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Abstract: We consider the problem of the perturbation of a class of linear-quadratic differ-
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(for the dynamics) to another are governed by a finite-state Markov process. Player 1
controls the continuous dynamics, whereas Player 2 controls the rate of transition for the
finite-state Markov process; both have access to the states of both processes. Player 1
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or minimize the same quantity. The problem above leads to the analysis of some linearly
coupled set of quadratic equations (Riccati Equation). We obtain a Taylor expansion in the
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Systémes linéaires quadratiques avec sauts rapides

Résumé : Nous considérons un probléme de perturbations des systémes linéaires quadra-
tiques oul les paramétres sont des fonctions d’une chaine de Markov. Le joueur 1 controle
la, dynamique continue, tandis que le joueur 2 controle le taux de transition de la chaine de
Markov. Le joueur 1 désire minimiser un colit quadratique et le joueur 2 désire minimiser ou
maximiser la méme quantité. Nous analysons le comportement asymptotique de ce systéme
quand le taux de transition de la chaine de Markov controéllée devient grand, ce qui améne
& étudier une équation de Riccati. Nous obtenons une série de Taylor dans la perturbation
de la solution de ’équation de Riccati pour une stratégie stationnaire fixée.

Mots-clés : Perturbation singulier, Processus de décision Markovien, Théorie des jeux,
Serie de Puiseux, Optimisation lexicographique, Agregation et Horizon infini.
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1 Introduction

We consider in this paper the optimal control of a perturbed class of linear-quadratic dif-
ferential games with Markov jump parameters, when the transition probabilities associated
with the underlying Markov chain are also controlled. We study two scenarios: The transi-
tion probabilities are controlled cooperatively (which leads to a team problem) or they are
controlled antagonistically (which leads to a zero-sum differential game).

Research on control systems with Markovian switching structure was initiated more than
thirty years ago by Krassovskii and Liskii [9],[10] and Florentin [11], with follow-up work in
the late sixties and early seventies addressing the stochasstic maximum principle [12],[13], dy-
namic programming [13], and linear-quadratic control [14],[15] in this context. Late eighties
and early nineties have witnessed renewed interest in the topic, with concentrated research on
theoretical issues like controllability and stabilizability [19],[6],[21],[4],[8] in linear-quadratic
systems for continuous time, see also [18],[5],[17] for discrete-time. Perhaps the first theoret-
ical development in differential games context was reported in [3], where a general model was
adopted that allows in a multiple player environment the Markov jump process (also con-
trolled by the players) to determine the mode of player, in addition to affecting the system
and cost structure. Results in [16] also apply, as a special case, to zero-sum differential games
with Markov jump parameters and state feedback information for both players. More re-
cently, this framework has also been used in worst-case (H*°) control design problems where
the underlying system changes stucture at random points of time according to a finite-state
Markov process with a constant rate matrix, and with the system dynamics affected by an
additional (continuous-valued) disturbance process; some selected publications on this topic
are [19], [2], [21], and [7].

In this paper, we restrict to the case in which the linear dynamics is described by a one-
dimensional state; it is only for this case that linear-quadratic structure is known to hold
when the transition of the jump parameters are controlled as well. We consider perturbation
of the non-controlled system and show that the solution of the related coupled Algebraic
Riccati Equation (ARE) has a Taylor expansion in the perturbation. This is then extended to
the controlled case. We show that there exists a policy for the controller of the Markov jumps
which is optimal for all small enough perturbations. Numerical algorithms are proposed to
compute the [ first terms of the solution of the Coupled Riccati Differential Equation when
the transition of the jump parameters are controlled which leads to a good approximation
of the optimal policy.

RR n° 3816



4 El Azouzi, Abbad & Altman

The paper is organized as follows. Section 2 and 3 introduces the general model, and
presents the main results in [1]. By using the averaging andagregation techniques, we study
computational algorithms to determine solutions of linearly coupled set of quadratic equation
(Riccati Equation) and optimal policy in sections 4 and 5, the paper ends with the concluding
remarks of section 6.

