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Vitesse de convergence optimale d’une méthode
particulaire stochastique appliquée a la résolution
d’équations de conservation scalaire visqueuses
unidimensionnelles
Résumé : Nous présentons ’analyse de la vitesse de convergence d’une méthode particulaire
stochastique pour la résolution numérique d’équations de conservation scalaire visqueuse
unidimensionnelles. Le résultat de vitesse de convergence est en O(At + 1/ VN), ot N

désigne le nombre de particules numériques et ot At est le pas de discrétisation en temps
du schéma d’Euler appliqué & ’équation de la dynamique des particules en interaction.

Mots-clés : Méthode particulaire stochastique, processus stochastiques, schéma d’Euler.
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1 Introduction
We consider the following viscous scalar conservation law equation

%(t,x) = %%(t,x) — 2A(V(t,gc))7 (t,z) € (0,T] x R, (1.1)

ox
V(Ovl') = VO(£)7

where A : R — R is a C? function. In this article we analyse the rate of convergence of a
stochastic particle method for the numerical solution of Equation (1.1). When A(v) = v?/2,
Equation (1.1) is the viscous Burgers equation

%—‘Z(t,x) = %g%(t,x) —vit,2) 2 (t2), (t,2) € (0,T] x R, (1.2)

oz
V(0,z) = Vo(x).

A previous work proposes a stochastic particle method for the numerical solution of the
Burgers equation (see Bossy and Talay [2, 3]). The method is based upon the probabilistic
interpretation of the Burgers equation as the evolution equation of the cumulative distribu-
tion function of a stochastic nonlinear process (in the sense of McKean). The algorithm is
inspired from a propagation of chaos result for the system of interacting particles associated
to the nonlinear process. For the rate of convergence analysis, the initial condition of (1.2)
is supposed to be the cumulative distribution function of a probability measure, or more
generally, the distribution function of a signed and finite measure. Under suitable hypothesis
on this initial (signed) measure, we proved a convergence rate of order O(1/v/N ++v/At) for
the L'(R x ) norm of the error, where N is the number of simulated interacting particles
and At is the time step of the discretization by the Euler scheme of the stochastic differential
system governing the particles motion.

For the Burgers case, numerical experiments confirm the order O(1/v/N) for the depen-
dence on N, but show that the dependence in At is of order O(At) rather than O(v/At)
(see [3, 1]). In this previous work, the error estimate was obtained by the use of the rate
of convergence in L?(2) of the Euler scheme whereas, in this sort of numerical computa-
tion, the averaging effect due to the propagation of chaos phenomena suggest to analyse the
discretization error with estimates on the weak rate of convergence for the Euler scheme.

In this article, we extend our stochastic particle method for the Burgers equation in the
general context of viscous scalar conservation law equation (1.1) and we prove a theoretical
rate of convergence of order O(1/v/N + At).

To construct our algorithm, we follow Jourdain [6] who gives a probabilistic interpretation
of nonlinear parabolic PDE’s such as the viscous scalar conservation law (1.1), when A is
a C! function and Vj; is a non constant function with bounded variation. In [6], Jourdain
provides a natural way to connect (1.1) with a nonlinear martingale problem and proves a
propagation of chaos result for the suitable system of weakly interacting particles. Here we
briefly present the main ideas and some results on which we base our numerical algorithm:
we suppose that there exist a bounded and signed initial measure my # 0 on R and a
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4 M. Bossy

constant 3 such that Vo(z) = 8+ H * mo(z), where H(z) =1 [;>0) denotes the Heaviside
function. Let |mgl, ||mo|| and h denote respectively the absolute value of mg, the total
variation of mg and a density of mg with respect to the probability measure |mg|/||mo|| with
values in {—||mq]|, ||mo||}. For P a probability measure on C([0, +0),R), we define the flow
(Pt)tzo of signed measures on R by

VB € B(R), P;(B)=Ep(l (X:)h(Xo)),

where X denotes the canonical process on C([0,400),R). We associate the following mar-
tingale problem to Equation (1.1):

Definition 1.1 The probability measure P € P(C([0,+0),R) is a solution of the nonlinear
martingale problem M, starting at mo, if Py = |mol|/|/moll and for each ¢ € CE(R),

&(Xe) — o(Xo) — /0 (%2¢”(Xs) + A'(B+ H * ps(Xs))(;S'(Xs)) ds is a P martingale. (1.3)

We define a system of N particles in mean field interaction by the following stochastic
differential equation

| . e 1 - ; ,
XN = XN 4 oW +/ A B+ = > HXEN - XIPMN(X]) | ds,
A N

j=1

t
=X8’N+0WZ+/ A (B+ H x g (X)) ds, 1 <i <N,
0

where pV = % Efil 8xi.~ is the empirical measure of the particles and (W1,...,W/) is
a N-dimensional Brownian motion independent of the initial variables (X5 ,..., Xg""")
which are I.I.D with law |mg|/||mol|-

Proposition 1.2 (Jourdain [6]) The martingale problem M starting at mo admits a unique
solution P and the particle systems (XVN, ... XV:N) gre P-chaotic. Moreover, Equation
(1.1) has a unique bounded weak solution given by V(t,z) = 3+ H = P,(z).

The propagation of chaos result implies that S+ % S | H(z— XV )A(X}) = B+ H il (2)
converges in L'(€2) to V(¢,z) (see [6]). In practice the X;""’s cannot be computed exactly.
The algorithm involves their approximation by a discrete-time stochastic process (X} ,,,1 <
i < N), where At is a discretization step of the time interval [0,7]. Then we construct our

approximation of V (¢, ) by

N

_ 1 .

Vine(w) = B+ N szH(x — Xiae)s
=1

INRIA



A Stochastic Particle Method for 1D Viscous Scalar Conservation Law Equations 5

where the weight w; is determined by the initial position of the ¢th particle. Under smooth-
ness hypotheses on V) and A, we prove that

_ — 1
E||V (T, ) — V"2 +sup (E|V(T,2 —VN’AtxDZO(—JrAt).
IV(T,) = Ve Ol sup (T, ) = Vp ™ (x) Wi
The first work on the optimal rate of convergence of the Euler scheme for interacting
particle system is due to Kohatsu-Higa and Ogawa [7]. They analyse the convergence of the
weak approximation of a general nonlinear diffusion process of the form

{ dX; = a(Xs, F x uy(Xy))dt + b(Xy, G * ug(X;))dWs, where u; is the law of X, (1.4)

Xt:(] = Xo with law mo.

Suppose that the functions a, b, F' and G are smooth with bounded derivatives, they use
Malliavin calculus to show that, for any function f C* whose derivatives have polynomial
growth at infinity,

E

N
%iz_;f(Xim) —Ef(Xy,)| < C(ﬁ + At),

where C is independent of At and N but depends on f and (X},)i=1,.. n is the corre-
sponding discrete time system of interacting particles.

In the context on this present work, a = A’ but the diffusion coefficient b is a constant and
F is the bounded but discontinuous Heaviside function H. Furthermore, we approximate
the cumulative distribution function of X;. The main difficulty of our rate of convergence
analysis resides in the treatment of the kernel H. We do not use Malliavin calculus, but take
part of the case we are of constant diffusion coefficient to adapt some techniques developed
by Talay and Tubaro [9] in their study of the global error of the Euler scheme for stochastic
differential equations linear in the sense of McKean. To do so, we strengthen the hypothesis
in [2, 3] on the initial condition Vj in order to work with the classical solution of Equation

(1.1).
2 Algorithm and convergence rate

First, we state our hypotheses.
(H1) The function A is of class C3.

