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Couplage 3D /1D des équations de Navier-Stokes dans des
vaisseaux déformables

Résumé : Afin d’analyser les écoulements dans des vaisseaux déformables, nous proposons une
approche pour coupler les équations tridimensionnelles originales & un modéle monodimensionnel.
Cette stratégie multi-échelle réduit considérablement la complexité du calcul et permet d*“absorber”
les ondes de pression sortantes. L’étude s’applique en particulier & la description de I’écoulement
sanguin dans le systéme artériel.

Mots-clés : interaction fluide structure, couplage multi-échelle, hémodynamique
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Introduction

The study of a transient incompressible flow inside a compliant vessel, that is a vessel whose walls
deform under the action of the fluid, is of considerable interest, for instance in the simulation of
blood flow in large arteries ([13]).

The mathematical problem consists of the 2D or 3D Navier-Stokes equations describing the fluid
motion, coupled with a suitable model that describes the displacement of the vessel wall (hereafter
called “the structure”). We will refer to this coupled system as the 2D /3D fluid-structure model.

This problem is interesting from the mathematical and numerical modelling side, as it exhibits
some peculiar features like the appearance of travelling pressure waves along the vessel. Indeed,
even if the flow is governed by parabolic equations such as the incompressible Navier-Stokes,
the behaviour of the coupled fluid-structure system is for many aspects more akin to that of a
hyperbolic problem.

As a consequence, an additional complexity arises in the treatment of the “inflow” and “outflow”
boundaries, where one would like to have a correct representation of the travelling waves, without
spurious reflections. In this work, this issue has been tackled by coupling the 2D /3D fluid-structure
problem with a reduced one-dimensional model, which acts as an “absorbing” device for the waves
exiting the computational domain.

This reduced model is obtained integrating the fluid equations over each section normal to the
axis of the vessel and describes the coupled system in terms of transversally averaged flow rate
and pressure.

This work is motivated also by the prospect of implementing multi-scale models for the human
cardiovascular system. It is clear that a realistic detailed numerical simulation of the flow in a
segment of an artery (like, for instance, the carotid bifurcation or a trait of a coronary) may
not be fully accomplished without accounting for the interactions with the remaining part of the
cardiovascular system. One possibility to that direction is offered by the coupling of the detailed
2D /3D simulation with a simplified 1D or even lumped parameter modelisation of the rest of the
global system. The work detailed in this paper represents a necessary step towards that goal.

In section 1 we will derive the formulation for the 3D fluid-structure model. A simplified one-
dimensional formulation for the structure is also presented and used for the stability analysis
of the coupled problem. The main result of the section is an energy inequality which, under a
condition on the positivity of the kinetic energy flux at the outflow, provides a bound of the global
energy of the coupled problem in terms of initial and boundary data.

The section 2 is devoted to the derivation and analysis of the 1D model of the flow inside a
compliant vessel. Under suitable approximations, we derive a hyperbolic system of equations with
source term. A proper set of boundary conditions is derived by means of standard characteristics
analysis. Then the stability of the system is analysed for the sub-critical case, which is the most
relevant for our target applications. Again a bound on the energy of the system is found in terms
of the initial and boundary data, stating the stability of the 1D model.

Next, we present several strategies for coupling the two models and possible algorithms based on
sub-domain iterations. Details on the adopted numerical discretisation are given in section 4. For
the 2D /3D fluid-structure models we have employed finite element techniques and we have used
an Arbitrary Lagrangian Eulerian formulation to account for the boundary movement in the fluid
region. The 1D hyperbolic system is solved by a Lax-Wendroff scheme.

Finally, numerical results are provided both for the 3D-1D and the 2D-1D models coupling. We
compare the solution behaviour when a homogeneous Neumann boundary condition on the velocity
is prescribed at the outlet with the solution obtained by the coupling. The latter shows a greatly
reduced level of spurious reflections. For the 2D-1D case a quantitative analysis on the error is
given by comparing the results with that obtained on a vessel of double length.
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4 L. Formaggia, J.-F. Gerbeau, F. Nobile, A. Quarteroni

1 The 3D model

In this section and in the next one, we illustrate the models we have used to describe the fluid and
the structure movement and their interaction: the 3D fluid structure interaction problem and the
derivation of the 1D reduced model, respectively.

Let us consider the district illustrated in Fig. 1, which we will denote by 2. The vessel has a

Figure 1: Simple compliant tube.

compliant wall denoted by I';,. The boundary of the vessel is completed by the sections S; and
Sa, connecting the district to the rest of the system. More precisely, S; is the upstream section;
S, is the downstream section, through which the fluid enters and leaves {2 respectively.

We will denote by u (¢,x) (with x € Q, t > 0) the fluid velocity field, by p (¢,x) the pressure and
by p the (constant) fluid density. We describe the fluid motion through the classical Navier-Stokes
equations

du+u-Vu-— %divT(u,p) =0
in Q, (1)
divu=0

where T is the Cauchy stress tensor. Hereafter, we will consider the case of Newtonian fluids
where we can use the following constitutive relation

T(u,p) = —pI + pVu,
1 being the fluid viscosity.

