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Abstract: A mixed variational-smoothing data assimilation method is derived under the
perfect-model hypothesis. An incremental 4D-Var analysis scheme is supplemented with
a low-rank approximation of its equivalent Kalman smoother, under the perfect-model as-
sumption. A consistent method results, where the analysis and forecast error covariances
provided by the smoother part describe the errors performed respectively during the incre-
mental 4D-Var analysis and the model prediction phases. This is because the whole method
is built around a low-rank approximation of the forecast error covariance matrix, and dif-
ferent hypotheses for the computation of the analysis and that of its error covariances are
avoided.

The method provides both flow-dependent analysis and forecast error covariances. In ad-
dition, most current developments for pre-operational or operational variational data assim-
ilation systems are either already embedded within the method or may be straightforwardly
included to it.
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4D-Var/SEEK: une méthode hybride et consistante
d’assimilation de données combinant les approches
variationnelle et par lissage

Résumé : On présente une méthode mixte d’assimilation combinant les approches va-
riationnelle et par lissage, sous I’hypothése d’un modéle parfait. Un schéma d’assimilation
4D-Var incrémental est complété par une approximation de rang faible de son lisseur de Kal-
man équivalent. Il en résulte une méthode consistante, ou les covariances d’erreur d’analyse
et de prévision fournies par la composante «lisseur» rendent compte des erreurs résultant
des phases d’analyse par 4D-Var incrémental et des phases de prévision. Cette consistante
provient du fait que des hypothéses différentes sont évitées pour les calculs de ’analyse et
de ses covariances d’erreur, la méthode étant basée sur une approximation de rang faible
de la matrice de covariances d’erreur de prévision commune aux parties lissage et 4D-Var
incrémental.

La méthode fournit des covariances d’erreur d’analyse et de prévision dépendant de
I’ecoulement. De plus, beaucoup de développements actuels pour les systémes d’assimilation
variationnelle de données opérationnels ou pré-opérationnels sont soit déja inclus dans la
méthode hybride ou peuvent y étre facilement pris en compte.

Mots-clé : assimilation de données; météorologie; océanographie; lisseur de Kalman
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4 Fabrice Veersé, Dinh-Tuan Pham and Jacques Verron

1 Introduction

A key issue in variational data assimilation is the specification of the inverse forecast error
covariance matrix appearing in the cost function to be minimized and the computation
of the analysis error covariances, to take into account the so-called “errors of the day”
(Tanguay et al., 1997). Much work has been directed toward this purpose since the Second
WMO Symposium on Assimilation of Observations in Meteorology and Oceanography held
in Tokyo in 1995.

At the Data Assimilation Office of the NASA Goddard Space Flight Center some in-
vestigations aim at achieving this in the Physical Space Data Assimilation System either
by direct specification (Riishgjgaard, 1998) or by adaptive tuning (Dee and da Silva, 1999;
Dee et al., 1999). At the UK Meteorological Office two approaches were recently explored
for the specification of flow-dependent forecast error covariances in their 3D-Var system: a
multi-layer perceptron neural network algorithm and an Error Breeding System (D. Barker’s
contribution to the Third WMO Symposium on Assimilation of Observations in Meteorology
and Oceanography in Quebec City, Canada, 7-11 June 1999). At the Canadian Meteoro-
logical Center (CMC) the use of stationary Empirical Orthogonal Functions (EOF) for the
specification of forecast error covariances is studied (Buehner et al., 1999). In the future
these EOF may be computed from an ensemble system, in order to provide flow-dependent
forecast error covariances. At the European Center for Medium-Range Weather Forecast
(ECMWF), areduced-rank simplified Kalman filter has been developed for their incremental
4D-Var assimilation system (Rabier et al., 1997; Fisher, 1999; Fisher and Andersson, 1999).
Both the CMC and ECWMF approaches blend a reduced-rank background error covariance
matrix with a climatological one describing model balances built from linear regressions
using the so-called NCEP method (Parrish and Derber, 1992; Parrish et al., 1997; Bouttier
et al., 1997; Gauthier et al., 1998), to create a full-rank matrix.

All the approaches just described specify flow-dependent forecast error covariances by an
ad-hoc computation based on simplifying assumptions to make the problem computationally
tractable. Consequently the computed error statistics may not reflect the true error of the
analyses and forecasts issued from the assimilation system.

