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Abstract: We consider here a flow control mechanism in which the rate at which
data is sent increases linearly in time until a loss occurs. At that point the transmis-
sion rate decreases by a multiplicative factor. This mechanism is a good approxima-
tion to TCP/IP, the congestion control in the Internet. Losses are generated by some
exogenous random process, which is assumed to be stationary ergodic; no Markovian
assumptions are made. We obtain an explicit expression for the average transmission
rate and obtain bounds in the case that there is a limit on the maximum rate.
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Un modéle stochastique de TCP/IP en présence d’un
processus de perte de paquets aléatoire, stationnaire et
ergodique

Résumé : On présente dans ce papier un modéle stochastique pour un protocole de
controle de flux similaire & TCP, le fameux protocole contrdlant la congestion dans
I'Internet. Le protocole modélisé augmente linéairement le débit de transmission
jusqu’a l'apparition d’une congestion. Il divise alors le débit par deux et recom-
mence 'augmentation. Ceci est similaire & TCP ol la congestion est détectée par
I'apparition d’une perte d’un paquet. On suppose que les pertes de paquets, donc les
signaux de congestion, sont générées par un processus aléatoire supposé étre station-
naire, ergodique et indépendant du flux contrélé. Aucune hypothése Markovienne
n’est faite. On obtient une expression explicite du débit moyen en fonction des pa-
rameétres du processus de pertes. Dans le cas oll une limite existe sur le débit de
transmission, on trouve deux bornes pour le débit moyen. Le modéle est & la fin
étendue pour modéliser le mécanisme Timeout du protocole TCP.

Mots-clés : TCP/IP, Evaluation de performance, Processus ponctuel ergodique
et stationnaire, Calcul de Palm



A stochastic model of TCP/IP 3

1 Introduction

In this paper we analyze the performance of a TCP-like flow control mechanism
with random losses. We assume that the rate at which data is sent increases lin-
early in time until a loss occurs. At that point the transmission rate decreases by
a multiplicative factor. The linear growth and multiplicative decrease is a good ap-
proximation to TCP/IP [17], the congestion control in the Internet, see e.g. [30] for
the explanation of these assumptions.

There are many related references on TCP over lossy channels. [22, 32, 20, 30]
provide an analysis for the case of independent losses, whereas bursty models have
been studied in [1, 2, 3, 7, 10, 21, 30, 34|, which use either two state Markovian
models or even more simplistic ones.

In this paper we investigate the case of a general, not necessarily Markovian
process of losses. All we assume is that this process is stationary ergodic. With this
minimal assumption, we are able to obtain explicit expressions for the average send
rate of flow control mechanism.

In TCP/IP, the decrease by a multiplicative factor » = 0.5 occurs if the loss is
detected using a mechanism known as duplicate ACKs (denoted TD), see e.g. [30].
There are cases, however, in which the source is not able to use that mechanism and
losses are detected by the expiration of some timer TO. In reaction to such losses
the window decreases to a minimum size (of one unit). We shall analyze in Sections
2-5 the case of TD, and extend this analysis to TO in Section 6.

In the next section we shall define the mathematical model for the TCP window
evolution. In the ensuing Section 3 we shall compute the first two moments of the
window size at loss arrivals for the stationary regime as well as we shall obtain a closed
form expression to the average transmission rate at an arbitrary time. Different
examples of loss processes will then be studied in Section 4: losses which are modeled
by an ii.d. sequence, by a Markov modulated Poisson process and by a Markov
arrival process. Bounds are derived in Section 5 to compute a modified model that
takes into account non-linearities that occur in TCP when there is a limit on the
maximum size of the window. Section 6 extends the analysis to the case where
both TD and TO are present. Section 7 concludes with some comments on the
assumptions of the model and their justification by numerical experiments.

