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Abstract: In this report, a new interpretation of the main part of our study
on asymptotic behaviour of reduced-order filters in [6] is given. Approximate
filters are proposed for semi-linear and nonlinear stochastic systems with col-
ored noises. Basically these filters are defined as those which are optimal when
the noises are white. Their long time behavior is investigated and their asymp-
totic optimality is shown in two cases under some reasonable assumptions. At
first the case of a system where the signal and observation dynamics are linear
with respect to the state is considered; the approximate filter is a Kalman fil-
ter and the asymptotic analysis relies on a representation of the optimal filter
which extends a formula known for a linear system with white noises and non-
Gaussian initial condition. Then the case of a nonlinear system with limiting
ergodic behavior is analyzed; here the approximate filter appears as the opti-
mal filter corresponding to an incorrect prior distribution and the asymptotic
study uses the results of Ocone and Pardoux on the asymptotic stability of
optimal filters with respect to their initial condition.
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Filtres approchés asympotiquement optimaux
pour des systémes avec bruit colorés

Résumé : Dans ce rapport nous donnons une nouvelle interprétation de
la majeure partie de notre étude sur le comportement asymptotique de filtres
d’ordre réduit présentée dans [6]. Nous proposons des filtres approchés pour
des systémes stochastiques semi-linéaires et non linéaires avec des bruits co-
lorés. Ces filtres sont définis comme étant identiques aux filtres optimaux
lorsque les bruits sont blancs. Nous étudions leur comportement en temps
long et nous montrons leur efficacité asymptotique dans deux situations sous
des hypotheses raisonables. Premiérement, nous considérons le cas d’un sys-
teme ol la dynamique du signal et celle de I’observation sont linéaires; le filtre
approché est un filtre de Kalman et dans ’étude asymptotique nous donnons
une représentation du filtre optimal. Ceci étend une formule connue pour des
systémes avec bruits blancs et condition initiale non gaussienne. Puis nous
considérons le cas d’un systéme non linéaire sous des hypothéses d’ergodicité.
Dans cette situation le filtre approché correspond au filtre optimal du systéme
initialisé avec une distribution erronée. Pour I’étude asymptotique nous uti-
lisons les résultats d’Ocone et Pardoux sur la stabilité asymptotique du filtre
optimal par rapport a la condition initiale.

Mots-clés : Filtrage non linéaire, bruits colorés, filtres approchés, efficacité
asymptotique
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Approximate filtering with colored noises 5

1 Introduction.

Let (2, F, (F:),IP) be a filtered probability space. Let X = (X, t > 0) and
Y = (Y;, t > 0) be processes, taking values in R? and IR? respectively, governed
by the system of stochastic differential equations

1

{ dX, = b(X,)dt+d&, t >0, X,
Here b and h are functions from R into R* and R? respectively. Moreover X,
stands for some Fy-measurable random initial condition for X, with a given
distribution vy, and £ = (&, t > 0) and n = (n, t > 0) are (F;)-adapted noise
processes. Let us assume that the system (1) has a uniquely defined solution.
Supposing that only Y is observed but one wishes to know X, the classical
problem of filtering the signal X at time ¢ from the observation of ¥ up to
time ¢ occurs. The solution to this problem is the conditional distribution II,
of X; given )V, = o({Y;, 0 < s <t}) which we shall call the ezact filter.

It is well known that if in model (1) the functions b and h are linear,
the processes £ and n are (F;)-Brownian motions and the distribution vy is
Gaussian with mean mg and covariance @)y, then the exact filter is a Kalman
filter. More precisely it is a Gaussian distribution whose mean and covariance
are the unique solutions to Kalman filtering equations initialized with mg and
Qo- Moreover when the initial condition X, in (1) is non-Gaussian, then the
exact filter can be expressed in terms of some family of Kalman filters (see
e.g. Makowski [7] and Benés, Karatzas [1]). Actually Ocone and Pardoux [§|
showed that, under stabilizability and detectability assumptions, whatever is
the distribution of X, provided that IE[|X,|?] < +oo, asymptotically in time
the exact filter is approached by a Kalman filter, i.e. a Gaussian distribution
whose mean and covariance are governed by the Kalman filtering equations
initialized with any vector in IR* and any symmetric nonnegative definite d x d
matrix. In the same paper Ocone and Pardoux proved also that in the case of a
signal with limiting ergodic behavior observed in additive white noise through
a nonlinear channel, the solution to the filtering equations initialized with an
incorrect prior distribution approaches the exact filter as time goes to infinity.

RR n° 3801



6 Alain Le Breton and Marie—Christine Roubaud

In the present paper we consider the filtering model (1) when the processes
¢ and 7 are possibly non-independent and non-Gaussian colored noises.
We assume that

d’r]t = hC(Ct)dt + th, 14 2 0, T = 0.

Here V = (V,, t > 0) and W = (W,, t > 0) are independent (F;)-Brownian
motions in R? and R? respectively. We assume that E[V;V/] = Sy (resp.
E[W,W]] = ) for some given symmetric nonnegative (resp. positive) def-
inite matrix Xy (resp. Yy, which actually without loss of generality will be
taken as the p x p identity matrix I,). Moreover ¢ = ({, t > 0) is a (F)-
adapted perturbation process taking values in R* and of course b¢ and h¢ are
functions from R* into R? and IR? respectively. We suppose also that the pair
(¢, Xo) is independent of (V, W). Of course in model (1)-(2) the exact filter II,
for X is nothing but the marginal distribution of the exact filter for the pair
(¢, X). The determination of Il;, which is in general an infinite dimensional
problem, requires the complete knowledge of the joint probabilistic structure
of (, X and Y and leads to computations in a space dimension which is larger
than that of the system of interest. Hence it is interesting to elaborate ap-
prozimate filters which ignore a part of the actual structure of the system, and
then are more easily computable, but may have a long time behavior close to
that of the exact filter. Here this question is addressed under the assumptions
that

o (Ao)  0c(0) =0, h(0)=0,

and the perturbation process ( converges to zero in some appropriate sense
which will be made precise later. We propose approximate filters which are
basically the optimal filters when the noises are independent white noises, i.e.
¢ = 0 since then, from (4p), £ =V and n = W. The asymptotic optimality of
these approximate filters is shown in some cases under reasonable additional
assumptions.