(H2) There exist a constant 3 and a signed and bounded measure on R mg # 0 such that
the initial condition Vy of Equation (1.1) is given by

Vo(z) = B+ H xmo(x).

RR n° 3924



6 M. Bossy

(H3) The measure mg is absolutely continuous with respect to the Lesbegue measure. Its
density Uy is o bounded function with bounded first order derivative. Moreover, there

exist strictly positive constants M, n and « such that |Up|(z) < 7 exp(—azz—2), for all
|z| > M.

We construct a family (y5,w®)1<;<n of weighted initial particles such that the piecewise
constant function

N
Vole) = B+ 3 > w'H(z —3})
=1

approximates Vp(z). Many strategies are possible. As suggested in [6], one can choose the
density

h(z) = [[moll (U {o(z)>0} +1 {Uo(x)<0}) -

The N locations (y}) are chosen in order to approximate the distribution function of the
measure |mg|/||mol| by a piecewise constant function. We invert the distribution function

y i '
inf{y;/ |m0|/||m0||(da:)=ﬁ}, t1=1,...,N —1,

1

Yo = ]
ity [ fmol/Imal(dz) = 1= 5, i = N

and the corresponding weights are w; = h(yg), fori = 1,..., N. Let My denote the associated
empirical measure

1 .
Mo = > w'sy. (2.1)
i=1
By construction,
Vo = Voll o) < [lmoll/N. (22)

The convergence for the L!(R) norm is described by

Lemma 2.1 (Bossy&Talay [3]). Assume (H3). There exists a constant C depending on
mg only such that

Vo — Vol () £ C/log(N)/N.
If the density Uy has a compact support, the bound is C'//N.

On a filtered probability space (2, F, F;,P), we consider a N-dimensional (F;)-Brownian
motion (W!,...,W¥). As suggested by the propagation of chaos result in Proposition 1.2,

INRIA



A Stochastic Particle Method for 1D Viscous Scalar Conservation Law Equations 7

to construct an approximation of V(¢,z), we have to move our N particles according to the
following system of stochastic differential equations

N
dXi=odWi+ A" | B+ %Y wH(X; - X{) | dt, i=1,...,N,
Jj=1

X5 = vp-

The piecewise constant function
N 1L ,
V(t.2) =B+« ;wH(x - X})

approximates V (¢, z) with an error depending on N only. To get a simulation procedure for
a trajectory of each (X?), we discretize in time. Chose At and K € N such that T = AtK
and denote by t, = kAt the discrete times, with 1 < k¥ < K. The Euler scheme leads to the
following discrete-time system

Vi, =Y +o (Wi, —Wi)+Ata’ ﬁ+12w3H “v) |, i=1,...,N,
Jj=1
Yo =uo

Thus we approximate V (x, x), solution of (1.1), by the piecewise constant function

1 N
Vtk = N Z .TE - Y;k (23)

Our estimate on the convergence rate is

Theorem 2.2 Assume (H1), (H2) and (H3). For T > 0 fized, let At > 0 be such that
T = AtK, K € N. Let V(ty,x) be the solution at time ty = kAt of Equation (1.1) with
ingtial condition Vy. Let V4, (x) be defined as in (2.3) with N particles. Then there exists

a strictly positive constant C, depending on Vo, A, o0 and T only such that for all k in
{1,...,K},

= - 1
supE |V (tg,xz) — Vi, (z)| < C [ ||Vo = Vollr= +—+At>
EEE | k) — Vi ( )| (|| 0 ollz (R) N
and

— — 1
E” V(tkn ) - Vtk(')HLl(R) < C (”VO - V0||L1(R) + \/—N + At) .

RR n° 3924



8 M. Bossy

3 Proof of Theorem 2.2

Without lost of generality, we simplify the presentation of the proof by restricting ourself to
the case where, in assumption (H2), the constant 3 = 0 and V; is the distribution function
of a probability measure. Thus, we replace the assumption (H2) by

(H2") There exists a probability measure mgo such that the initial condition Vy of Equation
(1.1) is given by

Vo(z) = H x mg(x).

The weights w® for ¢ = 1,..., N are now all equal to 1. Thus, we approximate V (t,z),
solution of (1.1) at time ¢, by the piecewise constant function
LN
Ve (@) = 5 Z (z = Y5,
with
N .
Vi, =Y 4o (Wi, —Wi )+ At [ 3 HYE -Y)) | i=1,....N,
=1
Yo =y

In the sequel, we will use the continuous version of discrete time processes (Y*) which consists
in freezing the drift coefficient on each interval [tx, txy1]:

t
Vi =y +/0 A (Vo) (Vi) ) ds + oW, (3.1)

where 7(s) = supyepo,... k{tkitk < s}. C denotes any positive constant depending only on
T, o, A and Vj; for any positive constant «, g, denotes the Gaussian density function

ga(2) = ——— exp (—j—) |

2mo (e}

According to the probabilistic interpretation given in Section 1 under (H2'), the solution
of Equation (1.1) is given by

V(ta x) =Ep (]l (fOO,m](Xt))a

where P is the solution of the martingale problem 1.3 and X denotes the canonical process
on C([0,+00),R). We define the real valued function B(t,z) by

B(t,z) = A’ (]EP(]l(_oo’z](Xt))) =A'(V(t,z)), (t,z) € [0,T] x R (3.2)

INRIA



A Stochastic Particle Method for 1D Viscous Scalar Conservation Law Equations 9

Now consider the Markov process (Z) solution of

dZt :B(t,Zt)dt"l‘O'th, (3 3)
Zt:(] = ZO with law mo, ’
where (W) is a one-dimensional Brownian motion independent of (W?!,..., W¥). Proposi-

tion 1.2 provides the existence in law of (Z) and thus V(¢,2) = EH(x — Z;).
Let k € {1,...,K}. To prove the Theorem 2.2, we start from

_ 1
V(tk,z) =V (2) =EH(z — Zy,) — N

||Mz
a
|
“S

First, we introduce an artificial smoothing of the Heaviside function. For an arbitrary
constant € > 0, we define the function H,(z) = g. * H(z) and we decompose the expression
above into four parts:

=

V(tk, l’) - Vtk (a:) =

b S [Hea—¥)) - Ha = Y)]

('T - Ztk) _EHE(x - Ztk)

(3.4)
+1 iv:[EHE(x—Zf,f’ )—Hg(x_y;'k)],

where (Z¥9) is the solution of the stochastic differential equation (3.3) starting at y at time
0. The two first terms are smoothing errors and will be bound by a constant arbitrary
small depending on e. The third term corresponds to the propagation at time ¢, of the
initialization error |Vy(z) — Vo(z)|. To make understand the last term, we transform it. For
any time t; and any z € R, we consider the partial differential equation

2
(%tw; 1 28 Vty,,

s (svy)-’_ia ayz

vtk,w(tk7y) = HE(I - y)7 Vy e R

T 8 kT
(:9) + Bls,9) =555 (5,9) = 0, ¥(5,9) € [0,14) x B,

(3.5)

From the Lemma 3.9 below, vy, . is a bounded function in C?((0,#;] x R) and by the the
Feynman-Kac representation of a Cauchy problem, vy, o(s,y) = EH, (z — Z;*¥). Hence,

6,0 i i i
EH (z — Z;") = He(z = Y;) = 04,2(0,95) = vy 0 (tr, Y7)-

RR n° 3924



10 M. Bossy

As vy, is solution of (3.5), Itd’s formula gives

1 N i 0 ,
N [EHe(x—Zf,f’ )—Hg(x—Yt’k)]
121 N th 81} ' . B |
-4 Zl /0 at;z (8.Y) [Bls.¥2) = &' (Voo (V)] ds (3.6)

N t
1 /’c Oy, ) )
- = o 0t (5 YW,

The second term of the right-hand side is a statistical error. We will bound the expectation of
its absolute value by C'//+/N. The first term in the right-hand side of (3.6) is the discretization
error and concentrates the most important difficulties of the proof.