2 General Model

The continuous dynamics of the game under consideration evolve according to

dzx 1 _
= =AW +BOY,  2(0) =, 1)

where z € R, x is a fixed (known) initial state, u!

is a control, applied by Player 1,
taking values in U; = R , and 6(t) is a controlled, continuous time Markov process, taking
values in a finite state space S, of cardinality s. Transitions from state i to j occur at a rate
controlled by Player 2, who chooses at time t an action u?(t) among a finite set U,(i) of
actions available at state i. Let Us := U;cgUs(4). The controlled rate matrix (of transitions
within S) is

A= (Niaj), i,j €S, ae€U(i).

The A;.;’s are real numbers such that for any ¢ # j, and a € Us(3), Aia; > 0, and for all
a € U2(l) and 7 € S, Aigi = _Zj;éi )‘iaj-

Fix some initial state iy of the controlled Markov chain S, consider the class of policies
7* € Uy, for player k (k=1,2), whose elements (taking values in Uy) are of the form

uk(t) = 7k(t7 [o,t]» 0[0,15])7 te [07 +OO) (2)

Here, v* is taken to be piecewise continuous in its first argument, and piecewise Lipschitz
continuous in its second argument.
Define x = R x S to be the global state space of the system and U := U; x Us to be the
class of multi-strategies v := (7,72). Define the running (immediate) cost L : x x Uy — R
as:

L(xvivul) =lz |22(i) + | ut |?%(i)’ )

where Q(.) > 0 and R(.) > 0, and | z |¢ denotes the Euclidean semi-norm.
To any fixed initial state (xo,4p) and a multi-strategy v € U, there corresponds a unique

probability measure P;O on the canonical probability space 2 of the states and actions of

120

the players, equipped with the standard Borel o-algebra. Denote by E] . the expectation

0s%0

INRIA



Perturbation of Linear Quadratic Systems with Jump Parameters and Hybrid Controls 5

operator corresponding to P .. We denote by (x(t), 6(t)), u(t),t € [0,+00), the stochastic

processes corresponding to the states and actions, respectively. In terms of this notation and
convention, and for each fixed initial state (zg,ip) and a multy-strategy v € U, we introduce
the discounted (expected) cost function:

+oo
Jo(osio) = EL. . ( / eﬁtLu(t),e(t),ul(t))dt) , @)

where 8 > 0 is a discount factor.

Condition 1:
The pair (A(0(t)), B(6(t))) is stochastically stabilizable for all stationary policies of Player
2, and (A(7), Q(7)) is observable for each i € S.

The problem is the derivation of a solution to

Jﬂ(iﬂ,l) = valVEUJ,B(xviv 7)7 (5)
where val,cy stands for the
inf sup and inf inf .
Y EUL 42U, Y1eUy v2€U,

3 The unperturbed solution process

We briefly mention results for the unperturbed case Altman et al.[1]
Introduce a backward controlled Markov operator G7 associated with (1)-(4) (for n=1) as
follow: For each ¢(z,4) for which ¢(.,i) € C! for all i € S (where C! is the space of all
functions with continuous partial derivatives), and for each v = (u!,a) = (u!,u?) € U(4),
“ N : )
G o(z,1) = %f(x, ut,i) + Z Xiajp(2,1),
JjES
where f(z,u',i) = A(i)x + Bu' and z(t) € R.
Next we introduce the dynamic programming equations associated with the team and game
problems above , where the continuous-differentiability of the value functions will be replaced

simply by continuity, and their solutions interpreted in the generalized (viscosity) sense if
differentiability fails. The Hamilton-Jacobi-Bellman equation is:

Bo(x, i) = vala 42 [G(ul’uz)w(x,i) + L(z,i,u")). (6)

RR n° 3816



6 El Azouzi, Abbad & Altman

Associate with (6) the corresponding set C', of functions ¢ in x. We now stipulate a
structure for o(x,) that is quadratic in x:

(z,i) =2*P(i), i €5, (7)
where P(i) is a real number for each ¢ € S. Substituting this structural form into (6), we
obtain:

aP(i) = min [Q(A(z')x + B@)u)P(i)z + [ul 2, | +27Q(0)
+$20pta Z )\iajP(j), (8)
JES

where “opt” stands for minimization in the team problem, and maximization in the game
problem. The unique minimizing control u' in (8) is v, (z,i) = —R~'(i)B(i)P(i)x, whose
substituting into (8) leads to:

BP(i) = Q(i) + 24(8) P(i) — N()[P(i)]* + optacus(sy) ) Niaj P(J); 9)
j€s

where N (i) = [B(4)]?/R(i). We now provide a precise statement of this result in the following
theorem.