Remark 1.1 Concerning the blood flow problem, in large arteries blood can be assumed to behave
as a Newtonian fluid ([10, 21]) while in small vessels and capillaries, its rheology is more complez.
An account in given in [2, 12, 21].

Whatever PDE model is considered for the vessel wall, it would provide the position of every point
on 'y, at any time ¢ > 0, which is typically described by means of the displacement 1 with respect
to a reference position I'Y, (see for instance [1, 8]).

Then, matching conditions at T',, may be provided as follows:

u=n
on Ty, (2)
—T-n—pen=4=e

where pe,: is a given external pressure, ® is the forcing term acting on the wall and n is the
outward unit vector to I'y,.

The first of (2) guarantees the perfect adherence of the fluid to the structure while the second
one states the continuity of the stresses at the interface (according to the action and reaction
principle).

Both fluid and structure equations must be supplied with initial conditions (resp. on Q and T )
and boundary conditions (resp. on Si,Ss and 881, 9Ss).

About the structure model, we will address two cases:

INRIA
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1. A shell model, i.e. a 3D structure in which one dimension, the thickness, is much lower than
the other ones. In particular we have considered the so-called geometrically exact shell model
developed in [16, 17, 18]. The main unknowns are the mid-surface position of the shell and
its normal (or more precisely a director vector) at each point. In this model, deformations
are described without approximation on the geometry — even when large displacements are
considered — which is particularly interesting for the fluid-structure interaction problem
arising in the study of blood flow.

2. A simplified structural model, which is derived for a cylindrical configuration (generalised
string model; see [13]). Let

I‘g}:{(r,ﬁ,z): r=Rp,0<2<L,0<0< 27}

be a cylindrical reference surface of radius Ry; we neglect the longitudinal and angular
displacement while the radial displacement 71, = n.(t,0, 2) is given by

%, %, Eh n, Pn
- RGh 52 T 1.2 RZ To220t ~ 1(t,6,2) ®)

puwh

Here, h is the wall thickness, Ry is the arterial reference radius at rest; k is the so called
Timoshenko shear correction factor; G the shear modulus; E the Young modulus, v the
Poisson ratio (which for an incompressible material is equal to 1/2); p,, the wall volumetric
mass, 7y is a viscoelastic parameter and, finally f is an external forcing term.

Model (3) is basically derived from the equations of linear elasticity for a cylindrical tube
with small thickness, under the hypotheses of plain stresses and membrane deformations (i.e

62
6:; accounts for shear deformations ([15])

introduces a viscoelastic behaviour.

negligible elastic bending terms). The term kGh

0,

while the term ~

0220t

For the purpose of the mathematical analysis, we will play with a 2D model obtained by
intersecting the tube Q with a plane § = @ (see fig. 2). Correspondingly, we will consider
the 2D problem arising form the combination of the 2D Navier-Stokes equations for the fluid
with eq. (3) to describe the motion of the upper and lower boundary (with a frozen value
of the angle 6).

Figure 2: Intersecting the cylinder with the plane # = @ we obtain a 2D geometry with a 1D
compliant wall

Remark 1.2 Although not being completely realistic for blood flow problems, this simplified
2D analysis maintains all the mathematical aspects peculiar to the original coupled fluid-
structure problem and will therefore be adopted to test the numerical coupling algorithms we
will present in Section 4.

RR n° 3862



6 L. Formaggia, J.-F. Gerbeau, F. Nobile, A. Quarteroni

1.1 Energy inequality for the coupled fluid-structure problem

Let us consider the 3D Navier-Stokes equations coupled with the structure model (3) through the
matching conditions (2). In eq. (3), the forcing term f(¢,6, z) is given by the radial component
®,. of the normal stress exerted by the fluid, recast in the reference configuration T'9, that is

R am\> (1 0m\?
f(t,G,z):QTR—O\/1+<6Z) +<Ea_ne) on I?,. (4)

Here we have noted R = Ry + 7., while the term under square root accounts for the change in
the surface measure passing from T',, to T'%. Clearly, with such a right hand side, eq. (3) becomes
non-linear and difficult to handle with. However, as we will show in sec. 4, at the numerical level
we will decouple the fluid and structure problems, and the right hand side will be computed at a
previous step of the staggered algorithm.

Remark 1.3 Since, from (2), we have ®, = —(T + peytI) - n - e, where T is the Cauchy stress
tensor field, we may note that

N . on, o,
= — t, N = r - z
n N with Re 50 ey R@ze

and the right hand side of (8) becomes

R o \°>  [1dn\° 1
@T_ 1 _ = —— (T emI'N' =
Ry +(0z> +(R60 Ro T+ Peail) - N-e

10 0 R
<_TT7‘ — Pext + TTH I Tz (.;:Z)

—_Zr ik
Ra6 " Ry’
which is now linear in n,. provided we approrimate R by Ry. Moreover, under the same approzi-
mation, if T is an isotropic tensor field, i.e. T = —pl, we have (—'T — peyI) -N-e,./Ro = p— Dewt
and the right hand side reduces to the only pressure difference p — peyt-

We now analyse in more detail the coupled fluid-structure problem with the following initial and
boundary conditions:

for the fluid
u=uyg fort =0, in

u=20 on S; (5)
T-n=0 ond&;

for the structure

N =MNo, Nrer =ug fort =0, on Ty

N =0 forz=0,z=1L (6)