RR n° 3824



4 Altman , Avrachenkov , Barakat

2 The model

We present in this section a simple model for TCP in which losses are detected by
the TD mechanism. The instants of the random losses are modeled by a general
stationary ergodic point process [5]. We assume that this loss process has non-null
and finite intensity \. Let {T},},;;>° ., be a particular realization of the point process.
Then, the evolution of the so called TCP window (i.e. the number of packets that
the source can sent before receiving an acknowledgment (ACK)) can be described
by the following equation

Xny1 =vX, + aS,, (1)

where X, is a window size just prior to the arrival of the loss at T},, Sp := Tp41 —Tn,
v is a factor by which the window reduces after a loss (usually, it is equal to 0.5)
and « is a rate of the window growth in the absence of random losses. The pair
{T,,, X,,} can be considered as a marked point process [5]. The TCP window is a
direct measure for the instantaneous throughput; the latter is given in fact as the
window size divided by the round-trip time.

Note that the equation (1) is a particular case of stochastic linear difference
equations. Using the results of [8, 13], we conclude that equation (1) has a stationary
solution given by

Xi=a) v*Su 1 (2)
k=0

Moreover, if the window evolution starts from an arbitrary window size Xj, it will
converge almost sure to the above stationary regime [8, 13]:

lim | X, - X =0, P-—as,
n—oo

3 The computation of the first two moments of X, and
the average throughput

First we calculate the expectation and the second moment of the window size at the
instants of random losses. Namely,

Proposition 1 Let A = 1/E[S,] be an intensity of the loss process and let R(k) =
E[S,Snik] be a covariance function for the process {Sp} 2> .. Then,

n=—oc"

EIX:] = ﬁ (3)

INRIA



A stochastic model of TCP/IP 5

9]
042

BI(X;)%) = -2 [R(0) + 2 v*R(K)] (4)

k=1

PROOF: To calculate (3) and (4), we use the expression for the stationary solution

(2).

X =aY VB[S, = Z Y. V)
k=0 k:

Similarly, we obtain

E[(X})?] = Ela Z VS, 1 ja Z vF S 1 1]
=0 k=0

oo k oo k
= Oz2E[Z Z Van_l_jI/kijn_l_k_{_j] == CEQ Z Z VkE[Sn_l_an_l_k+j]

k=0 =0 k=0 j=0

ZZ 0)+2>77_, R(2j), if k=2
ZZ 1 R(25 - 1), it k=2r—-1.

Then, we regroup the terms of the last series to get

E[(X))?] = o*R(0) f: v 4 202 f: R(k)v* i v
j=0 k=1 j=0
a? >
= —5lR0)+2) v R(K).
k=1

a

Remark 1 We would like to note that the expectation computed in (3) is taken with
respect to the loss instants. This expectation is also referred to as Palm expectation
in the context of point processes. Of course, one might be interested in computing the
expectation of the window size at an arbitrary time moment. For ergodic processes
the latter expectation coincides with the average throughput.

Next, by using the expression (2) and the concept of the Palm probability, we
calculate the average throughput of our TCP model

RR n° 3824



6 Altman , Avrachenkov , Barakat

Proposition 2 The average throughput is given by

oo

X = 22[R(0) + - Y A R(K) (5)
k=1

PROOF: As was noticed in Remark 1, in our case the average throughput coincides
with the expectation of the window size E[X(¢)] at an arbitrary time point. To
compute E[X(t)] one can use the following inversion formula (see e.g., [5] Ch.1
Sec.4)

T1
BX()] = E°[[ X(t)dt] (6)
0
where E°[] is an expectation associated with Palm distribution. In particularly,
PY%{Ty = 0} = 1. Now using formula (6) and expression (2), we can write
o [1/1 orl & o2
E[X(t)] = AE”[ (§X0 + at)dt]| = A\E [§XOSO + 550]
0

Aa

B[S}

A oo
= EEO [a kz_o v*S_1_1So] +

oo

a

Remark 2 Often the covariance function C(k) = R(k) — E[S,)? is used instead of
the correlation function R(k). Then, the formulae (4) and (5) become

2 o 2

BIXGY] = 1500 + 23 W] + 55—
k=1
vt 1 a2 —v)

4 Examples of loss process

Now let us consider some important particular cases of the general loss process.

