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Abstract: A preferential entailment is defined by a binary relation, or “preference relation”.
This relation may be among interpretations, or sets of interpretations, or among “states”
which are “copies” of interpretations or of sets of interpretations. This provides four kinds
of preferential entailments. The paper deals mainly with propositional logic, however it
describes also the situation in first order logic. For instance, the third notion presented
above can be seen as a way to simulate the main aspects of the simplest first notion when it
is defined in the predicate calculus, while staying in the propositional calculus. Indeed, the
third notion allows as many copies of interpretations as we want for a complete theory, even
in the propositional calculus, and this is precisely what happens in the predicate calculus.
What we do here is to provide a characterization result for these four kinds of preferential
entailments. We choose properties as simple and natural as possible, and sometimes we
provide various characterizations for the same notion. It appears that the apparently most
complicated notion possesses by far the simplest characterization result. A by-product of our
results is that the fourth notion is equivalent to the second notion: we may define directly
the relation among sets of interpretations, eliminating the need for “states” in this case.
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Caractérisations des inférences préférentielles

Résumé : Une inférence préférentielle est définie par une relation binaire, appelée “relation
de préférence”. Cette relation peut étre définie sur des interprétations, ou sur des ensembles
d’interprétations, ou sur des “états” qui sont des “copies” d’interprétations ou d’ensembles
d’interprétations. Cela donne donc quatre versions d’inférences préférentielles. Ce papier
se concentre sur le cas de la logique propositionnelle, mais il décrit également la situation
dans le cas de la logique du premier ordre. Ainsi, la troisiéme version introduite ci-dessus
peut étre considérée comme une maniére de simuler les principaux aspects de la version
la plus simple (la premiére) quand elle est définie dans le cadre du calcul des prédicats,
tout en demeurant en logique propositionnelle: en effet, cette troisiéme version autorise
dans le cas propositionnel autant de copies d’interprétations que ’on veut pour une théorie
compléte, ce qui est la situation du calcul des prédicats. Ce papier fournit des résultats
de caractérisation, en termes de propriétés logiques purement syntaxiques, pour les quatre
versions d’inférence préférentielle. A chaque fois, les propriétés les plus simples et naturelles
possibles sont choisies, et parfois plusieurs résultats de caractérisation sont fournis pour la
méme notion. Une conséquence de ces résultats est que la quatriéme version n’est en réalité
pas plus générale que la deuxiéme: on peut définir directement la relation sur les ensembles
d’interprétations, sans avoir recours aux “états” dans ce cas.

Mots-clé : Inférence préférentielle, raisonnement non monotone, raisonnement de sens
commun, représentation des connaissances, logique propositionnelle.
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4 Moinard and Rolland

1 Introduction

The notion of preferential entailment has shown to be very useful in knowledge representa-
tion, when dealing with some aspects of common sense reasoning such as implicit knowledge
or rules with exceptions. Preferential entailments are particular inference operations, and
various kinds exist. The general idea is as follows: we are given some amount of (certain)
knowledge, represented as a set of formulas. This set can be associated with various kinds
of objects. For instance, it can be associated with the set of its models, or equivalently in
the propositional case, with the set of the complete theories which entail the given formulas.
More generally, it can also be associated with the set of all the theories which entail the
given formulas. Then we are given a binary relation among the objects associated with our
knowledge, and we keep only the objects which are “preferred” for this relation, meaning
the minimal ones. Then, we get additional formulas, which are considered as deduced “by
default” in the absence of other information, we conclude that we get also all the formulas
associated to this reduced set of objects. This allows to reason in a non monotonic way,
as augmenting the certain knowledge may invalidate some conclusions previously made by
defaults, because some new objects which were not minimal may be minimal in the smaller
set associated with the new certain knowledge. We can allow more flexibility by using copies
of models, or copies of theories, defining the relation among these sets of “copies”. We get
then four kinds of preferential entailments. We show below that no real additional flexibility
is obtained by replacing the theories by copies of theories, which leaves three kinds. We
provide characterization results, in terms of syntactical properties, for these three kinds.
The most general version has the simplest characterization result. Characterizations were
known for particular cases of these three (or four) versions, but not for the general case.

In section 2 we introduce the notations. We work in propositional logic. In sections
3 and 4, we give a few reminders about the simplest kinds of preferential entailments. In
section 5 we introduce the characterization result for the most general version of preferential
entailment. Then, we give in sections 6 and 7 respectively the characterization results for
the two “simplest kinds”. In section 8, we translate our results to the first order case.

2 Notations and framework

e L, V, ¢, T: We work in a propositional language L, assimilated to its set of formulas.
V (L), the vocabulary of L, denotes a set of propositional symbols. Letters ¢, denote for-
mulas in L. A formule will be assimilated to its equivalence class. Letters such as 7 or C
denote sets of formulas.

oM, pu, P(E), p = -+ Letters u,v denote interpretations for L. An interpretation is
assimilated to the subset of V(L) that it satisfies. The writings p |= ¢ and p | T are
defined classically. As usual, for any set E, P(E) denotes the set of all the subsets of E.
The set P(V(L)) of all the interpretations for L is denoted by M. A model of T is an
interpretation g such that p = 7. M(T) and M(y) denote the sets of all the models of T
and ¢ respectively.

INRIA



Characterizations of Preferential Entailments 5

e T E ---,Th(T),T: T E v and T E T are defined classically by M(7) C M(p)
and M(7T) C M(T,) respectively. A theory is a subset of L closed for deduction, and
for any 7 C L we denote by Th(T) the set {¢y € L,T & ¢}. We denote by T the set
{T C L, Th(T) = T} of the theories of L. When 77 is in T, for ¢ € L and T, C L, we
have T '=(piff(p€7-1 and T, |=T2 iff ToCTy.

e T, 1, L: Twological constants T and L denote respectively the true and the false formulas.
IfV(L)=0,then L = {T,L1}. Forany L, Th(0) = Th(T) ={T}and Th(L) =L D {T, L}.
If 71,7, are subsets of L, and ¢ is a formula in L, we write 71 U T for the theory
Th(T1UT2) and T U ¢ for the theory Th(T U {¢}). We define similarly | |,.;7: =
Th(U;e; Ti)- Forany Ty C T, we have then M(| | cp, 7) = M(Uzer, T) = Nrer, M(T)-
Remember that we have also (Jrcp, M(T) € M((\zcp, 7), with equality if T, is finite.

e C,Th(p),Th(M;): A theory C € T is complete if, for any ¢ € L, p € C iff ~p ¢ C.
We denote by C the set of all the complete theories of L. Th(u) denotes the set of the
formulas satisfied by p. For any subset My of M, Th(M;) = {¢ € L,u |= ¢ for any p €
M1} = ,em, Th(p) - This ambiguous use of T'h and of |= (applied to sets of formulas or
interpretations) is usual in logic and should not provoke confusion. For any 7 € T, we get
T =Ncec,c=7C- C may be assimilated to M: For any 4 € M we have Th(y) € C and
for any C € C, M(C) is a singleton {u} C M.

e T'C: TC denotes the topological closure: TC(M;) = M(Th(M;)) for M; C M. A subset
M; of M is equal to M(T) for some T iff it is closed (i.e. TC(M;) = M;). A subset M; of
M is the set of the models of a formula ¢ in L (i.e., of a finitely axiomatizable theory T of
L) iff it is open and closed, i.e. TC(Mj) = M and TC(M — M;) = M — My. f M; C M
and ¢ € L, then TC(M; N M(yp)) = TC(M;) N M(p). If V(L) is finite, any subset of M is
trivially closed and open.

e Neighborhoods: For any peM, {M(y) / 1 = ¢} is a base of (open and closed) neighbor-
hoods of p. Indeed, let M, be an open subset of M, then M, = M —M(7) for some 7 € T.
We get p € M, iff p ¢ M(T) iff there exists ¢ € T such that p £ ¢ (ie., p E —¢p). We
have ¢ € T iff M(p) 2 M(T), iff M(—¢) C M,. This proves that for any open set M, such
that u € M,, there exists some formula ¢’ (= —p) satisfied by u, such that M(¢') C M,.
This means that the set {M(p’) / p = ¢’} is a base of neighborhoods of p. O

3 The two simplest preferential entailments

Any “preferential entailment” is an inference operation that we call a “pre-circumscription”

Definition 3.1 A pre-circumscription f (in L) is an extensive (i.e., f(7) 2 T for any T)
mapping from T to T. For any subset T of L, we use the abbreviation f(T) = f(Th(T)),
assimilating a pre-circumscription to a particular extensive mapping from P(L) to itself.

