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Abstract: The purpose of this note is to study the relationship between a certain stability crite-
rion for nonlinear delay systems, obtained via Lyapunov-Krasovskii method, and a delay-independent
version of the small gain theorem. We show that, contrary to the delay-free case (in which Kalman-
Yakubovich-Popov lemma ensures the equivalence of the two approaches), the first method assumes
stronger hypothesis than the second one. However, numerical verification of the former is in general
NP-hard, whereas the latter leads to linear matrix inequalities. The difference between the two ap-
proaches is precisely stated, and, among other benefits, this permits to exhibit classes of problems for
which the Lyapunov-Krasovskii method is not conservative.
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Stabilité des systémes non-linéaires a retard: théoréme des petits
gains indépendant du retard et interprétation fréquentielle de la
méthode de Lyapunov-Krasovskii

Résumé : Le dessein de cette note est I’étude de la relation existant entre un certain critére de
stabilité pour les systémes non-linéaires & retard, obtenu par la méthode de Lyapunov-Krasovskii, et
une version indépendante du retard du théoréme des petits gains. Nous montrons que, contrairement
& ce qui se passe pour le cas sans retard (pour lequel le lemme de Kalman-Yakubovich-Popov assure
l’équivalence des deux approches), la premiére méthode est plus restrictive que la seconde. Cependant,
la vérification numérique de celle-ci est en général un probléme NP-difficile, alors que celle-1a conduit
4 des inégalités linéaires matricielles. La différence entre les deux approches est clairement formulée
et, entre autres bénéfices, ceci permet d’exhiber des classes de problémes pour lesquels la méthode de
Lyapunov-Krasovskii n’est pas conservative.

Mots-clés : systémes a retard, stabilité, théoréme des petits gains, fonctionnelles de Lyapunov-
Krasovskii quadratiques, domaine fréquentiel.



otaobuity of noniinear adetay systems B

1 Introduction

The use of quadratic Lyapunov-Krasovskii functionals permits to obtain stability criteria for nonlinear
delay systems, with hypotheses which do not depend upon the value of the delay [14, 20]. The goal
of the present paper is to establish a frequency domain interpretation of this result and to examine
the conservativity inherent to this approach. It turns out that this criterion is related to a “delay-
independent small gain theorem”, obtained from the usual small gain theorem by decoupling the terms
in s and z = e " in the transfer function of the system. This is reminiscent of some recent results on
delay-independent stability of linear delay systems [10, 11, 12, 7, 6].

For rational systems, the fact that one may equivalently obtain small gain theorem by frequency
domain approach or by Lyapunov method with quadratic Lyapunov functions is derived from Kalman-
Yakubovich-Popov lemma. The main result presented here (Theorem 1) establishes a similar rela-
tionship for delay systems. More precisely, it is shown that the success of the Lyapunov-Krasovskii
functional approach, that is the solvability of the involved linear matrix inequality (LMI (17) below),
is sufficient, but not necessary, to have small gain theorem for any value of the delay. Moreover, the
use of a robust control approach already applied to linear delay systems [4, 8] and which amounts
to interpret the delay and the nonlinearity as uncertainties, permits to express with precision the
difference between the two types of conditions. It also shows that the numerical verification of the
delay-independent small gain condition is in general a NP-hard problem. On the contrary, the crite-
rion obtained via Lyapunov-Krasovskii approach may be easily checked numerically, providing possibly
conservative evaluations.

In the remaining of the introduction are given some more details on the background (Sections 1.1
to 1.3). The main result (Theorem 1) is stated and commented in Section 2. Some applications
of the latter are given in Section 3. In Section 3.1 are presented some classes of systems for which
the Lyapunov-Krasovskii approach is not conservative. In Section 3.2, it is shown how this approach
permits a natural extension of the theory to systems with commensurate delays; the same idea is
exploited in [1], to get LMI stability criterion for systems with multiple independent delays, and to
derive a LMI condition related to “delay-independent Popov criterion”. A proof of Theorem 1 is given
in Section 4.