The paper is organized as follows. At first in Section 2 some notations
are fixed, preliminaries concerning the model and filters are discussed and a
particular case where all functions b, b;, h and h¢ in model (1)-(2) are linear

INRIA



Approximate filtering with colored noises 7

is analyzed. Then in Section 3 we consider what we call the semi-linear case
where the functions b and A are still linear but functions b, and h¢ may be
nonlinear. We derive a representation of the exact filter which extends the for-
mula obtained by Makowski |7] and Benés and Karatzas [1] for a linear system
with white noises and non-Gaussian initial conditions. Here the approximate
filter can be taken as a Kalman filter and the asymptotic analysis is led un-
der some stabilizability and detectability assumptions. Finally in Section 4 a
nonlinear case where the signal has a limiting ergodic behavior is investigated.
Here the approximate filter appears as the optimal filter corresponding to an
incorrect prior distribution and the asymptotic study uses the results of Ocone
and Pardoux [8] on the asymptotic stability of optimal filters with respect to
their initial condition.

2 Preliminaries.

Throughout, concerning the filtering model (1)-(2), we assume the following:
either

o (A)) b,b¢, h and h¢ are Lipschitzian functions,
or

o (A) b,b; and h; are Lipschitzian; h is continuous; h, and h are
bounded.

We suppose also that the paths of the process ( are almost surely locally square
integrable i.e.

o« (4) forany¢>0 ]P([/Ot ¢, ds < +o0]) = 1.

Then we can assert that the solution process (X,Y’) of the system described
by (1)-(2) is uniquely defined on the given stochastic basis.

2.1 Filters.

Actually it is convenient to work on the canonical probability space of the
process (¢, X,Y). Let us define Qy = £ (R"; R¥) the set of locally square

loc

RR n° 3801



8 Alain Le Breton and Marie—Christine Roubaud

integrable functions from R™ into R* and Q; = C(R"; R%) (resp. 2 =
Co(R™ ; RP)) the set of continuous functions from R into R* (resp. IR” with
value zero at ¢ = 0). Define Q = Qy x Oy x Q,, F its Borel field, (F;) the
canonical Borel filtration on Q and ((, X3, V) (2, 2,y) = (2,24, y:) for any
(z,z,y) € Q. Let P be the distribution on € corresponding to the filtering
model defined by (1)-(2). Then in particular, on (2, F, (F;),P), the processes
V and W defined by

2 X, - Xo— [Lb(X,)ds — [l be(C)ds, t >0, @)
= Y, — [y h(X,)ds — fg he(C)ds, >0,

Vi
Wi

are independent Brownian motions in R? and in IR? such that E[V,V/] = &y
and E[W,W]] = I, respectively. Moreover (¢, Xp) is independent of (V, W).
Similarly let IP° be the distribution on €2 corresponding to the filtering model
defined by (1)-(2) when the noises are white i.e. ( = 0 since we assume
that (Ap) is fulfilled. Of course IP° is nothing but the product probability
do ® P where §, is the Dirac measure on )y concentrated at 0 and P is the
distribution on ; x Qy corresponding to the filtering model (1) when & and
n are independent Brownian motions and the distribution of Xj is 15. In
what follows the symbols IE[.] and IE°[.] will stand for an expectation or a
conditional expectation computed with respect to IP and IP° respectively. So
for the exact filter II; of X;, i.e. the conditional distribution of X; given )}
with respect to IP, we write

() = E[p(X:) | V],

for any ¢ in the set M,(IR%) of all bounded measurable functions from R*
into IR or in the set M*(IR?) of all nonnegative measurable functions from R*
into R. Similarly, when X, is IP-integrable, for the conditional expectation we
write

X, 2 E[X, | V.

According to the discussion in Section 1, the basic approximate filter is taken
as the conditional distribution I1? of X, given ), with respect to P’ and we
write also

() = E%[p(X:) | Vi,

INRIA



Approximate filtering with colored noises 9

for any function ¢ as above and, when it is well defined
X0 2 EX, | V.

Actually we shall also consider approximate filters defined similarly to IIy but
with some more convenient prior distribution v in place of the true one vj.
This will be made precise later.

Now let us establish representations of filters which shall be used in Sections
3 and 4 below. Let us suppose here that the Brownian motion V is also
standard.
From assumptions (A;) or (A}), for any fixed z = (2;,t > 0) € Qy we may
define the processes

t ! t !
}m@éAQ%MM+Ah&Qﬂmt2m (4)

and
<K > (2 /\bczs\ds+/\hczs\dst>0 (5)

Throughout for a vector v € R’ (resp. a | x m matrix A), v' and |v|(resp.
A" and ||A]|) stand for the transpose and the usual Euclidian norm. Due to
assumption (Ajz), for any ¢t > 0 we may also introduce the random variables

1

Conditioning on ¢, it is easy to check that IE[L,] = 1. Hence we may define
the probability IP on €2 which is locally absolutely continuous with respect to
IP with the local Radon-Nikodym derivative L;. Then, defining the processes
V=(V,t>0) and W= (W, ¢t>0) by

1>

v,
W,

JEbe(C)ds + Vi, >0, ™
2 [th(C)ds+ Wi, t >0,

applying the Girsanov Theorem, we get that with respect to the probability P
the process V and W are independent standard Brownian motions. Moreover

RR n° 3801



10 Alain Le Breton and Marie—Christine Roubaud

the pair (¢, X) is independent of (V, W) and the distribution of (¢, X) under
IP is the same as under IP, IP(¢ x,) say. Then of course the marginal distribution

of P on Q; x € is nothing but the probability P. Consequently, denoting by
]E[ | an expectation computed with respect to P, the approximate filter 119
may be equivalently defined as

7 (p) = Elp(X:) | Vi, o € MF(RY).
Concerning the exact filter, by the classical Bayes formula, we have

Elp(X)L, " | Y]
E[L' Y]

The next lemma shows that actually if ( and X, are independent then both
the numerator and the denominator in the right hand side of (8) may be
represented in terms of some family of filters with respect to IP (or equivalently
IP°). For any z = (2,t > 0) € Qq, we introduce the following filtering model
indexed by z:

I,(p) = ¢ € MH(RY). (8)

dX, = b(X))dt+dVi; t>0; X,
dK,(2) = be(2)'dVi+ he(z) dW,; t > 0; Ko(z) =0, (9)
dY, = h(X)dt+dW, t>0; Y =0,

where (X;, K;(z)) is the (d + 1)-dimensional signal and Y is the observation
process taking values in IRP.