In this paper, an assimilation method is derived that combines an incremental 4D-Var
analysis with a rank-deficient Kalman smoother in a consistent way, under the perfect-model
hypothesis. The reduced-rank smoother is analogous to the SEEK filter of Pham et al. (1995;
1998) and is named after it. The potential avantage of the new hybrid method over current
implementations of incremental 4D-Var is clearly the use of flow-dependent forecast error
covariances. Compared to the SEEK filter it constitutes a smoother extension and benefits
from the refreshment of the reference trajectory in the outer loop of the incremental 4D-
Var scheme, thereby reducing the impact of linearization error that may potentially lead to
divergence of the extended Kalman smoother.

Section 2 presents the incremental formulation considered throughout the paper. The
next section derives an equivalent fixed-interval Kalman smoother, for which incremental
4D-Var is a particular algorithm. Then some reduced-rank approximations are made in
section 4 to make this equivalent smoother affordable in practice. Section 5 shows how the
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4D-Var/SEEK: a hybrid variational-smoothing data assimilation scheme 5

resulting Singular Evolutive Kalman smoother may be combined with the incremental 4D-
Var analysis in a consistent way. The following section addresses some implementation issues.
A short discussion concludes the paper. The notations try to follow the recommendations

of Ide et al. (1997).

2 Incremental 4D-Var

4D-Var consists of finding the model trajectory which best fits the available observations over
a given period of time. In the standard formulation of 4D-Var (Le Dimet and Talagrand,
1986) and under the perfect-model assumption, the trajectory is entirely determined by the
itial conditions xg of the model. The assimilation then reduces to the minimization of the
following cost function, where the state of the model at the beginning of the assimilation
period is used as control variable:

T(xo) = = (xo—x'(t0))" [P/ (o))" (x0 — x/ (to))

N | —

> Hilx) -y Ry [Hi(xi) — y7].

i=1

N | —

+

In the above cost function,

e X is the initial state of the model and the control variable;

o xf (to) is the (background) forecast state at the initial time ¢y of the assimilation
period. It is our best guess of the state of the atmosphere or the ocean before the
observations available during the assimilation period are taken into account by the
assimilation process;

o P/(ty) is the covariance matrix of forecast error describing the quality of the forecast
T (to);
X 0),

o y? is the observation vector at time ¢;;

o x; = x(t;) = M(to,t;)xo is the model state at time #; corresponding to the control
initial condition xg;

e H;is the observation operator at time¢;. It computes the model-equivalent observation
vector;

e R, is the covariance matrix of observation error at time ¢;, which accounts for measu-
rements and representativeness errors (Lorenc, 1986).

An assumption of no observation at the initial time ¢; has been made. This is often the cas
in meteorology since the corresponding observations are better assimilated at the end of the
previous assimilation period, in order to improve the quality of ensuing forecast.
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6 Fabrice Veersé, Dinh-Tuan Pham and Jacques Verron

The above formulation is often not feasible in practice because of the associated compu-
tational burden and because of the non-differentiabilities of the physical parametrizations.
The latter prohibite the use of efficient minimization methods requiring the computation
of the cost-function gradient. For these reasons, Courtier et al. (1994) have proposed an
incremental formulation of 4D-Var that is computationally affordable and circumvents the
problem of the non-differentiabilities, e.g. by using adiabatic (differentiable) tangent linear
and adjoint models to compute a correction to the initial condition of the diabatic (non-
differentiable) model (Thépaut and Courtier, 1991). Moreover, some meteorological centres
are developing differentiable physical parametrizations to be used within this incremental
framework in order to improve the quality of their analyses and ensuing forecasts (Mah-
fouf et al., 1996; Fillion and Mahfouf, 1999; Rabier et al., 1997); Janiskova et al., 1999a;
Janiskova al., 1999b)

In this paper, the incremental 4D-Var formulation is considered without any change of
spatial resolution as it is implemented with the LODYC OPA ocean model (Weaver and
Vialard, 1999). The extension to the case where two spatial resolutions are used or to the
multiple-resolution incremental approach of Veersé and Thépaut (1998) should not be too
difficult. Therefore the minimization of (1) is replaced by several minimizations of

j((SXQ) = - ng[Pf (to)]_15x0

N[ —

[H)(x{).0x; — d;]” Ry ' [H}(x]).0%; — di]