1.1 Small gain theorem for rational systems: equivalence between frequency do-
main and Lyapunov approaches

Consider the negative feedback interconnection of a memoryless multivariable time-varying nonlinearity
1 with a linear time-invariant system characterized by its transfer function matrix H(s) of size p X g.
Nonlinearity 1 : Rt x R — RY is assumed to fulfill a growth condition: there exists K € RI*P such
that

Vi 0,vy e R, [lg(t,y)l < [[Kyll, (1)

where || - || denotes the euclidian norm. The absolute stability problem consists in seeking conditions
on H and K for stability of the interconnection, for any 1 fulfilling (1).
When H represents a strictly proper rational system (4, B,C), that is

H(s)=C(sI— A~ 'B,
the system may be realized as:

where A € R™" B € R"*4,C € RP*". Searching for a Lyapunov function of the type V(z) = 7 Pz
for a certain positive definite matrix P € R™*™, one verifies that the inequality

d z(t) \' (ATP+PA+CTKTKC -PB z(t)
@V @l < («p(t,y(t))) ( ~B'P -1 ) (w(t,ya)))

RR n° 3969



4 Pierre-Alexandre Bliman

is fulfilled along the trajectories of (2), so the assumption that

T T yoT _
P =P >0, R:(A P+ PA+CTKTKC PB><O

-BTP —I 3)

is sufficient for absolute stability. Problem (3) is a linear matrix inequality (LMI), for which there exist
powerful numerical methods of resolution [2].

Kalman-Yakubovich-Popov lemma permits to express equivalently the previous condition under a
frequency domain form, namely

Vs € C with Res >0, det(s] — A) #0 and ||[KH(s)|| < 1, (4)

where || - || denotes here the largest singular value. This absolute stability criterion, the small gain
theorem, may also be proved directly under the form (4), by use of input-output techniques [18, 22].

1.2 Two absolute stability criteria for nonlinear delay systems

Let us now consider the following nonlinear delay system (where A, A; € R"*" B € R"*?,C,Cy €
RPX™):

&= Az + Agz(t —h) — By(t,y), y = Cz + Cyz(t —h) , (5)

where the nonlinearity 1 is supposed to fulfill (1). System (5) realizes the interconnection of 9 with
the nonrational transfer

H(s) = (C+e*hCy)(sI—A—e " Ay)7'B . (6)

For such a system, small gain theorem still holds [18, 22|: condition (4) (replacing det(sI — A) by
det(sI — A — e *hA,), and with H now given by (6)) is sufficient for absolute stability of system (5)
under hypothesis (1). This frequency domain condition depends explicitly upon the magnitude of the
delay h.

On the other hand, it is possible to obtain absolute stability criterion by use of a Lyapunov-
Krasovskii functional V' : C([—h,0]) — R of the type [14]

0
def
Vo) 0P+ [ § Q00 ds @
where P, Q) are positive definite matrices. Similarly to the rational case, one proves that

p zt) \ " z(t)
V@) < | z(t=h) | R| x(t—h)

P(t, y(t)) P(t, y(t))

along the trajectories of (5), for a certain matrix R affine in P and @ (see formula (17) below). In the
previous inequality, z; denotes as usual the mapping z(- + t), defined on [—h,0]. To get asymptotic
stability, one is then led to assume the existence of positive definite P and @) such that R < 0. The delay
does not appear in this LMI: contrary to small gain theorem, the obtained result is a delay-independent
criterion. Until now no relationship has been established between these two different approaches, which
however both appear as natural extensions of the methods used for delay-free systems.