Now we can state

Lemma 2.1 Assume that ( and Xy are independent. Then for any ¢
€ M*(R*?) the following equality holds

Bl(G X)L | V) = [ dP(2)e 3 { [, u)e'; (du, dv)}
0
(10)
where IP; denotes the law of ¢ and, for all z = (z,t > 0) € Qy, the symbol

7 stands for the conditional distribution of (X, K.(2)) given Y, in model (9)
taken under the probability IP (or IP°).

INRIA
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Proof Due to the definition of L; in (6), we get
- . 1
E[Y(G, X)L | V] = E[¥(G, Xi) exp{K; + g <K>}¥] (1

But from (4)-(5), (6)-(7) and the definition of K,(z) in (9), we can write
Kt - R:t_ < K >t,
where A
K, = Kt(o (12)
Therefore equation (11) may be rewritten as
- ~ ~ 1
E[(C, X)L | V] = E[y(G, X;) exp{ K, — 5 < K >} Vi

Now since we assume that ¢ and Xy are independent, ( is also independent of
(Xo, V, W) under P. Hence, due to (9), ¢ and (V, W, X,Y) are also indepen-
dent under P. Since moreover the distribution of ¢ under P is the same as
under PP, taking into account the definition of < K >; in (6) and the definition
(12) of K, the representation (10) is readily obtained from the last equation.
O

Remark 2.1 Let us mention that if V' is a non standard Brownian motion
(E[V1V{] = Zy) then, provided that the condition

(Id - Evz¢)b€ = 0,
where X{; denotes a pseudo-inverse of Yy, is fulfilled, all which has just been
discussed remains valid by replacing the definitions (4)-(5) by
t ! t !
Ki(z) & / be(zs) SHdV, + / he(zs) dW,, t> 0, (13)
0 0

and
t t
< K> (2)2 / be(2) Db (2)ds + / Ihe(z,)2ds, t> 0. (14)
0 0

In particular the statement in Lemma 2.1 holds without any change, but of
course in that case the process V defined in (7) and appearing in (9) is a
Brownian motion such that E[V1V]] = Zy.

RR n° 3801



12 Alain Le Breton and Marie—Christine Roubaud

2.2 Linear filtering and Kalman filters.

Here we discuss a particular case where all functions b, b;, h and h¢ in model
(1)-(2) are linear. We assume that for some matrices B, B;, H and H; of
appropriate dimensions and all z € R?, z € R* we have

e b(z) = Bx; be(z) = Bez; h(zx) = Hx; he(z) = Hez.

Moreover we assume that the process ( is governed by the ordinary linear
differential equation

gt = Agta t Z 07 CO?
where (p stands for some random JFy-measurable initial condition such that

E[|¢o/?]

< 400. Then ((, Xy) is independent, of (V,W). It is clear that assumptions
(Ag) — (A1) — (A) are fulfilled and actually €, may be reduced to C(R"; R).
The process (¢, X,Y) taken under IP is the solution to the following linear
filtering model :

dCt = Agtdt: 3 Z O: CO?

Obviously under the probability IP°, which here corresponds to the initial
condition (y = 0, the system may be reduced to

dX, = BX,dt+dV,, t>0, X,,
(16)

dY, = HX,dt+dW, t>0, Y,=0.

It is well known that if the pair ({y, Xo) is Gaussian then both the exact filter IT,
and the basic approximate filter IT? are Kalman filters. Of course the Kalman
filtering equations governing the mean and covariance for II; (resp. II?) are
in dimensions k£ + d and (k + d) x (k + d) (resp. d and d x d). If the initial
condition is non-Gaussian, IT, and II? are not Kalman filters but they can be
expressed in terms of appropriate modified Kalman filters (see Makowski [7]
and Benés and Karatzas [1]).

INRIA



Approximate filtering with colored noises 13

In the sequel the notation N (u, A) will be used for the Gaussian law on some
space R’ with mean y € R’ and a symmetric nonnegative definite [ x I-matrix
matrix A (A > 0) as the covariance. Moreover for every ¢ € M,(R") we shall

write
N A)() = [ @) N, A)(du).

For any vector z € R? and any d x d matrix R > 0, let X*® and QF be
the solutions to the Kalman filtering equations corresponding to model (16)
initialized with (z, R) i.e.
dXP® = BXPRdt + QEH'[dY, — HX]PRdt]), t >0, z, (17)
QF = BQFE+QEB + %y — QFH'HQE, t >0, R. (18)
Then the Gaussian distribution
" = N (XD, QF),
will be referred to as an approximate Kalman filter initialized with (z, R). Of
course if vy = N(myg, Qo), for the basic approximate filter I1?, we have
I} = N (702, ).

By using the results of Ocone and Pardoux [8] concerning the asymptotic
stability of optimal filters with respect to perturbations to their initial con-
dition in linear systems, we can prove under some additional conditions that,
whatever is the distribution of ({y, Xo) provided that (y and X, have finite sec-

ond order moments, any approximate Kalman filter is asymptotically optimal
in the following sense :

Proposition 2.1 Assume that in model (15), the matriz A is stable, the pair

(B,X2) is stabilizable and the pair (B, H) is detectable. Suppose also that

| Gol?)
< 400 and E[|X|?] < +00. Then for any x € R* and any d x d matriz R > 0

lim (X, - X} =0 Pas., (19)
and in the L*(IP) sense. Moreover

Jim {TL () —T7%(0)} =0 P aus., (20)

for every uniformly continuous function ¢ € My(IR?).

RR n° 3801



14 Alain Le Breton and Marie—Christine Roubaud

Proof Obviously, introducing Z; = (¢}, X;)', the system (15) can be rewritten
as

dZ, = BZ,dt+dV,, t>0, Zy,
(21)

dY, = HZ,dt+dW,, t>0, Y; =0,

where

. A O 5
5= g ) st =,

and V; = (0,V/)', t > 0. Clearly V = (V;,¢+ > 0) is a Brownian motion
independent of W and

. 0 0
s =B = (5 ).