+
N | —

s
I
—

= P ng[Pf (to)]_16x0

+ % i [T (x9)M (to, ;).6x0 — di] " R [HL(x9)M (£, £;).6%0 — d;]
i=1
where
x? = x9(t;) = M(to,t:)x9(to)
xI = xf(t;) = M(to, t;)x! (to)
ox; = Ox(t;) = M'(tg,1;).0x¢
di = yf— Hilx{) + Hi(x)).(xf - x])

The first-guess field x9(tg) is initially taken equal to the forecast field x/ (¢y). Between two
successive minimizations, it is updated as

x9 (to) = Xf (to) + 5X0. (3)

INRIA



4D-Var/SEEK: a hybrid variational-smoothing data assimilation scheme 7

As Courtier (1997) and Zhu et al. (1999) we introduce compact notations, using vectors
and matrices to account for all the instants but the initial one :

X{ ] X? Ml(to,tl)
! g M (to,t
e 2 I P v O (.0’ ? ;
x!, | x9, M’ (to, )
5X1 T i y? d1
5X2 yg d2
ox = : = M'.6xq; y° = : ; d= : ;
oxpr | L ¥ das
Hy(x) [ R O °
Hz(Xg)
H(x9) = . 2 : R — 0 Ry :
: : 0
Har (xjy) L0 0 Ry
H (x{) 0 0
H'(x%) = 0 HY) (x3)
: : 0
00 Hy(x)

The incremental 4D-var cost function (2) may then be written:
1
L7(5X0) = 5 (SXZ[Pf (to)]_lton

T

+ % [H'(z9)M'.6x0 — d]’ R™' [H'(29)M’.6x, — d]

Nullifying the gradient, one obtains the analysis increment:
oxo = [[P/(to)]”' + (M)TH'(x%)"R™'H' (x9)M’] ! (M) TH'(x%)TR~'d
= P/ (to)(M/)TH'(x)T [H'(x¢)M'P (to)(M')TH' (29)T + R] ™' (5)

X [yo — H(x9) + H'(x9).(x9 — xf)]

The last equality follows from the Sherman-Morrison-Woddbury matrix formula.!

1ABT (C + BABT)_1 = (A_1 + BTC_lB)_1 B7TC~! whenever the inverses exist (Wunsch, 1996,
page 99).
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8 Fabrice Veersé, Dinh-Tuan Pham and Jacques Verron

3 Equivalent Extended Kalman Smoother

In this section, an (incremental) extended Kalman smoother equivalent to the incremental
4D-Var of the previous section is derived. The approach is somewhat different from those

used by Ménard and Daley (1996), Zhu et al. (1999) and Li and Navon (1999).

3.1 The forecast phase

Because it will be of use in the next section, the forecast step of the 4D-Var assimilation
cycle is written down explicitely. It consists in a prediction from the analysis computed at
the beginning of the previous 4D-Var assimilation period, and the corresponding forecast of
the error covariances. The forecast field x/ (t5) which enters the present 4D-Var assimilation
is given by

xf (tg) = M(to — T, t0) x*(to — T) (6)

where T' is the temporal length of the previous 4D-Var assimilation and x%(tq — T) is the
corresponding analysis at time ¢g — 7T'.

As for the extended Kalman filter with a perfect model, the error covariance matrix of
this forecast field is approximately given by

P (tg) = M/ (tg — T, 10)P*(to — T)M'(to — T, t0)" . (7)

3.2 The analysis phase

The analysis increment is looked for under the form
bxo = x§ —xh = K [y* = H(x) + H'(2).(x* —x/)] (8)

where xg and x§ are respectively the background and analysis fields. In order to exhibit
the equivalence with 4D-Var, the analysis x§ at the beginning of the assimilation period
is determined using the future observations available along the assimilation period. This
presentation is therefore different from the approach used for restrospective data assimilation
(Cohn et al., 1994) where Kalman smoothers determine the analysis at a given time using
present and past observations.

One assumes that

where
Xj 7
X5 e
t o __
X = . and €° =
Xy e

are respectively the true state and the observation error vectors.