INRIA
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1.3 Delay-independent stability of linear delay systems

Important progresses have been made recently in the study of delay-independent stability conditions
for linear delay systems, see [13, 16]. By definition, the linear equation

&= Az + Aqz(t — h) (8)
is asymptotically stable independently of the delay |11, 12] if
Vh > 0,Vs € C with Res >0, det(s] — A —e " Ay) #0. (9)

To analyze the conditions under which this property occurs, one sees that it is necessary to disconnect
the term e~*" from s. Hale et al. [6] have shown that delay-independent (asymptotic) stability of the
previous linear system is equivalent to (o denotes the spectrum):

Reo(A+ Ay) <0 and V(s,2) € jR x C with s #0, |2| =1, det(s] — A —2A44) #0, (10)
a condition equivalent [7] to
det(A + Ag) # 0 and V(s,z) € C? with Res > 0,5 # 0,]z| <1, det(s] — A —2zA44) #0 . (11)

Niculescu et al. [15, 16| have given numerical methods of verification of this condition. They also
provide method to check a slightly stronger one, called strong delay-independent stability, namely

Reo(A+ A) <0 and V(s, z) € jR x C with |z| =1, det(s] — A —2zAy) #0. (12)
The latter property may be equivalently expressed [7] as
V(s,z) € C? with Res >0, |z| <1, det(s] — A —2zA4) #0 . (13)

An important step has been accomplished by Chen et al. [4], who showed that interpreting the
delay as a norm-bounded uncertainty is a fruitful approach to analyze delay-independent stability.
This approach permits the use of techniques originated from robust stability analysis, in particular
the notion of structured singular value [23]. Isolating the delay in an uncertainty block, a necessary
and sufficient condition (equivalent to (10) and (11)) for delay-independent stability of system (8) is
expressed as [4, Theorem 3.1]

Reo(A) <0, det(A+ Ay) # 0 and Vs € R\ {0}, p((sI — A)714y) < 1. (14)
Here, p designates the spectral radius, and is equal, in this simple case, to the structured singular value

pa((sI — A)~1Ay) resulting from the coupling of the transfer (sI — A)~' A4 with an uncertainty from

the set A def {6I : 6 € C, |6] <1}. Analogously, (12) and (13) may be shown to be equivalent to

Reo(A4) <0 and Vs € jR, p((sI — A)74y) < 1. (15)

This approach also permits to give some stability conditions for systems with uncertain matrices
A, Ag [4].

2 Main result
Define

H(s,2) ¥ (C 4 200)(sT = A= 24.)7'B . (16)

RR n° 3969



6 Pierre-Alexandre Bliman

Theorem 1. Consider the siz following conditions.
CONDITION (A1). There exist P,Q € R"*™ positive definite, such that

def

RE ATP + CTKTKC —Q+CTKTKC; 0

-BTP 0 —I

(ATP +PA+Q+CTKTKC PA;+CTKTKCy PB)
<0 (17)

ConbpITION (B1). Reo(A4) <0 and
(0 9) (ke =ty aseco o s) (o 2 <1

CONDITION (A2). V(s,z) € C? with Res > 0,|z| <1, det(s] — A — zA4) # 0 and | KH(s,2)| < 1,
where H is given by (16).
ConDITION (B2). Red(A) < 0 and

(0 9) (el b ) (5 )] <

CONDITION (A3). Vh >0, Vs € C with Res > 0, det(s] — A —e " Ay) #0 and | KH(s,e™*")| < 1,
where H is given by (16).
ConDITION (B3). Reo(4) <0,

(A(;[ ?) (K(C(iij—_j)__lszr Ca) —f;(cs*fs;f)z;)lﬁB) (Mo_l ?) H <

IIJl\}n maI)RE
. . SEJ
invertible ° =7

max min

ejR . M |
SSIR invertible

max n}lvi[n
s€jR\{0} invertible
and

det(A+ Ag) #0 and |[K(C + Cg)(A+ Ay 'B| < 1.
Then, the following implications are verified.