INRIA



A stochastic model of TCP/IP 7

4.1 TIID random losses (General Renewal Process)

In this subsection we model the loss process as a general renewal process. Namely,
we assume that S,,n = ...,—1,0,1,... are i.i.d. random variables. Then the formulae
(3), (4) and (5) take the following form.

Proposition 3 Let {S,}1>° _ are i.i.d. with d := E[S,] and d® := E[S2]. Then,

n—=—-—0oo
ad

1-—v’

E[X;] =

N a? 2vd?
Bl = 72 [ + -

B

n

X =E[X(t)] = %[d@) + l‘i_—y].

4.2 Correlated random losses modeled as a Markovian Arrival Pro-
cess

In this section we consider the correlated losses which are modeled by Markovian
Arrival Process (MAP) [24, 25, 28, 29]. It was shown in [4] that for a given general
point process, there is a sequence of MAPs which converges to the point process in
distribution. In particular, this implies that in principle the general point process
can be approximated by appropriate MAPs. Furthermore, PH-renewal process [29]
and Markov Modulated Poisson Process (MMPP) [12]| are particular case of the
Markovian arrival process.

Let us briefly review the definition and some properties of the Markovian Arrival
Process. Let N(t) be a counting process associated with MAP, that is N(¢) is the
number of arrivals (or losses in our setting) in the interval (0,¢]. Also let J(t) be an
auxiliary state variable. Then MAP can be described in terms of a two-dimensional
Markov process {N(t),J(t)} on the state space {(¢,5)|i > 0,1 < j < m} with the
following infinitesimal generator

C
0
0

QU
Qge

0
0
Q= D

where the matrix C' € R™*™ governs the transition of the process J without arrival
(loss) and it has negative diagonal elements and nonnegative off-diagonal elements.

RR n° 3824



8 Altman , Avrachenkov , Barakat

The matrix D € R™*™ governs the transitions of J with the simultaneous arrivals
and it has nonnegative elements. Thus, the underlying Markov process J(¢) has the
following infinitesimal generator

Q=C+D.

Further, we assume that QQ # C and C is a stable matrix. This ensures that J(¢)
does not get absorbed in a class of states in which arrivals stop. When J(t) = i, the
rate of transitions to state j # ¢ is QU If such a transition occurs then an arrival
occurs simultaneously with the transition with probability D;;/(—Ci; — D;;).

Let 7 be the stationary distribution of the underlying Markov process, that is

Q=0 we=1, (7)

where e is the column vector of ones. If the process J(t) has 7 as its initial distribu-
tion, then the arrival process becomes time stationary with the following fundamental
arrival rate [28, 29|

A = mDe.

Let {S,}52; be a sequence of the inter-arrival times for MAP and let {J,}5%; be
a sequence of the states of the underlying Markov process at the arrival epochs.
Then {J,,D,}5; is a Markov renewal process [16] with the following transition
probability matrix [29]

Fz) = ( /O ’ exp{cu}du> D = (I - exp{Cz})(—C)~'D

Note that T = F(co) = —C~1D is a transition probability matrix of a discrete
time Markov chain embedded at the instants of arrivals. Let u be its stationary
distribution. Now if we take the initial distribution of the underlying Markov chain
J(t) as p, the arrival process becomes interval-stationary or event-stationary. Note
that there is an elegant relation between the distributions 7 and pu

1 -1

1
= = D.
,uC’_leMC » BT TDe” )

T
The derivation of the above formulae is given in the Appendix.

