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Abstract: We consider the Saint-Venant (or Shallow Water) system which is an
usual model to describe the flows in rivers or coastal areas. This hyperbolic system
of conservation laws is solved on unstructured meshes by a kinetic scheme based on
a finite volume approach. An important property of this scheme is the preservation
of the water height positivity when applications with dry areas are considered. Fol-
lowing some hypothesis an entropy inequality is proved.

The standard kinetic scheme is modified to deal with varying bed slope and par-
ticularly to preserve equilibrium states such as still water. Moreover the source terms
due to the arbitrary bottom topography have to be discretized in such a way to bal-
ance the flux gradients for these equilibriums.

We illustrate the properties of the scheme on different test cases for which exact
solutions are available and on more realistic applications.
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Schémas cinétiques pour les équations de Saint-Venant
avec termes sources sur des maillages non structurés

Résumé : On considére le systéme des équations de Saint-Venant qui modélise les
écoulements en “eaux peu profondes”. Ce systéme hyperbolique de lois de conserva-
tion est résolu sur des maillages non structurés par un schéma cinétique qui s’appuie
sur une approche volumes finis. Une propriété importante de ce schéma est d’assurer
la positivité de la hauteur d’eau dans les cas ot le domaine de calcul inclus des zones
séches. Sous certaines hypothéses, on peut montrer une inégalité d’entropie.

Le schéma cinétique standard est modifié pour traiter les fonds variables et, en
particulier, pour que le schéma préserve des états d’équilibre tels que 1eau au repos”.
De plus, on définit la discrétisation des termes sources dus a la topographie du fond
pour préserver cet équilibre.

On illustre les propriétés du schéma sur différents problémes tests pour lesquels
on connait la solution analytique et sur des applications plus réalistes.

Mots-clé : Systéme de Saint-Venant, eaux peu profondes, maillages non structurés,
volumes finis, schémas cinétiques, termes sources, schémas d’équilibre.
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1 Introduction

We consider the Saint-Venant system, a particular case of shallow-water equations,
which is an usual model to describe, for instance, the flows in rivers or coastal areas.
This system can be derived from the three dimensional incompressible Euler system
with a free surface, using several assumptions (small height of water, hydrostatic
pressure, vertical homogeneity of horizontal velocities ... ). It allows to describe the
flow at time ¢ > 0, and at the point = € IR?, through the height of water A (¢, z) > 0,
and its velocity u(¢, z) € IR?, by the hyperbolic system

oh .
(1.1) N + div(hu) =0,
Ohu . g,
(1.2) W+d1v(hu®u)+V(§h )+9hVZ =0,

where ¢ denotes the gravity intensity and Z(z) the bottom height, and therefore h+7
is the level of water surface (see Fig.(1.1)). We denote also ¢(¢,z) = h(t, z)u(t, z),
the discharge.

free surface

Figure 1.1:

Usually, several other terms are added to this system in order to take into account
frictions on the bottom and the surface and other physical features but here we
neglect all these phenomena.

RR n- 3989



4 E. Audusse, M. O. Bristeau, B. Perthame

The unidimensional version of Saint-Venant equations is well adapted for ideal
rectangular rivers and we use it to introduce our methods before extending it into
two dimensions situations. It is written

oh  Ohu
(13) o "o =0
dhu 0 , gh? o7
(14) T Yo ) ek =0

Notice however that this system corresponds to a simple case but a more general
equation can be stated for rivers with variable sections.

The difficulty to understand the convergence of numerical schemes is related to
the deep mathematical structure of such hyperbolic system; the first existence proof
of weak solutions after shocks in the large is due to [18] in 1995. It is based on
the kinetic interpretation of the system which is also a method to derive numerical
schemes with good properties.

A classical approach for solving hyperbolic systems consists in using finite volume
schemes, see Godlewski and Raviart [10], LeVeque [16]. This method can be used
on general triangular grids with a finite element data structure using a particular
control volume which is the mediane based dual cell as it was introduced several
years ago for aerodynamics problems (see [2]| for instance). Let us recall that finite
volume methods require to compute fluxes at the control volumes interfaces, and
the overall stability of the method (and more precisely entropy property) requires
some upwinding in the interpolation of the fluxes, this is usually called the ‘building
block” or ‘approximate Riemann solver’, see [1] for an application to shallow water
equations.

But none of these approximate Riemann solvers is able to provide all the desirable
properties of a ‘good’ scheme, and the main difficulties arising specifically with the
Saint-Venant system is that the scheme preserves equilibrium states like the steady
state given by still water (h + Z = Cst, v = 0). This difficulty was pointed out
by several authors, see Greenberg and Leroux [14], LeVeque [17]. Approaches to
build stable schemes which preserve equilibrium have been proposed recently. The
Roe solver [25], has been modified in order to preserve equilibriums in Bermudez and
Vasquez [4], Bermudez et al [3] and the difficulty to allow & to vanish is treated in [20].
Also, a recent approach by LeVéque [17] is based on using the Godunov scheme for an
appropriately extended system, and an approach based on centred schemes is used in
[26]. For the simpler case of a scalar conservation law, a kinetic scheme that preserves
equilibrium and which is proved to be convergent, is presented in Botchorishvili et

INRIA
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al [5], and another approach based on non-conservative products has been developed
by Gosse and Leroux [12], Gosse [11]|. Finally, we refer to Godinaud et al [9] for
a new approach where the notion of Riemann solver is replaced by a more general
concept.