CoNDITION (Al) <= CoNDITION (B1)

4

CONDITION (A2) <= CONDITION (B2) (18)

4

CoNDITION (A3) <= CoONDITION (B3)

Moreover, any of the siz conditions ensure global asymptotic stability of system (5), for any value h > 0
of the delay and for any nonlinearity v fulfilling (1). [ |

Condition (A1) must be related to (3), conditions (A2) and (A3) to (4), condition (B2) to (15) and
condition (B3) to (14). Conditions (A3)/(B3) imply internal delay-independent stability property (9),
and conditions (A2)/(B2) internal strong delay-independent stability property (13).

Condition (A1) is the condition for success of Lyapunov-Krasovskii method, when searching for
functionals in the class (7). Condition (A3) means exactly that small gain theorem applies for any
nonnegative value of the delay h. It is slightly weaker than condition (A2), in the same manner than
delay-independent stability is slightly weaker than strong delay-independent stability.

Checking numerically conditions (B2) and (B3) requires to compute structured singular value with
respect to real and complex uncertainties. Indeed,

M 0 (s —A)~1Ay —(sI-A)~'B M-t 0
(0 1) (it —aiatvco —xewioas) (o 1))

min

. M .
invertible

INRIA
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is equal [23, Theorem 11.5] to the structured singular value

(s — A)~1Ay —(sI —A)"'B
ra ((K(C(s[ - A4+ Cy) —KCO(sI — A)_lB>> ’
where the uncertainty set A is here defined as {diag{dI,D} : 6 € C, |§] <1, D € R™*?, ||D| < 1}.
This amounts to analyze the asymptotic stability of (5) replacing the delay and the nonlinearity
(constrained by the growth condition) by two sources of uncertainty, see also [4, Section IV]. As
quoted therein, the numerical resolution of this problem involves computing structured singular values
with respect to real and complex uncertainties, and is hence in general NP-hard [3]. On the contrary,
condition (A1) is a LMI and may be easily verified numerically [2], at the cost of a certain conservativity.

Remark that conditions (A1)/(B1) and (A2)/(B2) are robust with respect to parametric pertur-
bations of the matrices A, A4, B, C, Cy, contrary to conditions (A3)/(B3). Indeed, in this parameters
space endowed with the product topology induced by the spectral norm, the sets of those systems
fulfilling (A1)/(B1) or (A2)/(B2) are open. One shows easily that the set of the systems fulfilling
(A2)/(B2) is precisely the interior of the set of the systems fulfilling (A3)/(B3).

Two particular cases are worth noting. First, in the delay-free case (44 = 0, Cy = 0), Theorem 1
simply expresses that asymptotic stability of system (2) under assumption (1) is a consequence of small
gain theorem, expressed equivalently by (3) or (4). The equivalence of these two forms is a by-product
of Kalman-Yakubovich-Popov lemma, which is a key ingredient of the proof of Theorem 1.

In the linear, or uncertainty-free, case (K = 0), the equivalence of conditions (A3) and (B3)
is exactly the characterization of delay-independent stability given by Chen et al. [4, Theorem 3.1],
and conditions (A2), (B2) characterize strong delay-independent stability. Condition (A1), that is
feasability of the LMI

T
3P =P">0,Q=Q" >0, (A PZ;;HQ 1?22‘1) <0,

is hence proved to be sufficient for strong delay-independent stability of the linear system (8). To
our knowledge, this is the first comparison result linking precisely Lyapunov-Krasovskii approach and
delay-independent stability.

3 Applications

3.1 Examples of nonconservativity of Lyapunov-Krasovskii method

When the min and the max may be interverted in conditions (B1) and (B2), then checking condition
(A1) gives a complete answer on the effectiveness of (A2), a condition very close from (A3), the optimal
one (which however is not robust wrt parametric uncertainties, as indicated above after Theorem 1).
This principle permits to exhibit some classes of examples where (A1) and (A2) are equivalent.

The first example concerns the linear system (8).

Theorem 2. Suppose AA; = AgA. System (8) is strongly delay-independently stable [15] if and only
if the following LMI is feasible

T
IP=PT>0, Q=Q" >0, (A P+ PA+Q PAd)<o.