We write f(¢) for f({e}) = F(Th())-

RR n~ 3928



6 Moinard and Rolland

Definitions 3.2 1. A preference relation in L is a binary relation < over M. M(T)
denotes the set of the models of 7 minimal for <:
ML(T) = {p € M(T) / for no v € M(T) we have v < u}.

2. The (classical) preferential entailment f = f is the pre-circumscription in L defined
by
¢ € f<(T) ifpl=y for any p € M<(T).

Definition 3.2 is the definition of preferential entailments originating in [11], but trans-
posed in the propositional case. In the predicate calculus, any complete theory has as many
models as we want (we must even go outside the notion of set) which makes this notion
more powerful. We can simulate in the propositional case the main aspects of the preferen-
tial entailments in the predicate calculus case, as those considered in [11], thanks to a notion
introduced in [5, Definition 5.6], called here “multi-preferential entailment”:

Definitions 3.3 1. S is some set of copies of elements of M, called states: there exists
a mapping [ from S to M, and for any p € M we call the set 71 (x) = {1, p2, - -} the
set (possibly empty) of the copies of the interpretation p in S. If M is finite, we can
assume that S is finite [5]. S(7) is the subset of S defined by S(7) = I71(M(T)) =

{seS /l(s) e M(T)}.

2. A multi-preference relation in L is a binary relation <,, over such a set S. For any
T € T, we define the sets S, (T) = {u; € S(7)/ forno v; € S(T), we have v; <, p;}
and M., (T) =1(8<,.(T)) = {l(ps) / ps € S<,.(T)}-

3. A multi-preferential entailment is a pre-circumscription defined by:

¢ € f<.(T) ifp = forany p e Mz, (7).

Remarks 3.4 1. Any preferential entailment is a multi-preferential entailment: choose
S =M and I = identity.

2. f<n(T) =ThM<,.(T)) = Nyem.,, (1) Th(n)-
3. M(f<,.(T)) =TC(Mx,,(T)).
3'. Thus, when V(L) is finite, we get: M(f<_ (7)) =M< (7). O

4 A small menagerie of properties

Definitions 4.1 Here are various properties a pre-circumscription may possess. ¢ is a
formula in L, 7, 7" are sets of formulas in L, while 77,75 are in T:

Idempotence: fUF(T) = f(T). (Idem)
Reverse monotony: F(TUT") C F(THUT". (RM)

INRIA
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Case reasoning: F(T)Nf(T2) Cf(T1NT2). (CR)
Disjunctive coherence: F(TiNT2) Cf(T)Uf(T2). (DC)
Cumulative transitivity: if 7" C f(T) then f(TUT") C f(T). (CT)
Cumulative monotony: if 7" C f(T) then f(T) C f(TUT"). (CM)
Cumulativity: if 7" C f(T) then f(T)=f(TUT"). (CUMU)

Definitions 4.2 We also need some weaker versions.

1. Formula versions

(RM1) f(TUe)C f(T)Ue.

(CR1) f(TU@)NA(TUB)C F(TURVH).
2. Formula-only versions

(RMO) f(pAg) C fy)Ue.

(CRO) f(p) N () C FloVep).

Each of these properties has an immediate interpretation in term of reasoning. For
instance, (CR1) means that if we know that generally birds fly, formalized as Fly; € f(T U
Bird;), and that generally bats fly, formalized as Fly; € f(T U Bat;), then if all we know
a priori about individual i is that it is a bird or a bat, we conclude that 4 flies (Fly; €
f(TU Bi’l‘di \Y Batz))

Property 4.3 [known| For any pre-circumscription:
1. (RM1) and (CR1) are equivalent, as are (RMO) and (CRO).
2. (RM) implies (CT) and (CR), (CT) implies (Idem). O
Here is an important property that a (multi) preference relation may possess.

Definition 4.4 A (multi) preference relation < satisfies the closure property (or is (cl)), if
for any 7 € T, ML(T) is a closed set: M~ (T) = M(f<(T)).

(cl) is definability preserving in [10], close to fullness property in [4], and faithful in [6].

(Multi) preferential entailments in which the relation is (cl) are simpler because we get
M(f<(T)) =M< (T). If V(L) is finite, (cl) is trivially satisfied.

5 General preferential entailments

5.1 Definition and first properties

Definitions 5.1 1. For any 7 C L we define the subset of T: W(T)={T1 €T /T C
T1}. We write W(p) for W({p}). S is some set of copies of elements of T, also called

RR n~°3928



8 Moinard and Rolland

states: there exists a mapping [ from S to T and for any 7 € T we call the subset
[71(T) of S, the set (possibly empty) of the copies of the theory T in S.

As usual, we define I(S) = {I(s)}ses ={T € T / I"(T) # 0}. For any T C L, S(T)
is the subset of S defined by S(7) =I"Y(W(T)) ={s€ S /I(s) € W(T)}.

2. A general preference relation <, is a binary relation over S. If 7 € T, we define the
sets S<,(T) = {s € S(T) / s1 <4 s for no s; € S(T)}, and W _(T) = I(S<,(T))-
The general preferential entailment f, is defined by

¢ € f<,(T)if Ti E ¢ for any T; € W (7).

This notion appears in [5, Definitions 3.11 and 3.13], [4, Definition 4.26] (with some restriction
on <), and [3, Definitions 3.1 and 3.2] (without restriction). In [5, 4], l[;m is a mapping from
S to P(M), but, for the propositional case this makes no difference [3]: it suffices to define
I(s) = Th(lgim(s)). Here are two other formulations, obviously equivalent to definition 5.1-3:

Remark 5.2 For any p € L, p € f (T) iff W__(T) C W(p).

f<, is a pre-circumscription and we have, for any 7 C L: f (T) = ﬂﬁewﬁ(q—) T,;. O
Here are three remarks about this definition:

Remarks 5.3 1. Any multi-preferential entailment is a general preferential entailment:
it suffices to take [(S) C C, i.e. to take a mapping [ from S to C C T.

2. If M is finite, a simple counting argument (or theorem 5.10 below) shows that we can
assume without loss of generality that S is finite in definition 5.1.

3. In any case, definition 5.1 could be simplified (see definition 5.7 and theorem 5.10
below) without loss of generality: we could take S = T and ! = identity. However,
the connexion with multi-preferential entailments given in point 1 is not so immediate
with this simplified form. O

Lemma 5.4 For any subsets 71,72 of L we have:
L T2 C f,(T1) fE W (T1) S W(T2).
2. If W<g(7-1) g W(Tz) then W<g (Tl) g W<g(7-1 @] T2)

Proof: 1. If 7> C f<,(T1), then for any ¢ € T2 we have W (71) € W(yp), thus
W, (T1) € Nyper, W(p). We have clearly (o, W(p) = W(T2). EW< (T1) C W(T2),
then for any ¢ € T2 we get W (T1) € W(p), ie., ¢ € f1 (T1). (This result extends
remark 5.2 to theories which are not finitely axiomatizable.)