In this paper we describe a possible resolution of the system (1.1), (1.2) using
a kinetic solver and present a variant which has the property to preserve the still
water equilibrium. Also it preserves the very simplicity of the usual kinetic solver
and its stability properties. Especially, it is well known to be able to treat vacuum
(h = 0 here, it corresponds to dry soils, then the system losses hyperbolicity) and
satisfies precise in-cell entropy inequalities. We refer to Perthame [22] for a survey
of the theoretical properties of these schemes, Perthame and Qiu [23] for the actual
implementation in two dimensions and Bouchut [6] for a general construction for 2x2
systems. Their main drawback is the lack of accuracy on steady contact discontinui-
ties (they are computed exactly by Godunov, Osher-Engquist or Roe solvers) which
makes them unable to compute boundary layers or shear flows in classical fluid dy-
namics problems. For Saint-Venant equations this problem does not exist however,
since the only possible discontinuities are shocks, and therefore the kinetic schemes
might be a better compromise between accuracy, stability and efficiency.

Another advantage of kinetic schemes is that it allows to derive a scheme for
the advection of temperature T'(¢, z) (or a concentration of pollutant) which is both
monotone in T and conservative in AT1'. This additional, and decoupled equation is
written in a conservative form as
(1.5) (?g_tT + div(huT) =0,

but monotinicity is better seen on the developed form

(1.6) %—f—l—u-VT:O.
We do not consider that point in this paper but an analysis can be found in [7].
After presenting the kinetic formulation of the shallow water system in Section 2,
we explain the 1D standard kinetic scheme and we establish its properties in Section
3, we present the associated numerical results in Section 4. Then, we introduce a
variant which is adapted to the still water equilibrium in Section 5 and we treat its
extension for 2D problems in Section 6. The Section 7 illustrates the possibilities of
the method by numerical results.

RR n- 3989



6 E. Audusse, M. O. Bristeau, B. Perthame

2 Properties of Saint-Venant system and kinetic formu-
lation

We recall here some well known properties of the shallow water system, and by
analogy with Euler equations for compressible gas, we link the macroscopic Saint-
Venant system to a microscopic description of the fluid which is the departing point
of the methods developed in this paper.

2.1 Entropy inequality

We recall two main properties of the shallow water system. First of all, the system
admits an invariant region h({,z) > 0, and the water height & can indeed vanish
(flooding zones, dry regions, tidal flats ). This is related to a theoretical and numeri-
cal difficulty because the system losses hyperbolicity at A = 0. Another fundamental
property is the entropy property. We call entropy solution to the Saint-Venant sys-
tem, a weak solution which satisfies the entropy inequality given in the following
theorem.

Theorem 2.1 The systems (1.1)-(1.2) and (1.3)-(1.4) are strictly hyperbolic for
h > 0. They admit a mathematical entropy (which is also the energy)

2

2
(2.1) E(h,u,Z):h%—}—%—}—th,
which satisfies

0 gh?

(2.2) = (E) +div[u (E+ )] < 0.

We do not prove this theorem which relies on the classical theory of hyperbolic
equations and simple algebraic calculation, see Serre [27], Dafermos [8]. We just
recall that for smooth solutions the inequality in (2.2) is an equality. In particular
the system admits a family of steady states given by the relations

(23) hu = Cl,
Ju?

(2.4) — tehtgZ = G

where 1 and (5 are two arbitrary constants.

INRIA
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2.2 Kinetic formulation

We now explain the kinetic formulation of this system. For reason of simplicity we
introduce it for the one-dimensional problem but the construction is very similar in
two dimensions (see Sec. 6). Let us introduce a real function y defined on IR which
has the following properties

X(—w) = x(w) >0,

(2.5) /]R x(w)dw = 1, /]R w?y(w)dw = 1,

and let us construct the density of particles M (¢, z,&) defined by a so-called Gibbs
equilibrium

(2.6) M(t,z,&) = M(h,€ —u) = h(té z) x(f — ué(t, x))’
with
(2.7) 2 7h

With these definitions we write a kinetic representation of the Saint-Venant sys-
tem and we have the following theorem:

Theorem 2.2 The functions (h,u) are weak solutions to the Saint-Venant system
(1.3)-(1.4) tf and only if M(h,& — u) satisfies the kinetic equation

oM oM 0Z oM
(28) o T Vo o

8t :Q(t7x7€)7

for some “collision term” Q(t, z,&) which satisfies for a.e. t, x,

(2.9) /]RQ ¢ = 0, /]R £Q d¢ = 0.

It 1s an entropy solution if additionally

(2.10) /]R €2Q d¢ <.

RR n- 3989



8 E. Audusse, M. O. Bristeau, B. Perthame

Proof of Theorem 2.2. The proof relies on a very obvious computation. The
two Saint-Venant equations, and the entropy inequality (2.2) are equivalent with the
equation (2.8) once integrated in ¢ against 1, £ and 2. The lefthand sides coincide
exactly thanks to the relations (2.5) and the righthand sides vanish or are nonpositive
according to (2.9) and (2.10). These are consequences of the easy relations deduced
from (2.5):

h 1
(2.11) hu :/ £ | M(h,§—wu) dg,
hu2+# R &
(2.12) E(th)—/(ﬁ—}- Z) M(h,& — u) d€
: w2)= Gt ) :

O
This theorem has a very important consequence: the non-linear shallow water
system can ve viewed as a single linear equation on a nonlinear quantity M, for
which it is easier to find a simple numerical scheme with good theoretical properties.
Notice however that this Theorem is a very weak statement. Especially in the
kinetic formulations of isentropic gas dynamics (which are more general than the
mere Saint-Venant system), all the family of weak entropy inequalities are satisfied,
not just one, and the righthand side ) vanishes for smooth solutions, not only
two moments, see [19]. This formalism has the drawback to lead to more complex
schemes.
To conclude this subsection, we present a first example of y functions. The
simplest possible choice is

for|lw| < v/3

otherwise.