In the next subsections, we give the proof of the following four lemmas:

Lemma 3.1 Smoothing error.
For any z € R, / |H(x — 2) — Ho(z — 2)|dx < Cy/e. Under (H1), (H2') and (H3),
R

sugﬂEH(x —Zy)—EH, (x — Z4,)| < Cy/e (3.7
zE
and for any i and j in {1,...,N} and any k in {1,...,K},

supE |H.(z - Y) — H(z - Y,.)| < Cve/VAt,

B| (Y — Vi)~ H(Y. - Yi)| < CVE/VAL

The positive constant C depends on Vg, A, o and T only.
Lemma 3.2 Initialization error.

Assume (H1), (H2') and (H3). For all k € {1,...,K},

sup
zER

[t~ Zzmata) [ BH. (@~ 22 )| < O = Valloce
R R
and

< C|IVo = VollLyw).
L(®)

/R EH. (¢ — Z¥°)mo(dy) — /R EH. (¢ — Z2°)o(dy)

The positive constant C depends on Vo, A, o and T only.

Lemma 3.3 Statistical error.
Assume (H1), (H2') and (H3). For all k € {1,...,K},

N i oty
w Ovy,y, ) )
S| (s, Y)W
2N /0 dy

C
< —=

VN

sup E
z€ER

INRIA
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and

E

N M th
w Ovy,, . : -
¢y ]/’L ‘171
Z¢:1 N/O g Ay (s, Y5)dW;

The positive constant C depends on Vo, A, 0 and T only.

(o
< —.
~ VN

L1(R)

Lemma 3.4 Discretization error.
Assume (H1), (H2') and (H3). For all k € {1,...,K},

N

supE e E /t’c ir.a (5, YD) (B(s Vi) - A (V (v} ))) ds| < C(—1 + At)
seR | N i—1 70 dy e e ()3 n(s) - WN
and
1 N /tk a”Utk,z (S ]r’l,) (B(S ]rz) 4/ (‘_7 (]” ))) ds < C( 1 t)
N Zizl 0 Jy e e (e ale) L1(R) - VN

The positive constant C depends on Vg, A, o and T only.

Chose ¢ = At®. Estimates of the four above lemmas combined with Equalities (3.6) and
(3.4) lead to the Theorem 2.2.

The section is organised as follows. In Subsection 3.1, we prove some preliminary esti-
mates and regularity results on the drift function B and on the solution vy, , of Equation
(3.5). Then in the successive subsections, we prove Lemmas 3.1, 3.2 and 3.3. We finish by
the proof of the main Lemma 3.4.

3.1 Preliminary lemmas

Consider the process (Z) solution of (3.3). The drift function B defined in (3.2) is bounded
by supyo 1;|A’(v)|- Hence, by Girsanov’s theorem, for any ¢ > 0, Z; has a density denoted
by U(t,-). Furthermore,

Remark 3.5 The transition probability P(t,dz; s, Zs = y) has a density, that we denote by
T(t,z;s,y), which is in L?(R). Moreover for all y € R,

C
IT(E, 5 5, 9)ll2®) < (t=s)i/a

where the positive constant C' depends on o, T and A only and, therefore, is uniform in y.
This can be proven by using Girsanov’s theorem (see the proof of Proposition 1.1 in [8]). In
particular, U(t,-) is in L?(R) for all t > 0 and, without any hypothesis on my,

C
||U(t7 '>||L2(R) < m-

RR n° 3924



12 M. Bossy

Lemma 3.6 Assume (H1), (HZ2 ) and (H3). The density U(t,x) of Z; is bounded uniformly
int € [0,T] and has o first partial derivative in x which is bounded uniformly in t € [0,T].
The function B(t,x) is in Cp*([0,T] x R) and its derivatives 2 95 (t,x),25(t,z) and o 28 (t,x)
are bounded uniformly in t € [0,T].

Remark 3.7 Even if this is not explicitly stated in Lemma 3.6, one can easily deduce from
the following proof that V is in C’bl’Q([O, T] x R) and thus is the classical solution of the scalar
conservation law Equation (1.1).

Proof : For all t > 0, g,24(x) denotes the density of the Gaussian random variable cW;.
Let S; be the corresponding semi-group defined by S;f = g¢,2; * f. Let us show that U is
the unique weak solution in L!(R) of the following integral linear Fokker Planck equation

t
7]
bt = StUO - / %Stfs (B(Sv ')ps)d87 Vit € ]OvT]7 Do = U07 (39)
0
where Uy is the density of mg. We will deduce from Equation (3.9) the regularity results of

the Lemma. For a fixed ¢ in (0,7 and a function f in C*°(R) with compact support, we set
G(s,z) = Si—sf(x), for all s € [0,t). Then G is the solution of the backward heat equation

2
{ oG 1025—62; =0, 0<s<t,
X

Js 2
G(t,z) = f(z).

By applying It6’s formula to G(t, Z;) and taking the expectation, we obtain that

lEG(t,Zt)z/Rf(x) (t mdm_/GO 2)Uo(x dx+/ / B(s, 2)U(s,)da.

Successive substitutions in the second term of the right-hand side lead to

/R F@U(t,2)ds = / Suf (2)Us()dz + / / ( / N )f(y)dy) B(s, 2)U(s, o)dads

/ / ( [ oot )f(y)dy) B(s,2)U(s, 2)deds
: /0 |1 ( /R gf,z(t_s)@c—y)B(sw)U(sw)dm) dyds
[ [ ([ gorc-ofa =Bl 2)U s, ) s

/ [ £66) 5 Sums (B, )05, ) (s

INRIA



A Stochastic Particle Method for 1D Viscous Scalar Conservation Law Equations 13

Hence, we obtain that

/Rf(x) txdx—/f )S:Up(x da:—/ /f St s (B(s,)U(s,")) (x)dxds

which means that U satisfies Equation (3.9) in the weak sense. Consider now two solutions
p* and p? in L}(R) of Equation (3.9). Then, for all t € (0,71,

t
0
It = ey = | [ e (B0 - ) s

< sup |A(u |/
uEOl

LY(R)

Ll(R)ds

ga (t s) ps

LY(R)

LI(R) ds.

ps

We conclude on the uniqueness of the solution of (3.9) by applying Gronwall’s lemma. We
have now that for all ¢ € (0,7] and z € R,

U(t,2) = gose * Uo(a) - / Ghr(—sy * (B(5,)U(s,) ()ds. (3.10)