The event-stationary version of MAP has the following joint distribution function
for the inter-arrival times [19]

F5.-.5, (70, - Tn) = i | [T — exp{Cax;})T}e (9)
1=0

INRIA



A stochastic model of TCP/IP 9

Consequently, the joint Laplace-Stieltjes transform is given by
n n
F(z0, s 20) = Elexp{= " 28} = u [[{(zl =)' DYe.  (10)
k=0 k=0

Next, using the Laplace-Stieltjes transform (10), we can easily calculate the first two
moments and the covariance function of the inter-arrival time process. Namely,

d
E[S,) = _E(M(ZI —O)'De)|,—o = pC 2 De = —pC™1Te = —pC~le,  (11)

2
E[S?] = W(u(z[ — O)'De)|,—g = —2uC73De = 2uC™*Te = 2uC % (12)
2

mf(z()a"'azk)

To derive the expression for the covariance function R(k) we have used the following
formula for the differentiation of an inverse matrix-valued function: (A~!(2)) =
—A71(2)AN(2)A71(2) [6].

Note that MAP becomes MMPP with infinitesimal generator R and arrival rate
matrix A, if we take C = R — A and D = A.

Now, employing (11), (12) and (13), we can calculate the first two moments of
the window evolution process {X,, }.

=0 = pCT2DT*"1C 2 De. (13)

R(k) = E[SnSntk] =

Proposition 4 Let the loss process {S,} be represented by MAP. Then,

c uC™'e (14)

BIX;] = -

— VUV

a2

E[(X)?] = —— 2u(C 2 +vC D[ —vT] 'C72D)e (15)

PROOF: The above formulae are immediately obtained from (3), (4) with the help
of (11), (12), (13) and the following derivation

> VF*R(k) = pC*DY vFT*ICDe
k=1 k=1

=pC’Dvy v*T*C*De = vpC’DII — vT]7'C " De
k=0

Next, using (5), we calculate the average throughput.

RR n° 3824



10 Altman , Avrachenkov , Barakat

Proposition 5 Let {S,} be a Markovian arrival process. Then, the average through-
put is given by

X=-

1
uca—le“(c_Q + 307 D[I = vI]'C 7 D)e. (16)

4.3 Correlated random losses modeled as a Markovian Modulated
Poisson Process

As already mentioned, the MMPP is a special case of an MAP process with infinites-
imal generator R and arrival rate matrix A, if we take C' = R — A and D = A. The
previous subsection thus provides a full solution for the MMPP as a special case. In
this subsection we further restrict to an MMPP with two states and obtain a simple
expression for the TCP average throughput.

In this section let us consider a loss proccess generated by the 2-state MMPP.
Note that a number of fitting algorithms [11, 14, 15, 15, 26, 33| are available for
the determination of MMPP(2) parameters from the data. Recall that MMPP(2) is
decribed by the infinitisimal generator of the underlying Markov process

e

(o) —09
and by the matrix of Poisson arrival rates
A0
=10

Note that MMPP is a particular case of MAP with C = R — A and D = A. The
stationary distributions 7 and p and the average rate A are given by

1 1
= = A A
™ o1 + oy [ g9 01 ]7 1% o1 + 03 [ 102 201 ],
3\ = rhe = MOz X201
o1+ 02

The covariance function of the interarrival times for the event-stationary MMPP is
the following negative exponential function [18, 19]

C(n) = E[(Sk — E[Sk])(Sk+n — BlSk+al)] = ", n 21, (17)

where )
o102(A1 — A2)* A1 A9

()\10'2 + )\20'1)2()\10'2 + Xyoq + )\1)\2)2’

INRIA



A stochastic model of TCP/IP 11

_ A1Ag
T Mog+ Aot + A
Using formula (12), we also calculate R(0) for the event-stationary MMPP(2) model.

R(0) = E[S?] = 2uC™2

)\10'2(0'1 + o9 + /\2) + )\201(01 + o9 + )\1)2 + (Al — /\2)2010'2 (18)
(A1og + Ago1)(A10a + Aao1 + A1 Ag)?