1
(2.13) V(@) = { e
Another natural choice is presented later.

3 The standard kinetic scheme for 1D Saint-Venant equa-
tions

We now pass to the description of kinetic schemes for the Saint-Venant system. In a
first subsection we recall some notations for the finite volume method on a general

INRIA
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mesh (see [10]). In a second subsection we use the above kinetic formulation to
introduce a kinetic scheme and we show some fundamental properties like positivity
and in-cell entropy inequality in the next subsections.

3.1 The 1D finite volume method

We use a mesh of IR which vertices are denoted X;, ¢ € Z. The control volume
(cell) is defined as C; = [X;_1, X¢+L] with X, 1 = (Xi41+ X;)/2. For simplicity we
2 2 2

suppose that we have a regular mesh and we denote Az the length of a cell C;. We
also use a timestep At, and set t" = n At.

To present the general finite volume method, we consider a system of first order
conservation laws without source terms:
oUu  9F(U)
ot oz
For Saint-Venant system (1.3)—(1.4) with Z = C'st, we have:

(3.1) =0.

h q
U= , FU)=
A
h 2
We denote by U the cell average of the exact solution at time ¢
1

3.2 Ur=— | U{" z)dz.
(32) Pe g v

We integrate the equation (3.1) on the set C; x (¢, ¢t"*1), and, integrating by parts
the divergence term, we obtain

At
. o _prg ZZ[F", - F" ] =
(3 3) Uz UZ + A.f[ ’H‘% 2—%] 0
with
1 tn-{-l
(3.4) = E/tn F(U(L X,y 1))t

To obtain a finite volume scheme it remains to find a numerical value F:H as an

2

interpolation of the component of the flux F(U) on the interface at the point Xyt
2

We will use the kinetic formulation to define an approximation of this flux (we use
the same notations for the approximated quantities).

RR n- 3989



10 E. Audusse, M. O. Bristeau, B. Perthame

3.2 Standard Kinetic scheme

The kinetic scheme is an upwind interpolation in order to determine the numerical
fluxes FZ:_L in (3.3), based on the kinetic formulation introduced in Section 2. We

2
assume that the bottom topography Z is given at each node.
We assume that we know the solution U}* at time ¢" for each node, we define the
following algorithm with three steps:

o We define M = M (h?,§ — u?) with M (h,§ — u)defined by (2.6).

e We use the microscopic equation (2.8). Since this equation is linear we can
apply a simple upwind scheme with a method of characteristics for the force term.
It leads to the following discretisation which defines a density function ff"’l(f):

n ! n At n n
(35)  PUE - gALZl) = MP(E) + o€ IMF, (€) — MP, (€)] =0,

where Z] = Zit1—Ziz1 ynd the flux MZ_T:_ (&) is computed by an upwind formula

2Az 1
2

{ MM§) for& >0,

MY, (§) = MP,(€) for&<0.

2

The density function f(§) is not an equilibrium (see remark (3.1)).
e We define UZ»”‘H by

(3.6) Ut = /IR ( é ) JIFHE) de.

Then, noticing that
[ € B~ anizl de = 4 gAL 17,

we obtain from (3.5),(3.6) the macroscopic scheme

(37) szﬂ-l-l - UZL + U[F;'T—Ll—l - F;n_ L] + At S(Uin—}_l) =0,
2 2
with
Y
7T Az

INRIA



Kinetic schemes for Saintl-Venant equations. 11

and where the numerical fluxes are given by the kinetic flux splitting

(38) Fﬁ_% :f(Uinv z?zl—l)v
(3.9) FUV)=FYU)+ F(V),

Uy — YN vihe—u
(3.10) FHU) = /}5 205( ¢ ) Milhi €~ de
(3.11) F(U) = /Mf( : ) Mi(h,€ — u) d,
(3.12) S(UPH) = ( , ot ) .

Henceforth, we have obtained a consistent scheme because of the property, again
deduced from (2.11),

F+<U>+F-<U>:/1R5( g)wh,s—u) i€ = F(U).

The conservation of mass and momentum for Z’ = 0 is also obvious.

Remark 3.1 The interpretation is that, as usual, the colliston term (), which relazes
f to a Gibbs equilibrium M s neglected in the advection scheme (3.5). And at each
timestep we replace fI'(€) by M (&) which is a way to perform all collisions at
once and to recover the Gibbs equilibrium without computing 1.

3.3 Stability of the standard kinetic scheme

We now establish the stability property of the kinetic scheme.

Theorem 3.1 Assume that additionallly, the function x in (2.6) has a compact
support, namely

(3.13) Jwys € R, such that  x(w) = 0 for |w| > wpy.
Then, under the CFL condition (independent of 7’)
(3.14) At max(|ul| + wpmé)) < Ax,

the kinetic scheme (3.7)-(3.12) keeps the water height positive i.e. hl > 0 if il is
true initially.

RR n- 3989



12 E. Audusse, M. O. Bristeau, B. Perthame

Notice that the source term A7’ has no influence on the CFL condition because
it is treated implicitely.
Proof of Theorem 3.1. Suppose we have i} > 0 Vi € Z. From the definition of
the function M in (2.6) and the positivity of the function y, we immediately deduce

M€ >0 Y.
We now introduce the quantities £;, £_ defined by

5-}- = maX(ng)a = maX(Ov _g)a

and so we rewrite the microscopic scheme (3.5) in the form
(3.15)  JINE - gALZ) = (1 - ol€) M (€) + 06 M1 (€) + o€ M4 (€).
Then, for each 7, the value of £ is either such that

€ —uf| > wne}

and then from the condition (3.13) on y and the definition of function M we have

or the value of £ is such that
n

1€ — u?| < wpc;

which implies that |{] < (Ju?| 4+ wa€?) and then, using the CFL condition (3.14),
we obtain
olé < 1.

