
HAL Id: inria-00072682
https://inria.hal.science/inria-00072682

Submitted on 24 May 2006

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Stochastic Localization of Instability and Deterministic
Enhancement of Accuracy for Iterative Algorithms

Philippe Langlois

To cite this version:
Philippe Langlois. Stochastic Localization of Instability and Deterministic Enhancement of Accuracy
for Iterative Algorithms. RR-3966, INRIA. 2000. �inria-00072682�

https://inria.hal.science/inria-00072682
https://hal.archives-ouvertes.fr


IS
S

N
 0

24
9-

63
99

   
   

 IS
R

N
 IN

R
IA

/R
R

--
39

66
--

F
R

+
E

N
G

ap por t  
de  r ech er ch e 

INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE

Stochastic Localization of Instability and
Deterministic Enhancement of Accuracy

for Iterative Algorithms

Philippe LANGLOIS

No 3966

May 2000
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Computed polynomial
Corrected polynomial and its bound

� fgkmsZ|~]^�8L W,XZ]�o�´:i�t�]��<pl|~pqo�]d|�iwilo~t�iq¢��R"pl�Z�y]\pq|3n�il[ �Zs�o~fge<k R�§
o~XZ]d|�iwiqo�eZ]�fjklXwxyil|~XZiwi��§�W,X<]�|~]�¢©il|~]l«mo�X<]�plx<t�ilhjs�o�]¶|�]�tvfr��s<plhy��iw]�t:e<iqo:?<s<t�X²o�i^µ�]\|�i^pqe<�²�Z|�i;£wfr��]\t
p t�]\z¨sZ]\e<n�]diq¢�f�o~]�|@p;o~]\t  ��� � o�X<pqoRn�ime¨£m]�|~kl]�t o�i  P � im|  P� ´MXZfjhj]�o�XZ]��Z|~]\n�fjt�fgime\^�fjtMt�s6Y²n�fj]�e¨o,o�ifj[ �Z|~i;£l]¶o�XZ]�pmn�n�s<|~pmn�u�iq¢  ��� � « ��A&-zA «3´MX<fghj]�o�XZ]!�M2n�|�fgo�]\|�fjile.fjt3eZiqo3t~p;o�frt �<]\�§
ÂÃo3¢©imhghji;´3t:o�X<pqoMo�XZ]�tv�Zhjfgovo�fjeZk�il¢�o~XZ]���ils<xZhg]!|~iwiqoMfjemo~i^o�´:i�t�fgeZkmhg]!|~iwiqo@tM��iw]\t,eZiloRn�il[ ]d¢©|~il[

o~XZ]!|~ilsZe<�ZfgeZk�]\|�|~il|@t:iq¢ f�o~]�|@p;o~fgime m D;n#§:±�]!�<|�i;£m]¶o~X<p;oMo~XZ]���]�n�fj[ plho�i�x<fge<pl|�u
n�ime¨£m]�|@tvfjile�iq¢�o�XZ]
n�iw]!Y²n�fj]�e¨o~t:iq¢��%imhguweZim[^frpqh;R
fjt�tvs%n@X²o�X%p;o
�R.X<pltIo�´�i�t�]��<pl|~pqo�]¶t�fjeZklhj]R|~iwiqo~t:fje�]�ªZpmn#o�pl|�fgo�X<[^]�o�frnq§
W,X<],¢©ilhjhgi;´MfjeZk�|�]�tvs<h�o@t}n�im[^],¢©|~il[ tvuw[�x%imhgfrnMn�im[^�<s�o~pqo�fjile ´Mf�o~X²��pq�<hg]m§�±¥]3|~]��Z|~]\t�]�e¨o}n�im[^�<s�o�]��
�yilhjuweZil[ frpqh��R�plt �R � �� � �T 	  	 � �T    � �T a �� �T;] «<´MX<]�|~] �TW` frt,o�X<]!]�ªZpln�o m |@p;o�fjile%pqhynI£;plhgsZ]!il¢
Â¸I} ·`R�J�D
tvfjeZkmhg]^�Z|~]\n�frt�fgimeKxZfge%pq|~u
£;plhgsZ]^iq¢Io�XZ] TW` n�i¨]%Y²n�fj]�e¨odil¢ R m t ����� � n#§ u¶tvfjeZkK®¨o�sZ|~[
t�]\z¨sZ]\e<n�]�t�«wfje¨o�]�|~£;pqhrt�� � pqe<��� � fge<n�hgs%��]do�XZ]�n�ile<t�fj�Z]�|~]\�²]�ªZpln#o,|~i¨ilo~t�iq¢ �R
´Mfgo�Xº«Zhgfj[ f�o~fge<k o�i^o�XZ][�pqªwfj[�s<[ 7 tvfjkleZf �%n\pqe¨o3��fgkmf�o@t,iq¢�Â¸}} ·`R�J�D�tvfjeZklhj]��Z|~]\n�frt�fgime/«