For the sake of simplicity, and without loss of generality, we will consider only the case peyt = 0.
Let us rewrite eq. (3) in the general form

_ 0%, 0n, ®n . R on\> 10n,\°
Pugpr ~ Vg TV~ Cara = ¥R, 1+(8z) +(R 60) Q

on I'Y and for ¢ > 0, where all the coefficients p,, a, b, and c are positive quantities. We wish to
derive an energy inequality for the coupled problem. The following Lemma holds

INRIA
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Lemma 1.1 The coupled problem (1), (7) with matching conditions (2) and initial and boundary
conditions (5) and (6) satisfies the following energy equality

1d
S pllullzz (o) + Pw” ot ||L2(r0) + a|| ||L2(r0) +0lln,lI72ro ) ¢ +
2 i 2 1 2. _
Il +ellg o Bas) + 5o [ Iufu-ndr=0 (8
Moreover, if
/ lu*u-ndy >0, Vt>O0, (9)
Sa

we obtain the a-priori energy estimate

1% ) e (o)1

plla(D)|Z2(0) + 1Z2(ro ) + all I1Z2ro ) + blln-(D)II72qro ) +

T
0%n
2 T
2/0 M||Vu||L2(Q)dt+2/0 C”6 6t||L2(I‘£’U)dt <C, (10

where C' is a constant which depends on the initial conditions ug and 1.
Proof.

We first multiply eq. (7) by % and integrate on the cylindrical surface I'? | obtaining

1d Onyr |19
335 { Pl G gy + a5 ey + Ul legy | +

Oy 2 _ onr Oy %1, Oy
N57a¢ e ) (a 8z ot | ‘501 ot

R am\? (1 0m.\*om,

Thanks to the specific boundary conditions, the last term on the left side is identically zero, while
the right hand side, if computed on the actual configuration I',,, becomes

ony 2 1 On, 287% ony
3,4/1 - = 4= [ (=T-n)-
/ng \/+(6z> +<R80> athGdz /Fw 6td7 /Fw( n) - udy

where in the last equality we have exploited the coupling conditions (2). Then, the following
energy equality holds for the structure problem

z=L

1d on
5% { w” r ||L2(FO) + a|| ||L2(F0) + b”’l’]T”Lz(FO)}

ny 2
gl = [ (=Tom) -y (12)

w

Analogously for the fluid equations, by multiplying the first of (1) by u and integrating over 2 we
can derive the following energy estimate (see e.g. [13])

1 d 2 2 1 2 _/
5ol + ¥l = [ (Ten=goluln) udy = [ (0on)-udy

w

and, exploiting the boundary conditions, we have

RR n° 3862



8 L. Formaggia, J.-F. Gerbeau, F. Nobile, A. Quarteroni

1 d 9 9 1 9 _
2? gl + HIV o) + [ olulm-udy = [ (T n) - uay (13)

w

By summing equalities (12) and (13) the term [. (T -n)-udy cancels out and we obtain (8).
Finally, integrating (8) in time between 0 and 7', under the hypothesis (9), we obtain the desired
inequality (10). {

The hypothesis (9) is actually satisfied if S» is an outflow section, i.e. u-n > 0 for all x € S,.
However, in vascular problems, this assumption is seldom true because the pulsating nature of
blood flow might induce a flow reversal along portions of an artery during the cardiac beat.

We may observe that the “viscoelastic term” in (3) allows to obtain the appropriate regularity of
the velocity field u on the boundary (see [13]).

In the derivation of energy inequality (10), we have considered homogeneous boundary conditions
both for the fluid and the structure. However, the conditions = 0 at z = 0 and 2z = L, which
correspond to hold the wall ends fixed, are not realistic in the blood flow context. Since the model
(3) for the structure is of propagative type, first order absorbing boundary conditions are a better

choice, i.e.
ony a Ony
ot \ pw 0z a e (14)
ony a ony
_- =0 t z=L. 15
¢t "\ 5, 0z a e (15)

In this case, the final estimate (10) is still valid. Indeed the boundary term which appear in (11)
now should read

o, On,  0%n, O,
- (a 5z ot | ozt ot

2 2 .~ 2 2
ony ¢ [pwd | (O ony
z:O) + ( ot z:L) ] + 2 a dt [( ot |z=0 + Ot |z=L )

This term, integrated in time, would eventually appear on the left hand side of inequality (10).
We may note, however, that we obtain at both z = 0 and z = L the following expression

T 2 p 2 p 2
~ ony c [pw [On ¢ [pw (On

d =4/ — T =—\/— 0 . 16
Viua [ (atm) rt o2 () = &y [P (T ) (16)

Therefore, this additional term is positive and it depends only on the initial conditions.
Yet, conditions (14) and (15) are not compatible with the homogeneous Dirichlet boundary con-
ditions for the fluid; indeed, if 7|,=9 # 0 and u = 0 on &y, the trace of u(t,z) on the boundary
is discontinuous and thus not compatible with the regularity required on the solution of (1) (see.

e.g. [14]).
A possible remedy consists in changing the condition u = 0 on &; into

z=L

2=0

Vi l(ag

un-e;, =g

T n—(T-n)-e,=0 on &

with ¢ = 0 on 8S;. An energy inequality for the coupled problem can be derived also in this case
with standard calculations, taking a suitable harmonic extension § of the non homogeneous data
g such that

gls, =g and g|r, =0.