Theorem 3.1 Let the condition 1 be satisfied, with B(i) # 0 and Q(i) > 0 Vi € S. Then:
(i) The coupled set of equation (9) admits a unique positive solution, P*.
(i3) There exists a unique stationary optimal policy for Player 1, given by

' (2,i) = —[B()P*(i)/R(i)]z, i€ S.

(#ii) There is an optimal (minimizing in the team case, and mazrimizing in the game case)
stationary policy for Player 2.
(iv) The optimal value J5(x,1) = 22 P* (i)

Proof: See Theorem 3.5 in Altman et al.[1]. g

4 The Perturbed Solution Process for a fixed policy of
player 2.

We now introduce the perturbation for the transition probability rate, i.e

. 1
Ajaj = Aiaj + < Hiais (10)

INRIA



Perturbation of Linear Quadratic Systems with Jump Parameters and Hybrid Controls 7

where fore each (Aiaj)sxs and (fia;)sxs are the transition probability rate matrices .
By using standard theory of unperturbed case, the resolution of pertubed problem leads to
the analysis of some perturbed linearly Coupled Riccati Differential Equation given by:

BP.(i) = 2A(i) Pe(i) — [P-(i)]’ N(5) + Q(i) + 0ptacu,(i) Y Maj Pe(3), 1€ S, (11)
j€s

with Q(7) > 0 and N(i) #0, 1€ S.
The problem addressed in this paper is to find a solution to the equation (11) for any
e € (0, h] (where h is small enough).
Let F denote the set of stationary policies for player 2 that depend only on the current state
of the Markov chain. With a fixed f € F, we denote the solution of (11) by P/ (i),i € S.
For each fixed f € F, (11) is precisely the set of coupled algebraic Riccati equation that
arises in the quadratique optimal control, we can conclude that the linearly coupled set of
quadratique equations:

BPI(0) = QM) + 24P () = NOIPI G + YOy + mig ) PIG), i€5. (12)
JjES

admits a unique positive solution set P/ (i) provided that N (i) # 0 and Q(i) > 0, Vi € S.
Since f is fixed, let denote P/ by P..

Theorem 4.1 The solution of equation (12) is a Puiseux series i.e, there exists a positive
integer M such that

+oco
P(i)= Y Pa(i)e™.
n=—M
Proof
>From Puiseux’s Theorem [20], we have
+ oo
P(i)= ) Pu(i)e™.
n=—K

>From (12), if -K<-M then for —K < n < —M, we obtain: N (i)[P,(i)]> = 0 Vi € S. Since
N(7) #0, then P_,(i)=0Vie S. g

>From Theorem 4.1 and (12) it follows that:

+ o0 +oo n
(B=24@1) Y, Pu(@elt = Q@) =N@) Y. D Perrr()Pa-uran (el

n=—2M k=—2M

RR n° 3816



8 El Azouzi, Abbad & Altman

+o0 too
+ YD pip i Payr (e + YD NigiPa(i)ed, i € 8.

n=—2M jE€S n=—M j€S

Then we obtain the following set of equations:
If -2M <n < —M, then

0=—-NG) > Peyss@Pu(eran()+ D tisiiParna(i), i €S.
k=—2M JES

If —M <n <0, then

(B—24()Pa(i) = =N(i) > Paryr(i)Pacoann) D)+ Nisis Pa(i)+ Y isij Py na(4), i €S.

k=—2M JES JES
If n =0, then
0
(B—24(0)Po(i) = Q1) =N(i) > Pusr()P(erany)+ > Nisii PoG)+ D pig.; Pu(j), i € S.
k=—2M jES JES
If n > 0, then

(B=2A()Pa(i) = =N(i) Y Pary(i)Pascaan)(D+ D Nisii Pali)+ Y ttigi; Pryns(4), i € S.
K=—-2M JeS jeS

We consider the Markov chain associated with the transition probability rates (uif, ;)i jes-

There exists a partition of S into a family of m recurrent classes and, a transient class T, &
will denote the class of the recurrent state:

S=Um E)UT with & N&Ey=0 if n#n.