� � � $ t � ��0��5� ���5�1��� t � �605���4�1� ��� ) ple<� � � � $ t � �605�1�+�1�1� ��� t � ��0����%�1���10 ) �
±¥]�n�il[ ]Ix%pln�@do�i¶�Z|�]\£wfgims<tq?%imp;o~fge<k3�%imfge¨o n�im[^�<s�o~pqo�fjile<t�eZiqo~fge<k3o�X%p;o�x%ilo�X�|~]\t�sZhgo~t�n�im[^�<s�o�]��

´Mfgo�X�o�XZ]��Z|~]\t�]�e¨o�]���pq�<�Z|�i¨pln@X�t~p;o~fjt �<]\t  P � # � � ple<�  P� # � � § � fjkls<|�] m �onº|~]��Z|~]\t�]�e¨o~t�n�im[^�<s�o�]���R�«�n�il|~|�]�n#o~]\� R�pqe<�'� �*!�x%imsZe<�Ztºfge "P eZ]\fgkmX¨xyil|~XZiwi��§/ÂÃo/]�ªwX<fgxZfgo~t/o�X<pqo R!X<plt/o�´:iMt�fge<klhj]}tv]\�<pq|@p;o~]
|~iwiqo@t,fgeKfje¨o�]�|~£;pqhrt �� � pqe%� �� � t�s<n@X
o�X<pqo �� ��� � � ple<� �� � � � � § � hjimpqo�fjeZk��yilfjemo3]�ª��%]\|�fj[ ]�e¨o~tplkl|~]�]¶o�XZ]!|~]\t�sZhgo~t,il¢ºo�X<]�tvuw[�xyilhjfrndn�il[ �Zs�o@p;o~fgime/§

��� v �yx



���������
	��������������	�������	������������ �!�
��"	$#%�&���&�(')	���*,+.-%�"-!/0,�&�1�2������434���%56/7	8�!'.9:�6�
	�����-!0;-%�1� �

� . ���
�:��9
�º�����
� fjeZfgo�]��Z|~]\n�frt�fgime.n�im[ �Zs�o~pqo�fjile.fjt�eZilo,|~]�hjfrpqxZhj]¶´MX<]�e²o~XZ]��Z|~ilxZhj]�[ o~i t�ilhj£l]¶fjt,fjhjh�·¸n�ime<��fgo�fjileZ]��§�Â¸e
o~XZfrt�n\plt�]l« ?<i¨p;o�fjeZk��%imfge¨o,|�]�tvsZhgo~t�pq|~]RX%pq|@��o�i�fge¨o~]�|~�Z|�]�o,ple<�²[�p�u ]�£m]�e²uwfj]�hr�²´M|~ileZk^n�ime<n�hjs<t�fgime<t�§
�Rs�o�im[�p;o�frn�pl�Z�Z|~impmn@XZ]\t¶pq|~]�]!Y²n�fj]�e¨odo�iwilhrtRo�X<pqo�n�il[ �Zhj]�[ ]�e¨oRo~XZ]�im|�]�o�frn�plh�ple<pqhju�tvfrt�§ � fgeZfgo�] �Z|~]�·
n�fjt�fjile�]�¡�]\n�o~t�pl|�]�il¢ o�]�e¤t�sZx�o~hg]�ple<�¥[ ]�|~kl]\�¥´Mfgo�X¤ewsZ[ ]�|~ils%t!pqe<�¤��f�Y²n�sZhgo�ilo�XZ]\|�plt��%]�n#o@t�§
Å/]�o
s%t�n�f�o~]do�XZ]�]�¡�]\n�o~t,il¢�n�ime<��fgo�fjile/«wo~XZ]�sZe<��]\|�hjfjeZ]\�.�Z|~]\t�]�e<n�]¶il¢�tvfjeZkmsZhjpl|�fgo�fj]\t\«��Zp;o@p�]\|�|~il|@t\«lo~|�sZe%n�p;·
o~fgime²]�|~|~il|@t�«¨pqhjklil|~fgo�XZ[ t�o@pqxZfjhjf�o�um«m�Z|~il�y]�|�o�fj]\t:iq¢ ?%imp;o~fge<k��%imfge¨oMpq|~f�o~XZ[ ]�o~fjnl«m]\hg]\[^]\e¨o~pq|~u^¢©sZe<n�o�fjile<t
¢õplf�o~X�¢©sZhjeZ]\t~t\«lhjfgxZ|@pq|~u�]\£lilhjs�o~fgime<t�«mn�il[ �Zfjhj]�|@t il��o~fgime<t\«q´:iwimhghju�t��%]�n�f �%n�pqo�fjile<t�il¢y�<|�imkl|@pq[ [ fgeZk�hrpqe�·
kms<pqkm]\t\«�§�§�§~W,XZ]�|~]�¢©im|�]m«/pqs�o~il[�p;o~fjn pl�Z�Z|~impln@X<]\tdn�pqe�eZiqo�ple<t�´:]\|¶sZe<fg£m]�|@t�plhghjul§�ÂÃo���i"eZiqo!|~]��Zhrpln�]
o~XZ] @weZi;´Mhj]\��km]¶il¢�ewsZ[ ]�|~fjn\pqh/t�iq¢ o�´,pq|~]¶]�ª��%]\|voMxZs�o3X<]�hj�
X<fg[5o�i²n�ime �<|~[ XZfrt,fge¨o~sZf�o~fgime/§

� ����� Àw¿ � ¼ Á��  ¼ ���\�m� W,XZ]3pqsZo�XZim| o�X<ple
@�t Nm]\pqeZ·Ã��pl|�fj]3¬:XZ]\t�eZ]\pls�ª�¢©im| o�XZ]�¬��RÄd¯R�Vhjfgx<|~pl|�u
ple<�¤XZfrt^XZ]�hj���ZsZ|�fjeZk�f�o@t�s%tv]m«I��pq|@n�Ädpqs<[ pmt�ple<��¬:hrpqfj|�] � fgeZilo�¢©im|�£;plhgs<plxZhj]
��frt~n�s<t~tvfjile%t�pqe%�
�Ppq�Zhj]�s<tv]m§

1 ) � ),+�) �.� ) �

Bg�%E Nm]\ple�·¸��pq|~fg].¬:X<]\t�eZ]\pls�ª§ �>�"�����1	���(��� 34/�&� �S0;-%�(��� 	���*��H3e+ �43 �!�`���
	 	�/7- §cV¶pqxZfjhgfgo~pqo�fjile �
Ä¶fj|�fjkl]\|���]�t:�3]\n@XZ]\|~n@XZ]�t}W,XZ]�tvfrt�«6uReZfg£m]�|@tvfgo�cR{}fg]\|�|~]R]�o,�Ppq|~fg]d¬:s<|�fj]l«¨{ pq|~fjt\« � |~ple<n�]m«¨¯Ri;£l]\[�·
xy]�|��\�l� J�§ m Â¸e � |~]�e%n@Xvn#§