INRIA



4D-Var/SEEK: a hybrid variational-smoothing data assimilation scheme 9

The gain matrix K is determined by minimizing the total analysis error variance, that
is the trace of the analysis error covariance matrix P?(¢g) given by

Po(to) = B{(x§—xh)(xg—xb)"}

B (3 =) + K (H () = H(x?) + B (x7).(x7 = /) + )] 9)

x [(xée —x’é) + K (H(x') — H(x9) + H'(x9).(x¢ — x) +e°)}T}

where F stands for the expectation operator.
The following additional assumptions are made :

e the observations are unbiased: FE{e°} = 0, and their error covariance matrix is

E {er(en)T) = R
e the background initial field is unbiased: E{x!} = E{x%}, and its error covariance

T
matrix is F { (xée - xf)) (xée - x’é) } =P/ (to);

e the background and observation errors are uncorrelated:
E{(xé —xg) (ef)T} =0fori=1,--- , M;
e the observation operators are quasi-linear:
H(x') — H(x%) ~ H'(x9).(x" — x9);

o x! —x/ ~ M. (x} — xé) (tangent-linear hypothesis).

Then, the analysis error covariance matrix is approximately given by

() (oo (x5 -xE) +e0)]

= K[H'(x)M'P/(t)(M)TH'(x?)T + R] K7

P%(ty) =~ E{ [(xg —x’é) +K (H’(xg)M'. (x’fJ - xé) +€0)}

— KH'(x9)M'P? (1) — P/ (to) (M) H (29)TK” + P/ (1)
= (K- P/ (to)(M)H'(x%)7G™") G (K — P (t0) (M) TH'(x?)TG™")

— P/ (1) (M)TH! (x9)T G~ TH! (x9)M'P/ (o) + P/ (t)
(10)
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10 Fabrice Veersé, Dinh-Tuan Pham and Jacques Verron

where G = H'(x9)M'P/ (t0)(M')TH'(x?)T + R and a matrix formula? has been used.
The only term depending on K in the last expression is positive. Therefore the gain
matrix that minimizes the total error variance, i.e. the trace of P%(#q), is given by:

K = P/(t)(M)TH (29)TG™!
(11)
= P (1) (M)TH (29)7 [H (%) M'P (t0) (M) H (x?)7 + R] "
Substituting this expression of the gain matrix into Eq. (8), the 4D-Var analysis increment

given in (5) is recovered, which shows the equivalence of the two approaches.
From (10) one has :

Pi(t) = P/ (to) — P’ (to)(M/)TH'(x9)T G~ H' (x9)M'P/ (1)

(I — KH' (x9)M') P/ (1) (12)

1

[P/ (o))" + (M) H' (x9) T R™H (x))M']

The second equality makes use of the expression of gain matrix K and the last one derives
from the matrix-inversion lemma.3

Using the second equality together with the expression (11) of K, it is easy to show that
the gain matrix is also given by:

K = P%(to)(M)TH (z9)TR ™. (13)

4 A Singular Evolutive Extended Kalman (SEEK) smoo-
ther

In this section, following the lines of Pham et al. (1998), an approximation of the equivalent
Kalman smoother of the previous section is derived, that uses low-rank forecast and analy-
sis error covariance matrices. Such an approximation was also used by Cohn and Todling
(1996) and Todling et al. (1998). The resulting scheme is named SEEK smoother after the
denomination SEEK already used for the filter of Pham et al. (1998): Singular because the
error covariance matrices are singular; Evolutive because the error covariances are propaga-
ting in time; Extended because the algorithm is extended to nonlinear systems; and Kalman
smoother because the scheme is based on the fixed-interval Kalman smoother.

2ABAT — CAT - ACT = (A - CB_I) B (A - CB_I)T — CB!CT where the inverses are assumed
to exist (Wunsh, 1996, page 100).

3 (ATB_lA +C-1 ) “l_c_-cAT (ACAT + B) ~! AC where it is assumed the inverses exist (Wunsh,
1996, page 99).