Hence
wisi; =0 if i€&, and j€&, n#n.
To each class ¢ is associated the invariant measure (row vector ) mg of the recurrent subchain
defined on the class £. Let:
C= (Cij)lgi,jgs where Cij = Wif;5-

We shall denote by gg(i) the probability to end in the class £e€e S ={&,.,&n} starting
from 4. The m functions (column vectors) gg(.) are the solutions to Cv = 0, and form a
basis of the m-dimensional subspace Ker(C).

INRIA



Perturbation of Linear Quadratic Systems with Jump Parameters and Hybrid Controls 9

Remark 1 Ifv is a solution to Cv = 0, then

v() = w(i), Vi€l
v(i) = Y g(iw(E), €T,

where (v(§))g are some real numbers.

>From the above set of equations, it follows that, if n = —2M, then
> wisigP-m(j) = N@[P-u (i) 20, i€S. (13)
JjES
Since the equation (12) admits a unique positive solution for € € (0, ], then P_/(i) > 0,
i € S. Let * = argmax;cg P_M(’L) then _lh'*f,-*i*P—M(i*) > EjGS /,Li*fi*jP_M(j). Thus
ji
Y jes Mivfie jP-1r(j) < 0. >From (13), it follows that: N(i*)[P-a(i*)]> = 0 and then
P y(i)=0forallieS.
Ifn=-2M+1< —M, we get (since P_p(i) = 0),

> wisiPoaga(5) = 0. (14)
jES
Ifn=-2M+2< —M, then
D igiiPosrya(s) = N@)[P-prp1 ()] (15)

jes
>From (14) and Remark 1, we obtain:
P—M-l—l(g) = P_M_|_1(i) for i € gand P_M+1(i) = ZE_GS qE(Z)P_M+1(£_) fori e T. Now,
equation (15) can be written as: Y-, pif,j P-mr42(5) = N(@)[P-nm41(€)]?, i € £ Multiply-
ing the last equation by mg(i) for each i € £ and summing over £, to obtain:

Z ng‘(i)uzﬁj P_ary2(3) = NP p41 (8,

JES | €€

=0

where N(§) = Y ,cemg(i)N(i) > 0. Thus, N(§)[P_p41(§)]* = 0 and P_p41(§) = 0.
Therefore P_p11(i) = 0,4 € S and > g pif,jP-m42(j) = 0,4 € S. By using the same
procedure for the case where —2M < n < —M, we obtain:

RR n° 3816



10 El Azouzi, Abbad & Altman

and
-M+1

5 R (17)

> wiriP(j) =0, k= E(
JES
where E(y) stand for the greatest integer wich smaller than or egal to y.
In the sequel, we consider two cases for —M <n < 0.
Case 1: M is even.
If n = —M, then
> wisiiPo(3) = N(@)[P-s (0)), i€S. (18)
JES
By using the same technique to derive equations (14) and (15), we obtain
P_y(i)=0 and ) pis;Po(j) =0. (19)
JES
Ifn=-M + 1, then ZjES ,uzf,]PI(J) = 0, 1€ S.
If n=—M +2 <0, then ¥ g pig,jPo(j) = N(i)[Posrsz (0)]%, i € S. It follows that
2

Ponsa (i) =0 and 3 pisi Pa(7) = 0.
If we continue with the same procedure for —M < n < 0, it follows that:

Py (1) = ..... =P_1(i)=0, i€Sb, (20)
and
> wiriPe(G) =0 for k=0,1,..,M—1. (21)
JjES
Case 2: M is odd.
If n = —M, then
> misPo(j) =0, Q€S (22)
Jj€S

2
Ifn = —M+1 <0, then Y- ¢ g pisi; Pr(j) = N (i) [P_Agﬂ (z')] , i € . Therefore P-sss1 (i) =
0 and >, 5 pif,;1(j) =0, 1 € S. By using the same procedure as in the case where M is
even, we obtain analogous results.