Moreover, for initial conditions z and R of the form

n., p_ (0O O
Z—(O,ﬂf), R_<O R)’

the Kalman filtering equations for Z; may be reduced to equations (17) and (18)
initialized with (z, R). Finally it is easy to check that assumptions concerning
1 .1
matrices A, B, H and Yy, imply that the pair (B,X?) is stabilizable and the
pair (B, H) is detectable. Hence the assertions in the statement are immediate
consequences of |8, Theorem 2.6|. O

Remark 2.2 (a) Since the pairs (B,E‘%,) and (B, H) are stabilizable and
detectable respectively, it is known (cf. e.g. [5]) that for any matrix R > 0
the solution QF of the differential Riccati equation (18) initialized with R
converges as t tends to infinity to the unique symmetric nonnegative definite
solution @), of the algebraic Riccati equation

BQ+ QB +%y - QH HQ =0. (22)

Then Proposition 2.1 says in particular that for any z € R? the approximate
Kalman filter II7'%> = N (X%~ Q..) is asymptotically optimal. (b) Let us

mention that Proposition 2.1 can be interpreted in terms of filters of reduced
dimensions concerning general linear systems (cf. [6]).

INRIA



Approximate filtering with colored noises 15

3 The semi-linear case.

In this section we extend the results of Section 2.2 to the case of what we call
a semi-linear system. Here we assume that in model (1)-(2) the condition (Ay)
is fulfilled and conditions (A;) — (As) are strengthened respectively into

o (A4}) b(z) = Bz, h(r) = Hz, x € R b, and h; are Lipschitzian
functions,

t
o (A7) forallt>0 ]E[/ G ds] < +oo; | TimTE[|G?] = 0.
0 — Foo
Moreover we introduce the following assumption :

1
o (A3) (B,X%) is a stabilizable pair; (B, H) is a detectable pair.
Then the process (X,Y) taken under IP is the solution to the filtering model

{ dX; = BX.dt+ b (¢)dt +dVi, t >0, X, (23)

dY, = HX,dt+ he(G)dt+dW,, t>0, Yy =0.

Obviously under the probability IP°, which corresponds to ¢ = 0, the system
may be reduced to the linear system (16). Therefore again if vy = N (mg, Qo),
the basic approximate filter T1? in model (23) is the Kalman filter defined as
above by (17)-(18) initialized with (mg, Qo). Actually whatever is the prior
distribution vg, all Kalman filters II7"® = V(X7 QF), 2 € R% R > 0 are
candidates as approximate filters. The asymptotic study of these filters will
rely on a representation of the exact filter II; which we derive now.

3.1 Representation of the exact filter.

The approach is similar to that used by Ocone and Pardoux [8] to study the
case of a linear system with a non-Gaussian initial condition. >From (23) we
may decompose the signal X as

X, =+ X, t>0, (24)

where

t
G=GCXo) X = [ P0av, 10,
0

RR n° 3801



16 Alain Le Breton and Marie—Christine Roubaud

with, for any z = (z;,t > 0) € Qg and x4 € ]Rd,
t
G (z,20) = ePlag +/0 B 9b(2,)ds, t > 0. (25)

Then the process (X*,Y') appears as the solution of the system

dX; = BX:dt+dV, t>0, X; =0,
(26)

dY, = HXpdt+[H G+ he(C))dt +dWe, t> 0, Yo = 0.
It can be seen as a version of model (1)-(2) with X* in place of X and (¢, (*) in
place of (. Notice that since ({, Xy) is independent of (V; W) the pair ({, (*) is

also independent of (V, W). Hence we may apply the considerations in Section
2.1. So let us define for 2y € RY, z = (24,t >0) € Qpand t >0

Ki (o) &[G (2, 0) + ho(22)] Y, )

t
<K > (2,20) 2 [ [HC (2 m0) + he() ds, (28

and
¢ D o O ' « D .1 .
K=K ((, Xo); < K>=<K >} (¢,Xy); L} =exp{—K; — 5 < K >7}.

Let IP* be the probability on €2 which is locally absolutely continuous with
respect to P with the local Radon-Nikodym derivative L}. Let also E*[.]
denote an expectation with respect to IP*. Then by (24) and the Bayes formula
we get the following representation of the exact filter:

CE (¢ + X)) V)
o) = =511 19

Moreover, since here X§ = 0 and (¢, (*) is independent of (V, W) and conse-
quently (X, (,¢*) is independent of (V, W), we may apply Lemma 2.1 (see
also Remark 2.1). Therefore we obtain that for any function ¢ € M*(R*™)
we have

E (G, X7)(L) V] = /Q

, o € MT(RY). (29)

e 3K (7 20)dP (¢, xo) (2, o), (30)

()XRd

INRIA



Approximate filtering with colored noises 17

with
L(2,2) = /Rd (G (2 0), w)eni ™ (du, do), (31)

where for all z = (z,t > 0) € Q, 1o € R? and ¢t > 0 the symbol n;"™ stands
for the conditional distribution of (X}, K (z,x0)) given ) in the model

+

dXF = BXprdt+dVy t>0; Xi=0,
th*(Za 330) = [HCt*(Zv-TO) + h’C(zt)]lth*; t> Oa K())k(zrrﬂ) = 07 (32)
dY, = HXpdt+dWy; t>0; Y =0.

Here of course (32) is taken under the probability IP* with respect to which
the process W* = (W}, ¢t > 0) defined by

A t
Wy & /0 [HC + he(C))|ds + Wi, £ 0,

is a standard Brownian motion independent of V.
Let us introduce Z;(z, ) = (X}, K} (2, 10))’,

B B 01, - X
B*““‘(—wgamwwwMW'O»G””“_(m@@mwwwmj’

and H* = (H|O). Define also V;* = (V}/,0)’, ¢ > 0 such that, under P*, the
process V* = (V*, t > 0) is a Brownian motion independent of W* and

zvo)

EW=EMMﬂ:<o 0

Then the system (32) appears as the following conditionally linear Gaussian
system for (Z;(z,xo),Y)

dZ, = B,Zdt+GdY,+dVy, t >0, Zy =0,
dY, = H*Zdt+dW;, t>0, Yo =0,

where the dependences on (z, zy) are omitted as it will be done often from now
on. Hence the conditional distribution n;"*° is nothing but

nf,mo = N(Zt(zn 330), Ct(za 370)),
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where the mean Z;(z, 1) and the covariance Cy(z,zo) are governed by the
Kalman filtering equations

{ dZ, = B,Zdt+ G Y, + C,H*[dY, — H*Z,dt], t >0, Zy =0, (33)