Let us prove that U is bounded uniformly in ¢ € [0,7]. By Remark 3.5,

t
Utta) < sl +5up 4] [ [ Igheemsllo = 0)U(s,)dyds
[0,1] 0 JR
t C )
< Uollz= +/ S /gaa (@ — 9)U (s, y)dyds
0llL (R) 0 \/m R 2 (t )
t C
< ||U0||L°°(R)+/O = syrisiids

Thus ||U|| ~<([0,r1xr) < C, where the constant C' depends on o, T', A and Uy only. Now we re-

OB
mark that %(t, )= A" (EH(z — Z)) U(t,-) in L>([0, T]xR) and hence that || 2
C.
If we formally derive (3.10), we obtain that %—g must satisfy the equation

||L°°([0,T]><R) <

o ta) = 4o U30) = [ gty + (G505 + B >‘3’j<s7~>) (a)ds. (311)

Let us prove that g—g satisfies (3.11) and more precisely that Uisin C([0,T], L*(R)NCy(R)).
Let Ejo 1) be the space

Epom = {u € C([0, 7], L' (R) N C*(R)), llullpyo 7y = e lu®)lle < +00} :
te

)

RR n° 3924



14 M. Bossy

where | f|lz = ||f||L1(R)+Slé§|f(x)|+”/ fWdyllriw). Let Y : Egr — Ep,1 be
defined by

t aB .
T)t) = g0 U0 = [ s+ (G0 ([ asenid) + Bls.yutsr ) (o)
0 — oo
We show that 2Y is the fix point in Ejg 77 of the application Y. For u! and u? in Ej 11,
(T(u') = T(u?)) (t,2)
L OB S 2 1.2
= ), oo * 2 5) (w' —u”)(s,y)dy ) + B(s,)(u” —u”)(s,") ) (¥)ds.

An easy computation shows that

¢ OB
[(T(!) = Y@)) Ol < | g2 o) llaew) ||IBl + 15| (! —u?)(s)llE ds.
Ox
0 L=([0,T]xR)
Let to such that ! Lds -1 where D = |||B| + | 22| Then we
‘ o Vrort-s) 2 o Il o= ([0, ) xRy

deduce from the previous inequality that Y is a contraction on Ejg 4, and we note v its fix
point. For any u in Ejo 7] and t € (o, T], we remark that

Y ()(t,7) =go2(—tg) * Y (ulto))()
- /t: 9o (1—s) * (%(s,-) (/_oo u(s,y)dy) +B(s,.)u(3’.)) (z)ds.

Now if v! and v? in Ejg s, are such that v'(t) = v*(t) = v(t) for t € [0,¢to], from the
equality above we easily get that

Bl(s,) 1525l 6t =) s

2to
(XY = Y)W, < / 1oty
to LOC(R)

and then ||(Y(v') — T(VQ))(t)”E[iO‘QtO] < 3l =v?)l 5y, 2., - Repeating this procedure, we
construct the fix point v of T on Ejg 7). Finally, we remark that the function (¢,2) —
JZ . v(t,y)dy is solution in L' (R) of Equation (3.9). Then by the uniqueness of the solution
of (3.9), U(t,z) = [*__ v(t,y)dy and (¢, x) = v(t,z). Moreover from (3.11),

U VTD t 2D U
() e ®) < NUN poe(r) + ——=||U || .o +/7—3,- o (RS,
I 695( M@y < Upllzoe(w) WII Il o< (jo,77xR) ; 27m_2(t_5)|| (%( M £ ()

INRIA



A Stochastic Particle Method for 1D Viscous Scalar Conservation Law Equations 15

Thus by Gronwall’s lemma, we conclude that %—g is bounded uniformly in ¢ € [0,T]. More-
over for all (t,z) € [0,T] x R, we have

OB (t,2) = A" (BH(z — 2)) U(t,2),
9’B oU
W(Lm) = A" (EH(x — 2,)) U%(t,z) + A" (EH(x — 2)) g(t,m)
0’B . NP
and ”W“ Le=([0,711xr) < C. To finish the proof, we have now to bound the derivative in
time of the function B. We have

0

= B(t,2) = A"(EH(z — 2) 2R - 2,),

ot
where by (3.10),

O RH (@ - 7))

a T
5 Q/W U(t,y)dy

o2 92 z o [t
- / G20 ¥ Uo(y)dy — 2 / Gort—0) * (B(s,)U(s,)) (2)ds
[e%) 0

2 0a2 | ot
2 t 2
o , o° , 0
= ?ga%*UO_B(t?x)U(tax)_A 7902(75_5)*%(3(57')[](5,'))(33)@

i
c
< NUllp=(®) + |1BU| g +/—d5,
< Wl + IBUsomm + | =

<C. [ |

which gives that || %B(tw)”Lw([O’T]Xm <

The following lemma, due to Friedman, gives exponential bound for the transition density
of Z;".

Lemma 3.8 ( Friedman [5], p.139-150, [4], chap.1)

If the drift function B(t,x) is bounded on [0, T]| xR, Lipschitz in x uniformly in t and Holder
in t uniformly in x then the transition probability of the process (Z;'°) has a smooth density,
denoted by T'(t, z;s,x), and for any T > 0, there exists a constant Cy depending on T, B

and o, such that for all 0 < s <t < T and (z,2) € R?,

. Co (x —2)°
T(t,z;8,2) < i exp (—m).

Lemma 3.9 Assume (H1), (H2') and (H3). The Cauchy problem (3.5) has a unique
bounded solution in C12((0,tx] x R) and there exists a constant C' depending only on A,
o, T and Vy such that for all (s,z) € (0,tx] X R,

3vtk’z

(,2)

. < Cg5+202(tk_5) (z — 2). (3.12)

RR n° 3924



16 M. Bossy

Moreover, for all s € [0, tx)

82’1)15 . C
su b (s, < 3.13
ZEE 9z (82) L'(R) Vik—s ( )
and
8%y, o | c
sup ! S, - < ——. 3.14
c€R By &) LY(R) (b = 5/ .

Proof : Existence and uniqueness of a bounded solution of Equation (3.5) can be found in
Friedman [5]. Moreover, the Feynman-Kac representation holds and v, »(s,y) = EH, (z —
Z;'¥). Then we have

avtk [
dy

dz) 9B,
— _ Z sY .