If n =0, we get:

(8 = 24(0))Po (i) = Q(i) = ND[Po () + D Nigii Po(G) + Y migisPu(j), i€ S. (23)
JES JjES

>From (21) or (22), we have that:

> wisiPo(j) =0, Q€S (24)
JES

INRIA
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Using the equation (24) and remark 2, we obtain

P& =PR(i), i€ VEES.
{PM Yeeste(i)Po(€), Q€T (25)

Substituting the first expression of (25) in (23) to get:

(8 = 2A(0))Po(&) = Qi) = N@)Po(O + Y pasisPu(G) + D NisisPo(§), i€ & (26)

JES jeS
Multiplying (26) by mg(i), i € £ and summing up over &:

D [me)(B =240 Po(€) = Y QUiymeli) = Y N(i)ymg(i)[Po ()]

icé i€S ieg

+ Z zmé(i>ﬂifij Pu(j) + ng‘(i)/\if,-j Py(&)

JES | i€k feS \ ief
je¢
=0
+ 2D D me(issae () Po(&).
JET ie€ £eS

We introduce the following notations: A(§) = Y,czme(i)A(i), Q(€) = X;ceme(1)Q(5),

1

(27)

BE) = (V@) = (TieemeIN@)} and Aegr = X me) (Sye0 Ny + Syer de (Dirs) -

Thus, the equation (27) becomes:

(B =24@))Po(&) = Q&) = NP + ) Aea Po(€), E€35. (28)

Note that 6(t) defines a aggregated Markov chain defined on the state space S with the
infinitesimal generator matrix T' = (Azz)mxm

Condition 2
The pair (A(f), B(f)) is stochastically stabilizable and (A(£),Q(£)) is observable for each
£esS.

Under condition 2, Q(¢) > 0, the equation (28) admits a unique positive solution (see
Altman et al.[1]), hence Py is uniquely determined by (23) and (24). Furthermore, the
following jump linear system:

= D()z, (29)

RR n° 3816



12 El Azouzi, Abbad & Altman

where D(€) = (A(§) — N(£)Py(£)), is mean-square stable (Costa et al[4]).
If n =1, then

(8 = 2A() Py (i) = =2N()[Po(i) PL(0)] + Y AifigPL(j) + Y higiPusa(y), i€ S. (30)
JES JjES

>From (21), we have:

> misiPu(G) = 0. (31)

JES

By using the same procedure from (30) and (31), we obtain:

[B-2D@)Pi(§) = Y AeaPi(€), €€S (32)
fes
Since the model (29) is mean-square stable, one applies proposition 2 [4] to derive that
equation (32) has a unique solution. Since 0 is solution to (32), then 0 is the unique solution
to (32). It follows that the matirice (3] — A) is regular, where Azz = 24(€)— N () Py () + Az
and flgg, = Age and (30) yields: 37 g piis;j Pu1(j) =0, i € S.
If 0 <n < M, then

(B = 24(i))Pa(i) = =2N (D) Py())Pa (i) + Y pifis Parrs (5) + Y Xifis Pu(d):
jEeS jeS

>From (21), it follows that > . ¢ pif,jPn(j) = 0. Then we can derive Pi(i) = .. =
PM_l(i) = O, and

> piriPaym(i)=0  n=0,1,.,M—1. (33)
jes
If n = M, then
(8 — 2A(0)) Py (§) = —2N(i)Po(i)Pr (i) + Y prig.j Pona (5) + D, Xigis Pu (4)- (34)
JES JjES
>From (23), we get
> wisPu(G) = a(i), i€, (35)
JjES

where a(i) = (8 — 2A(i)) Py (i) + 2N (i)[Po(i]* — Q(4) — X ¢ 5 Mifis Po(4)-
If M < n < 2M, then (8 — 24(0))Pa(i) = —2N()Po(i)Pu(i) + X e pigijParas (j) +
> jes AifiiPn(j). From(33), we have that > g pif,jPa(j) = 0, and therefore P,(j) =

INRIA
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0, VeSS and n=M+1,..,2M — 1.
Similarly, we have that:

P,(i) > 0, i€S
P,(i) = 0, n#kM, k=1,2,..