2. W, (T1) € W(T2) and T € W, (T1): Then there exists s € S<_(71) such that
(s)=T e W(T2)NW(T1) = W(T1UTs). If s/ € S(T1UT2) =S(T1)NS(T2) we get
s' Ag s froms €S, (Ty), thus T e W, (T UT,). O

INRIA



Characterizations of Preferential Entailments 9

Property 5.5 Any general preferential entailment f = f-_ is a pre-circumscription satis-
fying (CT).

Proof: Let us suppose T2 C f(71), i.e. (lemma 5.4-1), W _(T1) C W(T3). We suppose
also ¢ € f(T1UT?2), i.e. from remark 5.2, W__(T1UT2) C W(yp). Then from lemma 5.4-2
we get W (T1) € W(p), ie., ¢ € f(T1): this establishes f(71UT2) € f(T1), thus f
satisfies (CT). O

Any general preferential entailment satisfies (CT). We will prove the converse and provide
a simple form for general preferential entailments, which shows that this notion is “overly
defined”, and that it looks more “cumbersome” [5] than it is.

5.2 A characterization of general preferential entailments

Definition 5.6 Let us call simplified any general preference relation <, where S = W and
[ is the identity. In this case, the set S of states is useless.

Definition 5.7 f being a pre-circumscription in L, we define three relations on the set T
T1 =<1 Taif f(Tz) =77 and T 75 To.
T1<2T2if T1 CT2and f(T1) € Ta.
T1 <r Toif T1 <y Toor T1 <2 Ta.

Here are a few immediate consequences of these definitions:

Remark 5.8 1. <, <2 and <y are irreflexive.
If f satisfies (Idem), < is trivially transitive: we have never 77 <1 T2 <1 T3.
<2 and <y are not necessarily transitive.

2. Let us suppose that we have 7o <y T for some 7,7 in T:

e We have T <1 T iff T C To; in this case we have T C f(T) = To.

e Wehave Tg <o T iff T € Ty. O

Lemma 5.9 If 7' € W (T) C W(T") for some 7' € T, then f< (T)=T".

Proof: From W (7) C W(T") we get Np,ew_ () 71 2 7'~ From 7' € W (T) we
get then T/ = n']} €W<g(T) Tl = f<g (T) O

Theorem 5.10 If f is a pre-circumscription satisfying (CT), then f = f ..

Proof: 1) f(7) € W, (T): Let us suppose f(7) = T. For no T we have T¢ <1 7. As
for any To € W(T) we have T C Ty, for no To € W(T) we have Ty <2 7. Thus, we get
FT) =T € Wa,(T).

Let us suppose now f(7) # T. Defining To = f(T), we get f(To) = To from (Idem),
a consequence of (CT) (property 4.3-2). Thus, for no 7' € T we have T’ <; To. Let us
suppose that there exists 7/ € W(T) such that 7’ <5 To. Then 7 C 7' from T’ € W(T),

RR n~° 3928



10 Moinard and Rolland

and 7' C To and f(T') € To from 7' <5 To. We get 7' C f(T), and, from (CT),
FTUT)CHT) with TUT' =T, thus f(T") C f(T), i-e., f(T') C To , a contradiction.

2) W, (T) € W(f(T)): Let us suppose To € W<, (T). We get To € W(T), ie,
TCTo UfTo#T weget f(T) C To, as otherwise we would get T <3 T, a contradiction
with To € W (T). If To =T then, if T # f(T), we get f(T) <1 T, a contradiction with
T =To € W, (T). Thus, we get To =7 = f(T). In any case, we get f(T) C To, i.e.
To € W(f(T)).

3) From 1, 2 and lemma 5.9, we get f(7) = f<,(7). O

Here are two immediate consequences of property 5.5 and theorem 5.10:

Corollary 5.11 For any general preferential entailment f, there exists a simplified general
preference relation <,5 such that f = f4 .. O

Thus, the definition of general preferential entailments could have been simplified. This
“elimination of the states” in definition 5.1, was partially known, but only if the general
preferential entailment satisfies (CUMU) [1, 2], or another strong condition called “rational
monotony” [1]. Our method, which applies to any general preferential entailment, is very
simple, and it allows to give directly the result of f from the simplified relation considered
here (property 5.13 below).

Here is another immediate consequence of property 5.5 and theorem 5.10. This result
extends to any general preferential entailment the characterization already known for general
preferential entailments satisfying (CUMU) [5, Theorem 3.25] [4, Theorems 4.30 and 4.35].

Theorem 5.12 A pre-circumscription satisfies (CT) iff it is a general preferential entail-
ment. U

Thus, the main difference in terms of logical properties between multi-preferential en-
tailments and general preferential entailments is that the former satisfies (CR) and (CT)
(see theorem 6.10 below) while the latter satisfies only (CT). It does not exist till now a
characterization result in terms of simple logical properties of this kind for (multi) prefer-
ential entailments. Thus, the apparently most intricate version of “preferential entailment”
possesses in fact, by far, the simplest characterization in terms of logical properties. We will
examine below the “simplest kinds” of preferential entailment. Before that, less us give a
last result, which is an immediate consequence of definition 5.7:

Property 5.13 Let f be a general preferential entailment, and <y be the relation introduced
in definition 5.7, then we have, for any T € T, f(T) =To iff

(To=<1T) or (To=T and, for noT' € T, we have T' <1 T).

Remember from remark 5.8-2 that it is easy to get <y when we know <p: To <1 T iff
To =y T and T C To. Thus it is immediate to get f(T) when we know <. O

INRIA



Characterizations of Preferential Entailments 11

Notice that <y is such that for any 7 € T, there exists one and only one 7 € T satisfying
the conditions given here. An interest of this result is that it shows why the notion of general
preferential entailment is not an economical way of defining a pre-circumscription. Indeed, a
pre-circumscription f may be defined directly in terms of a binary relation over T, by defining
e.g. the relation <" such that Ty <" T iff f(T) = T (this relation will generally not be
a general preference relation associated to f, even if f is a general preferential entailment).
Thus, defining a binary relation over T (or L in the finite case) should suffice to obtain
directly the result. It is far from being so with the original definition of general preferential
entailments. With our construction, each time f is a general preferential entailment, we
have described a general preference relation associated to f, and even a simplified relation,
which is such that it is immediate to get the value of f(7) directly from 7 and from this
relation, without making the computations of definition 5.1 or remark 5.2.

Thus, we have exhibited an easy passage, in the two directions, between the notion of pre-
circumscription satisfying (CT) and the notion of general preferential entailment. Starting
from a pre-circumscription f satisfying (CT), we use definition 5.7 and we get a (simpli-
fied) general preference relation such that f = f. . Starting from a general preferential
entailment defined by the simplified general preference relation introduced in definition 5.7,
property 5.13 shows how the pre-circumscription can be obtained directly from the relation.

Here is the simplest example of a general preferential entailment which is not a multi-
preferential entailment, i.e., in the finite case, of a pre-circumscription satisfying (CT) and
falsifying (CR).

Example 5.1 V(L)={P}, f(p)=Th(L) if pe{L,P,~P}, f(T)=Th(T).

f falsifies (CR): f(P) N f(=P) € f(PV —P). f satisfies (CT): it satisfies (Idem) and
flp) =Th(L) if T1 C f(p). It is easy to check that f = f.. where L <, P, 1L <; —P,
< == and nothing else (definition 5.7, <, is empty here). O

6 Characterizing multi-preferential entailments

6.1 Another property of pre-circumscriptions

Definitions 6.1 Let f be a pre-circumscription.