As the function 2E(¢,z) is bounded in [0,T] x R, we get

dZS’y
= E g5y tk
(s,9) [gs(x tr ) dy :|7

where

avtk,f

9y

(s,y>‘ < Cg. % Dlte, s ,)(x)

from which we deduce immediately (3.12), by Lemma 3.8.
For all (s,y) € [0,tx) x R, we define the function w, »(s,y) = v4, »(tx — s,y). Then
Uy, (8, 2) is the unique strong solution of the Cauchy problem

(9utk,z - 1 QaQUtk,z
83 (87 y) - 50 ayz

utk,m(oay) = He(x - y), Vz e R

ouy, »
(s,y) + B(tk - Say)a;:;’(svy) =0, V(Say) € [Ovtk) x R,
We easily deduce from this equation that for all (s,y) € [0,tx) X R,

autk »T

Seune0.00) + [ Suma (B 09 2220,9) (s

utk,w(sv y)

Y s
/ Go2s+e (Z - x)dz + / / 902(570)(3/ - z)B(t -9, Z) autk,z (67 Z)dzda
—oo 0 JR ay

Deriving two times the expression below, we get

2
0 Uty ,x

s 0 aut
= Iz - 12 - = | B(t— ) — 2 ’ .
St 6 = sl =)+ [ [ oty = 205 (B-0.9752206.2) ) daat

INRIA



A Stochastic Particle Method for 1D Viscous Scalar Conservation Law Equations 17

|B| and |%42| being uniformly bounded, we have

2
‘8 Uiy,

G ) < lgpedw—o+c [ ] |g;2(s,9>|<y—z>g5+2029(x—z)dzde

s [ / ool = 2 16,

< 9o2erel(y — ) + Cgap2 s+s(y - x) (3.15)
s [ / ol = 2)| s (0,2t
and hence
82utk T ut
su 7 (s, " dxzdb.
yEE/R dy? (5,9)]d e+023 5+02 (s—46 zER %)

We apply Gronwall’s lemma to get (3.13). To prove (3.14), we start from (3.15):

82Utk,z 5/4 ’ 5/4 5/4
ayQ (57y) S Clgazs+5| (y—x) +Cg2025+5(y—{1;)
5/4
t 7
( / / 952 (s—0)l(y )| 5 (8, z)dzd0>
W920 5+28(y - x)
s C azu R 5/4
+/0 /R (s —0)5/8 83;; (0,2)9202(s—0)(y — 2)dzdb.
Hence,
8%, 5/4 C s C 82u, 5/4
/R ayQ (Say) Y — (0'23+8>3/4 +A (5_0)5/8 6y2 ( ,Z) y4
from which we conclude by Gronwall’s lemma. ]

3.2 Estimates on the smoothing error

Proof of Lemma 3.1: First we observe that for all z € R, H.(z) = EH(x — W,). Then
for any z € R,

2

Nors

S

/ \H(z — 2) — Ho(z — 2)|ds < ]E/ \H(z — 2) — H(z — 2 — W.)|dz = E|W, | =
R R

RR n° 3924



18 M. Bossy

The density U(t, z) of Z; being uniformly bounded in z € R,
[EH(z — Z,,) — EH. (z — Z,,)| < / \H(z — 2) — Ha(z — 2)|U(te, 2)dz < Cv/Z,
R

which gives (3.7). Now for any z € R,
EH(z -Y,,,) - H(z =Y, )|
= E (B |H(e — Y}, = MA(Vy, (V) = oWay) = Helw = Vi, = MA (V4 (V) = oWay)))

= / orne(2)EH (v — Y}, — AtA'(V, (V) — 2) — He(w = Yy, — AtA' (Ve (V) — 2)ldz
R

from which we deduce (3.8). [ |

3.3 Estimates on the initialization error

Proof of Lemma 3.2: For all ¢ > 0, the function y — EH, (z — Z>) is differentiable
and

Zovy
a%]EHE (z—20Y%) =E (gE(w - Zf’y)d—f> \

dy
where %Z?’y = exp (fg 9B (s, Zg’y)ds) < C. Thus by integration by parts,

0
)
/ EH, (z — Z2¥)Ymo(dy) = EH.(x— Z>°) - / 8—y]EH5 (x — ZP¥YWo(y)dy
R —oo

“+oco
+/ QEHE (z — Z)Y)(1 — Vo(y))dy.
0

dy
Similarly,
0 _ +oo __
/ EH. (z — Z,"")mo(dy) = / EH, (2~ Z") dVo(y) — | EH.(z—2"*) d(1 —dVo(y))
R —o0 0
and the integration by parts formula for a Stieljes integral gives
0
9 _
/ EH. (v — Z;")mo(dy) = EH.(z—Z")- / oy P (@ = Z¢*)Vo(y)dy
R —o0
+oo o 0. -
4 [ SoBH (o= 201 - Va(u)dy.
0 Y

INRIA



A Stochastic Particle Method for 1D Viscous Scalar Conservation Law Equations 19

Hence, we obtain the following expression for the initialization error

/R EH, (z — Z¥)mo(dy) — /R EH, (z — 2°¥Yimio(dy) = /R a%EH (& — Z°)(Voly) - Vo))dy,

from which we easily deduce that

sup / EH, (.’IJ - Ztykzo)mO(dy) - / EH, (.Z‘ - kafo)mo(dy)‘
R R

zeR

<Clvo - VO”LM(R)SUP/ Eg. (z — Zy¥)dy
z€ER JR

and

/ EH, (z — Z}"°)mo(dy) — / EH, (x — Z2"Ymio(dy)
R R L1(R)

< ClIVh - Vollaeysup / Eg. (z — Z0)dz.
yER JR

In view of Lemma 3.8, the exponential bound for the density of Zf Y gives
]Egs ($ - ka’y) S Cgs+20'2tk (.’L’ - y)v (316)

from which we easily conclude. [ |

3.4 Estimates on the statistical error

Proof of Lemma 3.3: We consider the statistical error
N t

1 Oy, z i i

72 | ot vaw:
=1

From (3.12), BUB";'” (s,¥) is uniformly bounded on [0,¢x] x R by C/+/e. Then, by Cauchy-

Schwarz’s inequality, for all x € R,

E

E

N . 2
1 b Qugt . .
E E : stk YHdW?
(N =1 ‘/(; 7 ay (87 S)d S)

N t
1 kg, . :
— o ot (g YIYAW!

A
_

IN

1 N i avm . ] 2
WZA 0'2]E<6—y’k(87}/;)) ds.
=1

_—
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20 M. Bossy

(Y?) being the solution of Equation (3.1), for each i in {1,..., N}, let (Z?) be the exponential
martingale

. t AV, o0 (Y, AV, 0 (Vi)))?
Zi = exp (/ de1 - 5/ (A Ve ’2( :)) ds) . (3.17)
0 a 0 g
where n(t) = sup {tk;tx <t}. Then, by Girsanov’s theorem and Estimate (3.12),

ke{0,.... K}

avzt, 1 >
E 12 Yl
(Zeee,v)

Il

Ov 2
z,tg 7 7 7
E[( ayk(87y0+aWs)> Zs

Ovg .+, . ) )4 S /N2
E >E (s, ys + oW} exp | =—= sup |4 (v
\/ (2o, + oW oz S0 [40)

C\/(gg—FQo'Q(tk—s) *90'25) (x - y(1))

An easy computation shows that, for any z € R,

IN

IA

. , ( ) < C o 42
02s\2) S —F— 35 XP| 57— 5 |-
Je+202(tr—s) * Jo Vet =) 70\ 2(e + 407ty

Finally for all z € R,

o (Y 1t
xp [ —
P (e +402ty) ) t, /% )y (te — 5)3/4

N t
1 Oy i
El=> Ttk (o YVIYIW
N izl/()' o ay (87 S) s

IA
2‘Q
—

=2 =
WE

.
Il
-

IA
2‘6
—
=] -
M=

Thus,

< C/VN

N tr
1 /’“ Oy, o . ,
=N T (s, v aW!
N =1 0 ay ( )

and

N th N ;
1 k 6 tk C / 1 (x —y4)?
_ ks Yl M/’t _ _ N JU7
N Z}/ (s, ¥5)d UN AN Z} (= + 402ty

We set ¢(x) = exp (—%). The above integral becomes [, \/¢ * Mg (x)dz. Under
hypothesis (H2'), by construction all the initial positions (y5,4 = 1,..., N) are in the interval

L1(R)
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A Stochastic Particle Method for 1D Viscous Scalar Conservation Law Equations 21

[vs,vd']- To end the proof, we decompose the integral into three parts and remark that

Amdx:[imdx+/yzg \/de%—/y;m\/mdx

2

Slf“ﬁﬁﬁw*?/em(ﬁri—ﬁ>“

0
o e + 402t
vy
g/ V¢ *mo(x)dx + C.
5

Now we use the hypothesis (H3), in particular we introduce the positive constant M such
that Up(x) < nexp(—a“’g—z) for |z| > M. If y} and y}’ are both in the intervale [—M, M],
then

N
Yo
/ J*mo@)de < 2M.
v§
In the other case, we use the integration by parts formula to get

¢ * Mo (z) = ¢ * Up(x) + (¢' x (Vo — Vo)) ().