Now, we can state the following result.

Proposition 4.1 Let condition 1 and 2 holds, with B(i) # 0 and Q(i) > 0 Vi € S. Then
the coupled algebraic Riccati equation (12) admits a unique positive solution, which admits
Taylor serie.

The next theorem is about the computation of the terms in the expansion of P, and more-
over the proof of the theorem is constructive in the sense that it provide an alrorithm for
calculation.

Notation

Let Ker(C) denotes the Kernel i.e Ker(C) = {y € R*/Cy = 0} and Im(C) the range of the
operator C(f) i.e Im(C)={y e R°/3z € R®,y = Cz}

Theorem 4.2 P. has the expansion Z::(’) P, (i)e", with P, = P, + P, where P, € Im(C)
and P, € Ker(C). The sequence (P, Py,) is uniquely detemined by:
* Py is the unique solution of

(8 = 2A(E)Po(€) = Q&) = NP (&) + Y Mgz Po(&)). (36)

ées

* P,, n >0 the unique solution of the linear system

Cpn = 0p—1, (37)

where

n1(i) = (B = 2A(1)) Pa—1 (i) + N (@) Po(i) Pa-1(i) = D XifigPao1(§) = hna (0).

JjES
with hn(i) = N(G) 01 Pe(i)Po1 k(i)
* P, n >0 is a solution to:
P,(i) = P,(§), where, P=(BI—A)"'T,, icé& fe§
( Pu) = PO, where, P=(31- ) o)

Po(i) = Yges e (Pu(E),  i€T,

where Tn(€) = 3 ce me(i){[8 — 2A(1) = N@)Po ()] Pa(i) + X jes Pa(5) = hn-1(i)}

RR n° 3816



14 El Azouzi, Abbad & Altman

Proof Let P.(i) = I:E) P, (i)™ be the expansion of P., where P, satisfies the equations
ZjeS mifiiPo(j) =0
(B = 2A()Po(i) = Qi) — N(i)[Po(i)]* + X5 Nifii Po(d) + i trigis Pr(3) (39)
(ﬁ - 2A(7’)>Pn Z) = _N(Z)PO(Z>P7L(Z) + E]ES )‘zfszn(.n + Z]ES l’l”ifijPTL‘l'l(j)
~N@) Xhot Pu(@)Pay(@), 1 >0
>From the preceding results, Py is the unique solution of the equation (36).
C(f) admits the eigenvalue 0 because 3 ¢ puis,; = 0. This eigenvalue is semi simple

(the eigenspace associated to the eigenvalue 1 admits a base of eigenvectors) this can be
shown easily by noting that gg, £ € S defined below, form a base of m-dimensional suspace
Ker(C). From this property we have the decomposition: R® = Ker(C)®Im(C), . Therefore,
P, = P, + P,, where P, € Ker(C) and P, € Im(C). Substituting this structur in (37), we
get

(8 - 2430) + 2N P()Pa(i) = Y NieiPuls) = (B — 2433) + 2N () Py(0)) P (i) — fu1(3)
JES
+ D N Pa() + D bigi Pasr (). (40)
JES JES

We shall show that (37) (respectively (40)) admits a unique solution. We have a,,—1 €
Im(C), since P, € Im(C), then (37) admits a unique solution.
On the other hand, P, € Ker(C), then

eo (41)

Substituting this structur (41) in (40), multiplying each equation by mg such that i € & and

summing up over £, we obtain:

[8 = 2A(€) + 2N () Po(O]Pa(€) = Y Az Pal€') = Tu(&). (42)

Recall the definition of A below (32). As we showed there, (8I — A) is nonsingular, hence
the unique the solution of (42) is P, = (81 — A)"'T,. g

Iterative algorithm to compute Pj:

1- Set PO(i) = 0,i € S.