1. f satisfies the property of common points, or (CP) if, for any ¢ € L and 7 C L such
that f(T) £ -, there exists

p € M(f(T) Ugp) with u € N M(F(T")). (CP)

THEW(T), u=T"

2. Ops(T) = {peM(f(T) / {wp=M( ||  FT"))

TreW(T), uET"
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12 Moinard and Rolland

Despite the formulation given here, (CP) is a “syntactical property”. An equivalent formu-
lation in a purely syntactical form is given below in definition 8.4-1.

Property 6.2 1. Cp;(T)={peM(f(T)) /€ N M(f(T"))}-
TIEW(T), p=T"

2. f satisfies (CP) iff M(f(T))=TC(Cps(T)).

Proof: We have (a) (7" € W(T) and pu |=T") iff p € M(T") € M(T),
b) ﬂT”eW(T),M:T” M(f(T")) = (l_lT"eW(T),M:T" H(T")), and
() M(f(T) U ) = M(f( )) M(yp), thus f(T) & — iff M(f(T)) N M(p) # 0.

L If p € M(f(T)), as M(f(T)) € M(T), we have p € M(Th(p)) € M(T), ie.
Th(u) is one of the T such that p € M(T") C M(T), thus Th(p) C f(Th(p)) C
Urrewry, uere  F(T")- So, for any p € M(f(7)), we have p € Cps(T) iff
Uriewery, yere F(T") = Thip) it Urvewer), pere f(T") S Thip), iff p €
M(Uzrewr), st F(T) = Nrvew(), uer MUE(T")).

2. f satisfies (CP) is equivalent to

if M(f(T)) N M(yp) # 0, then 3u € M(p), p € Cps(T), i.e. to

if M(f(7)) N M(p) # 0 then Cp;(T) NM(yp) # 0.

As Cps(T) € M(f(T)), we get TC(Cpys(T)) € M(f(T)). Thus, M(f(T))
=TC(Cpys(T)) is equivalent to M(f(T)) CTC(Cps(T)). {M(p) / p € M(p)} is a base of
neighborhoods of p (see section 2), thus p € TC(Cps(T)) iff for any ¢ such that p € M(yp),
M(p) N Cpy(T) # 0. O

—~

We introduce now the notion of para-circumscription, which provides another way to
apprehend the notions of pre-circumscription and of reverse monotony.

6.2 Para-circumscriptions

Definition 6.3 We call para-circumscription any mapping G from T to P(M) such that
for any 7 € T, we have: G(T) C M(T).

A para-circumscription G satisfies the property of reverse monotony (for para-
circumscriptions) if:

if T4 C To, then G(T1) N M(T2) C G(T2). (RM-para)

If we assimilate 7 to M(7), any pre-circumscription is a para-circumscription and not
conversely.

Property 6.4 Let <, be a multi-preference relation and f be a pre-circumscription.
1. M., is a para-circumscriptions satisfying (RM-para).
2. Cpy is a para-circumscription satisfying (RM-para).
3. f satisfies (RM) iff the para-circumscription M o f satisfies (RM-para).
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Characterizations of Preferential Entailments 13

Proof: 1. Let 77 and T2 be in T such that 71 C T2. Let g be in M (71) NM(7?2). Any
v € M(T?2) is in M(71), and as g € My, (T1), we get v; A, p; for any v;, p; in S such
that I(p;) = p and I(v;) = v. Thus p € M<, (T2).

2. Let us suppose 71 C T, i.e., M(T2) € M(T1). If p € Cps(T1) N M(T?3), then
p € M(f(T1)) from definition 6.1-2 and p € M(f(7>)) from property 6.2-1. If u € Cps(T1)
and if 7" is such that u € M(T") C M(T>), then p € M(T") C M(T1), and u € M(f(T"))
from property 6.2-1. This establishes (see property 6.2-1) that, if 4 € M(f(72))NCps(T1),
then p € Cpy(T2), thus, if p € Cpy(T1) NM(T?2), then € Cps(T2). We have proved that
if T1 C T, then Cps(T1) N M(T32) C Cps(T2), ie., Cpy satisfies (RM-para).

3. f satisfies (RM) iff, if 71 C T2, then M(f(71))NM(T2) CM(f(T2)). O

Property 6.5 To any para-circumscription G, we can associate a unique pre-
circumscription f defined by: Mo f =TC oG.

If G is a para-circumscription satisfying (RM-para), then the pre-circumscription f de-
fined by Mo f =TC oG satisfies (CP).

Proof: The first sentence is obvious.

M(f(T)) N M(p) = TC(G(T)) NM(p) = TC(G(T) N M(¢)). TC(G(T) N M(p)) =0
iff G(T)NM(p) = 0. Thus, M(f(T)) N M(p) # 0 iff G(T) N M(p) # 0. Let p be
in G(T) N M(y). For any T" such that p € M(T") C M(T) we have 7 C 7" and
p € G(T) N M(T"), thus p € G(T") because G satisfies (RM-para), and a fortiori p €
TC(G(T")) = M(f(T")). Thus (see property 6.2-1), u € Cps(T) and Cps(T) NM(p) # 0.
As in the proof of property 6.2-2, we get then that f satisfies (CP). O

The converse also holds: If f satisfies (CP), then M o f = T'C o Cp; and we know that
the para-circumscription Cp;y satisfies (RM-para). This shows that (CP) is closely related
(or “corresponds”) to the natural property (RM-para).

Definitions 6.6 G is a para-circumscription defined over L.

1. We define the sets of “copies of interpretations” S; =M, Ss = {(u,T) /p € M, T €
T, p € G(T)}, and S = S; US,. [ is the mapping from S to M defined by: I(u) =
I(u, T) = p. We define the following multi-preference relation <¢g in S: 51 <@ s2 if

81 = 82 ESl,OI‘

s1=p1 €81, s2 = (u2,7T2) €S2, and p1 & M(T2). [<a]
2. If <, is a multi-preference relation, we denote <m_ by <.’ [<m]
3. If f is a pre-circumscription, we denote <mos by <y’ [<£]

Lemma 6.7 1. If a para-circumscription G satisfies (RM-para), then we have G = M.,
2. For any multi-preference relation <,,, we have M, =M, .

3. If f is a pre-circumscription satisfying (RM), then Mo f = M.
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14 Moinard and Rolland

Proof: 1. —If p € G(T), then (p,7) is in S4, (T), thus I(p, T) = p is in M, (7). Thus
we get G(T) C My, (7).

~If p € M, (T), then u € M(T) and p has a copy in Sz, s = (i, 7"), which is in
S, (T), which means that there exists some 7' € T such that u € G(T"). Moreover, for
any sy = v € Sy, if v ¢ M(T"), then s; <¢ s, and, as we have s € S_,(T), I(s1) = v
cannot be a model of 7. Thus, any model v of T is a model of 7', i.e. 7' C 7. As we have
w € G(T") NM(T), by (RM-para) we get u € G(T): M, (T) C G(T).

2. M., is a para-circumscription satisfying (RM-para) (property 6.4-1). We get then
the result from point 1 and from the definition of <,,’.

3. We know from property 6.4-3 that if f satisfies (RM), then Mo f satisfies (RM-para).
As in 2, we get then the result that the two para-circumscriptions Mo f and M, are equal
from 1 and from definition 6.6. O

From lemma 6.7-1 and property 6.4-1, we get the following result:

Theorem 6.8 (also in [10]) A para-circumscription G corresponds to a multi-preferential
entailment iff G satisfies (RM-para), i.e.:

A para-circumscription G is such that there exists some multi-preference relation <,
such that G = M, iff G satisfies (RM-para). O

This provides a very simple characterization of the notion of multi-preferential entailment
in terms of para-circumscription. Notice that this result, extracted from [8] where it is given
in the predicate calculus case, has also appeared independently as [10, Proposition 2.83],
where para-circumscriptions are called “choice functions satisfying condition (0)” and where
(RM-para) is “condition (1)” [10, Part 1.3.5].