The calculations are here omitted for the sake of brevity.

INRIA
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2 The 1D model

In the case where the boundary I'? of the reference configuration g is a cylinder of radius Rg, a
simplified 1D model can be obtained integrating, at each time ¢ > 0, the Navier-Stokes equations
(1) over each section S(t, z) normal to the axis z of the cylinder. In the sequel, A(t, z) denotes the
area of S(t,2) and wu,(t, 2) the axial velocity, while Q(t,2) and p(t, z) are the flow rate (or flux)
and the mean pressure in every section, given by

A= [ wwad 0= [ s

S(t,z) S(t,z)

Finally @ = @@/ A denotes the mean axial velocity.
The 1D model which is obtained reads (see [4])

04 0Q

ot 0z (17)
0Q 0 [ Q*\  Adp Q _
E+E<O‘7>+Z$+KRZ_O'

The constant Kg is a resistance parameter which accounts for fluid viscosity, while a, sometimes
indicated Coriolis coefficient, is defined as

a=A /uzdo /uzda

S S

—2

and accounts for the fact that the flux of momentum computed with the averaged quantities (i.e.
Q?/A) is in general different from the actual one. Even if, in general, « is function of z and ¢, we
have taken it constant and equal to one, which corresponds to assume a flat velocity profile.
System (17) is a system of two equations in three unknowns (p, A and Q). For its closure, a third
equation is provided by a suitable wall model relating the radial displacement (and henceforth the
area A) to the mean pressure p.

Here we consider a simple algebraic relation between pressure and area of the type

d
P=pee +9(4), with 5050 and (40) =0, (18)
where pe,: is a constant external pressure and Ay = mR? is the reference area. Then, system (17)
turns out to be hyperbolic and possesses two distinct eigenvalues
_ AOY(A)

A2 =T te, where ¢ (A) = PRI (19)

The corresponding eigenfunctions are the characteristic variable, here given by

A
W1,2 :ﬂi/ Md’r (20)
Ao T

They are not constant along the characteristic curves dz;/dt = A;, i = 1,2 because of the presence
of a source term.

An example of algebraic relation of type (18) can be derived considering the static counterpart
of equation (3), neglecting the spatial derivative and considering the pressure jump p — pest as
forcing term. In such a case, we have

Eh n,

D — Pext = mR—g

RR n° 3862



10 L. Formaggia, J.-F. Gerbeau, F. Nobile, A. Quarteroni

Since A = (Ro + )2, we obtain

B = VThE
= i
P — Pext = BV A — p*, where (1= 4o (21)
p* =BV Ao
Henceforth, in view of (18), we have that
Y(4) = VA - p* (22)

The characteristic variables now are

2
Wiz =122,/ (VFmpa 77 ~ V). (23)

In our simulations we have adopted this algebraic model. A presentation of other models that
make use of differential laws linking p to A and its time derivatives is reported in [4].

Remark 2.1 In the blood flow context, other algebraic relationships between p and A, possibly
featuring a better accordance with experiments, can be found in [6], [9] and [19].

When considering a 2D geometry like the one shown in Fig. 2, equations (17) are still valid
provided we now take A = 2(Ro + 7,). The algebraic relation (22) becomes

IB_ hE
= SR

p* = pAo

Y(A) = A —p* where

and the characteristic variables are Wi » =u £ 2 % (VD — Dext + P* — /D).

2.1 Energy conservation for the 1D model

Here we derive an a priori estimate for the solution of system (17) in the interval I = [a, b] under
the hypotheses that Vt > 0, A1 > 0, Ay < 0 (subcritical flow regime) and the area A maintains
positive.

Remark 2.2 The assumption A1 > 0 and Ay < 0 is sound in hemodynamics since ¢1 is much
greater than |u| in physiologic conditions.

We will consider the following initial and boundary conditions
initial conditions A0,2) = A% Q(0,2) =Q° a<z<b (24)
Wi=g1 atz=a

boundary conditions Wy =g atz=h (25)
We define the energy of the 1D model, for each ¢ > 0, as
1 rb b
£()= 20 / At )2 (t, 2)dz + / B(A(t, 2))de (26)
where
A
¥(4) = B P(Q)d¢ (27)
0

Owing to (18) we may observe that
U(Ag) = U'(4p) =0 and T"(4) >0 VA>O.