Now we can express the values of E[X}], E[(X})?] and the throughput X in terms
of the MMPP(2) parameters.

Proposition 6 Let the loss process be represented by MMPP(2) model. Then,

a(oy + 02)

Bl = 0 0hon 1 daon) 19)

2 C
B = Tl + 2 + =) (20)
X = )\7&[7“ + 1 —CV/{] + 2)\(1a— v)’ (21)

where 7 := R(0) is given by (18).

PROOF: Both formula (4) and formula (5) use the series Y oo, v*R(k). Let us
calculate this series for the MMPP(2) model.

oo

> V*R(k) = iukC( + (E[S,]) Ziyk
k=1

k=1
_ Zkkl v
A2(1—v)

- o v
 1-wvk  A(1-v)

Then, substituting the above expression into (4) and (5), we obtain the formulae
(20) and (21).
O

RR n° 3824



12 Altman , Avrachenkov , Barakat

5 Bounds for the model with the window size limitation

In the previous sections we did not include in the modeling the fact that the window
stops growing when it achieves some maximum size. The limitation on the window
size comes naturally from the following reasons [27, 30]. Firstly, the maximum win-
dow size is limited by default (which is taken in general as 64 KBytes). Secondly,
the receiver has a maximal buffer size which determines the maximal window size.
We shall assume in this section that the window size is limited by maximum window
size of M.

We take v = 0.5, which is the case in the currently used TCP versions. Then, the
example of the window evolution is presented in Figure 1. The stochastic difference
equation (1) is respectively modified to the following form.

1

Note that the model becomes nonlinear and it is probably not possible to obtain the
explicit expressions for E(X,,) and X for the general loss process. We shall thus use
the results of the previous sections to obtain bounds for the performance measures
in this case.

A

Window Evolution

M|§

Time
Thn Tht1 Trt2

Figure 1: The window evolution in the presence of the window size limitation

INRIA



A stochastic model of TCP/IP 13

Before deriving the bounds we shall establish a stability result for the process X,
using a Loynes-type construction.

Theorem 1 Assume that {S,} is a stationary process. Then there ezists a station-
ary process { X} defined on the same probability space, and satisfying the recursion
(22). Furthermore, for any initial state Xy we have P-a.s.

lim sup|X; — X;| =0. (23)

=00 kp>n

That is, for any initial state Xo, the process {Xi}r>n converges in distribution to
the stationary process as n — oo.

PROOF: Define on the same probability space the family of processes {X ,(cn), keZ},
n = 0,1, ... as follows. X,En) := 0 for £ < —n, and for k£ > —n it is given by the
recursion (22). For each k, X ,En) is increasing with respect to n and thus it has a limit
(which is obviously finite) which we denote by X;*. This limit satisfies (22) since for

every n, X ,g") satisfies it. Finally, the stationarity of the sequence {S,} implies that
{X}} is stationary as well. The convergence of X,, to X,; follows from the fact that

1 1

1 *
< §|Xn - Xn|

To show that the above inequality holds, one needs to consider four cases. If the both
values of (31X, + aS,) and (3X} + aS,) are less or alternatively greater than M,
then the inequality is obvious. Let us consider not so obvious cases. For example,
let (31X, + aS,) > M and (3 X} + aS,) < M, then

1
Xati = Xipl = M= (5X;+asS,)
1 1
< (GXa+aS) - (GX5 +asSy)
1
< 21X, — X'
< Sl - X3

Thus,
| Xn — X, <27 Xo— Xg| = 0 as n — oo.

Since both X and X are finite (they are bounded between 0 and M) this implies
(23).

RR n° 3824



14 Altman , Avrachenkov , Barakat

a
To derive the lower and upper bounds, let us consider the following auxiliary
stochastic processes defined on the same probability space as X,:

3 1. M 1. M

and 1 1 M
;nﬂziXW+MAm&J:?&+ap—m%y (25)

«

Proposition 7 Let {S,} be a stationary stochastic point process. Assume that Xo =
Xo = Xo. Then for alln >0, Xo < Xo < Xg. Moreover,

2ad < E[X,] < 20d (26)

where the expectation E[X,] is taken with respect to the stationary regime, d = E[S,),
d = EIS,], and where S,, := % NSy, Sp = % AS,.