6.3 The characterization result, in terms of pre-circumscription

The study about para-circumscriptions allows to characterize the notion of multi-preferential
entailment in terms of a syntactical property. From lemma 6.7-3 we get that any pre-
circumscription satisfying (RM) is a multi-preferential entailment associated to a multi pref-
erence relation <’ which is (cl). As the converse is immediate, we get easily the following
already known [10, Theorem 2.81] characterization result:

Theorem 6.9 A pre-circumscription satisfies (RM) iff it is a multi-preferential entailment
defined by a multi-preference relation which is (cl). O

Any multi-preferential entailment satisfies two important consequences of (RM):

Theorem 6.10 Any multi-preferential entailment satisfies (CT) and (CR), thus (Idem) and
(RM1).

Proof: See [6, Observation 3.4.6] for (CR) and property 5.5 for (CT). However, we think
it is instructive to provide the following easy proof (in particular, this shows why property
6.4-1 is stronger than lemma 5.4-2.) Notice that if V(L) is infinite, a multi-preferential
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Characterizations of Preferential Entailments 15

entailment can falsify (RM), and a pre-circumscription satisfying (CT) and (CR) is not
necessarily a multi-preferential entailment (example in [8]).

We suppose that f = f_ is a multi-preferential entailment.

We suppose 7 C 7' C f(T) for some 7,7’ included in L, i.e., M(f(T)) € M(T") C
M(T). We know that we have M _(7T) C M(f(7)) from remark 3.4-3. Thus we have
M., (T)NM(T') = ML, (T). From property 6.4-1 we get M (T)NM(T') C M<, (T,
ie. M., (T) € Mg, (T'). Thus TC(My,, (T)) € TC(M<, (T), i.e. M(f(T)) C
M(f(T")), i.e. f(T') C f(T): f satisfies (CT).

T1 € T,T2 € T. From property 6.4-1 we get M, (71 N T2) N M(T;) € Mz, (T)
for i € {1, 2}. Thus M<m(7—1 n Tz) n M(T1 n Tz) - M<m(7—1) @] M<m(7-2), i.e.
M., (T1iNT2) CM<, (T1)UMx,, (T2). As TC is a closure, we get TC (M, (T1NT2)) C
TC(Mx,, (T1) UM<, (T3)) = TC(Mx,, (T1)) UTC(Mx,, (T2)). We get M(f(T1NT2)) C
M(f(T1)) UM(f(T2)), ie. f(T1)Nf(T2) C f(T1NT2): f satisfies (CR). O

The following characterization result is the propositional version of a result of [8] (see
section 8 below), which has been given already in [7]:

Theorem 6.11 A pre-circumscription satisfies (CP) iff it is a multi-preferential entailment.

Proof: Let f be a pre-circumscription satisfying (CP), then Mo f = T'C o Cpy from property
6.2-2. From property 6.4-2, the para-circumscription Cpy satisfies (RM-para), thus (lemma
6.7-1) Cpy = M<Cpf. This establishes: Mo f = TC o M<Cpf, ie. f= f<Cpf: f is the
multi-preferential entailment associated to the multi-preference relation <cy,.

Conversely, let <,, be a multi-preference relation. We know from property 6.4-1 that
M., is a para-circumscription satisfying (RM-para). With f = f. , we have Mo f =
TC oM., from remark 3.4-3, and f satisfies (CP) from property 6.5. O

Remarks 6.12 1. A consequence of theorems 6.10 and 6.11 is that for any pre-
circumscription, (CP) implies (CR) and (CT). (CR) cannot be replaced by (RM)
here, and the converse is false: (CR) and (CT) do not imply (CP).

2. A consequence of theorems 6.9 and 6.11 is that for any pre-circumscription, (RM)
implies (CP). (RM) cannot be replaced by (CR) or by (P’) (see definition 7.14 below)
[8] and the converse is false: (CP) does not imply (RM).

3. If V(L) is finite, (CR) is equivalent to (RM) (which implies (CT)) thus, from above
results we get that (CP), (RM) and (CR) are equivalent.

Using theorem 6.11 (or theorem 6.9) we get a simple characterization of multi-
preferential entailments in the finite case:

If V(L) is finite, a pre-circumscription f is a multi-preferential entailment iff f satisfies

(RM) (ie. (CRO)). O
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16 Moinard and Rolland

7 Characterizing preferential entailments

7.1 A property of preferential entailments

Definition 7.1 A pre-circumscription f satisfies (DCC) if we have:

fme N U ATrde ). (DCC)

pEM(T) veM(T)

If f satisfies the infinite version of (DC) (N and Ll ranging over an infinite number of theories),
f satisfies (DCC). Thus, if V(L) is finite, (DC) implies (DCC), but in the infinite case, even
(RM) and (DC) do not imply (DCC) [8]. Also, examples show that very simple traditional
predicate circumscriptions falsify (DCC) [8]. As for (CP), notice that (DCC) is in fact a
purely syntactical property: see the equivalent definition given below in definition 8.4-3.
(DCCQ) is fundamental (theorem 7.13 below). Here is another writing for (DCC):

Definition 7.2 Let us denote by M(7) the following set of interpretations:

My(T) ={u/ pe M(T), Vv € M(T), n € M(f(Th({p,v})))}-

Property 7.3 1. My(T) = U ﬂ M(f(Th({p,v}))).

LEM(T) veM(T)
2. A pre-circumscription f satisfies (DCC) iff My(T) C M(f(T)).

Proof: 1. C: If p” € M(T), then p" € M(T) and
1" € N emery MUF(ThER", 1'1) € Upemer) Ny enary MU (Th({p, 1'})))-

L2 If 4" € Uuemir) Nwemer MUF(Th({p, 1'}))), there exists p € M(T)
such that p" € (en MUF(TA(p, 1'})))- As Npema MUE(Th{{p,1'})) C

M(f(Th({p, 1}))) € {u}, we get p" € {u} thus p"” = p. Thus " = p € My (T).
2.: Let us prove another formulation of the result: f satisfies (DCC) iff:

if p € M(T) then (7] M(f(Th({su'})) S M(F(T)).

w €M(T)

Indeed, f satisfies (DCC) iff for any p € M(T), we get f(7T) C
Uyemery FTh{p,p1); e M(Uyemery F(Th({p,1'})) € M(f(T)). B

Now, if we reverse the inclusion in this property equivalent to (DCC), we get another
interesting property that a pre-circumscription may possess. This property is given here in
three obviously equivalent forms.

Definition 7.4 A pre-circumscription f satisfies the property (P) if:
if p € M(f(T)) and g € M(T) then f(Th({u,p'})) € Th(p), ie.,
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Characterizations of Preferential Entailments 17

it 4 € MOF(T)) then Uy ey FR(Gn wD) = Thw, e,
M(f(T)) € M(T). (P)
Property 7.5 For any pre-circumscription, (RM) implies (P).

Proof: If f(7) € Th(p) and T C Th({p,p'}) then, by (RM), f(Th({p,p'})) C
HTUTh({p, w'}) € Th(p). Remember that Th({u, u'}) = Th(p) N Th(p').

Examples show that, even for a multi-preferential entailment, (P) does not imply (RM),
however (P) + (DCC) implies (RM) [8]. Thus (see theorem 7.13 below), for preferential
entailments, (P) is equivalent to (RM). Examples show also that a (multi) preferential
entailment may falsify (P) [§8]. O

7.2 Characterizing preferential entailments

Definition 7.6 For any pre-circumscription f, we define the preference relation <§ by:
p<jv if p=v and f(Th(p))# Th(p), or (<%
n# v, f(Th(v)) = Th(v) and Th(p) C f(Th({n, v})).