Therefore, in the relation (3.15), f**!(¢ — gAtZ!) is a convex combination of none-
gative quantities and thus

JIFHE = gAtz)) > 0.

With a simple integration in &, we obtain

BT > 0.

INRIA
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3.4 A discrete entropy inequality (Z=0)

Another and deeper stability condition is the in-cell entropy inequality i.e. the dis-
crete analog of the inequality (2.2). This is possible for flat bottoms with an appro-
priate choice for the function y .

Theorem 3.2 Consider the particular function y defined by

1
(3.16) V(w) = a(1 - L)}
with o = 1/7 and § = 4 in order to satisfy the conditions (2.5). Assume Z = 0

and that the CFL condition (3.14) holds. Then the scheme (3.7)-(3.12) salisfies the
n-cell entropy inequality

(3.17) EMt - El o [ — 1] <0,
2

with the discrete energy and entropy fluzes

o D) g(BD)?
Ei" = h; 9 + 5
s = 1+ (Ui) + n-(Uiga),
na(U) = /g € MO~ u) + € M1, - ]

0 (U) = /)5 [ M(h € )+ € M€~ )]

Before proving this Theorem, we need an interpretation of the function M as a
Gibbs equilibrium.
Lemma 3.1 The function M(h,& — u) built with the shape function x in (3.16) is

the minimizer of the energy

(319 B = [ 1550+ T de

under the constraints

£>0, /]R (&) de=h, /]R EF(€) dE = h u.

RR n- 3989



14 E. Audusse, M. O. Bristeau, B. Perthame

Moreover, recalling the formula (2.1) and (2.11), the minimum is
E(M(h,€ —u))= E(h,u),
where we omil Z which vanishes here.

Proof of Lemma 3.1. The proof of this Lemma is standard since E(f) is a convex
functional. We refer to [22] for a proof in the context of full gas dynamics. Notice
however that the formula for M (and thus for y) follows directly from the Euler-
Lagrange equation associated to this minimization problem

2 ﬂ_2

2
> 2 = A
y t 5 ) =A+pg,
where A(h, u) and p(h,u) are the Lagrange multipliers. |

Proof of Theorem 3.2. We manipulate the convex relationship (3.5) according
to the formula (3.18) for the energy and integrate it in £, thanks to the convexity
property stated in the proof of the Theorem 3.1, we obtain
At
E(ff™) —E'+— %L —n" 1] <0
(fz ) 7 + Az [UH_% 772_%] =
where the flux has the expression stated in the theorem. Then, we use the Lemma
3.1 to deduce
ErT = E(MP) < E(f7)

and this proves the result. O

Notice that the introduction of the source terms does not lead to a conservative
entropy inequality as it should be from (2.2). Therefore we loose an important
property which, together with nonegativity of water height, gives quadratic a priori
bounds on the solution. Nevertheless, an equivalent inequality might occur because,
examining the Z terms in the entropy inequality we obtain the approximation

J
(a—thu)Z-2 ~ Z!(hu)"t! 4 Zi[(hu)ﬁ% - (hu)f_%] + RN (ZE AL
Remark 3.2 In order to simplify the actual implementation of the kinetic scheme,
we use the particular function x in (2.13) rather than the more complex choice which
leads to the entropy inequality. It seems, even though it has not been proved, that the
scheme determined with (2.13) is entropic.

INRIA
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4 1D numerical tests

We consider here two simple numerical test cases for which an analytical solution
can be computed. Analogous problems have been proposed in a Workshop initiated
by Electricité de France (see ([13]) for the proceedings of this workshop). With the
second test case we show the loss of efficiency of the standard scheme (3.7)—(3.12) in
some situations of equilibrium with variable bottom.

4.1 Dam-break

We begin with a non-stationary test case. It is a simple dam-break in a channel
with flat bottom (Z = 0). In this case the entropy theory (see Sec.3.4) is valid. The
initial conditions are

- hy, for z <0,
(4.1) h0,2) = { by, for z > 0,

(4.2) uw(0,z) = 0.

We choose h; > h, to be coherent with the physical phenomenon of a dam-break
from the left to the right. This test allows to isolate the behaviour of the scheme on
a shock problem. See ,e.g., ([8], [27], [28]) for the computation of the exact solution.

The computational domain is symmetric around the point © = 0 and the total
length L is 2,000 meters. We have used two different values for the space step, L/100
and L/1000 in order to show the effects of the mesh size. The timestep is computed
thanks to the CFL condition (3.14). We have tested the dam-break on a wet bed
and on a dry soil.

For the first test case, we prescribe iy = 1m and h, = 0.5m, the Figure 4.1 (resp
4.2 present the water level (resp. the discharge) for Az = L/100 at time ¢ = 200s.
In Figures 4.3, 4.4 we present the same results for Az = L/1000. We compare the
computed solutions plotted with a continuous line with the exact one (dot lines).
The position of the shock is in good agreement with the exact solution, but on the
coarse mesh the shock is smoothed as usual with a first order scheme. For the second
test case, we consider a dry bed on the right part of the channel, the computed water
level and discharge are also compared at time ¢ = 150s to the exact ones in Figures
4.5-4.8. We verify numerically that the water height positivity is preserved.