Ct - BtCt —+ CtB; + Ev* - CtH*IH*Ct, t 2 0, Ct = 0

. X* Q* S
28700 ) a0 T, (34)
K S, T,

where X7 € R, K € R, QF € R4 S, € R and T, € R. Then from (33)

we have

Let

dX; = BXpdt+QIH[dY,— HXdl], t >0, X} =0, (35)
Qf = BQi+QB +%y - QHHQ;, t>0, Q5=0, (36)
Sy = (B—QiH H)S,— Q7H [HG +he(G)], £ 20, Sy =0, (37)
T, = —2[HG + he(z)] HS,— S,H'HS,, t >0, Ty = 0. (38)

Remark 3.1 Comparing equations (35)-(36) to (17)-(18), it is clear that
X = X2° and Q = Q9, where X»° and Q¢ are the solutions of (17)
and (18) corresponding to initial conditions 0 and O respectively. In other
words the marginal distribution of n;""® on IR is nothing but the approximate

Kalman filter II)"° for X,, defined by (17)-(18), initialized with (0, O).

Now we are able to prove

Proposition 3.1 Let II; be the exact filter in model (23) (taken under IP).

Then for any ¢ € M*(R?) the following holds?

Ht((‘p) _ fQOXRd e[_%<K>:+%Tt+R:](Z,:’L‘O)Jt(Z, xO)dP(C,Xo)(Za ‘,'EO)
Jorgx 6[_%<K>:+%T“LK:](”O)d]P(C,XO)(z, o)

, o (39)

with
Tz, 10) = /R o 26 (2 30) + W)y " (du, dv), (40)
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where for all z = (z,t > 0) € Qq, £g € R* and t > 0 the symbol 7;"™ stands
for the Gaussian distribution on R*Y with mean ([ X} + Si(z, z0)]', K (2, 2) +
Ti(z,20))" and covariance Cy(z,x). Here the quantities depending on (z,zo)
are defined by (25), (27) and (34)-(38).

Proof From (29)-(30)-(31) we get
_ ngXRd 6_%<K>I(z7$0)1£1) (Z, :L'O)d]P(QXO)(Z, .’170)

Jooxme e 3 <K>iza0) [

I ()

b

z,20)dP (¢ x0) (2, T0)
with
10(za0) = [ 0lG(zm0) + we'ni™ (du, do)
RIF!

I (2, ) = /Rdﬂe”nf’mo(du,dv),

where nf™ = N (Z(z,10), Ci(2,20)). In order to get (39)-(40) it remains to
show that the probability distribution 71;""° defined by
57 (du, dv) = =37 KE20evn 270 (dy, d),

is nothing but the Gaussian distribution on R*** with mean ([X} + Si(z, z,)]/,

A

K[ (z,x0) + Ti(2z,20))" and covariance Cy(z,zo). To do that we compute the
characteristic functional of n;*°. First we notice that for any x € R and
AeR

61<)\,u>+wv+vnf,$0 (du, d’l))
RA+1

o\ e il N 1 A A
<A X[} >+i(p—i) K} _ =
e exp{ 2<Ct< z’)’(,u z>>}

1 oo % 2 !
_ AT exp{z‘</\,Xt*+St>+iu(K£“+Tt)_§<Ct(2)’(/\ >>}

Then we obtain

ez<>\,u>+uw ﬁz,wo (du dU)
Rd+1 t 3

= exp{z’ <MXP+8 > +inK;+T,) -

()Gl

N =
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which gives the result. O

Remark 3.2 Notice that substituting IP° for IP in Proposition 3.1, i.e. tak-
ing ¢ = 0 and then also (}(z,79) = Pz, gives a representation of the
approximate filter T1?. Of course the corresponding formula reduces to that
obtained by Makowski [7] and Bens and Karatzas [1] for the optimal filter in
a linear system with non-Gaussian initial condition.

3.2 Asymptotic optimality of the approximate filter.

Now we are able to show that an approximate Kalman filter II>"% = V(X% QF)
defined by (17)-(18) and initialized with arbitrary z € R* and R > 0 is asymp-
totically optimal when E[|X,|*] < +00. At first we state a result concerning

the approximation of the conditional mean X, by the solution X® of (17)-
(18).

Proposition 3.2 Assume that in model (23), the conditions (Ag) — (A}) —
(A%) — (A3) are fulfilled. Suppose also that E[|X,|?] < +oo. Then for any
z € R and any d X d matrix R > 0

Jim B[ X, - X7 =0, (41)
Proof Since E[|X;|?] < +00, from assumptions (A})—(A3) it is easy to check

that ¢ and X, are integrable. Then the equalities (39)-(40) are satisfied in
the case ¢(z) = 2,2 € R% In this case we have

[ 0 0) + w0 (s dv) = G (2, 0) + [ wmi™ (du),
IR IR

0

where ;"™ is the marginal of 7)™ on R® i.e. "™ is the Gaussian law with

mean X} + S;(z, xy) and covariance Q?. Therefore
/Rd+1 ¥ (C:(Za 33()) + ’U,) ﬁf,xo(dua d’l}) = C:(Za .T()) + X:‘ + St(’z7 ‘TO)' (42)
>From (24), (39)-(40) and (42) we get

X, = X: + B[] + St | Vi . (43)
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Let us consider E[(} + S;|):]. From equations (25) and (37) we obtain
d(G +8) = (B = QU H H)(G + S dt + [be(G) = QT H he(CldE, (44)

with (¢ + Sy = Xo. Thus
t !
G+ 5= 2Xo+ &, [ O7D(C) ~ QH (G s, (45)

where ®;, € R is the transition matrix associated with the matrix B —
Q:H H. Under the assumption (As) it is known (cf. e.g. [5] and [8]) that
the solution @} of equation (36) converges as t goes to +oo to the unique
solution Q) of the Riccati algebraic equation (22) which is such that the matrix
B — Q. H H is asymptotically stable. Moreover, if A\; denotes the maximum
of the real parts of eigenvalues of B — Q. H H, for every 0 < o < —\q, there
exist a constant C, > 0 and a t, < 4+o00 such that

|®,®1|| < Coe™%)  fort, <s<t, (46)
and
|QF — Quol| < Cpe ™, forallt > 0. (47)
Then we rewrite the equation (45) for t > ¢, as
G+5 = @7 (¢ +Sh,)
+ @ fy, @ [be(Cs) — QooH he(Gs)] ds (48)