2-Compute PL(i),i € S,1 > 1, iteratively by solving the following set of quadratic equations:

(B+ AL = 24()) Py (€) = —N(E)F ™ () + Q(f, By, §), (43)
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>From the definition of Q(f, Pé,{j) if P’+1( ) l( )then

Qf, Pyt &) > Q(f, B, ). (44)

Note that (43) is a standard Riccati equation that corresponds to a system that always
remains in the state &, and where the weighting on the quadratic cost for the state is
Q(f, P}, &). Therefore, its solution Pi+'(i) will be increasing. Tt follows that,

if QUL Rt 2>Q(f, Py, €) then Prt?(€) > By (¢). (45)

In view of the fact that P;(£) > Py(€) = 0 (44)-(45) establish by induction the desired result
that the sequences P! is nondecreasing for each i € S and therefore have respective limits,
with the former satisfying(36).

Remark 2 The Taylors expansion of P. can be computed recursively in n:
Py is computed by the iterative algorithm,

Py is solution of (37)1 (this is a linear system)

P is computed by (38)1,

P, is solution of (37)2,

Py is computed by (38)2,

and so on .....

5 Optimal and uniformly good strategies

We now describe a policy iteration algorithm that will lead to a policy which is e*-optimal
for all € sufficiently small, where the optimization in R can be done by using lexicographical

optimization.

Definition 5.1 A sequence (a,) n =0, ...,00 is said to be lexicographical positive if there ex-
ists K such that a, = 0 if n < K and ax > 0. The sequence (a,) is said to be lexicographical

greater than the sequence (by,) if the sequence (a, — by,) is lexzicographical positive.

Notation
Let Opt denote the lexicographical optimization Ve(@) =30 Vali)em,
V(i) = (Vo1(0), Vi RAGES - Vi(0)) and V(i) = 352y Vali)e™

Lemma51
1Pf()>0 Vi€ S s equivalent to 3p :Ve<p ,PI(i)>0,Vie S

€

2-P€f(z) >0, Vi€S isequivalentto 3p:Ve<p ,PH(i)>0 Vies.
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The proof is trivial g
Let g be the strategy defined by:

9i = ar8ucy,(i optZ)\faJPf( ), €S8, (46)
jeSs

Lemma 5.2
If g is the strategy defined by (46), and P9 is the solution to:

(8 = 24())P (1) = =N@PLO)F + Q1) + Y Ny, P i €8,
JES
then P9(i) < PZ(i) for team problem (resp P2(i) > PS(i) for game problem).

Proof
This result is given by the outer-loop algorithm in Altman et al[l]. g

Theorem 5.1 Let g be the strategy defined by:

-
gi = a‘rgaEUg(i) O_piz )‘:a]Pef(J)v 1€ S. (47)
JES

Ifﬁ is the solution to:

(8 — 2A4())P(i} = —N()[P?(3) ]+Q—5+Z>\m€ ), i€s, (48)

jES

then P9(i) < Pf ) for team problem (resp PI(i) > Pf (i) for game problem).

Proof
To see fron the team problem ("opt"="min") that

Z)‘ij >-Z)‘zgﬂ

JjES jES

then dp, st Ve<p > c5Af; ()>EJ€S Soi P/ (5). From lemme 5.2 we have
that Ve < p Pf(i) > P9(i) Vi € S and is equivalent to (lemme 5.1 ) P9( i-<Pf (i) Vi€ S.

—_—
Theorem 5.2 Let (Pfk)keN be the sequence defined by :

k—1
1= argacun oy oPEY N P (),
JES
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R
where Pefk is the solution to (48) (g = f*), then there exists f* such that limp_ o P/ =
P - prr — pr . ,

P} . Furthermore there exists no such that P! = P! for all k > no and f* is the optimal

€
stationary policy for player 2.
Proof
—z
>From Theorem 5.1, the sequence P/ is monotonous and lexicographical positive, hence it
converge. The other part of theorem follows from the fact that the action space is finite.
We now provide a precise statement of this result in the following theorem:

Theorem 5.3
Let condition 1 and 2 holds, with B(i) # 0 and Q(i) >0V € S. Then:
(i)The coupled set of equation (11) admits a unique positive solution, PF, which admits

Taylor serie.
(i3) There exists a unique stationary optimal policy for Player 1, given by

Ve (w,4) = —[B()P (i) | R(i)]x (i), i € S.