RR n- 3989
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Figure 4.1: Dam break: Water level, Az = L/100.
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Figure 4.2: Dam break: Discharge, Az = L/100.
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Figure 4.3: Dam break: Water level, Az = L/1000.
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Figure 4.4: Dam break: Discharge, Az = L/1000.
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Figure 4.5: Dam break on a dry bed: Water level, Az = L/100.
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Figure 4.6: Dam break on a dry bed: Discharge, Az = L/100.
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0 1 1 S
-1000 -500 0 500 1000

Figure 4.7: Dam break on a dry bed: Water level, Az = L/1000.

disch.calc —
disch.exact ----

0.8 |

0.7

05 |

04 |

03 |

02 |

01 |

0
-1000 -500 0 500 1000

Figure 4.8: Dam break on a dry bed: Discharge, Az = L/1000.
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4.2 Still Water

We now study a test case concerning the still water equilibrium. The computational
domain is a channel with a parabolic bump on the bottom modelized by the equation

(4.3) Z(z) = [0.2 — 0.05(z — 10)?]".
The length of the channel is 20m, we use Az = L/100. The initial conditions are

u(t,z) = 0,,
hit,z)+ Z(z) = 2.
This steady state is not preserved by the standard kinetic scheme as shown in Figures

(4.9), (4.10) which present the solution at time ¢ = 50s. Some oscillations appear on
the free surface and the velocity field near the bump is not 0.

level.calc —
) level.exact ----
bottom -----

15 B

05 B

0 I L !
0 5 10 15 20

Figure 4.9: Still water: Water level, standard kinetic scheme.

5 A well-balanced kinetic scheme

We now present a variant of the scheme which is able to preserve the still water
equilibrium and keep the stability properties of kinetic schemes (height positivity
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0.08 T T T

disch.calc —
disch.exact ----
0.06 -

0.04 |- B

0.02 -

-0.02 + B

-0.04 4

-0.08 B

-0.1 1 1 1

Figure 4.10: Still water: Discharge, standard kinetic scheme.

and entropy inequality). Another extension of kinetic schemes which preserves the
still water equilibrium will be presented in a forthcoming paper ([24]).
5.1 General form of the scheme

The flux splitting form of the ‘characteristic’ scheme which takes into account the
bottom Z is incompatible with the equilibrium conservation property . The fluxes
have to take into account somehow the neighboring cells. Hence we introduce two
quantities h;»" and h; that will be precised later, but always have the following
dependency

hi = H(hi, Zis hiv1, Zigr),
h;:%(hivzivhi—lvzi—l)'

the function H is chosen so as to ensure the following constraints

(5.1) Ja > Osuch that Vi € Z, 0 < h¥ < ah;,

(5.2) hi+Z; =hiy1+ Zip1 = hj_ =h; .
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We use the expression of the fluxes F'*(U;) and F~ (U;) introduced in (3.10) and
(3.11) and the definition of M in (2.6) to write

1
+(17y = . . ;.
FH(U;) = hl/wz—%(uz + wé;) ( i+ W )X(w)dw,
- ~ 1
F(U;) = hl/wg—?—%(m + wé;) ( i 4 W )X(w)dw

and we introduce the corrected fluxes (we use the same notation)

b 1
FHU) = hi [, _ winy (Ui +wéf 5 ( w4 wet ) x(w)dw,
hlé) T X
(5.3) HE ; L
KT
F2(U) = hi [, wini (0 + w8 35 - duw.
(Ui) fwg_#(u + wé; 5) ( U¢+w5{% )x(w) w

We recall the notation éf =4/ #. At this level the source term is taken explicit,
so in (3.7) it is denoted S(U), it is not specified at this stage except that its first
component is still assumed to vanish.

Thanks to these transformations we obtain a new scheme that has some theo-
retical properties that we present in the next subsection. In order to simplify the

notations we will drop the superscript n when no mistake is possible.

5.2 Properties of the scheme

Theorem 5.1 If h;t = h; for h; = hjx1, and Z; = Z;41, then the kinetic scheme
(3.7)-(3.9), (5.3) is consistent.

Proof of the Theorem 5.1. We have to check that F+(U)+F~ (U) = F(U) which

follows directly from the assumptions of the theorem. O

Theorem 5.2 We assume (5.1) and that the function x satisfies the support condi-
tion (3.13) then under the CFL condition on the lime step

(5.4) At max(|ul| + a%wME?) < Az,

the kinetic scheme (3.7)-(3.9), (5.3) preserves the water height positivity.
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Proof of the Theorem 5.2. We give the proof directly at the macroscopic level.
By induction, we have

Vi € Z h? > 0.

k3

From (3.7)—(3.9) we have
h?-}—l = h? + U[F}j( in—l) + Fh_ (Uzn) - F};}—(Uzn) - Fh_( zfrf}-l)]
and as we know that

YU  F(U) >0, F(U) <0,

it remains to prove that
1= K + olE7 (UF) - FF (UF)] 2 0.

Considering the fluxes defined in (5.3), we see that

I:h?(l + U/wg—“_i—’fi

_h; wM~—hz_
/w< i, WG h—ix(w)dw > -5 G
hTET
hi ht
/w< o wéjh—’ix(w)dw < wTME;"h—ZZ
= nfg
to obtain finally
h hT
R e e e )
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Using the upper bound on A; and hj, and the definition of ¢ we conlude that
1> 01— o(|ui] + wayrazé)].
Thanks to the CFL condition, this proves the positivity of I and concludes the proof.
O
5.3 Equilibriums

We now prove that it is possible to preserve the still water equilibrium. We consider
first the water height equation, then the momentum equation .

Lemma 5.1 We assume that the property (5.2) is satisfied, then if the solution at
step m verifies
ur =0, hi+Z;,=H, Yi€eZ

the scheme (3.7)-(3.9), (5.3) ensures that
R = RP, Vi€ Z.