+ i, 07 Qoo — Q)H he(C) ds.
Hence, making use of (46)-(47), by assumptions (A}) we have

E[|¢ + Si|°] < 4E[|®,®; 1 (¢; + S.)I%]
t t
+ 4G, [ e OIBIG ) ds +4C, [ eI B[ ds.
to to
Then there exist a constant C,, > 0 and a ¢, < oo such that for ¢ > ¢,

t
E[|¢ + S|4 < C, [eZG(tt") + / e 2UE[|¢]]2 ds| . (49)
to
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Taking assumption (A3) into account and making use of the Teeplitz Lemma
we obtain
Jim E[JG7 + 5,7 =0. (50)

Since X, — X} = (¢} + S;| ), by the Jensen inequality, it follows that
lim E[|X;, - X/’ =0. (51)

To complete the proof of (41), we have to show that X; — X converges to
0 in L*(P) for any € R* and R > 0. More precisely, we are going to show
that for any 0 < ¢ < —\; there exist a constant C, and a t, < oo such that

E[|X; — X7 < C,e 2, forall t>0. (52)

Recall (cf. Remark 3.1) that X; = X"° and QF = Q°. Then from equations
(17) and (35) we obtain

d(X; - XP® = (B-QFH'H)(X; — XM dt + (Q; — QF)H' dv,
+(Q; — QFH'H(X, — X}) dt

—_—

+(QF — QF)H'h¢ () dt,

where v, = Y, — f(f(HXs + hg/(zs)) ds defines the innovation process and the

A

initial condition is X — Xgﬂ = —x. Then for a given ¢, > 0, we have

N N ~ ~ t
XXt = @)Xy, — X+ of [ (98)71(Q: - QN H dv,

vof [[(®%) Q! QMH'H(X, - X:)ds

of [[(®1)7(Q: - QMH'A(C) ds,

where @ is the transition matrix associated with B — QFH'H.

To prove (52) it suffices to establish the bound for each of the terms in the
above right-hand side. The first two terms can be treated as in (48) and the
bound for the last two terms is easily obtained. This completes the proof of
(41). O
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Now we state a result concerning the approximation of the exact filter II;
by a Kalman filter IT)"" = N (X", QF) defined by (17)-(18).

Proposition 3.3 Assume that in model (23), the conditions (Ag) — (AT) —
(A%) — (A3) are fulfilled. Suppose also that E[|Xy|?] < +oo. Then for any
z € R* and any d x d matriz R >0

JNim E[|TL(p) — TP (p)F] = 0, (53)

for all uniformly continuous ¢ € My(R?).
Preparing for the proof let us first show

Lemma 3.1 Lett — x; andt — Ty (resp. t — Q; andt — Q) be continu-
ous functions from R into R* (resp. the set of symmetric nonnegative definite
dxd matrices). Assume that , limm(xt —I,;) =0 andt Emw Q: = Qux = . li_)mOo Q:.
Then

im [N(xt, Qi) () — N (&, Qt)(@)] =0,

for every uniformly continuous function @ € Mb(Rd).

Proof Clearly,
Jtim [M(0,Q0(0) ~N(0.G)(9)] = lim_[N(0.Q))(¢) — (0, Q) (¢)]

+ lim_[N(0,Q0)(¢) — N (0,Qu)(9)] = 0.

Then on some probability space there exist random processes X and X taking
values in R%, such that X, has law N(0,Q;) and X, has law N(0,Q,) for all
t > 0, and moreover |X; — X;| — 0 almost surely. Let U; = X; + x, and
U, = X, + #,. Since . li)mOo r; — %, = 0, we obtain |U; — U;| — 0 almost surely.
Given n > 0,

N (a2, Q) () = N (30, Q) (9)] = [E (0(U) — 0(T0)) |

< sup o(u) — o(u)| +2lelleP{|U: — U > 1}).

lu—u'|<n

By first letting ¢ — oo and then using uniform continuity, we complete the
proof. O
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Proof of Proposition 3.3 >From (52), by applying the Borel-Cantelli
lemma to X} — X% and to sup, i,y | X7 — X% — (X — X2F)|, we can

easily obtain that Xt* — X converges to 0 almost surely. Since
Jim Q= Qu = lim QF,
according to Lemma 3.1 and the dominated convergence Theorem, we obtain
lim_ B[N (X7, Q0)(¢) — N(XFR QP (@) = 0.

Therefore it remains to show that

Jlim_E[T(p) - N (X7, Q1) (9)]%] = 0, (54)
for any uniformly continuous function ¢ € M,(IR%). Observe that

() — N (X7, Q7)(9) = Elp(Xe) | V] — E[p(X; + Uy,
where for each ¢t > 0, U; is a Gaussian vector with mean zero and covariance
matrix Q.
From (39)-(40) we have
() = N(X7, Q)(p) =

(’%<K>t+%Tt+Kt*)(z’m°)At(z, 20)dIP (¢ x4)(2, %o) (55)

Y

fQoXRd €
fQOXIRd e(—%<K>t+%Tt+Kt*)(z,aco)d]P(C’XO)(Z’ xo)

where
Ay(z,m0) = Blp(X] + (Si + ¢ (2, 0) + Un)] — Elp(X] + Th)].
Let € > 0. Choose 1 > 0 such that for all y and ' € R?, if |y — | < n then
5
() — eI < 5

Decompose the integral in the numerator of (55) into the sum of the integral
over the region {|((; + S¢)(z,xo)| < n} and the integral over the region {|({; +
Si)(z,x0)| > n}. We obtain

L(p) - N(X;,Q0)(p)| < sup [o(y) — o)

ly—y'|<n

+2H‘PHOO]E[]1{|(<;+&)\2”} |V,
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and therefore

8l¢ll5

E[|IL () - N (X7, Q0)(9) ] < 5 + TE[ICZ‘ + S

£
2
Since by (50) lim; . o E[|( + S;|*] = 0, there is a T > 0 such that for all

t>T
2

]E * 2 < 77
and hence also .
E[|IL(¢) - N (X}, Q) (0)*] <e.