B _�E Nm]\ple�·¸��pq|~fg]�¬:X<]\t�eZ]\pls�ª«y®¨o~c��ZX<pleZ]^ads<fghrpqfje/«�pqe<� Nm]\ple PRfjkleZ]�t�§3Å�p�xZfjxZhgfjiqo~XZY\z¨sZ]�¬��RÄd¯R�
L��<|�c�tv]\emo@p;o~fgime²]�o,s�o�fjhjfjt~p;o~fgime/§��Ppqews<pqhE«6u3eZfj£l]\|~t�fgo�cR{�§�]�oM�³§Z¬:s<|�fj]l«w{ pq|~fjt\«�¯3i;£m]�[�xy]�|d�\�m�l�<§
��£;pqfjhjplxZhj]�pqo uR�3Å�������������������������������� �!��#"$�&%(')��*+�(,(�#���<« m fje � |~]�e<n@Xvn�§

B ��E Nm]\ple�·¸��pq|~fg]:¬:X<]\t�eZ]\pls�ª�ple<� Nm]\pqe P¶fgkmeZ]\t\§lÅº]\t¢©ime<��]\[^]\e¨o~t���]}hE¹ pl|�fgo�XZ[ c�o�frzms<]:tvo�i�n@X<pltvo�frz¨sZ]l§
� A�- Aq3 ��	$*8A��Q�%��A � 	�/�2� ��.!/%A �0/T	�� �
A «%�<��J m �\�;nLj�%D¨�8J�1��%D8Dm�Z«w���l�m_Z§

B D$E�ad]\|�[�sZe<�³ÄdpqX<hjz¨sZfrt�o^pqe<�32 @l] ���54l|@n�@�§ � 560 -%/����	��6/T-!� �
��*�� §�{}|~]�eZo�frn�]�·"VRplhghE«�}eZklhj]�´�iwi��
¬:hjfg¡�t\«<¯ N%«1ud®���«/��� R�D<§�Wº|@pqe<t�hrp;o�]���xwu�¯R]\�"�3e%��]�|@tvime/§

B J�E!¯Rfjn@X<ilhrplt N<§WVRfgkmX<pq["§ 34���%56/7	8�!'l	��Q* �>�"	$#%�&���&�('l����� 560;-%/����	�� 34� 58��/�&�&�60 � §°®�iwn�fg]�o�u ¢©il|
Â¸e%��s<tvo�|~fjplhºpqe<�
�3�<�Zhgfj]\�"��pqo�XZ]\[�p;o�frn�t\«�{}XZfjhrpl��]\hg�ZX<fjp<«Z{��«>ud®���«º�\�l�m�Z§

B ��E�{IXZfghjfj�Z�%]�Åºpqe<klhjilfrt�§��3s�o~il[�p;o~fjndhjfgeZ]�pq|3n�il|~|�]�n#o�fjile�iq¢�|~ils<e<��fjeZk�]\|�|~il|@t\§�¯3s<[^]\|�frn�plh/�3e<plhgu�t�fjt
�3]��yil|�o � J$JZ«q��pqe<n@X<]\tvo�]�|I¬:]\emo~|�]:¢©il|:¬:im[ �Zs�o~pqo�fjile<plh���p;o~XZ]�[�p;o~fjn\t�«m��pqe<n@X<]\tvo�]�|�«;}eZkmhjple<�«
¯Ri;£l]\[�xy]�|����l�m�Z§3�3hrt�i.p�£;pqfjhjplxZhj]�pltRÂ�¯R�MÂ�� �M]\t�]\pl|~n@X��3]��yil|�od�3�71���7¨_S7Z«%ÄR]�nq§��\�m�l�Z§y®wsZx�·
[ fgovo~]\�
o�i ��Â�W�§

BKR�E�{IXZfghjfj�Z�%]�Å�pqeZkmhgimfjt¶pqe<� � pqxZ|~frn�]�¯¶p;o�fj£l]\hF§d±VXZ]\e�pqsZo�il[�pqo�frn�hjfgeZ]�pq|dn�il|~|~]\n#o~fgimeKiq¢}|~ilsZe%��fge<k
]\|�|~il|@t frtI]�ªZpln#o�§ � A8- AQ3 ��	$*8A � �!��A � 	�/�2�:9X��.!/��-<; «��m_�7
LKJ�Dm��16J�D 7Z«w���l�l�<§�}|�|@p;o~sZ[ fge
�m_�7
L 7m_q�<«
���l�m�Z§

v�v ñxwzy{||



��� � �6�&��� ���1- �H3���� ��� ��
B 7�E NmilX<e���fjn@X<pl]�hI�Pn�¯Rpl[ ]�]l§"�8xZfjxZhjfgimkl|@pq�ZXwu�ime�|�iwiqo@t�iq¢M�yilhju¨e<il[ fjplhjt\§�� A � ��0���56�"A 3 ����� A