For any multi-preference relation <,,, we define the preference relation <, =<%_ . [<7,]

Lemma 7.7 For any pre-circumscription f and any 7 C L, we have:
L p € Mze(T) iff p€ M(T) and p € (s epery M<e (Th({p, '}).
2. For any p,p' in M, we have
p € Mze (Th({p, w'}) iff f(Th(p)) = Th(p) and f(Th({p,n'})) € Th(p).
3. My(T) = M. (7).

Proof: 1. Immediate. Again, remember that Th({u, '} = Th(p) N Th(y').

2. The result is obvious if 4 = py', thus we can suppose p # p'. If p is in
M<;(Th({,u,,u'}), we have p A% p, thus f(Th(p)) = Th(p). Also, we have p' A%
p, thus Th(p') Z f(Th({p,p'})). For any p, p' € M, we have f(Th({u,u'})) €
{Th({p, p'}), Th(p), Th(y'), L}. Thus, as p # p', we have Th(p') € f(Th({p,p'}))
iff f(Th({p,1'})) € Th(p).

Conversely, let us suppose f(Th(u)) = Th(p) and f(Th({p,p'})) C Th(u). We get:
p A pand, if p' # p, Th(p') € f(Th({p, '})), thus ' A$ p and p is minimal for <$ in
{1} = M(Th({p, ' }))-

3. We prove the following result, which is obviously equivalent to Mz (7)) = M<c (7).

p €My (T) iff peM(T)and p € Ny enmr) MUF(TR{R, 1'}))),
e M(T) and {12} = v enacr) MUETR({1, 11)):

Clearly, (N, engery M(F(TR({p,'}))) € {p}. From 1 and 2, if p € M(T), we get:

p € Mo (T) iff, f(Th(p)) = Th(p) and, for any p' € M(T), f(Th({u, p'})) € Th(p), i-e.
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18 Moinard and Rolland

iff, for any p' € M(T), f(Th({p, p'})) € Th(p), i-e. iff p € My epry MUF(TR({p, 1'})))-
O

Here are two immediate consequences of lemma, 7.7-3.

Property 7.8 A pre-circumscription f, satisfies (P) iff M(f(T)) € Mx:(T) for any T C
L. O

Property 7.9 If <., is a multi-preference relation, with f = f-,_, then M. (T) = My(T)
forany T CL. O

Here are three important properties that a multi-preference relation may possess.

Definition 7.10 1. A multi-preference relation <, is compatible with elementary equiva-
lence, or (cee), if, for any 7 C L and any elements s, s1, ', s} of S such that I(s) = I(s')
and I(s1) =I(s}), we have s <,,, s1 iff ' <, 5.

2. A multi-preference relation <, is minimally compatible with elementary equivalence,
or (mcee), if, for any T € T and any s;,s2 in S such that I(s;) = I(s2), we have
Ss1 € S{m (T) iff So € S{m (T)

3. A multi-preference relation <, is regular or (reg) if, for any 7 C L, we have: My(7) =
M<, (T), where f = f«, .

(cee) implies (mcee) (obvious) and (mcee) implies (reg) (see lemma 7.12 below). The
converses are false (examples in [8]). However we will see in theorem 7.13 below that some
important weak converses are true.

These properties are all related to the fact that the multi-preferential entailment f.  is
in fact a preferential entailment (see theorem 7.13 below, this is immediate for (cee)).

Property 7.11 For any multi-preferential entailment f = f._ we have, for any T C L:

M., (MMM = | [ M. (@ u')).

REM(T) ' EM(T)

Proof: =: As any subset of {u, p'} is a closed set (being finite), and as M (Th({g, 1'})) C

{1 '}, we get M., (Th({ps,1'})) = M(f(Th({ss, '}))). Then use property 7.3-1.

M, (T) CMy(T): If p € My, (T), then for any p' € M(T), we have T C Th({p,p'}))
and clearly p € M(Th({u,p'})). From property 6.4-1 we get p € M, (Th({u,u'})), thus
€ Nyenry M= (Th({p, 1'})), and, as we have also p € M(T), p € My(T). O

Lemma 7.12 If a multi-preference relation <,, is (mcee), then it is (reg).
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Characterizations of Preferential Entailments 19

Proof: If p € My(7), then p € (i epa(ry M<. (Th({p, #'})) from definition 7.2 and from
the equality M<,, (Th({u, #'})) = M(f(Th({u,1'}))). If u; and v; are copies of models
of T, with I(p;) = p and l(v;) = v, we have T C Th({g,v}). If vj<m p, then p; ¢
S~ (Th({p,v})) and, from (mcee), no copy p of u can be in S, (Th({u,v})), thus p ¢
M., (Th({u,v})), which contradicts p € Ny em(n) M., (Th({,p'})). Thus, no such v;
can exist: we get pu; € S<, (T), then p € Mz (7). Thus, My(T) C My, (T), and, from
property 7.11, M (7) =M<, (7). O

Theorem 7.13 For any multi-preferential entailment f = f_ , the following properties are
equivalent:

(0) f is a preferential entailment.
(i) f=f<1 where <}, is (cee).
(ii) f = f<> where <2, is (mcee).
(1)) f = fzs, where <3, is (veg).
() f satisfies (DCC).

(W) [=f<me-

Proof: (0) = (i): Any preference relation is trivially (cee).

(i) = (ii): Obvious.

(if) = (iii): Lemma 7.12.

(iii) = (iv): Remark 3.4-3 and property 7.3-2.

(iv) = (v): We get M, .- = My by property 7.9. From (DCC) and property 7.3-2, we
get M<,.-(T) € M(f(T)), thus TC(Mx,,-(T)) € M(f(T)), i.e. My, .(T) C M(f(T)).
From property 7.11 we get M (7) € My(T), thus TC(Mx,,(T)) € TC(My(T)), i.e.
M(f(T)) € M(f<,.<(T))- We get M(f(T)) = M(f<,.=(T)), L.e. f=f<,e.

(v) = (0): <m° is a preference relation (see definition 7.6). O

Here is a direct proof of (i) = (o), which is not necessary for the proof of the theorem,
but which is illustrating;:

To any multi-preference relation <, which is (cee), let us define the following preference
relation <: p < pif p ¢ I(S) and p < v if there exists s1,s2 in S such that I(s1) = p,
[(s2) = v and s1 <, s2 (and nothing else). Then, we get clearly: f. = fu

Thanks to this theorem, we already get a characterization of preferential entailments,
by using also theorem 6.11. We will improve this result, replacing (CP) by a weaker and
simpler condition. Thus, let us introduce, in two equivalent forms, another property that a
pre-circumscription may possess.

Definition 7.14 [see definition 7.2] A pre-circumscription f satisfies (P') if, for any ¢ € L
and any 7 C L we have:
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20 Moinard and Rolland

if f(T) & —p, then M(f(T) U ) N My(T) # 0; (P')
Le.: if M(f(T)) N M(p) # 0 then M(£(7)) N M(¢) N M(T) # 0.

Notice that Makinson has independently studied a closely related notion in lemma 3.4.9
in [6], making an usage of this property which is different from us.

Property 7.15 1. Any pre-circumscription satisfying (P) satisfies (P').
2. If V(L) is finite, (P) is equivalent to (P').

Proof: 1. If f satisfies (P), we know from definition 7.4 that M(f(7)) C M;(T), thus
M(f(T)) N M(g) = M(f(T)) N M(g) N My (T): | satisfies (P').

Even for preferential entailment, (P’) does not imply (P), i.e., see property 7.16 below,
there exist preferential entailments which falsify (P) [8].

2. V(L) is finite, f satisfies (P’), and g € M(f(7T)). There exists some formula ¢ € L
such that M(p) = {u}, i.e. Th(u) = Th(p). Thus we have M(f(7)) N M(p) = {u} # 0.
From (P’), we get M(f(7)) N M(p) N My (T) # 0, thus g € My(T): f satisfies (P). O

Property 7.16 Any multi-preferential entailment satisfies (P').