INRIA



4D-Var/SEEK: a hybrid variational-smoothing data assimilation scheme 11

Substituting the expression (7) of P7(tq) into Eq. (12), one obtains:
P(ts) =M. (P — P(ML)T(M)TH(x7)"
x  [H/(x9)M'M_P* (M_)T(M/)TH(x%)T + R] ™ (14)
x  H'(x)M'M_P?) (M_)”
where M” and P2 stand for M/(tg — T,to) and P*(¢q — T') respectively.

Assume now that P2 is a low-rank matrix factorized into L_U_LT where U_ is a
symmetric positive define matrix with dimension equal to the rank of P%. Then:

P%(ty) = LoUoLY (15)
where
Ly = M_L_
U, = U_-U_LT(M)TH'(x%)7 [H'(x))M'LU_LT (M) TH'(x?)T + R]™"  (16)

x H'(x9)M'LoU_

Assuming there is no perfect observation, R is invertible and, using the matrix-inversion
lemma, the latter equation may be written

Ugl — U:l 4 Lg(MI)TH/(Xg)TR_lH/(Xg)MILO (17)

showing that Uy is also symmetric definite positive (hence invertible) and that P? and P%
have same rank provided the rank of Lg equals that of L_.

5 Combining incremental 4D-Var with the SEEK smoo-
ther

In this section, the computation of the analysis increment by 4D-Var is combined with the
computation of the analysis and forecast error covariance matrices of the SEEK smoother in a
consistent way. The resulting incremental 4D-Var assimilations use dynamical forecast error
covariances (the so-called “errors of the day”), and the computations of the analysis increment
and of the analysis error covariance matrix are based on the same low-rank approximation.

Evolving the low-rank analysis error covariance matrix P? = L.U_LT according to
Eq. (7), one obtains the forecast error covariance matrix:

P/ (ty) = M_L_U_LT(M’)” = LyU_LT (18)

RR n~®3902



12 Fabrice Veersé, Dinh-Tuan Pham and Jacques Verron

The matrix U_ has dimension equal to the rank of P2 | in practice small enough for one to
afford a Cholesky factorization:

U_=wW_wT, (19)

The usual preconditioning of the minimization may then be performed by a change of control
variable, rewriting the incremental cost-function (4) as

J(x) = % XTX + % [H' (x7)M'.dx¢ — d]T R! [H'(x7)M'.dxq — d] (20)
where
d = y°— H(x%) + H'(x9).(x? — xf)
(21)
5X0 = (Low_) X

This cost function is exactely that used by Blayo et al. (1999) for reducing the dimension of
the control space, if L is taken to be the leading model EOFs and W_ is their Cholesky-like
factor of the background error covariance matrix.

The analysis error covariance matrix is obtained as P?(#g) = LoUoLg where

Uyl = UM+ LT(M)TH (x9)TRTH/ (x9)M'Lyg
M (22)
= UZ'+ ) LM/ (o, ) Hi(x{)" Ry "H(x])M (to, t:)Lo
i=1
Then a Cholesky factorization is performed :
Uyl =w;Tw;! (23)

and the forecast error covariance matrix to be used in the next incremental 4D-Var assimi-
lation is computed by :

L, = M(to, t;)Lo
P/(t;) = LyULT (24)
= L W WIL?

where ¢ corresponds to the end of the current assimilation period and the beginning of the
next one.

The whole algorithm is a combined incremental 4D-Var/singular evolutive Kalman smoo-
ther with:

INRIA



4D-Var/SEEK: a hybrid variational-smoothing data assimilation scheme 13

e an analysis step: an incremental 4D-Var analysis where several cost functions (20)
are successively minimized. Between two consecutive minimizations the first-guess

field is updated:
Xg(to) = Xf (to) + (SXO = Xf (to) + (LOW_) X -

After the last minimization, the low-rank analysis error covariance matrix is deter-
mined by computing Uy’ according to (22). Tts Cholesky factorization (23) is then
computed. Alternatively, when the matrices R; are diagonal, the Cholesky factors of
UZ! may be updated directly using techniques described in Gill et al. (1974) or Davis
and Hager (1999).

o a forecast step: the forecast field at time £; is computed as
x/ () = M(to,t;)x" (to)

and the corresponding forecast error covariance matrix is determined according to
(24), their flow-dependency resulting from the tangent-linear model integrations (first
equation in (24).

6 Implementation details

In this section some aspects having a strong impact on the practical implemention of the
4D-Var/SEEK method are described.