Therefore ¥(A) is always positive and £(t) is a positive function for all  and A > 0 at each ¢t > 0.
The following Lemma holds

INRIA



On the Coupling of 3D and 1D Navier-Stokes Equations in Compliant Vessels 11

Lemma 2.1 In the case a = 1, system (17), supplied with an algebraic pressure-area relationship
like in (18), satisfies the following conservation property

T b T 1 b
T) +pKR/ / w2dzdt + / Q (p — Deat + —pﬂ2)
0 Ja 0 2 a

Obviously, £(0) depends only on the initial data A° and Q°.

dt = £(0). (28)

Proof.
Let’s multiply the second equation of (17) by u and integrate over I. We will analyse separately
the four terms.

e First term

b — 2
11=/ 6(;u)ﬂdz= %/ Aaidw/ —_2dz—

1d b 1 b 0A
—— Awldz + = 22"4d 2
2dt/a ? 2/a “ ot @ (29)

e Second term

b 2 b — b _
o(4u )Hdz =« / MEzdz + / AH2%dz
. 0z . Oz a 0z

b
al;/a /6A_3d+ /A_Qau ]
2 a
1 0Q _, 1 b o(Aw®)
a li/a 5, % dz+§ T dz| (30)
Now, using the first equation in (17) we obtain
b
o« 0A_, _s\ (b
I, = ) l—/a N dz + (Au )|a
e Third term. Using (18) and the fact that pe,: is independent of z we have
Adp b9
= | 2% AL (B = pous)udz =
I3 / ud /a 62@ Pewt)UdZ
oQ

b
%l_/a Ew(A)dz-l-(ﬁ—pezt)Qu] (32)

Again, using the first of (17) we have

1 b 54 B b 1|d [ B b
I = o). Eiﬁ(A)dz + (P—Pezt)Q|a] = la/a ¥(A)dz + (P—pezt)QLl] (33)
e Fourth term
b Q b
I4 = / KRZﬂdz = KR/ szz (34)

RR n° 3862



12 L. Formaggia, J.-F. Gerbeau, F. Nobile, A. Quarteroni

In the case @ = 1, by summing the four terms we obtain the following equality

b 1
5P dt/ Au 2dz+—/ (A)dz+pKR/ ﬂ2dz+Q(p—pezt+§pﬁ2>

Integrating equation (35) in time between 0 and T' we obtain the desired result. ¢

b
=0 (35)

a

In order to draw an energy inequality from (28), we need to investigate the sign of the different
terms. The first two of them are clearly positive. Concerning the third one let us analyse the
homogeneous case (i.e. the case where g; = g = 0).

We will rewrite the boundary term in (28) as a function of A, ¥(A) and ¢; (which, in its turn,
depends on A and ¥(A), see (19)).
If gy = go =0 in (25), then

A A
az—a  wimus [ a0 = awg-- [ 2
Ao Ag
A A
atz=b Wy =1 — / cléo ¢ =0 = u(t,b) = / —Cléo d¢
Ag Ao
Then, using (18)
Q (7 pea + 512 | = PlAG) + PAGD) (36)

where

pay=a [ 4y [¢<A)+1p<
4, € 2

2
A €

We recall that we are assuming Ay > 0 and Ay < 0 (sub-critical flow regime). Then, from (19), we
have |a| < ¢; which implies at both z =a and z = b

A
| / c(Q) 4| < (4) (38)
4, G
We are now in the position to conclude with the following result

Lemma 2.2 If the function ¥(A) is chosen in such a way that F(A) > 0, for all A > 0 which
satisfy (38), then the energy inequality

T rb
+ pKn / / @Pdzdt < £(0) (39)
0 Ja

holds for system (17).

The pressure-area relationship given in (22) satisfies the hypotheses of Lemma, 2.2. In fact, in this

case
= BVA- V), d= ;ip\/z

and

OM»—A

_ch

.=

Ao
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Condition (38) becomes
Ab 1 B 1 4 1 1 4 1
‘ 1/ A% - AD) 1/2—1)144 and then  =Aj < A% < 4f (40)
On the other hand we have
F(A) = A4 ;QP(A% — AZ) [5@45 — A+ 8162%(142 - Aé)?] -

Then, condition F(A) > 0 gives

whose satisfaction is a consequence of (40). Therefore, in that case the 1D model is stable.

More generally, under the same relation (22), we can prove an energy estimate also in the case of
non homogeneous boundary conditions. We have the following result

Lemma 2.3 If the pressure-area relationship is given by (22), and the boundary data satisfy

p* p*
—4, /= 4,/ =— 41
a1(t) > \/2p and  go(t) < \/2,) vt >0, (41)

then there exists a positive function G = G(g1, g2, p*) such that

)+ pKx / / @dzdt < £(0 / Glg1 (1), ga(8), p*)dt. (42)
Proof.
We will consider only the case where g; # 0 and go = 0, since the most general case may be

derived in a similar fashion. We recall that relationship (22) satisfies the hypotheses on F/(A) of
Lemma 2.2. Then from (35) we obtain the following inequality

”d/ And +i/blI!(A)dz+ K /bﬁ2d2<
odt J, T T @ ), PRE | =

1 1
Q (7= + 5o | _ < (Aot + Joaip) | a9
We have then at z = a (from (23) and (25))
_ 2/ =
u+ 2\/j (\/p — Peat + P — \/P*) =g
p

thus, from (18)

gl
I

/2 (VI - V). (a4
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On the other hand, \; =u + ﬁ\/ﬁ — Pext + p* > 0, and then

1 .
u>—\/—2—p\/¢(z4)+p (45)

Combining (44) and (45) we have

VI <o -2 (VI S - V)

V2p
and then
Y(A) +p* < fi(g1,p") (46)
where o A
fi(g1,p") = Tpgl + g\/l?-

The assumptions (41) are necessary conditions for the eigenvalues of system (17) being of opposite
sign.
Furthermore, we deduce from (22) that ¢(A) > —p*. The following inequalities thus hold at z = a