Proof of Lemma 5.1. A direct calculation of the first component of the fluxes
shows easily that F;f (U;) + F; (Ui31) = 0, thus proving the Lemma. O

We now try to find an appropriate discretisation of the source term in order to
ensure that the second equation also preserves the still water equilibrium.

Theorem 5.3 We assume again (5.2), and choose the source term

0
(5'5) S(Uzn) = ( ~'Zz‘+%_Z¢_l > )

with

where h,_1 and h,_1 will be precised later and where the quantities ZH; and Z,_1
2 2 2
have the following properties

(56) hz +4; = hi:l:l + Zi:tl — hi_l + ZZ'_L = hi_}_k + ZH_l,
2 2 2 2
(5.7) Zi= i1 = Zj1 = Zi = Ziga.

D=

Then the scheme preserves the still water equiltbrium.
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Proof of Theorem 5.3. From (3.7)-(3.9), (5.3), one can compute

an-H = qz +U[F+( )—I_F (Uzn)_Fj(Uzn)_Fq_( Z?El—l)]_AtSq(Uzn)
o i, 2~+ I ptiet2 BT ler 2

. . . . C:
= ¢+ “Lop oy (g L L ALS (U,
q 9 [( hz—l hz ) ( hz h2+1 )] q( )

Then, we choose

-I—2~-I—2 - 2=
_ _\/h hz—l—l Cz—}—l

hz—}—l

l\J|>—-

and we obtain

qf‘"1 =q' — goh; (hyy L= h; %) — AtS,(U]).
Using the definition of S(U) in (5.5), we find

rH = 4 — gai@i[(hﬂ-% + Zi—|—%) - (h;

[ i—

1+ 2,1
2 2

)]7

and the result is proved. O

5.4 Choice of the interpolations

A simple choice satisfying the set of properties (5.1), (5.2), (5.6), (5.7) is
h;l_ =h;+7Z; — min(maX(Zi, Zi-}-l)a h; + ZZ'),
hl_ =h;+ 7Z; — min(maX(Zi, Zi—1)7 h; + Zi)7

A \/(hz + ZZ) + (hz—}—l + Zz—}—l) . h-_|_l-
2 T3

The condition (5.1) is satisfied with & = 1 so the CFL condition (see (3.14),(5.4)) is
not modified. Moreover with these formulae we recover the standard scheme for flat
bottoms.

5.5 Numerical results

We have tested this new scheme on the still water problem defined in Sec 4.2., then
the equilibrium is preserved up to the machine accuracy as shown in Figure (5.1)
where the error on the water level is plotted and in Figure (5.2) where the discharge
is plotted.
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5e-07 T T T

level.error —

4.5e-07 - -
4e-07 | B
3.5e-07 | B

3e-07 B

2.5e-07 B

2e-07 B

1.5e-07 5

1e-07

5e-08

o
o
=
[S)

15 20

Figure 5.1: Still water: Water level error, equilibrium scheme.

1e-06 T T T

disch.comp —
disch.exact ----

5e-07 B

-5e-07 |r

-le-06 B

-1.5e-06 . L L
0

Figure 5.2: Still water: Discharge, equilibrium scheme.
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The following test cases concern the same geometry with a constant discharge
prescribed on the inflow boundary, then the conditions (2.4) are verified and we can
deduce the exact water height. Three cases are considered, dealing with a subcritical
(or fluvial) flow, a transcritical one without shock (the flow becomes torrential on
the bump and the outflow is torrential) and a transcritical one with shock (the flow
becomes torrential on the bump and the outflow is fluvial). These test cases have also
been treated in the Workshop initiated by Electricité de France ([13]). The different
cases are defined by the boundary conditions, we prescribe the inflow discharge ¢;,
and the outflow water level H,,; except for the torrential outflow:

o Fluvial flow: ¢;, = 4.42 m3/s, Hyyu = 2.m
e Transcritical flow without shock : ¢;, = 1.53 m3/8, H,,; = 0.66m
e Transcritical flow with shock : ¢;, = 0.18 m3/s, H,y, = 0.33m

We use Az = L/100. The initial conditions are given by constant data equal to
the boundary conditions. For each case we have plotted the computed water level
and the discharge compared to the exact ones in Figures (6.1)-(6.6). The constant
discharge is not preserved, the error is of the order of 1% except in the shock where
it is larger.

6 Adapted kinetic scheme for 2D Saint-Venant equations

We now want to apply our new scheme to two-dimensional problems. We begin with
the presentation of the finite volume method on a general triangular grid and some
sentences about the general kinetic theory in 2D. Then in subsections 6.3 and 6.4
we explain the 2D kinetic scheme and give some details on the numerical imple-
mentation, finally in subsection 6.5 we present the 2D extension of the equilibrium
scheme.

6.1 2D Finite Volume method

The general method is close to the 1D finite volume method developed in subsection
3.1.

Let Ty be a triangulation of IR? which vertices are denoted P;. The dual cells C;
are obtained by joining the centers of mass of the triangles surrounding each vertex
P;. We use the following notations (see Fig(6.7)):

K;, set of nodes P; surrounding F;,

|Cil, area of C},

I';;, boundary edge belonging to cells C; and C},
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T T T
2 S . level-comp——
T level.exact -----
bottom -----
15 | B
1 |- -
05 -
0 1 1 1
0 5 10 15 20
X

Figure 6.1: Constant discharge, Fluvial flow, Water level

4.46 T T T

disch.comp —
disch.exact -----

445 B

444 - p

443 B

4.42

44+ g

4.39 . L L

Figure 6.2: Constant discharge, Fluvial flow, Discharge
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1.2 T T T
level.comp —
level.exact -----
bottom -----
1F -
0.8 4
06 g
04
0.2 B
0 1 1 1
0 5 10 15 20

Figure 6.3: Constant discharge, Torrential flow without shock, Water level.
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disch.comp —
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Figure 6.4: Constant discharge, Torrential flow
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0.5 T T T

level.comp —
level.exact -----
0.45 - bottom ----- 7

04 -

0.35 -

0.3

0.25 -

0.2 -

0.15 -

Figure 6.5: Constant discharge, Torrential flow with shock, Water level.