ATP -Q
|

Proof. When A and Az commute and have simple eigenvalues, they are diagonalizable in a common
basis [5]. Taking for M the corresponding similarity transformation, one sees that both expressions in
conditions (B1), (B2) are equal to max{p((sI — A)~tA4) : s € jR}, whence the equivalence between

RR n° 3969



8 Pierre-Alexandre Bliman

conditions (Al) and (A2). When either A or A4 has eigenvalues with multiplicity more than one,
one may find arbitrarily small matrices A such that A + A and A4+ A commute (i.e. A and A — Ay
c~0mmute) and have simple eigenvalues. It then suffices to apply the previous argument, and to make
A—0. O

The second example concerns the following class of systems with undelayed output. Let A = al,a €
R, and consider

z =azx+ Agx(t — h) — By(t,y), y=Cx , (19)
where 4 fulfills (1).

Theorem 3. The two following conditions are equivalent and ensure asymptotic stability of system (19),
for any h > 0 and any nonlinearity v fulfilling (1).

e There exist P = PT > 0,Q = QT > 0 such that

2P +Q+CT"KTKC PA; —PB
ATp -Q 0 <0.
-BTp 0 —I

e Forall(s,z) € C2 withRes >0, |z| <1, det((s—a)I—244) # 0 and | KC((s—a)I—244)"'B| <
1.
|

Proof. As
(6 ) (cber 202, —xotsr “"A) 5) (Mol )

1 0 —-B M-t 0
(s —a) I KCAd _KCB o I)°

the complex matrix which realizes the minimum of

(sT — A)"1Ay —(sI—A)"'B M~ 0

KC(sI A4, —KCOGI-A'B)\ 0 I
is independent of s. This permits to reverse the order of max and min in condition (B2), which is then
shown to be equivalent to (B1). Conditions (A1) and (A2) are thus equivalent. O

3.2 Systems with commensurate delays
We establish here a generalization of Theorem 1 to the following class of systems:
1
x—ZAlxt—lh) Bip(t,y), y= Y _ Cia(t—1h) (20)

=0 =0

where [ € N and 4; € R*", C; € RP*" for | = ﬁ, B € R"*4. The idea to handle system (20), is to
transform it into a new, augmented, system having a unique delay, in order to be able to apply the
previous ideas of quadratic Lyapunov-Krasovskii functionals. More precisely, defining

x(t) P(t, M)

Sk I PRSI

z(t — (I —1)h) Pt — (1 —1)h, ) INRIA
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one has, when z is solution of system (20):
X = AX + AgX(t —1h) — BU(t,Y), Y =CX +CgX(t —1h) , (21)
where (® denotes Kronecker product)
def ! def Lo def
AN Jeoa, 44E Y 3T 9A, BE LB, (22a)
=0 =0
i —
¢ &ef Z Jec, ST e, (22D)
=0
J e RX, Jij d—ef 1ifi+1=j, 0 otherwise, 1, 1,1 (22c¢)
and
Ve > 0,vY € R, [ 0(t,Y)] < Ik, where kK ¥ 10 & . (23)

The previous transformation offers the possibility to use the approach adopted in Section 2, search-

ing for quadratic Lyapunov-Krasovskii functional for system (21) in the class

Vi) % / o7 (r) Qo (r

defined for any ¢ € C([—Ih,0];R™).

The trajectories of system (20) may be obtained as projections of trajectories of system (21):
asymptotic stability of (21) hence implies asymptotic stability of (20). An interesting feature is that
the stability property defined by condition (A2) is indeed equivalent for systems (20) and (21). This
gives rise to the following result (in which the analogs of conditions (A3), (B3) are omitted for sake of

space). Define
def 1 1
€ —
)= QAo =Y Aa)!
1=0 1=0

Theorem 4. Consider the four following conditions.
CONDITION (Al). There exist P, Q € R*>*™  positive definite, such that

aop [ATPHPA+Q+CTETKC PAs+CTKTKC, —PB
RE ATP +cTKTKC —Q+CTKTkC; 0

—BTp 0 ~I

CoNDITION (B1). Reo(Ap) <0 and

min max
s€jR

invertible

(0 7) (eeer = v en —xcior ) ("0

(24)

CoNDITION (A2). V(s,z) € C? with Res > 0,|z| < 1, det(s] — ZLO 2A) #0 and |KH(s,2)| < 1,

where H is given by (24).
CONDITION (B2). Reo(Ap) <0 and

max 1min
s€jR

M
invertible
RR n°® 3969
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Then, the following implications are verified.