Thus (54) is obtained which achieves the proof of (53). 0

Remark 3.3 One consequence of Propositions 3.2 and 3.3 is that the ap-
proximate filter is “asymptotically insensitive to perturbations of its initial
condition”. It is interesting to note that this result does not require asymp-
totic ergodic behavior of the signal. The statements extend to the case of
colored noises in the signal and in the observation the one obtained by Ocone
and Pardoux [8, Theorem 2.6 for white noises. Moreover these statements
can be seen also as some extensions of Proposition 2.1 above to the case of a
general nonlinear action of the perturbation process ¢ on the basically linear
dynamics of the signal-observation process.

4 The nonlinear case.

In this section we consider the case where in model (1)-(2) all functions b, b, h
and h may be nonlinear but the system has a limiting ergodic behavior. Here
we assume that the conditions (A4y) and (Af) are fulfilled. Assumption (Aj) is
strengthened into (A3 ,) — (43 ,) as follows. The process ¢ is supposed to be
generated by the ordinary differential equation

é_t = G(Ct), t >0, G,

where a is a Lipschitzian function from R* into R*. Concerning the determin-
istic flow ¢ = (¢, t > 0) associated with that equation we suppose that
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o (43)) #(0) = 0 and ¢ is contracting with some exponential rate
A>0 ie.

[$1(21) — de(22)] < e_M|21 — 29,
for all t > 0 and 2, 2, € RF.

Concerning the initial condition {, we introduce the assumption :

o (A3,) (o is a Fp-measurable initial condition such that
E[exp co|(o|*] < +o0,

for ¢ = KC2 /A, where K is the maximum of the Lipschitz constants for
bC and hc.

Moreover we make the following assumption on the drift coefficient b:

o (AY) there exist two constants 7 > 0 and o > 0 such that for z € R*:

2'b(z) < —alz| if |z] >

Finally here we assume that the Brownian motion V' is non-degenerate i.e. the
matrix Xy is positive.

The concerned process (¢, X,Y) taken under IP on € (where actually 2, may
be reduced to C(IR*;R¥)) is the (F;)-Markov diffusion process solution of the
system

dCt = G(Ct)dta t 2 0, CO?
dXy = b(Xy)dt + bc(G)dt + dVi, £ >0, Xo, (56)

The determination of the exact filter II; is, in general, an infinite dimensional
problem. Actually the evolution in time of II; can be described by the so-called
Zakai equation (cf. [10] or e.g. [9], [2]) where of course the spatial dimension
is k + d and the initial condition is IP(¢, x,) which will be denoted by .
Under the probability P, which here corresponds to ¢y, = 0, the system may
be reduced to

{ dX; = b(X,)dt+dV;, t>0, X, (57)
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Then the evolution in time of the approximate filter II? is described by a
Zakai equation for which numerical computations are easier since the spatial
dimension is d only and the initial condition is the distribution vy of Xj.
Here the asymptotic study of the approximate filter will use results of Ocone
and Pardoux [8] on the asymptotic stability of optimal filters with respect
to perturbations to their initial condition for systems with ergodic limiting
behavior. So now we summarize the material we need from (8|, restricting to
a specific situation which is appropriate to our purpose.

4.1 Stability of filters with respect to their initial condi-
tion.

Consider a filtering model specified by a signal-observation pair (Z,Y’) such
that :

e the signal Z = (Z;,t > 0) is a continuous, R"-valued homogeneous
Markov process with some initial distribution 7 on IR",

e the RP-valued observation process Y is defined by
t
Ytz/ H(Z)ds + W,, >0,
0

where W is a IRP-valued standard Brownian motion independent of 7
and H is a bounded continuous function from IR" into R?.

Let us work as before on the canonical stochastic basis, which here can be
taken as Q = C(R";IR") x C(R";R?). We denote by IP™ the distribution on
Q) corresponding to the above model specified by the initial condition 7. We
denote also by IE"[.] an expectation computed with respect to IP" so that the
optimal filter II for Z; corresponding to the prior distribution 7 is defined by

7 () = E"[9(Z,)| Vi), ¢ € Mp(R™).

Given two different initial conditions 7o (the true prior distribution say) and 7
(an incorrect prior distribution), Ocone and Pardoux [8] studied the long time
behavior of the difference IT7°(¢) — II7°(¢)) under the probability IP™. They
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introduce some conditions which in the present case may be stated as follows.
Let Cp(IR™) be the set of those functions in M, (IR™) which are continuous and
let (S, t > 0) denote the transition semigroup of the process Z. Assume that :

e (Hy) (S;,t > 0) is a strongly continuous semigroup satisfying the
Feller property i.e.

forallt >0, S:(Co(R"™)) C Co(R™),
and admitting a unique invariant measure y such that for all ¢ € C,(IR")
limsup [ |Sip(2) — plp)| u(dz) = 0.
Then, denoting by 7S, the distribution of the random variable Z; under IP™,
it is said that (S, t > 0) forgets 7 for yu if
o (Hy(m)) w8y — p weakly as t — +o0.

In what follows R™ denotes the marginal distribution of IP™ on Qy, = C(R™"; R?)
i.e. the distribution of the observation process Y corresponding to the initial
distribution 7 for the signal Z.

Then, applying [8, Theorem 3.2| to the just described situation, the follow-
ing statement holds:

Theorem 4.1 Assume that
(i) (Si,t > 0) satisfies (H1),
(ii) (Hsy(mo)) and (Hy(7g)) are both satisfied,
(i11) R™ is absolutely continuous with respect to R™.

Then, for every continuous v € My(R"),

lim B[} (¢) — T (0)[*] = 0.

t — 400
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4.2 Asymptotic optimality of the approximate filter.

Of course we may look at model (56) as a signal-observation model of the type
which has just been discussed in Section 4.1. The process Z = (¢', X') is
the R**%-valued Markovian signal with initial condition 7, = P¢o,x0)- The
exact (resp. approximate) filter IT; (resp. II?) is the optimal filter II;° (resp.
I1;°) corresponding to the true (resp. incorrect) prior distribution my (resp.
To = 0o Q@ vy where v is the distribution of X, i.e. the second marginal of 7g).

Now we shall prove that the Theorem 4.1 can be applied to obtain the
asymptotic optimality of the approximate filter II? in the following sense :

Proposition 4.1 Assume that in the model (56), the conditions (Ag) — (A}) —
(A351) — (A35,) — (A3) are fulfilled. Then for every continuous ¢ € My(RY),

Jim () = ()] = 0. (58)

The proof consists to show that the conditions (i) — (4i7) of Theorem 4.1 are
all satisfied. This will be done through two lemmas. At first let us notice that,
from Hasminski [3], condition (A%) is actually a sufficient condition for the
ergodicity of a Markov diffusion process X° associated with the first stochastic
differential equation in (57). Under this condition the corresponding semigroup
(S?,t > 0) admits a unique invariant measure p® and (Sy,t > 0) forgets any
probability measure v on R? for O i.e.

vS? — pu° weakly ast — 400, (59)

where vS? denotes the law of the random variable X when the distribution
of X{ is v.