We treat the case ys < —M < M < y{¥ only, the other cases can be treated with similar
arguments. We have

[ et [ Varamies [0 To) @

For the first term in the right-hand side,

i vermns [ fou (roatal )t [T o (ren-al))

and

¢ * (n eXp(—a%> (z) < nv/maexp (—2(1 - a(()fi 40%)) ;

which implies that f__g \/¢ * (n exp(—a%) (z)dzr < C and thus fyyéév VoxUp(z)dr < C

(the constant C' depends on 7' but does not depend on tj). For the second term in the
right-hand side, as |V — Vol[z~(r) £ 1/N and [|¢||z1(r) < C (independent of t1), then

[ V@06 To) @i < ] + i DV,
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22 M. Bossy

Thanks to hypothesis (H3), it is not difficult to see that (|yi| + |{']) < C'+v/In(N), which
concludes the proof. [ |

3.5 Proof of Lemma 3.4: estimates for the discretization error

We consider now the main part of the error in the decomposition (3.6). We split it into two
parts, in order to make appear the difference of the drift functions B at the discrete times
t; and its approximation A"(Vy, (x)):

1L [t Ove,, & i i 1 (75 i
ENZ/—@ﬁxﬂmwawwmwﬂ@

N k=1 ;04
<E /+ L (s, Y2)[B(s,Y}) — B(t;,Y})] ds
N k— +
1 141 a . . o .
*ENZZA T (s Y2) [B,Y3) — A (Va ()] ds
=1 1=0

We treat T1(x) and Ta(x) separately.

Upper bound for T (z): this first term is a time discretization error. In order to obtain
an error bound of order O(At), we need to make appear an expectation inside the absolute
value in the expression of Ty (z). For alll € {0,...,K}, we set F, = o(W50 < s < t1,i =

1,...,N). Forall s € [ti, ti11), the variables (R;, , := 2552 (s,Y7) [B(s, YJ) — B(t, ¥;})] ,i =
1,...,N) are F;,-conditionally independent. Hence,

E(R,,)"

avtk,z i ?
E (a—y(svy; )) .

Z th, - E}—tl zz 5)

<

—
2=

,,
Il
-

IA
Slo g~
_—

2=

WE

s
Il
-

Thus, we isolate a statistical error in T} (z):

T (x)
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A Stochastic Particle Method for 1D Viscous Scalar Conservation Law Equations 23

By Ito’s formula,

B {ag;;’m(s, Y) [B(s,Y)) - B(t:,Yy,)] }

_ Wy, 570 , iy O a2 9?2 Ot o
- EF /t (86+A(Vn(Yt,)) ay+73—yz)( 3 (B — B(t, t,))) (0,Yy)do

¥ [Ov, o (OB o2 0’°B OB
=E Ttk [, 7 % Y’
l/tz[ay (69+25y2 A (Vi ( tl)6y>

+ (o750 + (B - B Y)W (7 (37) - B) T3] 0.v))0.

The last identity is obtained by using Equation (3.9). As B(s,y) has uniformly bounded
derivatives, we get

E / g {&’a—y( Y7 [B(s, i) - B(tz,lf;;)}}

cof [

< CAt/:+1E[ (s YZ)] ds

2) gcm/;k%ﬁjm:( Z)(S,Y;')] ds

c |1 /o, \2
+ y— AT ]E Bt S?Kl ) dS
\/N/o \INE1 ( dy (5:Y5)

Now we need to estimate ||T1(-)|[z1(r) and sup,cp T1(z). We easily deduce from the proof

of Lemma 3.3 that
N 81} :
Th,T ;
- E E — k2 s, Y d
/ / \ =1 < 6:’/ ( e >) N

tr N Ut
su —5% (5,Y7)
is bounded by a constant C' depending only in o, T', A and V). Moreover, by Lemma, 3.9,

ds

31),5 82Ut
kST ka

(6,Y5) +

(o, Ye)] dfds

82

vth
oy?

8vtk’z
dy

(s,Y) +‘

and

aq}tk »T
dy

+ ‘ azvt;,
dy

a’Utk T ; 821)tk T N C
il Y1 il YZ d < A
]| vy + | T | v o < 2
Hence, we obtain that
1
Ti(pm) <C | At+ — ). 3.18
IOl < (a+ ) (3.1)
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24 M. Bossy

(s, Y1) < \/tf__s It remains to bound

SUP,cr E H (s, Y’)]. Let (Z°) be the exponential martingale defined in (3.17). By

Girsanov’s theorem,

Still by Lemma 3.9, we observe that sup,cp ‘86—

52
'Utk. @

0%v1, 0 i i 0%Vt i i
B[| %] ev)] = B2 g+ ow)
4/5

vy o/ i i

< C(ﬂ# (s,90 + oWy) (3.19)
c ||o2v, . "
< $4/10 ‘ oy? (s,°)
L1(R)
Using (3.14), we obtain that E H—‘ (s, Yl)] < W and hence,
1

sgng(x) <C{At+ Nk (3.20)

Upper bound for T>(z): for all (t,z), B(t,z) = A'(V(t,z)) = A(EH(z — Z;)). Hence,

Ty(x) < sup |A’(v)|l§:ZE/tl+l Wirz Yi) - Vo (i) ds.
 vel0,] N&H= Jy oy o
By Lemma 3.9, sup|| t’“ ( )||LN(R)+Sup|| (s 2)|| 1 (r) is bounded by < C'//t; — s.
Then,
k—1 tit1
ilégETg(x) +E|T2 ()| piry < l; </t, o > ZE|V tL,Yy) = Vi (Y1) (3:21)

Now the estimation of T5 is based on the upper bound of terms of the sequence

N
1 ) _ .
(ﬁ ZE|V(tl7Y;) - th(y;)|>
=1

To obtain an induction formula on this sequence we introduce a new family of discrete time
processes. For each i € {1,...,N}, we denote by (Ztk,k = 0,...,K) the discrete-time
process solution of

i=1,...,k—1

{ ZM Z,, +AtB(ty, Z, ) + o(Wi, — W),

tr41
ZO - yOv
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A Stochastic Particle Method for 1D Viscous Scalar Conservation Law Equations 25

and for all y € R, we denote by (Z t;y, k=0,...,K) the discrete-time process solution of

{ 7Y =707 4 AtB(ty, 20 + (Wi, — Wiy),

Similarly, for all y € R and all [ € {0,...,K} we denote by (Z;""",k = I,...,K) the
discrete-time process solution of