CONDITION (Al) <= CONDITION (B1)

¢ (25)

CoNDITION (A2) <= CONDITION (B2)

Moreover, any of the four conditions ensure global asymptotic stability of system (20), for any value
h > 0 of the delay and for any nonlinearity v fulfilling (1). [ |

Proof. In view of Theorem 1, it only remains to prove that

1
V(s,z) € C* with Res > 0,[z] <1, det(sI — Y _2'4;) # 0 and |[KH(s,2)| <1 &
=0
Y(s,z) € C? with Res >0, |z| <1, det(s[—A—2Ag) # 0 and ||K(C+2Cy)(sI—A—2zAg) 'B|| < 1.
(26)

Define, for any z € C,

r=r(l) def 67%, N = N(z,]) def (Ni;), where Nj; def (rj_lz)i_l, 1,7 =1,

o~i

The properties gathered in the following auxiliary lemma, whose proof is left to the reader, will be
used.

Lemma 5. The following formulae are true.

= 1,
2| =1= N*N =1,
Vi=0,1, J +ZJE0T = Ndiag{Z!, (rz)}, ..., (rz_lz)l}N_1 .

The key point in the last formula is that » and N do not depend upon [. Using Lemma 5, one
shows that

— l — —
det(sT — A—2'Ag) = det(sT = (J'+270T) @ A))
1=0
l -
= det(s] — Z diag{z' A, (rz)' Ay, ..., (r'2) A)})

As|r|=1and z — 2! maps the unit ball onto itself, it is thus proved that

l
V(s,z) € C? with Res >0, |z| <1, det(sI — ZzlAl) #0&
=0
V(s,z) € C* with Res > 0,|z| <1, det(s — A—2zAg) #0 .

INRIA
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Also,

K(C+ 2¢Cq)(sI — A—2'A)"'B
l .
(I;® K)(N ® I) Z diag{#!Cy, (rz)'Cy, ..., (" 12)C)}
=0

- -1
l

sI =Y diag{z! Ay, (r2)! Ay, (") A} | (N '@ I)(; ® B)
=0

= (N®I,)diag{KH(s,z),KH(s,rz),..., KH(s,r'2)} (N ' ® I,) .

Thus, using the second property in Lemma 5 and the fact that |r| = 1, one gets that
V(s,z) € C? with Res > 0,|z| =1, |[KH(s,2)|| <1 <
V(s,z) € C* with Res > 0,|z| =1, ||K(C + 2C4)(s] — A — 2zAq)'B|| < 1.

The same property is extended to |z| <1 using maximum modulus principle and the analyticity of

the maps z + (sI — A — 2A44) "L, 2z = (sI — Zé:o 2! A;)7! in the unit ball, for any s € C such that
Re s > 0. This concludes the proof of formula (26) and of Theorem 4. O

4 Proof of Theorem 1

Both continuous-time and discrete-time versions of Kalman-Yakubovich-Popov lemma will be used!,

under the following form [17|. Denote R Ry {c}. Let A € R™" B € RVP M = MT €
R(+p)x(n+p) with

(In Opxp) M (OI” ) > 0. (27)

pXN

Lemma 6 (Continuous-time positive real lemma). For any matriz M fulfilling (27), the follow-
ing two statements are equivalent:

(i) There exists P = PT € R"*", positive definite, such that

ATP+ PA PB
o (MELPA TR

(ii) Rea(A) <0 and, for any s € jR,

(o ()

Lemma 7 (Discrete-time positive real lemma). For any matric M fulfilling (27), the following
two statements are equivalent:

!The continuous-time version is due to Kalman [9] and Yakubovich [21], the discrete-time to Szegé and Kalman [19].