PROOF: We show by induction that X,, < X,,. It holds for n = 0. Assume it holds
for n = k. Then, consider two cases S < % and Sy > % For S; < %, one has

1
Xk:+1 = §Xk + OéSk

1. .
EXIC + aSk = Xg41.

v

And if S, > 4%, then

1 1
Xpp1 = §Xk: + (M — §Xk) A (aSk)

1 M

2 Xk + (M =S Xp) A5
1 M

— X4 —
PR
1. M .

> §Xk+7:Xk+1

The first inequality is true, since X < M. Hence, Xk+]_ < Xk41 and according to
the induction principle, the inequality X,, < X, holds for all n > 0. Consequently,
E[X,] < E[X,] for all n > 0.

INRIA



A stochastic model of TCP/IP 15

Since by the results of [13] and Theorem 1 both processes {X,} and {X,} con-
verge to the stationary regime, we can let n go to infinity. This results in the lower
bound.

The upper bound is obtained in the similar manner by using the auxiliary process
(25).

O

Next we calculate the lower and upper bounds for the throughput.

Proposition 8 Let d® = E[(S,)?], R(k) := E[S,_Sy] and d® := E[(S5,)%,
R(k) := E[Sp_;Sn]. Then, the lower and upper bounds for the throughput are given
by

£ > a (R(O) oS SRk + 1)) (27)
k=0

X <ax (R(o) —d? + f: Q%R(k + 1)) : (28)
k=0

PRrROOF: To obtain the lower bound for the throughput we again use the auxiliary
process (24). Suppose that {X,} is in a stationary regime and define

1 i
{ LX}+ot, tell, T, (29)

IXx +aS,, te[lh, Tl

where T,, = T;, + S,, (See Figure 2). Similarly to (2), one can write the expression
for the stationary version of {X,}, that is

Now, using (29) and the above expression for X, we obtain the lower bound

l\ﬁll—\

X = ABY] /TIX(t)dt]Z)\EO[ /TIX(t)dt]

So xr* So X 3
= )\EO[/ (—O+at)dt+/ (=2 + aS)dt]
0 2 5'0 2

1., « o 1. y «
= AE°[5X350 + %sg + (5X5 + aS0)(So — So)]

1. < «
= AB°[3X5 S + aSpSo - %sg]

RR n° 3824



16 Altman , Avrachenkov , Barakat

1 =1, - 3 Q «
— )\Eo[iakz_o(i)kSlkSo + aSpSy — 553]

- (i(%)’““é(k + 1)+ R(0) - %d@)) .

k=0

Now, by using the auxilliary process (25), one can calculate the upper bound for the
throughput in the similar fashion.

Window Evolution

Time

Figure 2: A lower bound for the window evolution

Note that the quantities d,d, d®,d® and R(k),R(k) can be easily calculated
for the loss process modeled by MAP. Indeed,

d = E[S,]= /000(% Ax)pudF(z)e = ,u/ooo(% A z)exp{zC}dzDe

M
2a

M
Py M
= u (/2 x exp{xC}dxD +/ % exp{ch}de) e
0

INRIA



A stochastic model of TCP/IP 17

M M -1 M -2 M M -1
o (2 exp{2 cyC— D [exp{2 C}—-1I1IC™*D 3 exp{2 C} ) e

M -2
= pll —exp{5C}C™" De,

d= E[S,] = ull - exp{*L0Y|02De,
«

and, similarly,

i? = E[(§,) = /Om(%Ax)zuexp{xC}da:De

o 2 < M,
= U z* exp{zC}dzD + (=—)“exp{zC}dzD | e
0 ZM 2c

o

_ M M _9 M -3
_ u(_gexp{%c}c D + 2fexp{ 3 C} ~ IIC D) ‘,

. M M
d? =p (—2% exp{—C}C7%D + 2[exp{—C} — 1]0—31)) .
« « «
To compute R; (k) and Ry(k), k > 1, we use the joint distribution (9).
R(k) = E[Sn_1Sy]