Proof: Let us suppose f = f- . AsTC(Mx,,(T))NM(p) =TC(Mx,, (T)NM(p)) (remem-
ber section 2), we get M(f(7T)) NM(p) =TC(Mx, (T)) NM(p) = TC(Mx, (T) NM(p)).
Also, M(f(T)) N M(p) = 0 iff M (7) N M(p) = 0. If we suppose M(f(7T) U ¢) =
M(f(T)) N M(yp) # 0, we must have M__(T) N M(p) # . From property 7.11 we get
M., (T) € My(T). From Remark 3.4-3 we get M, (7) C M(f(T)). Thus, we get a
fortiori M(f(7)) NM(p) "My (T) #0. O

From theorem 6.11, we get then that (CP) implies (P’). Examples [8] show that there
exist pre-circumscriptions satisfying (P’) which are not multi-preferential entailments.

We can now characterize the notion of preferential entailment (this result, also extracted
from [8], has appeared as [7, Proposition 3.8-2]):

Theorem 7.17 A pre-circumscription f is a preferential entailment iff f satisfies (DCC)
and (P').

Proof: “only if”: Any preferential entailment satisfies (DCC) from theorem 7.13 and any
(multi-) preferential entailment satisfies (P’) from property 7.16.

“f”. f satisfies (DCC) and (P’). By (DCC) we get M. (T) C M(f(T)) from proper-
ties 7.3-2 and 7.9. Let us suppose now g € M(f(T)). Then, for any formula ¢ such that
€ M(p), we get M(f(T)) N M(p) NMy(T) # 0 by (P’). Then, from lemma 7.7-3, we get
M(f(T))NM(p)NMe (T) # 0. Thus, for any ¢ € p, we have a fortiori M(p) "M<< (7) # 0
and (remember the “neighborhoods” paragraph in section 2) we get u € TC (M{‘ (T)). Thus
we have M(f(T)) = TC(M<; (7)), ie. f= f<<: [ is the preferential entailment associated
to the preference relation <%- We have even established that a pre-circumscription satisfying
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(DCC) satisfies (P') iff it is a preferential entailment. O

Notice that, in the presence of (DCC), the writing of (P’) can be simplified by dropping
the last “M (f(7))N” in the second formulation of (P’) given in definition 7.14, thanks to
property 7.3-2.

Examples show that we cannot replace (P’) by (P) here [8].

Thus, we have shown that in the presence of (DCC), (CP) can be replaced by a simpler
property (P’) (and even a simpler kind of (P')). To our knowledge, (P’) cannot be replaced
by a logical property having an immediate meaning in terms of reasoning, such as (CM),
(CT) or (DC). If V(L) is finite, (DC) implies (DCC) while (RM), (CP) and (CR) are
equivalent, thus f is a preferential entailment iff it satisfies (DC) and (RM). It can be shown
that (RM) and (DCC) imply (DC) (direct proof easy) while in the infinite case (RM) and
(DC) do not imply (DCC) [8]. Even if we consider only pre-circumscriptions satisfying
(RM), it does not exist, to our knowledge, a simple (meaning eliminating properties such as
(P') or (DCC) and keeping only properties such as (RM) or (DC)) characterization result
for preferential entailments (associated in this case to a relation satisfying (cl)). For what
concerns multi-preferential entailments in this case, there is theorem 6.9. It is only in the
finite case that there exist simple characterization results for the three kinds of preferential
entailment, given just above for the “classical” version, in remark 6.12-3 for the* multi”
version, and by theorem 5.12 for the “general” version.

8 The first order case

This work applies also to the first order case: the results about classical and multi-
preferential entailments come from [8] (first version in August, 1994), which concerns the
first order case!. L is here a first order language and M denotes the class of all the inter-
pretations for L. T and C are as in section 2. We define a predicate preferential entailment
as in definition 3.2. In the propositional case there is a one-to-one mapping between M and
C, thus a propositional preferential entailment could alternatively be defined by a “prefer-
ence relation” in C instead of M, and this is what determines the nature of this notion.
On the contrary, in the predicate calculus case, any complete theory has many models (we
must even go outside the notion of sets, but this is not a concern here). Thus, defining a
“preferential entailment” by a relation over the class M of the interpretations of L, or over
the set C of the complete theories in L, give two different notions.

Definitions 8.1 1. [11] A predicate preference relation < is a binary relation over M.
The (classical) predicate preferential entailment f~ is the pre-circumscription defined
by

¢ € f<(T) if p = ¢ for any p € M (T).
IThe predicate versions of these two results, that is of theorems 6.11 and 7.17, extracted from [8], have
been given in |7, Remark 3.9]. As the publication of [8] is still deleted, and as we have now a characterization

for all kinds of preferential entailments, including the “general” ones, we have written this short report which
contains all the relevant proofs in their propositional version.
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Thus we have, as in remark 3.4-2: f.(7) =Th(M<(T)) = m Th(p).
HEML(T)

2. A predicate C-preference relation < is a binary relation over C. Let us define C(7") =
{C € C/T C C}. Thus we get, for any T € T: T = (\cec()C- Let us define C,
as we have defined M (7)) in definition 3.2: C4.(T) = {C € C(T) / fornoC’ €
C(T) we have C' <c C}.

The predicate C-preferential entailment f- is the pre-circumscription defined by
¢ € f<o(T)if C |= ¢ for any C € C(T).

Thus we have, as in remark 3.4-2: o (T) = ﬂ C.
CEC<C(T)

3. A predicate multi-preference relation <, is a binary relation over a set S where there
exists a mapping [ from S to C. Let us define C, (7) C C as we have defined
M., (7) in definition 3.3: S(T) =1"Y(C(T)) ={s€S/I(s) ET}, S<.(T)={s €
S(T) / forno s’ € S(T) we have s’ <, s} and C5 (T) =1(S<,.(T)) ={l(s) / s €
S, (T)}.

The predicate multi-preferential entailment f~_ is the pre-circumscription defined by
Y€ fz. (T)ifC [ ¢ forany C € Cg, (T).

Thus we have, as in remark 3.4-2: f, (T) = ﬂ C.
CeCx,, (T)

Point 1 is the classical definition of “preferential entailments” in the predicate calculus case.
For the sake of exhaustivity, a “fourth” kind of preferential entailment should be given, where
the relation <., is over S, the mapping [ being from S to M: in this “point 4”, we would
define M., and f.  exactly as in definition 3.3. By the way, we should have named the
multi-preferential entailments of point 3 “C-multi-preferential entailments”, reserving the
name “multi-preferential entailment” for this “fourth point”. However, no real power is gain
by this definition: this notion would be equivalent to the notion defined in point 3. It is
easy to show this directly, by a method similar to the one used in the proof of lemma 8.2
given below. Another easy proof uses theorem 8.3 given below, and shows that the same
characterization result holds for this “fourth notion”. Notice however that we have already
defined too many kinds of “predicate preferential entailments”. Indeed, we will prove now
that the notions in points 1 and 3 are equivalent. However, we think it is important to make
this matter precise, this is why we have explicitly given the two definitions.

With classical predicate preferential entailments, as well as with multi-preferential entail-
ments, either in the predicate calculus or in the propositional case, we get that any complete
theory can be represented by as many “copies” as we want. This justifies the following result:

Lemma 8.2 f is a predicate preferential entailment iff it is a predicate multi-preferential
entailment.
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Proof: Let < be a predicate preference relation in M and f = f (definition 8.1-1). Then
we have fo(T) = Th(M<(T)). We define S = M (it is not a set, but this does not modify
the results), and the mapping ! from S = M to C by: I(u) = Th(p). We define <,, in S =M
by <m==. Then we get CL, (T) = {Th(u) / p € M(T)}. Thus, fx(T) = f<..(T).