RR n° 3969



12 Pierre-Alexandre Bliman

(i) There emists Q = Q1 € R**™, positive definite, such that

ATQA—Q ATQB

(i1) |o(A)| <1 and, for any z € C with |z| =1,

(EB) w ( )

It is straightforward, comparing conditions (B1) and (B2), and conditions (A2) and (A3), to demon-
strate the vertical implications in (18). We now show the three horizontal equivalences.

e Suppose condition (A1) holds, that is: there exist P,Q € R"*" positive definite such that

ATP+ PA+Q+CTKTKC (CTKTKC, 0)+P(A; —B)
R=| (CYKTKC AT —Q+CI'KTKCy; 0 <0
+( )P

0 0 -1

Using Lemma 6, the latter is equivalent to: Reo(A4) < 0 and

_ T T T T T\T
30 = Q7 >0, Vs € jR, Q+Cy;K "KCyqy 0 n C;K'KC g AdT
0 —I 0 —-B
AT\ . (CTKTERC\T | [ AT .. T AT\
-I-(_BT)S ( 0 + _ BT S (Q+C'K"KC)S _gr <0,
where the irrelevant infinite values of s have been removed and, for sake of simplicity, one has written
S =5(s) def (sI — A)~!. Simple computation shows that the previous inequality writes:

SAq —-SB \"(Q 0 SAq —SB \ _(Q 0 (28)

K(CSA;+C;) —KCSB 0 I)\K(CSA;+Cy) —KCSB 0o I1)°

The fact that the sets {Q : @ = QT > 0} and {M*M : M invertible} are identical yields the
equivalence between conditions (Al) and (B1).

e Let us now show the equivalence between conditions (A2) and (B2). In both cases A is Hurwitz, so
the map

(sI—A) 1A —(sI-A)'B
s (K(C(sI — A)_lAdd—I- Caq) —KC(sI— A)_1B>

is analytic in {s € C : Res > 0}, and the maximum on this set of the map
M 0 (s — A)" 1Ay —(sI—A)"'B Mt 0
0 I)\K((I-A)"44+Cy) —KCI—-A)'B)\ 0 T

is hence achieved on the imaginary axis. Thus, condition (B2) is equivalent to:

s+ min
M

invertible

Reo(A) < 0 and Vs € C with Res > 0, IM invertible,
SAy —SB \"(M*M 0 SAy, —SB < M*M 0
K(CSA;+Cy) —KCSB 0 IJ]\K(CSA;+Cy) —KCSB 0 1)”°
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that is, replacing M*M by Q = Q* > 0 and developing:

—-BT$*QSA; BTS*QSB
N (ALS*CT + CIYKTK(CSAq+ Cy) —(ALS*CT + CTYKTKCSB <0
—BTS*CTKTK(CSAq+ Cy) BTS*CTKTKCSB — I '

T Qx* _ _ AT ¢x
Reo(A) < 0 and Vs € C with Res >0, 3Q = QT > 0, (Ads @54 —Q —4g5 QSB)

Applying now Lemma 7, one first deduces that: V(s,z) € C? with Res >0, |z| > 1,

1

0 # det(z] — SAg) = det(z] — (sI — A)~"4y) = Zndet(sI — A)

det(sI — A — 271 Ay) .