[¥(A)] < max {p*,|f7(91,9") — p"[}

= -2 /2 (VI +5 - V7)< bl + 2y 207 + 1)

1 . 1

A= ﬁ(vﬁ(z‘l) +p")? < 7

and the right hand side in (43) may thus be expressed by a positive function of the boundary data

g1 and the reference pressure at rest p* = 8/Ag, which we have indicate by G(g1,p*). We obtain
then the desired stability inequality. <

f(g1,p%)

2.2 Entropy function for the 1D model

If we take again the differential problem (17) and we carry out derivations similar to those illus-
trated in (29)-(35), considering now the integrals over an arbitrary interval [z, z + dz] C [a, ],
we may derive a relation analogous to (35). Then, passing to the limit as dz — 0, the following
pointwise differential relation may be deduced

% (%pAH2 + lIJ(A)) + % [Q <¢(A) + %pﬂQ)] = —pK g’ (47)

which can be interpreted as an entropy balance equation for the hyperbolic system. Indeed, the
function

1
3(4,Q) = 5pAT + T (4) (48)
in an entropy for system (17), with an associated flux
1 _.
F(4,Q) =@ (w(4) + you*) (19)

The term pK g’ may be recognised as a dissipative term.
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Figure 3: Coupling a 3D model with a 1D model

3 Coupling the 3D model with the 1D model

We consider now two domains Q3p and Q;p as in Fig. 3 and we solve, in the first, the 3D
fluid-structure model while in the second we consider the simplified 1D model.

On the right side of T, the 1D model supplies the quantities A(a™), Q(a™), plat) = (4)
and u(at) = Q/A. We define, then, the same quantities also on the left side of ', as

_ . 1
A(a™) = T u(a )=m/rau-nda
pla”) = |F1—| / pdo; Q™) = [Tl a(a").

Moreover, we assume that at I', the wall displacement is a function of the section area,

N, = g(A(a")), (50)
being g a given function. For instance, we can assume that I', is a circle in which case n|r, =

(VA@)/7 ~ Bo) .

It is a priori reasonable to look for the continuity of the following quantities at the interface T'y:

[A] area : A(a™) = A(a™)
[B] mean pressure : pla™) = pla™)
[C] flux : Qa™) = Q(a")

2
[D] entering characteristic : u(a™) + 2\/; (\/ﬁ(a—) — Dext + P* — \/F) =Wi(a™)

Since in the 1D model viscous terms have been (partially) neglected, the variable p can be either
interpreted as a mean pressure or as a mean normal stress. The condition [B] may then be replaced
with the continuity of the averaged normal stress,i.e. ¢ = T - n - n. Analogously, the characteristic
variable on the left hand side can be calculated using the averaged normal stress in place of the
mean pressure. We have then two conditions alternative to B and D, respectively. Namely,

[B1] averaged normal stress : a(a”) = pla™)

2
[D1] char. entering variable : u(a”) + 2\/; (\/6((1—) — Dext +P*) — \/E) =W (a™)

In view of the splitting procedure that will be described in Section 3.1 to solve the coupled 3D-1D
model, we are allowed to enforce, at the interface point a, only those conditions that will generate
well posed individual subproblems in Q3p and Q4 p.

To this aim, we advocate four different set of coupling conditions:

e Interaction Model 1: conditions A, B, D
We note that B and D imply the continuity of w. With the further continuity of A we obtain
that of (). Thus also C is satisfied.
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e Interaction Model 2: conditions A, C, D
We note that A and C imply the continuity of w. If we further add D we have the continuity
of p. Thus also B is satisfied.

e Interaction Model 3: conditions A, B1, D1
We note that B1 and D1 imply the continuity of 7 and , with the continuity of A we obtain
that of (). Thus also C is satisfied.

e Interaction Model 4: conditions A, C, D1
We note that A and C imply the continuity of w. If we further add D we have the continuity
of . Thus also B1 is satisfied.

3.1 Sub-domain iterations between 1D and 3D models
Each Interaction Model presented above can be split into two subproblems:

e A 1D problem with condition D (or D1) as boundary condition at the interface and an
absorbing condition on the right end (i.e. zero entering characteristic variable). With this
choice, the hyperbolic system (17) is well posed, as we have shown in Lemma 2.3.

e A 3D fluid-structure problem with condition A as boundary condition for the structure
equation and condition B (B1) or C, depending on which interaction model we consider,
as boundary condition for the Navier-Stokes equations. On the inflow section S; we might
impose ordinary Dirichlet or natural conditions; for instance we could assign the velocity
profile for the fluid and the displacement of the wall.

With these choices the structure problem turns out to be well posed, while conditions B or
C as such are not sufficient to close the fluid equations since they only provide average and
not pointwise values on T',.

A possible way to impose such defective boundary conditions to the fluid equations, known
as “do nothing” approach, is proposed in [7] and analysed in the context of blood flow in [13].
We have adopted this approach to impose the condition [B1] in the simulations presented in
section 5.

An alternative approach based on Lagrange multipliers is investigated in [3].