oo oo M
= / / (%/\xo)xk pexp{Cxo}D---exp{Cxy}De dxg- - dxy
0 0
M —2 k=1 ~—2
= u[]—exp{%C}]C DT* "C™*De

M
R(k) = p[l —exp{—C}|C2DT*1C™2De
(6%

6 Modeling Timeouts

In this section we model losses due to both Timeouts as well as to Duplicate ACKs.
We do not include in the analysis in this section the phenomenon of maximum window
size already discussed in the previous section.

We shall assume that a fraction gro of the losses are caused by the expiration of
a Timeout. Adopting the terminology of [30], we call these TO losses, as opposed to
TD losses. We assume that the Timeout losses arrive also according to a stationary
ergodic process, and their rate is thus

ATO = qTOoA
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Assume that X, is the window size when a TO loss occurs. Then the transmission
is halted during a period of a constant duration T,,;, after which the transmission
rate grows exponentially fast by using the so called Slow Start phase [17], until the
window reaches the size X,,/2. Then it grows linearly again till the next loss occurs.
Since the Slow Start phase has a very fast growth rate (in comparison to the linear
phase), we shall approximate this phase by an instantaneous jump of the window
from its minimal value to the new value X,,/2. Moreover, we approximate the lowest
value by zero (in practice it is 1).

As before, let T,, be, as before, the instant at which the nth loss occurs, and let
Sn = The1 — T, If at time T,, there is a loss due to TO, then no losses can occur
during the interval (T,,, T, + Tout) since transmission is halted. We depict in Figure
3 a sample of our process.'

A
Window Size
TD
TO
TD
TO
_ T out__ _ |
Time
Ty T, T3 Ty
- - - - L i - - - - - - - - -
S1 Sy Sy

Figure 3: A model for TCP with TO and TD losses

"Note that we do not model here the backoff mechanism described [30] which occurs when losses
occur very shortly after a Timeout. We believe that in connections without frequent TOs their
impact can indeed be neglected.
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Define now the sequence

Sl =

n

S if the loss is T'D
Spn — Tour if the loss is TO.

Proposition 9 Assume that the process S!, is stationary ergodic 2 and let \' =
1/E[S,] and R'(k) = E[S},S],,]. Then the average throughput is given by

X = A;—0‘[3'(0) + % > VRR'(B)(1 = AroTouw)- (30)
k=1

ProOOF: Consider a new point process {7} whose inter-arrival times are {S/,},
and consider the process describing the evolution of the window size X,, when we
eliminate the periods Tyy:. This is shown in Figure 4. This is precisely the model
described by equation (1), where S,, is replaced by S!, and T,, replaced by T}..

According to Proposition 2, the throughput for the new model is given by

_/\Ia ! 1 S k !
thpr = ~~[R (OH;;V R'(k)].

This equals to the number of transmission in the original model averaged only over
the periods other than time-outs.

In our original model, the expected number of TO that occur during any in-
terval [0,t] is Arot. Hence the fraction of time in which we are in a time-out in-
terval Ty, in the original model is given by AroTou:- The average throughput in
the original model is thus (1 — A70Tout)thpi + A70Tout - 0 which establishes (30).

O

7 Justification of the assumptions and Concluding Re-
marks

We analyzed in this paper a simple flow control mechanism in which the send rate
adapts to congestion signals by decreasing the transmission rate by a multiplicative
factor each time a loss is detected. In absence of a loss, the rate increases linearly in
time. We assumed that the loss process is a stationary point process.