Changing z into 2~ ! leads to:
V(s,z) € C? with Res >0, |z| <1, det(s] — A —zAq) #0 .
On the other hand, application of Lemma 7 also yields: V(s,2) € C?> with Res >0, |2| =1,
I > BYS*(z*1 - ALs*) 1 (ALS*CT + CHYKTK(CSAy+ Cy)(2I — SAy) "' SB

+BTS*CTKTK(CSAq+ Ca) (2] — SA.)"'SB
+BT8*(2*1 — AL s*y "1 (ALs*CT + CT)KTKCSB + BTS*CTKTKCSB,,
that is
I > BTS*[(z*I — A}S*) "1 (A]S*CT +C7) + CTIKTK[C + (CSA4 + Cy)(2I — SA;)"'|SB
= BTS*(2*'I — AYS*) "1 (2*CT + CHYKTK (2C + Cy) (21 — SAy)"'SB .

Now, (2I — SAg)~1S = (28(S7' —2714,)) 1S = 271 (s — A — 271 A4)7 !, so one deduces, changing z
into z~!, that:

V(s,z) € C2 with Res >0, |z| =1, H(s,2)*KTKH(s,z) <1 .

Using maximum modulus principle, this gives (A2). Thus, (B2) implies (A2). The converse property
is obtained using the converse of Lemma 7.

e Last, one proves the equivalence between conditions (A3) and (B3). The hypothesis Rec(A) < 0 is
indeed contained in both assertions, see [10, 6]. Using maximum modulus principle, discrete-version
of Kalman-Yakubovich-Popov lemma, and again maximum modulus principle, as was done for the
equivalence between (A2) and (B2), one shows that, if Reg(A) < 0, then the assertion

(0 ) (kier=a) i co —xoerome) (5 D))<

max H}\}n
s€7R\{0} invertible

is equivalent to
V(s,z) € jJR x C with s #0, |z| =1, det(s] — A—2zA;) #0 and ||KH(s,2)|| <1,
which is itself equivalent to:
Vh >0, Vs € jR\ {0}, det(s] — A— e *"Ay) # 0 and ||KH(s,e *")|| < 1.

The previous assertion may be extended immediatly to any s € C\ {0} with Res > 0 by maximum
modulus principle. It remains to examine the case s = 0, which is straightforward. This concludes the
proof of Theorem 1.

RR n° 3969



14 Pierre-Alexandre Bliman

Remark 8. It is also possible to deduce directly condition (A2) from condition (Al). One may apply
discrete-time version of Kalman-Yakubovich-Popov lemma (Lemma 7) to (28), leading directly to con-
dition (A1). A benefit of this method is to enlighten the fact that matriz P (resp. Q) in condition (Al)
is naturally linked with the continuous-time (resp. discrete-time) frequency domain variable s (resp. z)
in condition (A2).

Alternatively, one may remark that, for any (s,z) € C2:

—(sI —A—2Ay)"'B\ " (CTKTKC CTKTKC; 0 —(sI — A—zA4)"'B
—z(sT — A—2zAy)"'B CTKTKC CIYKTKCy; 0 —z(sT — A—2zAy)"'B
I 0 0 I I

= (KH(s,2))")(KH(s,2)) = I,

—(sI —A—2Ay)'B\" [ATP+PA+Q PA; —PB —(sI - A—2A4)"'B
—z(sI — A—zAy) !B ATP —Q 0 —2z(sI — A—2zA4)"'B
I -BTP 0 0 I

=BT (s*T — AT —2*AD) "N (1 — 2*2)Q + (s + s*)P)(s] — A — zA4)"'B ,

from which the implication (A1) = (A2) is deduced immediatly. This latter proof is reminiscent of
techniques used to prove the “easy” sense of Kalman-Yakubovich-Popov lemma ((i) = (ii) in Lemmas 6
and 7). The equivalence between conditions (Al) and (A2) would lead to a “two frequency-domain
variables” positive real lemma, a result which is in general false, due to the difference between conditions
(B1) and (B2).

I 2I 0

0 0 I) and its conjugate

Also, left- and right-multiplicating R as given in condition (A1) by (
gives:

T 4 AT T | T\ 3T B
VzE(C,|z|§1,((A +2*Ag)P + P(A+ 2Aq) + (C* + 2*Cy )K" K(C + 2Cq) PB)<0,

-BTp —I

to be compared with (3).
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