6.1 Model trajectory computations
The preconditioned incremental 4D-Var cost function (20) may be written

Jx) = $x"x

(25)

+ 1 [H(x9)MLW_ x —d]” R~ [H'(x¢)M'LyW_ x — d]

[T

Clearly, the quantity H'(x9)M'Lg appears both in the cost function and in the computation
of the analysis error covariance matrix (see Eq. (22)). In order to minimize the computational
work it can be computed once for all before each minimization, at the cost of a number of
tangent-linear model integrations equal to the rank of the forecast error covariance matrix
(i.e. the rank of U_). The cost of each minimization itself then becomes negligible.

Moreover, it 1s possible to implement the computation of the cost function and its gra-
dient and that of the analysis error covariance in such a way as to need only one column of
H'(x9)M'Lg at a time in core memory. This ensures both the optimality in terms of com-
putational cost and the feasibility with operational numerical weather prediction or oceanic
circulation models.

RR n~®3902



14 Fabrice Veersé, Dinh-Tuan Pham and Jacques Verron

6.2 Basis orthonormalization

To initialize the 4D-Var/SEEK assimilation system, the matrix P = L_U_L” must be
specified at the very first time. Following the experience of Pham et al. (1998) with the
SEEK filter applied to oceanic circulation models, a sensible choice is to use a leading model
EOF eigen-decomposition. An alternate approach would be to build P% from a principal
component analysis of the sample covariance matrix of the so-called NMC method, used in
most meteorological centers for the specification of climatologic forecast error covariances
(Buehner et al., 1999).

Even if one initializes the system with one of the two methods suggested, for which the
columns of L are orthonormal, the forecast equation in (24) indicates that they will not
remain so in general and that L may well become rank-deficient in the future. Pham et
al. (1998) indicate that in the SEEK filter, and similarly in Eq. (22) of the 4D-Var/SEEK
smoother, one can change Lg to LoWg and Ual to the 1dentity matrix without changing the
algorithm. This may be necessary to prevent the matrix U from becoming ill-conditioned.

But for 4D-Var/SEEK one may more conveniently transform Lg into
Lo = LoW_ and Ual into ﬁal = WZU(;lW_; Eq. (22) is then rewritten

U;' =1+ LI (M) TH (x9)TR™H' (x9) MLy, (26)
and the definition of the increment in Eq. (21) is now
5X0 = ]:0 X- (27)

As noted above Ly may become rank deficient, essentially because of the tangent-linear
model integrations in Eq. (24). Indeed the collection of the columns of Lo may be viewed
as a basis for an approximate local tangent hyperplane to the attractor of the model. If
the restriction of the tangent-linear model to this local hyperplane is rank deficient, the
information projecting on one or more directions of this hyperplane will be lost. This
situation may be easily diagnosed. For that purpose, it suffices to note that Eq. (27) specifies
the increment dxy as a linear combination of the directions contained in I:O and can be
rewritten

éxo=Lo X (28)

where the columns of Ly are obtained by orthonormalizing those of Lo. During the course
of such an orthonormalization a rank deficiency can be easily diagnosed. In such a case, the
initial rank may be recovered by enlarging the orthonormal basis Ly with the first leading
model EOF that do not project essentially on this basis or some directions deduced from
the innovation vector (Brasseur et al., 1999). These new directions are orthonormalized
with respect to the kept basis vectors to form a new basis Ly. The minimization is then
performed in terms of ' using the incremental cost function

Jx) = +x" (fgioign) X

N

(29)

+ L [H/(x9)M'.éx0 —d]" R~ [H'(x9)M'.6x; — d]

b=
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where dxg is given by Eq. (28). As the first term of the sum is no more ideally conditioned,
this should be done only when an enlargement of the basis is needed. Otherwise, the original
cost function (20) should be minimized using the definition (21) or (27) of the increment
5X0.

Finally two variants of 4D-Var/SEEK can be proposed. The first one is an asymptotic
smoother where the forecast step in Eq. (24) is replaced by Ly = Lg and the covariance
matrix of forecast error is kept constant and equal to P/ (t;) = P/ (tg) = LoU_LZ. The
analysis error covariance matrix is still computed according to Eq. (22), but for diagnostic
purpose only. The resulting U matrix should not be used to update the forecast error
covariance matrix in the asymptotic smoother, otherwise the forecast field may be given
more and more weight and observations may be rejected by the assimilation system. This
clearly happens in the experiments of Ballabrera et al. (1999).