/T	��&�1A « DSR m � n!L �m�Z� 1��l�$D<«��\�m�l�Z§ m ®wsZ�Z�<hg]\[^]\e¨o~pq|~u
±V±V±&xZfjxZhgfjilkm|~pl�ZXwu.pqo4uR�3Å � ������������
���������� ������ !	�('7� �  ��� �
)*��(�����#*���/§6n#§

B ��E�a^§¨{�]�o~]�|@t}pqe<�;N%§$V�§m±Vfjh�@wfje<t�ile/§y{}|@pln#o~fjn\pqh%�Z|�imxZhj]�[�t}pq|~frtvfjeZk�fge o~XZ]Rt�ilhjs�o�fjile�il¢�%imhguweZim[^frpqh
]�z¨s<p;o~fgime<t�§�� A ��1���A /T	�� � ��3 ����� ���� «v71Lg��� 1��8J�«y�\�SRw�m§

Bj�\��E�ÅºilsZfrt �d§q�3plhghE§�¬:ime¨£m]�|~kl]\e<n�]:iq¢yo�XZ]3¯R]�´,o�ime �Z|�i�n�]\t~tºo~i![�sZhgo�fj�Zhj]3tvimhgsZo�fjile<t\§ � 560;-%/%A /T	�� �
A «
�1L _8J�1�� Rw«y�\�m�l�<§

Bj�l�%ECN%§�®wo�iw]�|�ple<�¤�!§ �:s<hgfj|~t~n@X/§ ��1��/7��*�51�%�(����� �"� � 560 -%/����	�� 34�Q	���'���2� §K®w�Z|~fgeZkm]�|�·�P ]\|�hrpqk%«º¯3]\´
�}im|7@�«Zt�]\n�ile<�.]\��fgo�fjileº«/�\�m�l�Z§

Bj��_�ECNm]\ple;PRfjkleZ]�t�§��yc\|�i![�p;o~XZc�[�pqo�frzms<]3]�o�µ�c�|~i�fgeZ¢©il|~[ pqo�frz¨sZ]l§ ��	�����- *$-!�e� �!��-%����-!� 9�� A8- A>34��	$*8A
� �!��A � 	�/�2� «1D m �lnLj� 1y���Z«y�\� 7 Rw§ m Â¸e � |�]\e<n@Xvn#§

Bj�\��ECNm]\ple P¶fgkmeZ]\t\§¤�>tvo�i�n@X<pmt�o~fjn.pq|~f�o~XZ[ ]�o~fjn�¢©il|^|�]\hgfrpqx<hg]
t�n�fg]\emo~f �yn.n�il[ �Zs�o@p;o�fjileº§ /O	��&�1A4	���*
� ��0G�qAx�&� ���&0 A «y�8J6LØ_q�m� 1Z_q�Z�m«Z�\�m�l�<§

Bj�%D$ECN¨pq[ ]�tXV�§;±Vfgh @wfge%tvime/§ - ��56��*��&�W549://���/��W�&�,34� 5 -z#%/7	���� � /��z��-!���%-!� §<¯3ilo�]\t�ime^�R�Z�Zhjfg]��^®�n�fg]\e<n�]
¯Ri<§;�m_Z«�V3]\|���pq��]\tvo�u�¹ t�®¨o~pqo�fjileZ]\|�u � Y²n�]m«qÅ/ime<��ileº«��\�l�m�Z§¨�3hrtvi¶�ZsZxZhjfjt�XZ]���xwu�{}|~]�e¨o�frn�]�·�V¶pqhjhF«
IeZklhj]�´�iwiw�K¬:hjf�¡t�«%¯ N%«1u¶®���§<�M]\�Z|�fje¨o�]��.xwu�Ä¶i;£l]\|\«�¯R]�´��}il|�@y«���l�$D<§

��� v �yx
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