We can then iterate between the two sub-domains to get the global solution at each time step. For
instance, referring to the Interaction Model 3 (which is the one we have implemented) the iterative
algorithm reads as follows: given the solution of the coupled problem (let’s say u”, p™, n™ for the
3D model and Q", A™ for the 1D one) and setting uj™' = u”, pi*' = p”, and nit' =y

1. solve the 1D model (17) with condition D1 at the interface, evaluating Wi (a™) as a function

of uftt, pitt nit!: we then obtain a solution Q71" and A7t

2. solve the 3D problem with boundary conditions A and B1 at the interface, evaluating A(a™)

and G(a~) as functions of A7*! and Q7*'. We obtain a solution uf**, pptt nitt

We iterate until the coupling conditions are satisfied within a fixed tolerance. We can eventually
add a relaxation step on the variable W (at).

4 Finite elements discretisation of the 3D and 1D models
In this section we will present the schemes used for the numerical solution of the coupled problem

together with some numerical results on the interaction between the 1D reduced model and the
full fluid-structure coupled model for both the 2D and the 3D case.

INRIA



On the Coupling of 3D and 1D Navier-Stokes Equations in Compliant Vessels 17

The numerical solution of the 1D model has been obtained by a standard Lax-Wendroff scheme
([5]). Writing the system (17) in conservative form:
ou o0
—+ —F =B 1
-+ 5-F(U) = B(U), (51)

where

ol ol -

2 A
a% + fAO i (y)dy

the Lax-Wendroff scheme may be written as

d dF\> U  OF
—|-{=] =—-=B |+
0z ou) 0z 0U

0B OF 0U "
70 (‘%aw)] - (52)

n 2
Ut = U™ + At (—6—F+B) At
0z 2

where U™ denotes the numerical solution at time step ¢t = t".

We have used standard linear finite elements for the space discretisation. Even if the temporal
discretisation is explicit, we need to invert a tridiagonal mass matrix. A characteristic boundary
treatment has been adopted and an extrapolation of the outgoing characteristic variable has been
used to solve the compatibility condition.

For the 2D simulations of the fluid-structure interaction problem (1), (2) and (3), we have con-
sidered a conforming finite element discretisation. In particular, for the structure equation (3) we
have used P! finite elements in space and a Newmark scheme in time, that is

1
e CR I E

P ="+ At [y M+ (1= ) f7 (53)
being (™,7n™) an approximation of (n,.(t"),7,(t")) and
kGh 8%n" E o’ .

T pwh 022 p,l,(1—1/2)1%§77 + 022

where &7 is the forcing term at time t". The parameters Sy and vy of the scheme have been taken
equal to Sy =1/4 and ~yn = 1/2. We have shown in [11] that, with this choice, the Newmark
scheme applied to equation (3) is unconditionally stable (at least in the case of homogeneous
Dirichlet boundary conditions).

For the fluid we have adopted an "Arbitrary Lagrangian Eulerian" description and we have consid-
ered a Finite Element approximation with P'isoP? elements for the velocity field and P! elements
for the pressure. The non-linear term is treated in a semi-implicit way and the equations are
solved through the Yosida projection scheme described in [20].

We have considered the following implicit algorithm to couple the two equations.

Given the solution u”, p™, ", 7", at time t™:

1. we extrapolate the displacement 7 and the velocity 7 of the structure

nSH-l — nn + At’l]n, ,’;’g-l-l — ,r’n

2. we update the mesh by solving a Laplace problem which provide the displacement s(x™) of
each point x™ € Q" as follows

As =0 in Q
s=n"tt =" on Ty,

and setting x"T1 = x" + s(x").
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3. we assign the velocity of the fluid on the interface Iy,

n+l _ -n+l
110 = ’170 e,

4. we solve the fluid equations and we evaluate the forcing term <i>g+1 of equation (3)
~n+1

nt1
5. we solve the structural equation obtaining a better estimate 77" and ﬁ;lJr of the displace-
ment and the velocity of the arterial wall, which allows to set

n = w4 (1wt

. ~n+1 .
Pt =wn (1 - w)ig

where w is a relaxation parameter.

6. we go back to 2 and we iterate until the convergence of npt!, i+t ut!, prtt.
The algorithm presented converge if w is taken suitably small. We have observed that the highest
value of w under which we have convergence depends on the wall mass p,, and the length L of the
tube but seems independent on the elastic constants of the structural model and on A¢. Table 1
shows the critical value of w with respect to p,, and L.

Table 1: Values of w which guarantee convergence of the algorithm.

L=2 L=6 L=10
Ppw = 50 w<l1 w<l1 w<l1
pw =10 w<1 w<l1 w<0,9
Pw =29 w<1 w<1 w<0,6
puw =1 w<l1 w<0,4 | w<0,1
Pw=05|w<09| w<0,2 | w<0,09
pw=01|w<0,4|w<0,06 | w<0,01

For the 3D simulations, we have used the code SPECTRUM. As for the 2D model, the moving
fluid domain is handled with an ALE formulation. At each time step, the code solves iteratively
the coupled problem by treating simultaneously the fluid and the structure equations in a first
step (“stagger”) (enforcing the adherence of the fluid to the structure with a Lagrange multiplier
technique), and in a second step it accounts for the deformation of the grid.