*Note that the distribution of the time between the nth and the (n + 1)st loss may depend on
the type of nth loss (TD or TO). This however does not prevent the process S’ of being stationary
ergodic.
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A
Window Size
TD
TO
TD
TO
Time
Tg T T3 T; Ty
- - - - L i L i -
!
s; S5 S

Figure 4: A model for TCP with TO and TD losses when eliminating the periods
Tout

Our assumptions are quite adapted to the description of the TCP flow control
used in the Internet, see [17].

In the actual TCP there are other phenomena which we do not take into account.
The linear growth assumption holds in general when the round-trip time does not
vary much; this is the case for example, if the buffers within the network along the
path of a connection are small with respect to the delay-bandwidth product, i.e.
when the queueing delay is negligible with respect to the round trip delay.

Equation (1) together with our probabilistic assumptions imply that the losses
are governed by an exogenous process and do not depend on the current window size.
In a network with a small number of connection this is not always a valid assumption.
Indeed, if there are some bottleneck nodes along the path of the connection, then
the chances of having a loss there increases as the size of the window increases. Thus
behind the dynamics (1) lies an implicit assumption of a large network with many
connections, so that the dependence between the loss events of a connection and its
window size is negligible.
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We believe that other mechanisms in TCP (such as the fast recovery) which we
have not included in our model have a little influence on TCP performance. This
assumption is in line with [30].

In [30] many empirical tests have been used to validate their model. In those tests
losses were shown to be mainly of the TO type. We remark, however, that the exam-
ples used in their tests are of very long TCP connections. We have repeated tests on
long TCP connections and obtained similar type of results. In particular, we obtained
in such connections small covariance coefficients, which suggest that i.i.d. models
for TCP can be used for such scenarios. As an example, in experimentation between
clope.inria.fr in INRIA, Sophia-Antipolis, France and linus.levels.unisa.edu.au, South
Australia, we obtained during 45 mins (in Nov. 1999) 277 losses due to time-outs
and no losses due to TD. The average window size was very small: around 7 TCP
packets. With small windows, indeed it is more likely that losses lead to time-outs
(since the latter occurs when there are not sufficiently many acknowledgements to
detect losses through TD). The average measured covariance coefficient of the inter
losses time was 0.01.

However, we also made experimentations on local networks. Within different
machines in INRIA we have not detected any losses during 15 mins periods. In other
cases we obtained mostly TD losses. For example, we tested the connection between
two machines in Sophia Antipolis (one in INRIA and one in ESSI - Université Nice
Sophia-Atipolis; the two institutes are located around lkm apart). We obtained
during a period of 15mins (in November 1999) 275 losses of which only 46 were TO.
The average measured covariance coefficient of the inter losses time was -0.2. This
suggests that the assumption of independence between losses is not appropriate for
short distance TCP connections, and makes our model for correlated losses attractive.
We would like to mention that the measured time-out durations in the short distance
TCP connections were typically much smaller than the durations between losses.
This validates the use of the more simplistic approach of Section 2 for short TCP
connections, even without taking into account the TOs, instead of the model in
Section 6.

Appendix

Let us show that the relations (8) hold. First, we note that the equation (7) is
equivalent to
rC(I+C™'D)=0
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or

i(~=C7'D) = j, (31)
where i = wC. On the other hand, since u is an eigenvector of the irreducible
transition matrix T = —C~!'D, we have that i = ku. The latter implies that

7w = jC~! = kuC~1. Next we use the normalization condition me = 1 to get the
coefficient k. Namely,

1
k= O e
and hence
T=pC"l = Mc—le“c_l
Similarly, we have
1 e D
k= EWC ~ " 7De 7De

In particular, by using the relations between 7 and u, we can easily show that the
fundamental arrival rate is equal to the arrival rate of the event-stationary version
of MAP.
1
uC—1le

e 1 1

A=nDe= _ _
e uClte uC=le  E[Sy]

pC1De = —
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