0.215 T T T

disch.comp —
disch.exact -----

0.21 -

0.205 B

0.195 4
0.19 - B
0.185 | q

0.18 /\

0.175 . L L
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Figure 6.6: Constant discharge, Torrential flow with shock, Discharge.
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L;;, length of T';;,
ni;, unit normal to I';;, outward to C; (nj;;=-n;;).

)\

Figure 6.7: Dual cell C;.

We always consider a system of first order conservation laws
ou
(6.1) — +divF(U) = 0.
ot
For Saint-Venant system (1.1),(1.2) with VZ = 0, we have:

(6.2) U:(Z), F(U):(mfghQId).
R

Then the finite volume scheme writes

(6.3) Urtt = Ur = > 0y F(UR, UZ, nij)
JEK;
with
At L;;
6.4 o = =k

where F(U;, Uj, n;;) denotes an interpolation of the normal component of the flux
F(U) - n;; along the edge I';;. This interpolation is usually performed using a one
dimensional solver since locally the problem looks like a planar discontinuity.
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6.2 2D Kinetic formulation

As in Sec.2.2, we introduce y(w), a positive, even function defined on IR? and satis-
fying

0 i Gt )= ()

In addition we assume that y(w) is compactly supported, i.e.
(6.6) Jwpr € R, such that  x(w) = 0 for |w| > wy.

An example of function y satisfying these properties is

1 .
(6.7) X(w)zﬁﬂlwilﬁ\@’ i=1,2.

In 2D, the density of particles M (¢, z,§) is written

t,x)
cz c

(6.8) Mtz 6) = M

with ¢ defined by (2.7).
We have a 2D theorem equivalent to Theorem 2.2.
6.3 2D Kinetic scheme

We follows here Sec.3.2. We always assume in this section VZ = 0. The discretization
of the microscopic equation by a simple upwind scheme gives

A
(6.9) JIFHE - M) + ﬁ D Lij £ nij MZ(E) =0,

' ek
with the fluxes M[%(£) computed by the upwind formula

n _ Mzn(g) for f iy Z 07
MMF{Mm)maﬁga

Then we compute Uf"'1 by

(6.10) Ut = /]R2 ( ; ) JiHE) de.
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The equation (6.10) can be written with the form (6.3) with

(6.11) f(UZ',U]',TLZ']‘) :F"'(Ul-,nij)—l—F_(U]’,nij),
and
(6.12) FY(U;,ng;) _/5%205 5 ( ¢ ) M;(€) dg,

It is clear that the scheme is consistent and conservative. We can also prove that

the water height positivity is preserved under the CFL condition
(o n |Cil

(6.14) At max(|ul| + wpel) < .
Z]‘elx} Ly;

6.4 2D Numerical Implementation

We give here some details on the implementation of the kinetic scheme defined by
(6.3),(6.11)-(6.13). For each edge I';;, we define a local basis (z1, z2) associated to
the normal direction and to the tangential one. We denote U, the vector deduced
from U by the rotation in this new basis. If n;; = (ngz, ny), we have U defined by

) 1 0 0
U=RU with R=[ 0 n, mny
0 —ny, ng
and
1 0 0

FY(U,n) = RTYFT(0), Rt'=[0 n, —ny

0 ny mng

We give the detailed expression of F*(U;) related to the edge T';;

= (e )x(52")
(6.15) FH(U)) 2 /(&ZO)X]R& ¢ )X\ £
or
(6.16) F+(U2) = hi /(w12 —a;,l » (i1 + w1 i) ( U; -I-lw C; ) x(w) du,

2

we obtain F'~ by an analogous computation.
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6.5 The 2D equilibrium scheme

For the cases where VZ # 0 we write the scheme with the form

(6.17) Rt = UF = Y 0y F(UR U i) — ALS(UL)
JEK;

where

(6.18) S(Ur) = ( Sq(%_n) )

with S,(U") an approximation of

(6.19) . I/ ) VZda.

As for the 1D problem, in order to obtain a scheme preserving the still water
equilibrium, we define corrected fluxes. We introduce first a modified value of h;
in the fluxes to preserve the constant value of A + Z;, this extension from 1D to
2D is straightforward. Then we have to define S(U*) in such a way to preserve the
condition u} = 0, this extension is less obvious and we have to introduce a sub-cell
method to be able to define the value equivalent to h; in (5.5).

In (6.17) we replace the fluxes defined by (6.16) by

5 . hij 1
(620) = /!U S —;, 1h (uz,l + w165 h_z) ( f&z + wéw f;;] ) X(w) dw

- C‘J

with
(6.21) hij =h;+ Z; — IniIl(HlaX(Zi7 Zj), h; + ZZ)

We then have a result analogous to Lemma 5.1 and to the properties of Section
5.2.