Then the first lemma says that conditions (i) — (i7) in Theorem 4.1 are
satisfied.

Lemma 4.1 Assume that conditions (Ap) — (A}) — (43 ,) — (A3,) — (43) are
satisfied. Let (S, t > 0) be the transition semigroup of the diffusion process
Z = (¢, X" generated by equations (56). Then (Sy,t > 0) is a strongly
continuous semigroup satisfying the Feller property and admitting a unique
invariant measure p defined by p = 6 @ u® which satisfies (Hy). Moreover, for
o = P¢y,x0) and Ty = 0g @ vy, conditions (Hy(mo)) and (Hy(7o)) are fulfilled.
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Proof Under our assumptions, it is well known that (S;);>o is a strongly
continuous semigroup satisfying the Feller property. Moreover, from the dis-
cussion above about the consequences of (Aj) for the first equation in (57),
it is straightforward to show that the measure u = dy ® u, where u° is the
unique invariant measure of (S?,¢ > 0), is an invariant measure of (S, > 0).
The uniqueness of 1° implies the uniqueness of u and from (59), (H;) can be
easily obtained.

On the other hand, since the law myS; of Z; under P’ = PP™ coincides with
the law dp ® (1S?) on Qy x Qy, the condition (Hy(7,)) is directly obtained
from (59). It remains to verify that (Hy(mp)) is fulfilled. Since (S;, ¢ > 0)
admits a unique invariant measure it suffices to show that the family of laws
{Py, , t > 0} where IP;, = myS;, is uniformly tight i.e. for any & > 0, there is
a compact set K C R" such that

P([Z;€ K])>1—¢, forallt>0.

But from (A3;) — (A3,), ¢ converges to 0 in probability under IP. Then,
denoting Py, the distribution of X; under P, it suffices to prove that the
family {IPy,,t > 0} is uniformly tight.

Let us use the notations introduced in Section 2.1. Recall that we defined
there the probability P which is locally absolutely continuous with respect
to IP = IP™ with the local Radon-Nikodym derivative L;. Then also IP is
locally absolutely continuous with respect to IP with the local Radon-Nikodym

derivative L;'. Then for any R > 0, we have
P([1X:| > R]) = E[1 x, 51y L; '],

But under P the process X satisfies the stochastic differential equation
dX; = b(X,) dt + dV;, t > 0, X,

where V is a Brownian motion imd Xo has still distribution 75 and is inde-
pendent of V. Therefore under IP the distribution of the random variable X,
coincides with 149S°. Hence by the Cauchy-Schwarz inequality for any R > 0
we get

(X > R]) < [P(1X] > B)]* [B(L)]7
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or equivalently

1

[E(L7H]?. (60)

N[=

P([|X,| > R]) < [wS({z € R : |z| > R})]

But, taking into account the independence of ¢ and (V, W) under IP, condi-
tioning on ( it is easy to check that

E(L, ') = E(exp < K >,).

Then making use of assumptions (Ag) — (A}) — (43 ;) — (43 ,) it is readily seen
that there exists some positive constant C' such that

E(L') < C < +oo. (61)

Moreover, assumption (A%) implies that the family of distributions {v(S?,t >
0} is uniformly tight. Therefore, for given ¢ > 0 and C' > 0, there exists a
R > 0 such that

2
wS({z € R : |z| > R}) < % for all £ > 0.

Hence, due to (60) and (61), for this R it follows that
P([|X:| > R]) <e¢, forallt > 0.

This means that the family of laws {Px,,¢ > 0} is uniformly tight and we can
conclude that (Hj(m)) is fulfilled. O

Finally the next lemma says that the condition (7i7) in Theorem 4.1 is
satisfied.

Lemma 4.2 Assume that conditions (Ag) — (A}) — (A3,) — (A3 ,) are satisfied.
Then, for my = Py x,) and Ty = dy ® vy, the distribution R™ is absolutely
continuous with respect to R™.
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Proof Recall that R™ and R™ are the marginal distributions on €, of IP =
P™ and P’ = P™ respectively. Again we use the notations introduced in
Section 2.1. The probability IP, already used in the proof of Lemma 4.1 has
the same marginal distribution on € x €, as the probability IP® = IP™ and
hence its marginal distribution on €, is nothing but R™. Hence to prove the
statement in the lemma it is sufficient to show that in fact IP is absolutely
continuous with respect to P on (Q, F). But since IP is locally absolutely
continuous with respect to P with the local Radon-Nikodym derivative L;,
thanks to [4, Proposition I11.3.5], to conclude it is enough to show that the

density process L; ' is a square-integrable martingale with respect to IP i.e.

sup B(L;*) < +oo,
t

or equivalently
sup E(L; ") < +oo0.
t

Actually this is true because of the bound (61) obtained in the proof of Lemma
4.1 and so the statement in the present lemma holds. O

Remark 4.1 It is interesting to emphasize that the constant ¢y appearing in
the condition (A3 ,) which ensures the existence of an exponential moment
for (y depends on the convergence rate A of the flow ¢ appearing in (A3 ;) and
the Lipschitz constants of b; and h in (A}). In particular, not surprisingly,
it appears that the larger is A, the smaller is the constant c.

Remark 4.2 With slight modifications in the proof of Proposition 4.1, one
can show that the same asymptotic result holds for any initial law of the
form Ty = dp ® v in place of Ty = dy ® vy provided that the incorrect prior
distribution v for X, dominates the true one v, i.e. 1y << v. So for two
different initial conditions of this form the asymptotic behavior of the ap-
proximate filter is unchanged. In the particular case of the filtering model
(57), this reduces to the fact that, under the assumptions “b Lipschitzian”,
“h continuous bounded” and (Aj), a filter initialized with an erroneous prior
distribution v such that vy << v has the same asymptotic behavior as the
optimal filter (initialized with 15). Actually that property in model (57) is
an immediate consequence of [8, Theorem 3.2 and Remark 3.3].
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