The other variant is a nonlinear extension which uses the direct (nonlinear) model to forecast
the basis vectors (i.e. the colums of L) according to

(Ly)i = M(to,ty) (%' (to) + i (Lo)i) — M (to, ;)% (to)

where the «; are suitably chosen scaling factors.

6.3 Temporal weighting

Although our incremental 4D-Var/SEEK method assumes the model is perfect, one knows
that in reality this is not the case. It is therefore tempting to introduce a temporal weighting
to emphasize the impact of the most recent observations, as proposed by Courtier and
Talagrand (1990). A new incremental cost function is then defined where the observation
error covariance matrices R; are now multiplied by a scalar p;.

Following Pham et al. (1995) this scalar is called “forgetting factor” and may be taken
as

tp—1tp

pi =pTih (30)

where p = 1/(1 + a), a being a positive constant. The scalar a may be adaptively tuned
using techniques described in Dee (1991, 1995), Gong et al. (1998) and Evensen et al.
(1998).

Alternate formulations of the forgetting factor, such a Gaussian ponderation in time
centered at the end of the assimilation period (i.e. at time ¢;), may be used.

This ad-hoc method to account for model error has moreover the advantage of preserving

the rank of the 4D-Var/SEEK smoother (Pham et al., 1995 and 1998).

7 Discussion

An assimilation method has been proposed that combines an incremental 4D-Var analysis
computation with a Singular Evolutive Extended Kalman (SEEK) smoother, in a consistent
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way. The computation of the analysis by the incremental 4D-Var method and the computa-
tion of the forecast and analysis error covariances in the SEEK smoother part of the method
are based on a common low-rank approximation of the forecast error covariance matrix. The
computed error covariances thus reflect the performance of the assimilation system in the
subspace where the analysis computation is done.

Interestingly, many of the current developments of pre-operational and operational va-
riational data assimilation systems in meteorology can be embedded within this method. A
natural equivalence between the reduction of the dimension of the control space proposed by
Blayo et al. (1998) and the specification of a low-rank approximate forecast error covariance
matrix based on an EOF decomposition (Buehner et al., 1999) has emerged during the deri-
vation of the 4D-Var/SEEK method, that comprises both approaches. The quasi-continuous
technique (Luong, 1995; Jarvinen et al., 1996; Pires al., 1996; Luong et al., 1998) may be
incorporated to the method without any change needed. The 4D-Var/SEEK method could
also be adapted to accomodate 4D-Var formulations involving a change of spatial resolu-
tion, such as the incremental strategy of Courtier et al. (1994) and the multiple-truncation
incremental approach of Veersé and Thépaut (1998). A more interesting incremental ap-
proach using multiple control spaces of increasing dimensions, corresponding to increasing
atmospheric or oceanic variability, may be straightforwardly achieved with 4D-Var/SEEK.

Finally, because it comprises a simplified Kalman smoother and a decomposition on a
low-rank basis of the forecast error covariances, the method can be thought of as a consistent
blend of the CMC and ECMWF approaches for the specification of flow-dependent forecast
error covariances, with the additional advantage of providing also analysis error covariances.

A current major limitation of this hybrid method comes from the perfect-model assump-
tion, although the temporal weighting introduced in the last subsection adresses this problem
to some extent; the treatment of model error within 4D-Var/SEEK requires further study.

The approach used to derive the scheme is quite general :

o derive the equivalent smoother of a generic incremental 4D-Var scheme;
o make some simplifications based on a particular approximation of the error covariances;
e and finally write the specific incremental 4D-Var scheme based on this approximation.

Proceeding this way, the smoother part is always full-rank with respect to the dimension
of the space where the analysis increment is computed by the incremental 4D-Var part of
the scheme. And a number of hybrid methods may be designed this way. For instance,
for strongly nonlinear dynamics one could think of using a 4D-Var/SEIK smoother where
a reduced-rank ensemble smoother analogous to the SETK filter of Pham (1996) is used to
compute the error covariances.
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