With these new fluxes, if we write the momentum equation with u}
obtain

(6.22) 't =g - g Z 0ij 5%2 ni; — AtS,(U?)
JEK;

= 0, we
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with
_ h2.62. h2.62.
2 Ry = a oy i
(6.23) i I + I
We use the property
Y Lijni =0,
JEK;
S0 we can write
(6:24) G == 83 i (R B mij — S, (U7).
JEK;
If we define
~ BZ h;
(6.25) hij = (;24)

the equation (6.24) can be written

(6.26) it =g — g Y 0ij hij(hi; — h) nij — ALS, (UF).
jek;

For each edge (P;, P;) we then have defined a term h;; which is equivalent to the
term h; in (5.5) for the segment [i — 1,7+ 1]. In order to define S, (U?), we consider
in each cell C; the triangles obtained by joining the ends of the edges I';; to the node
P;, we denote T;; this triangle (see Fig.(6.8) ). We have

(6.27) ! / W™, &) V Zda =
|CZ| C

Z/ h(t",2)VZ dx.
T,

JEK; V1Y

1
|Ci

We can consider fNLZ-j as an average value of i on Tj; and using the integration by
parts

(6.28) / VZ dx = / Z -ndl = Li]"ni]‘ (Zi' — ZZ')
Ty oT;y

with Z;; some approximation of Z on I';;, we finally define

(6.29) AtSq(UZ’) =g Z Uijnijibij (Zij — ZZ)
JEK;

We can enounce a 2D equilibrium theorem
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)

Figure 6.8: Subcells T;;.

Theorem 6.1 If the quantilies Z;; introduced in the discretization of the source term

(6.18), (6.29) are such that
(6.30) Vi, j hi+Z;=h;+7; = ilij +Zi;=hi+ 7
then the still water equilibrium is a stationary solution of the scheme (6.17),(6.20).

Proof of Theorem 6.1. We have defined the corrected fluxes (6.20) to preserve
the flat water level (A} + Z; = ¢st) and using (6.26),(6.29) we can write

(6.31) @ =gt — g oy hij(hi; + Zij — (hi + Z4)) nij.
JEK;
So with the property (6.30), if «* = 0, we have u?“ =0. O

Moreover we prescribe Z; = Z; = Z;; = Z; to recover the standard scheme for
a flat bottom. Then a simple choice for Z;; is

} 32 . 2 _
2
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7 2D Numerical Results

The 2D scheme has been first tested on the same problems as the 1D scheme in a
channel with constant width. The results are completely analogous to those in 1D
so they are not presented here.

The second test case concerns a partial failure of a dam in a 200 x 200 m basin
as depicted in Fig: 7.1. This problem has been computed by many authors (see
e.g. [1]). The initial water height is hy = 10.m on the left hand side and hy = 5.m
on the right of an idealized dam, the initial velocity is 0. Water is released into
the downstream side through a breach 75. m wide. The discretization step of the
boundaries is 2.5 m, the mesh contains about 8100 nodes and 15800 triangles. In
Fig: 7.2 we show the watersurface elevation at time ¢t = 7.2s. The velocity field is
plotted in Fig: 7.3. On this fine mesh, the vertices on each side of the breach are
accurately computed even with this first order scheme.

y=200
x=100
y=170
x=100
y=95
y=0
x=0 x=200

Figure 7.1: Geometry of the basin with dam breach.

We have also considered problems on a geometry given as test case in the code
Telemac developed at EDF ([15]). It is a river with obstacles, the length is about
1,200 meters, the width 300 m, the bottom is varying from 252 to 260 m as shown
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KIS
SRR IS

K

Figure 7.2: Partial dam break: Water elevation at ¢ = 7.2s.

in Figure (7.4). When the water level is more than 260 m we assume that there are
walls on the river sides. The mesh is about 1,000 nodes and 1,850 triangles. If we
prescribe as initial conditions a constant water level and a velocity equal to 0. and
an inflow discharge equal to 0, integrating in time we verify also on this geometry
that the initial conditions are preserved up to the machine accuracy.

For another test, the initial water level is 265 m, and the inflow discharge is
growing from 0 to 300m?>/s for t varying from 0 to 1,000s. The CFL number used
to define the time step is 1. The Figure (7.5) (resp.(7.6)) presents the water height
(resp. the velocity field) at the final time.

Finally we have tested on this geometry the arrival of the water on a dry area.
For this computation, we add a friction term to the water height equation which
becomes

oh . qlq]
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Figure 7.3: Partial dam break: Velocity field at ¢ = 7.2s.

with K the Strickler coefficient (we use here K = 25). This source term is treated
implicitly (see, e.g., (|21]). The initial condition is the river with a dry bed. Then we
maintain as inflow boundary condition a water level equal to 254 m and the Figures
(7.7)-(7.9) show the filling up of the river at times ¢t = 250s,¢ = 500s,¢ = 1000s. On
this example on dry varying bottom, we verify that the scheme preserves the water
height positivity, so no clipping is necessary and the mass conservation is satisfied.

8 Conclusion

Following the theory of kinetic schemes for gas dynamics ([22]),(][23]), we have ap-
plied these schemes to the Saint-Venant equations. There are two main difficulties.
Firstly, the water height can vanish (the system loses strict hyperbolicity) and this
is naturally handled by kinetic schemes. Secondly, finite volume schemes do not
preserve the still water equilibrium. In this paper, our main target has been the
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Figure 7.4: Bottom level.

Figure 7.5: Water height.

Figure 7.6: Velocity field.

definition of a modified scheme to deal with the source terms due to the bottom
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Figure 7.7: Water height at t = 250s.

Figure 7.8: Water height at ¢ = 500s.

Figure 7.9: Water height at ¢ = 1000s.

topography while preserving the still water equilibrium and the stability properties
of the initial scheme.
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We have not discussed here the treatment of the boundary conditions, it will
be done in a forthcoming paper. Besides, to improve the accuracy, a second order
scheme is under development, the difficulty is then to write a scheme preserving also
the properties of the first order one which is not the case for a simple MUSCL like
extension.

Acknowledgements The authors would like to thank M. Guesmia and J.M.
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