1,t1, —t,t1, 1,t1, i i
{ Ef’“t;z Z," + AtB(tx, Z,.") + o (Wi, — Wi,
Zy " =uy.
The function V' being uniformly Lipschitz, we remark that
V) -V Z | <Cli -7 < oMY AV, - AW m,Ztm»‘
m=0
-1 4
< ont Z V(tm, Z0,,) = Ve (V)|

Then,

N N
1 i — i 1 —1 — i
ﬁZE|V(tl7KZ)_Vﬁ(Ytl)| < NZE‘V(tz,Ztl)—Vt,(Ytl)

-1

+CAt ZE‘V mi Ze,) = Ve (V)|

Foralll € {1,...,K}, we set

N
— 1 —i — i
B, = NZE‘V(t,,Ztl) —Va ().
=1

Thus we have

N -1
1 i
~ S E|V(#,YE) -V (YE)| < Ey+ CAt Y Ey,. (3.22)
=1 m=0
An induction relation for (E;,,l =0, ..., K) is given in the following

Lemma 3.10 Forl=0,...,K, one has

-1
CAt — — 1
E;, < Z Et,. +C(At+||V0—V0||Loo(R)+ﬁ>
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26 M. Bossy

and by Gronwall’s lemma,

— 1
6w < C (At—i— Vo = Volloee(m) + \/—N> .

In view of (3.21), (3.22) and this previous estimate, we obtain that

k—1

CAt — 1
sup ET, (z) + B Ta (- <N 228 (At Vi = Tol| +_>
supED (o) + BT Ol < 3 e (At IV - Pollimge +

— 1
S C (“VE] - VO”LDO(]R) + At + \/—N> .
In view of Estimates (3.18) and (3.20) on T3, this ends the proof of Lemma 3.4.

Proof of Lemma 3.10: First, we note that Eg < |[Vo — Vo||z=®)and for [ =1,... K,

1 N

N L HEG-Y)

i
=2 Jj=1

N
- 1
E; = NZ]E EH (z — Zy,)

i=1

To prove the induction formula, we decompose each term E;, in five parts. As in the begin-
ning of the proof of Theorem 2.2, we make appear a smoothing error, an initialization error,
a discretization error and a statistical error. First, we introduce the artificial smoothing of
the Heaviside function:

1 1 & —
Ey < NZ - Zy)| _NZHE(YZ_Y;JI)
=1 I:Z:l Jj=1
1 N
+ Z EH.(z=2,)| _ —EH(z=Zy)| _
=1 I—Ztl Z—Ztl
1 N N N
+5 Z Z (Y5~ i) - Z (Y - )
and by Lemma 3.1,
N N
— 1 1 NG
E;, < — E|EH, (x — Z - = C .
= ; (z ) z:fjl N Zl )|+ ~
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We choose ¢ < At®. The next step consists in introducing the initialization error:

1 N 1 N 00
nl sY
Etl S N;E N;(EHE(I—Ztl 0)

i

t

- H.(Y - Y;’;))
=7

+ CAt.

1 u |1 & 0.7
Y,
3 LB | LEHL (e - 2
=1 7=1
Following the same technique than in the proof of Lemma 3.2, we get
1on |1 & 0.y
N Z]E N ZEHE(“” - Z,")
=1 7=1
< sup

[ Er o~ 22 motay) ~ [ BHLG@ - Z?’y)mo(dy)‘
z€R |JR R

< CVo = Voll L= w)-

Our third step consists in making appear the Euler scheme error:

- —EH.(x — Zy,)
i =7

17 17

z=Z

—EH, (x — Zy,)

i i
=27 =7
ty ty

=1 7j=1

_ 1 1Y .,
B, < Y E|< (]EHE(a:—Ztl’yO)

- H(Y Y] ))
=27

1

—o0, J
~EH.(z - Z,")

i
z:Ztl

EH. (z — Z0'™)

i
2,j=1 I:Ztl

+C (At + Vo — Vol p=(r)) -

The second term of the right-hand side is a discretization error in the weak sense. It is
described by

Lemma 3.11 For all z and y in R and all discrete time t;, [ € {0,..., K},
—0,
‘]EHE (@ — Z%Y) —EH. (z - Z,")

< CAt,

where the constant C' depend on o,Vy and T only and is uniform in x and y.

We admit this result whose proof is postponed at the end of this subsection. The last step
consists in introduce a term of statistical nature:

N
Etl < m Z E‘Hs(ztl - Z;) _HE(Ytl _Y;:]l)

i,j=1
1L |1 Y 0.4
o

+N;]E N;(EHE(x—Ztl )

+C (At + Vo = VollL=w)) -
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—0.40 —; . : —j
Observe that Zi’;yU and Zil have the same law. Let F} := o(WZ0 < s < t). For j # i, Zil

and 71, being independent, we have

EZ (EHE (@ —Z0%)

- H.(Z,, - 71)) =0,

=27
]

which implies
N

]' _O’yj
E NZ (]EHE(.’E— Z,")

J#

:y
N2 Z]E( th 0)

J#i

Hence, we have obtained that

N
Etl S F Z ]E‘HE(Ztl - Z;;) _HE(Y:‘,I _Y;‘,Jl)

5,5=1

— 1
+C (At + Vo = Vollp=(r) + x/—N)(3'23)

It remains to analyse the first term in the right-hand side. We do so by making appear the
successive transitions of the processes (Z'):

E\Hﬁ; -7,) - Hsmi - ¥})

—stimn—1,Y]

—1 ti—n, Yy —]',tt—thj_ —itin—1,Y) b
<§ :E‘H - n_Ztl 1 n)_HE(Ztl z—n—1_Ztl l—'n.—l) )

As the drift B(t,x) of (Z) is a Lipschitz function, one can easily show that, for any i in

{0,...,N},

_i,tl_n_l.Yt’l_n_l

Shti—n, Yy, _—i,tt—n—hyfl_n_l _ Shti—n, Yy, _ _—i,tl—mztl_n
t1 1 - i1 iy
. —iti—p—1, Y]
7 l—n—1
<C\Y,_. Zt, R