For the converse, let us suppose that <, is a predicate multi-preference relation defined
in a set (or a class such as M) S. Then, we define a predicate preference relation < in
M as follows. Firstly, for any C € I(S) C C, for each s € [71(C) we choose a distinct
w € M(C), denoted by I'(s). For any u € I'(S), there exists a unique s € S with s =1'"1(p),
and Th(u) = Th(l'(s)) = I(s). Then, we define < in M by: p < pif p € M —1'(S) and
p =< v if there exist s1,s2 in S such that I'(s1) = p, l'(s2) = v and s; <y, s2. We get
{Th(p) / pe M(T)} ={l(s) / s € S<,.(T)} = C<,.(T). Thus, f<(T) = f<,.(T). O

Notice that with the definitions given in this section, a preference relation is not imme-
diately seen as a multi preference relation, however the proof given above shows the close
relationship existing between these two kinds of relation. The important difference with the
propositional case is that here the two kinds of relation have “the same expressive power”.

We get the following characterization of predicate preferential entailments:

Theorem 8.3 [8] A predicate pre-circumscription f is a predicate preferential entailment

iff it satisfies (CP).

Sketch of the proof: An automatic translation of the proof given for theorem 6.11 shows
that the result applies to predicate multi-preferential entailments (in definition 6.6, we must
naturally replace M by C). Then use lemma 8.2 O

As already written, (CP) can be written in terms of theories instead of models. In the
predicate calculus case, this writing in terms of theories seems more appropriate. The same
holds for (DCC) and (P’) (if we replace My by Cy) involved in theorem 8.7 below. Here
are the precise “syntactical” definitions:

Definition 8.4 f is a pre-circumscription in L, < is a preference relation in M and <, is
a multi-preference relation. 7 is any subset of L and ¢ any formula in L.

1. If f(T) B —, there exists C € C(F(T)) N C(p) N N C(f(T4))- (CP)
T;€T/CEC(T;)CC(T)
2. Cps(T)={CeC(f(T)) /] C= | | f(Ta)} [Cps(T)]
T;€T,CeEC(T;)CC(T)
3. £(T) € Neeciry Uereciry F(CNC) (DCC)
4. C4(T)={CeC(T)/VC € C(T), Ce C(f(cnC))} [Cs(T)]
5. C(f(T)) € C4(T). (P)

RR n~°3928



24 Moinard and Rolland

6. i £(T) £ ~p then C(f(T)) N C(g) N Cs(T) # . (P)

These definitions are equivalent to (or, for the sets, are in obvious correspondence with)
the definitions given in the preceding sections, but in the predicate calculus case we tend to
prefer the definitions given here. It is important to notice that, with the definitions given in
this section, a predicate preference relation is not necessarily (cee), or (mcee) or (reg). Here
are the precise definitions involved (cf definition 7.10):

Definition 8.5 < is a preference relation in M and <, is a multi-preference relation.
1. If Th(p) = Th(y') and Th(v) = Th(v'), then p < v iff p/ < V. < is (cee)
1" If l(s) = I(s') and I(s1) = I(s}), then s <y, 51 iff 8" <, 8] <m is (cee)
2. If Th(p) = Th(v), then for any T C L, p € ML (T) iff v € ML (7). < is (mcee)
2" If I(s) = I(s1), then for any T C L, s; € S, (T) iff s5 € S4, (7). <m is (mcee)
3. Cs(T)=Cx(T) for any T C L. < is (reg)
3 Cy, (T)=C<, (T) for any T C L. <m is (reg)

In definition 7.6, we get in fact a C-preference relation:

Definition 8.6 For any pre-circumscription f, we define the C-preference relation <% by:
4 <§ Co if C; =Co and f(Cl) 75 Cl, or [%;]
Cl 75 CQ, f(C2) = Cz and Cl g f(61 062).

For any multi-preference relation <, we define the C-preference relation <7, =<%_ .[<7,]

The translation of theorems 7.17 and 7.13 are as follows (again, the proofs are automatic
translations of the proofs given for theorems 7.13 and 7.17):

Theorem 8.7 [8]

1. A pre-circumscription f in L is a C-preferential entailment iff it satisfies (DCC) and
(P").

2. Theorem 7.13 holds, if we replace point (o) by “f is a C-preferential entailment”.

Thanks to lemma 8.2, we get even two forms of this theorem, one with (predicate)
multi-preferential entailments f = f-. . as in theorem 7.13, and one when we suppress
“multi-”, with (predicate) preferential entailments f = f. O

Well known examples of predicate preferential entailments are predicate circumscriptions.
Generally they cannot be defined by a preference relation satisfying (cee), i.e., they falsify
(DCC) [8]- This means that they are not C-preferential entailments. A notable (though
rather limited) exception is the first order predicate circumscription of one unary predicate,
everything else being fixed (see [9] for these definitions), which satisfies (DCC), thus which
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can be defined by a C-preference relation, i.e. by a preference relation which is (cee) [§].

We turn briefly to predicate general preferential entailments now. Theorems 5.10 and
5.12 apply to predicate general preferential entailments defined as in definition 5.1: the states
are useless here also. If we define predicate general preference relations as relations among
copies of classes of interpretations as done in [5] (though for the propositional case) then we
can obtain an equivalent general preference relation defined in T. As in the propositional
case, but this is possibly more important in this case (one reason is that a preference relation
is defined in the class of all the interpretations of L, while a general preference relation is
defined in the “more friendly” set T), any predicate preferential entailment can be defined
by a predicate general preference relation.

9 Conclusion

We have characterized the three kinds of “preferential entailments” known in the literature,
in terms of purely syntactical properties. We have also shown that a fourth version appearing
in the literature is in fact overly general, as it can be reduced to one of these three versions.
These results show that the most complicate version, where the relation is defined among
theories (or sets of interpretations) possesses by far the easiest characterization result. Our
results are detailed in the propositional case, but we have seen how to apply them to the first
order case as well. Doing so, we have made precise the very close relationship between what
we call “multi preferential entailments” (where the relation is among copies of models or
of complete theories) in the propositional case and classical preferential entailments (where
the relation is directly among models) in the predicate calculus case: these two notions are
characterized by exactly the same syntactical property, called “common points”. Thus, we
have given five results: the characterization of the three kinds of preferential entailment
(some of these characterizations appearing in various forms), the identity between a “fourth
kind” and a simpler kind of preferential entailment, and the utility of the notion of multi
preferential entailment in order to study the classical notion of preferential entailment in the
predicate calculus case. To our knowledge, these five results are new: the three characteri-
zation results, and the reduction of the fourth kind of preferential entailment to a simpler
kind, were known before, but for particular cases only.

A lot of work still remains. A by-product of our results is that any predicate preferential
entailment (such as any classical circumscription) can be described as a general preferential
entailment, that is by a relation among theories. It remains to investigate this point and to
give direct translations from the original relation between interpretations to a relation be-
tween theories. Various relations should be studied, in order to find an interesting one which
could possibly help our understanding of the notion studied, or the automatic computation.
Also, we could try to find some more precise results: when we have a general preferential
entailment, are there “easy and natural” conditions, but not too strong, which make that it is
in fact a simpler kind of preferential entailment? This amounts to assume cumulative tran-
sitivity and to search for a condition, milder than reverse monotony but more friendly than
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(CP) or (P’), which ensures that we get a simpler preferential entailment. Notice however
that our work shows that it is unlikely that we can get really simple and natural properties
of the kind of reverse monotony. We should try to find other kinds of properties, still to be
discovered (7). Again, the impact of such a study could be on the knowledge representation
side, helping to get a better understanding of complex (though useful and natural) notions,
and on the computational side.
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