iPmh�^�h`_`^�_`XbaJcx^ r l�h`a8\YZ]_iXgafc�µ M PRc�_ M P[n�aJcf_ r XY�xZ]_`XbaJc�a � _ M P r ^®l]h�^fh`h`a]n�XY^�_iP j _ia�_ M P�XYc]Xb_`Xg^8\�°s^fZxn M l!n�aJc j Xg_iXgafcM ^®�fP j XYh`^fexe.Pm^ r P j � L�M P r ^®l]h�^ r P�e r PmhiPmcJ_iP j XYcV·.�fZ r P���^fc j µ�P�aJ�xhiP r �fP�^ � a8\ j P j nR^8Zxh`_iXYn��0��_9XYh ^8h9X � µsP�afc]\glVnafcxh`X j P rM ^8\ � a � ^VnZxh�e]X j ^�\On^fZxhi_`Xgn8��¢T^fh M P j \gXgc]P�^��J^�XYc r Pme r PRh`PRcJ_ r ^®l]h ^ � _`P r _ M PRl�ex^8h�h`P j ^[nR^8Zxh`_iXYnTe.afXgcJ_	¡ r P j h`_`^ r hÏ£Ò�0 	af_iXYn�P
_ M P j ^ rED �Rafc]P�afc!_ M P r Xg� M _da � _ M P�nR^8Zxh`_iXYn�¡ µ M XYn M Xgh��Jl j P�·;cxXb_`XbaJc!_ M PkPRcJ�fP\gafe;P�a � _ M P r ^®l]hÏ£Ò�

L�M P±�,Xgh�n�aJhiXg_�l hiaf\gZx_iXgafc XYc ·;�fZ r P�| P�p M XY�]Xg_`ho^ D XYc D \glJXYc]��afc _ M P�\bP � _Va � _ M P�nR^8Zxh`_iXYn�� ��_�XYh�e r a j ZxnP j �fl _ M P
nafc X XYn�_`Xgcx� n\g^fh`h`XgnR^�\ r ^®l]h±^8c j j X � r ^fn�_`P j r ^®l]h ¡Hc]a8_ r PRe r PRh`PRcJ_iP j £oµ M Xgn M XgQoe]\gXgnXb_`\bl na r�r Pmh`e;afc j _ia _ M Pí�,Xgh�n�aJhiXg_�l
h`a8\YZ]_iXgafc Xgc�_ M P j ^ rED �Rafc]P�^8c j ^ r PV�.Pmcf_T�x^8n D XYc _ M P[Xg\b\YZxQ�Xgc.^�_iP j �Rafc]Pf� L�M PVe;afh`_�nR^8Zxh`_iXYn r ^®l]hk¡ j ^8h M P j \gXYc]PRhÏ£�^ r P
c]af_ r Pme r PRh`PRcJ_iP j �JlB_ M P��,Xgh�n�aJhiXg_�l hiaf\gZx_iXgafcí^8h�_ M Pl�e r a j ZxnPo\g^8_iP r e M ^8h`PRhR��°�\g^fh`h`XgnR^�\�^8c j�j Xb� r ^fn�_iP j r ^®l]h�^8n_`Zx^8\b\gl
�fPRc]P r ^8_iP	^�cxPµ nZ.h`e]X j ^8\*nR^8Zxh`_iXYn�^8c j n�\Y^8h�hiXYn^8\ r ^®l,h ^ r P�XgQoe]\gXYn�Xg_i\gl T`�]\ga]n D P j Uk�flo^ D XYc D �.P � a r P r PR^8n M Xgc]�k_ M P�n^8Z.hi_`Xgn
�Jl _ M P j X � r ^8n�_`P j r ^®l]hR����_kn^8c��.P�h`PPmc afc�_ M P��fPaJQVPR_ r XgnR^�\�h`e r Pm^ j XYc]�B¡ ·.�fZ r Po}J£	µ M P r P � XYh r PR^�\g\gl j Xgh�n�aJcf_`Xgc,Z]aJZxh
^8\baJc]�o_ M P D XYc D ^8c j aJc]\gl�_`^ D PRhd^ r P\gP�~^8cJ_d�P r a��~^�\YZ]Pk^�_�_ M Pk_iXYe±a � _ M P�nR^8Zxh`_iXYn��
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WJPmn�_`XbaJc�{.� { j XY^��fcxafh`PRh�_ M PNT`e;a8\g\YZ]_iXgafcOU!P��OPRn_�µ M Xgn M ^�e r Xga r X�e r PR�8Pmcf_�hT_ M Po�,Xgh�n�aJhiXg_�l�hiaf\gZx_iXgafc _`a�n^8ex_`Z r P�nR^8Zxh`_iXYnhR��íP	XYcxh`Xgh`_`h�^��f^8XgcoaJco_ M P�X j PR^k_ M ^�_�_ M XYh9XYh�^��8PRcxP r Xgn�ex^8_ M af\baf�8lVµ M Xgn M Q�^®lVa]nnZ r � a r ^8cJl���^8Q�Xg\b_`afc,���J^8n�aJ�]XxPm�JZ.^�_iXgafc
XYcB^fcfl j XYQ�PRcxh`XbaJc³� $Ba r P[a r \bPmh`h�h`Z.nn�Pmh`h � Z]\ M PRZ r XYhi_`XgnV^�_`_iPRQoe]_�h�^�_�·xp]XYc]��\ga]n^8\b\gl�_ M P ��Z]\gP r Xg^fc�ZxeJµ�Xgc j h�n M PRQ�P[^ r P
e r afe;afh`P j XYcN\ ;4]^\ ��] \ �R��]H��íP�e r PmhiPmcJ_�XYc _ M Xghkh`PRn_iXgafc�^!�fPRc]P r ^8\0^fexe r af^fn M �®^8\bX jB� a r ^8cJl j XYQ�PRcxh`XbaJcB^fc j Xg\b\YZxh`_ r ^�_`P�Xg_�afcB_ M Po_iPmhi_knR^8h`P[a �
h`PRn_iXgafc�{.� {.� �íP	· r h`_�e r PRh`PRcJ_�Xb_s^8hs^[Q�a j X ·*n^�_`XbaJc�a � _ M P �F^�� r ^fc]�8XY^8c�Q�P_ M a j ¡ PR�8Pmc�_ M aJZ]� M _ M P r P�Xghsc]a8_ M XYc]� r PR^8\b\gl
_`a�·xp�Xgc�_ M XYh � r ^8Q�Pµsa rED Pp]nPRe]_�_ M PVh`ex^fn�P r PRh`a8\YZ]_`XbaJc!a � _ M P�QVPR_ M a j £�^8c j _ M PRc P�pxe]\Y^�XYc M a~µ�_ia�nafcJ�8P r _�_ M Xgh	X j PR^
_`a�_ M P%�sZ]\bP r XY^8c � r ^fQ�Pµsa rED �

ÅÇÆFÈ ÅÊÉ
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L�M PkX j Pm^oa � _ M P�·xp±Xgh�PR^8h`XgP r _ia�e r PmhiPmcf_dµ�Xg_ M�r ^®l,hR� � h�P�pxe]\Y^�XYc]P j XYc±h`PRn_iXgafc±{x«x_ M P%��Zx\bP r XY^8c!�,Xgh�n�aJhiXg_�l�h`a8\YZ]_iXgafc � a8\b�
\ga~µ�hdn�\Y^8h�hiXYn^8\ r ^®l,hs^8hs\gafc]�V_ M PRl�P�p]XYhi_d^8c j l,XbPR\ j Q�Xgc]XYQ[Z.Q e M ^fhiPf� L0r afZx�]\gP�hi_�^ r _`hs^8hdhia,aJc�^8hs_ M PT_`Xge�a � ^[n^fZxh`_iXYn	XYhr PR^fn M P j � w ^®l]h&_ M PRcV\bPm^®�8P ^fckPRQoe]_�lk�Rafc]Ps^8c j _ M Ps�,Xgh�n�aJhiXg_�l�hiaf\gZ]_`XbaJc�h`PPRh0_ M P�P�*Pmn�_0a � c]PRµ e;a8\g\gZ]_`Xgcx� j Xb� r ^fn�_iP j r ^®l]h�

L�M P[X j Pm^�a � _ M PVQ�PR_ M a j XYh	_`a�Q�a j X � l ¡`����{J£dh�Zxn M _ M ^�_ r ^®l]h�µ�Xg\b\ r Pm^8n M _ M PVn^fZxh`_iXYn��xZ]_�afc]\gl±^fhil]Qoe]_`a8_iXYn^8\b\gl±Xgc
_`XgQ�P8� � n M ^8c]�fP�a � �~^ r XY^8�]\gP�Xgc±_`XgQ�P j Pme.Pmc j XYc]��afc � XYh�Zxh`P j _ia�_ M ^�_�P�*Pmn�_��$Ba r P�e r Pmn�XYhiPR\blf«]µ�P j P·;c]P�^oc]PRµ@_`XgQ�P
IK ^�\gafc]��PR^fn M!r ^®ls;O¡ K 9�P Q £��fXb�fPRc±�fl

IK ¡ K 9<P Q £,R ; jQ �� ¡��o9�P Q £ I��ob¡`�R�J£
;a r n�aJcJ�8PRcxXbPmcxn�Pf«]µ�P r PRh`P_dafZ r Pm�,Zx^�_`XbaJcxhdXgc±^o�8Pmc]P r ^�\ � r ^8Q�Pµsa rED «f\gP_

� ¡ K 9�P Q £,Ry¡�;O¡ K 9<P Q £T9U> ¡ K 9�P Q £:9 ^ ¡ K 9�P Q £T9 � ;� P Q ¡ K 9<P Q £ � >� P Q ¡ K 9�P Q £`£  9¡ : GJ£

_ M PRc³«._ M P%�0^�� r ^8cx�8XY^8c�h`l]hi_`PRQ ¡`����{J£�n^fc!�;P�n�aJQ�e.^8n�_`\bl�µ r Xg_i_`PRc!Xgc�^��8Pmc]P r ^�\ � a r Q ¡��o«�� ^fc j � Q�^ r P j P�·;c]P j ZxhiXYc]�
¡`����{J£�^8c j ¡ : £i£�S O� ¡ K 9�P Q £%R��o¡ K 9 � ¡ K 9�P Q £i£:9 � ¡*G&9�P Q £,R � Q¡ : �®£
^fc j � ¡ K 9<P�Q~£sn^fc!�;Pkµ r Xg_i_`PRc�^8h�^ � Zxc.n�_iXgafc±a � � S� ¡ K 9<P Q £,R	��¡ � ¡ K 9<P Q £i£Tb¡ : : £

L�M P�cxPµ r ^®l]hd^ r PTaJ�]_`^8XgcxP j hiXYQoe]\bl±�.P�n M ^8c]�fXgc]� � r afQ _`XgQ�P K _`ao_iXYQVP IK ¡ K 9<P�Q~£�¡i�m�J£Ò���FP_�Zxh�h`P_
I� ¡ IK ¡ K 9<P Q £T9<P Q £,R � ¡ K 9�P Q £T9¡ : {J£

µ M XYn M cx^�_�Z r ^�\g\bl�h�^�_`Xghi·.Pmh�_ M P�Q�a j X ·;P j hil]h`_iPmQ
� OI� ¡ IK 9<P�Q~£,R I� ¡ IK 9<P�Qm£
�o¡ IK 9 I� ¡ IK 9�P=Qm£`£T9 I� ¡#G29�P=Q®£,R � Q 9

I� ¡ IK 9�P Q £,R���¡ I� ¡ IK 9�P Q £Tb¡ : S,£

v � n�aJZ r hiPf«x_ M P j a8_ M P r P�hi_�^8c j h � a r _ M P�c]Pµ�_iXYQ�P j P r Xg�~^�_iXgafc O¡<bÔ£ R EgfUh iE�j �d��_	XYh�PR^fhil!_ia�n M PRn D _ M ^�_ I� ¡ IK ¡ K 9�P=Q®£:9�P�Q~£ R� ¡ K 9�P=Q�£k^8c j _ M P r P � a r P�_ M P!h`l]hi_`PRQ ¡ : S,£�µ�Xg\g\sPRXb_ M P r �;P±h`_`^8_iXgafcx^ r l�µ M PRc Xb_ r Pm^8n M Pmh�_ M P±nR^8Zxh`_iXYn�a r afcx\bl r PR^8n M Xg_
^fhil]Qoe]_iaf_iXYn^8\b\gl�XYc!_`XgQ�Pf� � Xg_ M P r afe]_`XbaJcxh j Pme.Pmc j afc±_ M P�n�afcJ�fP r �8PRc.n�P	a r j Xg�8P r �8Pmcxn�PTa � _ M PkXgcJ_iPR� r ^�\�¡`�R�J£�^fhd_ M P r ^®l
^fexe r af^8n M PRhs_ M P�nR^8Zxh`_iXYn��

�uc�afZ r nR^8h`P8« � ¡ K 9�P=Q®£�XYhk^ j PRn r Pm^8h`Xgcx� � Zxcxn_iXgafcía � _iXYQ�P K ^8c j XYh��P r a.«&h�^®lB^8_T_`XgQ�P K�� «Fµ M PRc�_ M P r ^®l ex^fh`h`PRh�^
nR^8Zxh`_iXYnke.afXgcJ_5;O¡ K�� 9�P�Q~£Ò��� M PRc O� ¡ K�� 9<P�Q~£�Xgh��;afZ.c j P j «x_ M PkXYcJ_iPR� r ^�\�¡i�m�J£ j Xg�8P r �fPRh � a r K R K�� ^8c j

\gXYQj�� j�� IK ¡ K 9�P Q £,R -��S9¡ : ;f£

af_ M P r µ�XYhiP�_ M P r P�P�p]Xgh`_`h	^ IK ��h�Zxn M _ M ^8_
\gXYQj�� j � IK ¡ K 9�P Q £*R IK � b¡ : �J£

�uc±PXg_ M P r nR^8h`PRhs_ M P�h`a8\YZ]_`XbaJcxhda � _ M P�c]PRµEh`l]hi_`PRQ h�^�_`Xghi·.Pmh
\bXYQ
�j�� @.9 I� ¡ IK 9�P Q £%R � ¡ K � 9�P Q £Tb¡ : |8£

$ a r PRa~�8P r IK ¡ K 9�P=Q®£�Xgh�XYcf�fP r _iXY�]\gP[µ�Xg_ MBr PRh�e;PRn�_�_ia K ^8c j µsPVcxa8_iP��s¡ IK 9<P�Q®£�Xg_`hTXYcf�fP r hiP[µ M Xgn M h`^8_iXYhu·.Pmh	_ M Po^ jxj Xg_iXgafc.^�\
v�¢ � O�s¡ IK 9<P Q £%R I� ¡ IK 9<P Q £T9��s¡#G29�P Q £,R G2b¡ : }J£

L�M PíQ�PR^8cxXgc]�=a � ¡ : |8£�Xgh!_ M ^�_�µsP M ^®�8P j P·;c]P j Q�a j X ·;P j r ^®l]h�µ M XYn M ·.\g\�_ M P�_iXYQVP�5h�ex^fn�P�nafc,·;�fZ r ^�_`XbaJc �xZ]_
na r�r Pmh`e;afc j _ia�af\ j r ^®l]hTZ.cf_`Xb\�_ M PRl r PR^fn M _ M P�n^fZxh`_iXYn�� L�M P r ^®l]h�Xgcí_ M P�a8\ j _iXYQ�P��®^ r XY^8�x\bP�¡ : GJ£TnR^8c �.P r Pmn�a~�8P r P j
Zxh`XYc]��¡ : }J£�^8h�¡`¡ : {,£�^��f^8Xgc*£

� ¡��s¡ IK 9<P Q £:9�P Q £,R I� ¡ IK 9<P Q £:b¡ : �J£
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L�M Poex^8_ M af\baf�8XgPRh�a � h`PRn_iXgafc {±�.PRXgcx��·xp]P j ¡¬^8_�\gPR^fhi_TXYc _ M P �0^�� r ^fc]�8XY^8c � r ^8Q�Pµsa rED £sµ�P j P r Xg�8P�^ �sZ]\bP r XY^8cBQVPR_ M a j� r afQ _ M P�Q�a j Xb·.P j �F^8� r ^8c]�fXg^fc�h`l,h`_iPmQ ¡ : S�� : },£Ò�

L�M P�cxPµd�5_iXYQVP��sZ]\bP r XY^8c!�8Pmn�_`a r �H�~^�\YZ]P j�� Zxcxn_iXgafc³« j PRc]af_iP j�� ¡ I8g9<PO£�XYh j P�·;cxP j �Jl
� ¡ IK 9 I;O¡ IK 9�P Q £i£*R I� ¡ IK 9�P Q £Tb¡H{ GJ£
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