and hence that

i, Y
sbl—mote, _

t t

. i
Shti—n—1,Yy,

< CAt |th_ﬂ,_1(yz

tl—n—1

) - V(tl—n—lal/;fi_n_1> ‘

(3.24)
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A Stochastic Particle Method for 1D Viscous Scalar Conservation Law Equations 29
For each term in the sum, we use the identity H.(a) — H.(b) = fo g:((a —b)u + b)du
to get
—itia, Yy —j,tt—th];_n —itieno1,Yy —jytl—n—layxi_n_l
E ‘ HE(Ztl - t1 ) - HE(Ztl - t1 )
it Y] —dtin, Y] it Y] —dsti—n_1,Y]
I—n I—n I—n I—n—1
S E‘HE(Ztl — dy ) - HE 1 — dy )
— z—n,Ytil_n —]‘atl—n—h}/{é_n_l —i,tz—n—hyfl_n_l —jgtl—n—ly}/{i_n_l
+E‘HE(Zt _Ztl )_Hs(Ztl _Ztl )
—J, t—thl —j,tz—n—hYt’;_n_l
<E Hz _7
1 , i - i : i , i
_J’tl_"’Ytl—n _J’tl_"_l’ytl—n—1 —’*tl—"’Yn_n _]’tl_"_l’yil—n—l
/ ge (U(Zt, - Z,, )+ Z,, - Z,, du
0
oY itieao1Ye
+ E |:‘Z - “
1 . i . i . i ; J
Shti—n, Yy, Shtien-1,Yy Shtl—n—1,Yy, | Shti-n-1,Yy
/ 9e (“(Zt, — 4y )+ Z, =2y du| .
0
Hence, by (3.24), W (Y2 ) = V(ti—n—1,Y]_ )| being a F;,_,_,-measurable vari-
able,
—1 tl—’nanl n —J}tl—thJ;_n —i,tl—n—l,Yfl_n_l —j,tl—n—l,YtJl'_n_l
‘H - t1 ) - HE(Ztl - t; )
ivd J J
< CME[|Vip, (Y, ) = Vitin1 Y, )
1 . J . J : i ; J
—Jyti—n,Y; —Jyti—n—1,Y, —i,t1_n,Y, —Jti—n—1,Y,
Foy_ _ VLEL IR ST Joti—n—1,Y¢ o sll—mns Yy Dti—n—1,Yg o
/ E t-n-1g, <“(Ztl — Zy, )+th _Ztl du
0
i
+CAt]E ‘th_n_l( )=Vt YE )
ti Y] it Y} it Y} .t \ &
F li—n, Yy Shltt—n-1,Yy, Sbtl—n—1Y hti—n-1,Y5_
/E l"_lgs((Z, " =27y, "+ Zy, -2y "
0
Now we need to bound
F —jvtl—'n,y)/t];_n —J}tl—n—l,Yf;_n_l —i,tl—thil_ —J',tt—n—l,YtJ;_n_l
E""-n-1g, U(Zt, — 4y, )+ Zy, — 4y, (3.25)
and
R —iti—m—1,Y} i1,y R
Fi, Lll—ms Yy sli—n—1:%y 4 ll—n—1sYy; 4 Jsll—n—1sYg
B 195( oz, -7, )+ 7, ~Z (3.26)

RR n° 3924

)au.



30 M. Bossy

We only treat the term (3.25), the upper bound of (3.26) can be obtained with similar

—dyti—n, Y} —jti—n—1,Y{
arguments. First, we remark that the random variables u(Z, -7, ey~
—Jtl—n— 1’Ytz—n—1 —i,t— n,Ytl_n )

Zt, and Zt, are F;,_, _, -independent. Moreover,
—J‘ﬁt—nﬂﬁi_n —j,tt—n—l,Yf;_n_l —thl—n—h}/t]l._"_l
u( 171 — dy ) — Yy
4]
_vyI Jde _ J J
i 1+/ gids —o(Wi —Wi )
tl—n—1
and
_i’tl_"’Yfil 7 “ 7 7 1
Dem
Zy, =Y, .+ ) wsds—a(th Wi ),
Il—n—1

where, for all ¢ € [t;—p—1,T],
o = [u (A Vo s V) = Bltn 1, L)) = Bl 1Y)V sl (®)

_],t ",Yt gyt —m— ,Yt —Joti—n—1,Y;
s [ ( (0, 2.y C By, 2 )) Btz ’"1>]ﬂ[tk,tk+l[(t>

k=l—n
and

Y,

K
. — —Z sh=ns Yy
’l,b; =A (th—n—l (Ytlz n—1 )) 1 [t1—m—1,t1— n[ + Z B ( k’ ) 1 [tk’tk+1[(t)'

k=l—-n

jrti—n, Yy
¢ and 1! are uniformly bounded. Then, by Girsanov’s theorem, the laws of u(Z, AR

—Jti—n— 1,Yfl_"_1 —Jti—n— 1’th—"—1 it n,Y,l_" .
Zy, )—Z,, and Zt, have densities denoted respectlvely by

r(, —YJ_H_J and f(-,Yt’l'_n_l). Moreover, applying Remark 3.5, I and T are in L?(R) and

C
1T, — Y 1)”L2(R)+“F( oMl < N
tn—l—l

Hence, the term (3.25) becomes

/ / 0eCc+ ) B, —Y7_ P Yi_)dedy

C
<ITC, =Y, ) IT(, Y ) lem) < i
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The same bound holds for (3.26). Thus, combining this estimates with (3.22), for n €
{0,...,1—1} we get

LS b e e e
,JCI : e
< = E;_,_, +CAt mzzo Et] :
Summing all the terms for n in {0,...,1 — 1}, it comes
N l
= S E|EZ, - 7)) - B )| < 3 C\;f_tE
i,j=1 n=1

This last bound with (3.23) gives the induction relation

-1

CAt — — 1
Etl < Z Etn +C (At + ||Vo — VO”LOC(R) + \/—N) .

Proof of Lemma 3.11: To study this weak type error for the Euler scheme, we follow
a technique due to Talay and Tubaro [9]. The main idea consists in use the Feynman-Kac
representation of Cauchy problem and remark that EH, (z — Zg’y) = v4,,2(0,y), where the
function vy, . (s,y) is solution of the partial differential equation

2
8vtl,z 1 8 vtl,

S (5,9) + 500 g (5.9) + Bloyy) Tt

Ut,,z(tl,y) = HE(-T - y), Vy e R

LT (5,9) =0, ¥(s,9) € [0,;) x R,

dy (3.27)

The above Cauchy problem is similar to Equation (3.5) and the results of Lemma 3.9 hold
for Equation (3.27), replacing t; by t; in the setting. Thus
—0, -0,
]EHE (l’ - Zg,y) - ]EHE (l’ - Ztly) = Utl,z(07y> - Evtl ,Z(tlv Ztly)'
In the sequel, we will use the notation v rather than vy, ., except when we need to make

appear the parameters x and ¢t;. We decompose the expression above making appear the
discrete dates in [0, ;)

—0,
vtl,x(ov y) ]Evtl T tl7 ZE( n+17 tn +1) - v(tnvzt"y)) .
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32 M. Bossy

We apply 1t0’s formula a first time and use Equation (3.27) to obtain

tn41 ) . . .
Vir,2(0,) = Bvy, o (81, Z ZE / oy (5 22 B, 20 = B(s, 20| ds

where Z.¥ = Z?T’Ly + sB(tn,Z?T’Ly) +0o(W, —W,,) when s € [t,,t,t1). Apply Itd’s formula

and Equation (3.27) again, it comes

IEJ/ o g”( ) [Bltn Z0Y) ~ B(s,Z0%)] ds

t “
/ dy 2 0y*) \9y

! Y aB 02 82B —0,y
[ 9v (—+B(tn,Z Y3y + T gy )| 76" a0ds

IE/ "+1/ [ ( B(tn, Z") - B)? — o ‘Zf)] 0,2\ dbds.

Using the bounds on B and its derivatives given in Lemma 3.6, we get

o
L

—=0,
EH. (v — ZY) — EH. (v — Z,")

- tnt1
e [ [ (el5nam)
n= 2 in

Finally, using the same technique than in the computation of (3.19), we obtain that

oV, —y,0
‘;y(e,za )

) dOds.

th T —=v,0 C 821)75 T 0 C
E 1s Z ) < ]E 1, Z ’
‘ oy (0,Zy7)| < =0 and ‘ dy? (0,Zy7)| < 94710(t, — 9)3/5°

where the constant C is uniform in z and y. We integrate in time to get

‘EHE(x—Zg’y)—EH (@-Z")| < cat.
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