Concerning the coupling with the reduced 1D model, we have considered Model 3 described in
section 3. We have made just one sub-iteration between 1D and 3D (2D) model at each time step.

We have noticed that a “brute force” imposition of the continuity of the area A causes numerical
instability, probably because of the discrepancy in the structural laws used in the two models.
The matter is still a subject of investigation. For the computations we are going to illustrate,
we have relaxed the constraint on the continuity of A by adopting, in the 2D case, the absorbing
boundary conditions (14)-(15) and, in the 3D case, natural boundary conditions on the transversal
displacement.

5 Numerical results and model assessment

We will present two numerical tests.

Test 1: Pressure pulse in a compliant vessel
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In the 2D case, we have considered a rectangular domain of height 1em and length L = 6¢cm. The
fluid is initially at rest and an over pressure of 15mmHg (2 - 10* dynes/cm?) has been imposed at
the inlet for 0.005 seconds. The viscosity of the fluid is equal to 0.035 poise, its density is 1 g/cm?,
the Young modulus of the structure is equal to 0.75 - 106 dynes/cm?, its Poisson coefficient is 0.5,
its density is 1.1 g/cm?® and its thickness is 0.1 cm.

In the 3D case, our computation has been made on a cylindrical domain of radius Ry = 0.5¢m and
length L = 5¢m, with the following physical parameters: fluid viscosity: 0.03 poise, fluid density:
1g/cem?, Young modulus of the structure: 3-106 dynes/cm?, Poisson coefficient: 0.3 and structure
density: 1.2 g/cm®. Again, an over-pressure of 10mmHg (1.3332 - 10* dynes/cm?) is imposed at
the inlet for 0.005 seconds.

We have first simulated the fluid-structure interaction model without any coupling with the 1D
reduced model. In this case, natural boundary conditions for the fluid (i.e. null normal stress) have
been imposed on the outlet. Figures 4 and 5 show the fluid pressure and the domain deformation
in the 3D and the 2D case respectively. For the sake of clarity, the displacements shown in Figure
4 are magnified by a factor 10.

A pressure wave is generated (together with a deformation wave at the same velocity), which is
reflected at the outflow section. Such a reflection is clearly a numerical side-effect due to the
boundary conditions imposed at the outflow.

In Figures 6 and 7 we have considered the coupling with the 1D reduced model at the outflow
section. Here the reflections are greatly reduced because the pressure wave is quite well absorbed
by the 1D model.

Test 2: Pressure step in a compliant vessel - error analysis

We have considered a rectangular domain Q = [0,12] x [0,1], divided into two sub-rectangles
 =10,6] x [0,1] and Q2 = [6,12] x [0,1]. We have simulated the 2D fluid structure interaction
problem in Q when a pressure step of 5000dynes/cm?, ¥t > 0, is imposed at the inlet on a
fluid initially at rest. Let (u,p) be the numerical solution obtained for the fluid. We have then
considered the fluid-structure problem in €24, coupled with the 1D reduced model at the outlet,
with the same conditions at the inlet. The numerical solution obtained in this case is indicated
as (uy,p1). We have compared then the two solutions on domain 2. Figure 8 shows the relative
error in the L? norm between the two solutions, i.e.

o lp = p1llz20n) _ v = wiflg2a,)
r Ipllz2y “ [lallz2(ey)

Both errors are less then 2.5%.Their peaks correspond to the instant at which the pressure wave
reaches the outflow section of ;.
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time=0.004 s time=0.01s

time=0.014s time=0.02s

time=0.026 s | time=0.034 s

Figure 4: pressure pulse entering at the inflow and homogeneous Neumann conditions at the
outflow: 3D simulation with SPECTRUM. The displacement of the structure has been magnified
by a factor 10
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t=1ms

t=6ms
t=11ms
t=16ms
t=21ms
t=26ms

11 ISR
-25000.00 -12500.00 0.00 12500.00 25000.00

Figure 5: pressure pulse entering at the inflow and homogeneous Neumann conditions at the
outflow; 2D simulation. Solutions every 5ms .
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Coupling with
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time=0.01s

Coupling with
1D hyperbolic model

time=0.02s

Coupling with
1D hyperbolic model

time=0.034s

Coupling with
1D hyperbolic model

Figure 6: coupling 3D SPECTRUM simulation with the 1D reduced model
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-25000.00 -12500.00 0.00 12500.00 25000.00

Figure 7: coupling 2D simulation with the 1D reduced model; solution every 5ms
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0.03

—— pressure
- - velocity

0.025

0.02

0.015

L2 relative error

0.01F

0.005

0 5 10 15 20 25 30
time step (in ms)

Figure 8: relative error in L? norm both for pressure and velocity field, between the solution of
the coupled 2D /1D model and the solution of the fluid-structure interaction problem on a vessel
of double length.

6 Conclusions

In this work we have shown that the coupling between a 3D fluid-structure model and a 1D
reduced model is an effective way to greatly reduce spurious reflections of the pressure waves
on the artificial boundaries. We have proposed several strategies for coupling the two models.
We have considered solution algorithms based on sub-domains iterations and we have derived an
energy estimate for the sub-problems thus obtained.
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