(i) There is an optimal (minimising in the team case, and mazimising in the game case)
stationary policy for Player 2 (f*), independently of variation of € in the vicinity of zero.

Theorem 5.4
1- Let g be the strategy such that [ > 0

Z )‘lf J >- Z )‘19 J (49)

JjES JeS

then Pf >- PY( ) and 3Jp st Ve<p, PH(i)> Poi).
2- P! (z) = (07 Py (i), .., P (i)) where P(i) is solution to (11), is uniquely determined by the
equation

— 5l
(B — 24(i) = Q0 - NOP.O)P +r’ptaem(i>ZA;jau>. (50)
JES

Proof
1- From (49), 3p 3p' st Ve <p , wehave 3. o X, ;P/(j) + p'e ™ > 30, N5, P2 (5)-
Consider the iteration (1nner—loop).

(B+ X —243)PFH @) = —N@PED@)? + Q1) — p'é ™ + Y g, ;P
JES
+ MPM(i),k=0,1,.; PO(®i)=PI(i),
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where \§ = max,cu, (i) | Al 1= i + L.
Note that

Qi) — p'et + > Nigi s PL(j) + NP/ (i () + > Nir; PI(5) + MPL (D)
JES jES
Then we have P! )( ) < Pf(4).
By using same procedure in Altman et al[l], we can conclude that the inner-loop iteration

generates monotonicaly nondecreasing positive sequence, wich has to converge to the solution
of :

(B = 24(i))PL°(i) = =N@)P'L() + Q) = plet + X5y ;PLG), Q€S
JES

By using same procedure for as in the resolution for equation (12), we find that
P’g = PY( ) then 3p, p st Ve < p , PI(i) < PS(i) + p'étl, this equivalent to

mﬁpzz

2- By using first party of this theorem, we can construct a monotonicaly positive sequence

—=z! —xwl =z —l
P/”  which has converge ie limg .o P/ = P/ and P/ solution to (50). Therefore

—)* l —)l *
P/"() < P/(i) Vie S VfeF then 3p st Ve<p P/lG) <PH(i) Vies
Vf € F, hence we have P/ (i) = P*l(i). g

Remark 3
PI5 (resp f*) is an € -optimal solution of (11) (resp € -optimal strategy for Player 2).

Policy Iteration Algorithm

Now, we present an algorithm to compute the €'-optimal solution of (11) and e *!-optimal
stationary policy for player 2.

Step 1:

Choose some strategy f1 in F, k := 1.

Step 2:

Compute [ + 1 first terms of Taylor serie P/* solution to (12) (Theorem 4.2).

Step 3 :

Let n :=1 and U3 be defined by :

U, (i) = arg oplacu, (i) 2_jes liiajp(fk (4)
U3 (i) = argopt,cyn—1 e (Niag PL* (1) + pias PL41 (7))
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Let F¥ =[[;cq Us. If |[Ff| =1 set F} = F* and go to step 4.

If |[F*| # 1 and n <[ then n — n + 1 and go to step 3. Otherwise, go to step 4.

Step 4:

If Ff is identical to F*~!, stop: F}* is the set of all e.-optimal strategies. Otherwise, choose
some strategy fri1 in FJ' and go to step 2.

6 Conclusions and further research

We studied in this paper a linear quadratic control problem with Markov jumps, in which not
only the original state is controlled but also the transitions of the Markov parameters. The
values and optimal policies for both controllers are given using the solution of a corresponding
set of CARE (coupled algebraic Riccatti equations). We showed that this solution has a
Taylor expansion in the perturbation and computed the different terms in this expansion. We
showed that there exists a policy for the controller of the Markov jumps which is optimal for
all small enough perturbations. Numerical methods were proposed to compute or apprximate
this policy.

We restricted to the case in which the state is one dimensional, since the quadratic structure
of the optimal value (and the linear structure of the optimal control) does not extend to
the multi-dimensional case. We shall carry on future research to identify special cases in
which the multidimensional problem has still a quadratic value. The singular perturbation
problem will then be handled by extending our results for the noncontrolled case to the

multidimensional setting.
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