
HAL Id: inria-00072655
https://inria.hal.science/inria-00072655v1

Submitted on 24 May 2006

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

PAT- a Reliable Path Following Algorithm
Dany Mezher, Bernard Philippe

To cite this version:
Dany Mezher, Bernard Philippe. PAT- a Reliable Path Following Algorithm. [Research Report]
RR-3991, INRIA. 2000. �inria-00072655�

https://inria.hal.science/inria-00072655v1
https://hal.archives-ouvertes.fr


IS
S

N
 0

24
9-

63
99

   
   

 IS
R

N
 IN

R
IA

/R
R

--
39

91
--

F
R

+
E

N
G

ap por t  
de  r ech er ch e 

INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE

��� �
- a Reliable Path Following Algorithm

Dany Mezher, Bernard Philippe

N˚3991

Août 2000

THÈME 4





���������
	������������������������ ���"!#��$&%(')�% ��*+�,����-

.�/1032547698;:+69<>=@?BAC69<D0E/1<GFIH�:+JLKMJLN+NO6;P

QSRUT�VXW�Y�Z\[^]_Va`Ubdcfeg]ih9jkW�e"hml@eg]iVX]dnocpeo]_hmj
q W�nsr@nseoTGVCWDn�t�h9VClubiW�v^WDn

wBxghpyzW�e�{"bdc q ]_j
|"cmlUl1hmxoe q W�xoWDt,RUW�x,t,RUW�ja}9~m�m�u�&Z�{Shm�Ue"�m�m�9��Z\�U��l�cp�mWDn

���+�G���f�U�p�9� � W�lUxgWGnoW�j;e�]ij�egRU]dn lucml�WGxac&jUW���eoWDt,RUjU]d�;`UWX��hmx�egRUW�xgW�b_]_cm�Ub_WXt�hmVXlU`@e,cfeg]ih9j�hm�SeoRUW��+��b_W��9W�b�t�`Uxo�9W
q W��ujUW q �^r��¡ 3¢M£3¤¦¥¨§>©�ª¬«�3® £+¢¯©^¤�®^¥I�±°���RUWGxoWa£²]dn�c�t�hmVXlUb_W�v���`ujut³eg]ih9jµ´"QSRUW lUxghml1h9noW q cmbi�9hmxg]¶egRUV·�U`u]ib q n�cmj
hmxg�U]ie¸hm�Oc q yscmt�WGj;e¸WD�9`u]ibdcfegW�x,cpb±eoxg]_cmjU�mb_WGn�eoh�t�cml@eo`uxoW�eoRUWXb_W��9W�bEt�`Uxg�mWCcpj q `unoWGn�c��u]_noWGt�eo]_hmj�cpb_�mhmxg]ieoRUV)hmj�nsl1WGt�]¶�1t
eoxg]dcpjU�9biW��mWGxseg]_t�WGn�eoh¹t�hmVXlU`@egWºc�j;`uVCWGxo]dt�cmb"cplUluxoh>v@]_VXcpeo]_hmj»eoh¹�   ¢M£3¤³´5QSRUW¼VXW�eoRUh q lUxghf�;] q WDn½c²�9`ucpx,cpj;egW�W&hp�
eoWGxoVX]_jucfeg]ih9jµ¾@W��9W�j&]ij&egRUW�lUxgWGnoW�jut�W¸hm��xghm`Uj q^¿ hmÀºW�xgxoh9xgnG´
Á¼Â;ÃÅÄoÆaÇ �fÈ��9� wEcfeoRº��hmb_bihf��]_jU�u¾ulunsWG` q h ¿ nol�WDt³egxo`UV�¾1VXW�xghmVXhmxglURU]dt¸��`Ujut�eo]_hmjunG¾�h9xo�u]¶eD¾��U]dnoWGt³eg]ih9jµ¾�noV½cpb_biWDnze¸ns]_jU�m`ub_cmx
�fcpb_`UWm´

ÉdÊ3ËoÌÎÍGÏSË�Ð±ÑdÌMÒMÓ�Ô

Õ¦ÖÅ×GØ�Ù1ÚÜÛ+×DÝ>Þpß3à,á�â>ãDä¡åDæsä±×Gçzèéæzê>çzæzä�æìë�í@æsçMî>ê>ï³ðéï³ñ³èéæzäoÞpÙÅæzèéò¯ãDësÞfó^æzôfà,ê>ï³ê;õÅÖ�á"à,èéðdö@å>à,ê�÷�õ á�æzøzî>æzòÎù�ú^õ ãDä_ûzõ æså9õ ðéô;õü Ø�ý¡Ø¯×�þ�ÚÜØ�ÿ�ý¡ØÜþ�Þpß3à,á�â>ã>äµå>æBÙÅæsà,ã>ðéèéæzã;Þ�����������ýµæzê>ê>æzä±ß3æzå>æ
	mÞ��fòLà,ê>çzæ�õÅÖ�á"à,èéðdö@ôpæzò¯êfà,òLå9õ â>î>èéðéèéâ>âpæoù±èéòLèéäMàDõ _òzõ

Unité de recherche INRIA Rennes
IRISA, Campus universitaire de Beaulieu, 35042 RENNES Cedex (France)

Téléphone : 02 99 84 71 00 - International : +33 2 99 84 71 00
Télécopie : 02 99 84 71 71 - International : +33 2 99 84 71 71



���������k$�� �% � *±�,�±�&- �������&����&�����&�	�½�
�&���¦� $������k*�

��� ����� � � � hm`unSlUx��GnoW�j;eghmjun q cpj�n¦t�W�xgcmlUl�h9xseS`Uj&cpb_�mhmxg]ieoRUVXW���cp�Ub_W q W�ns`U]_�^] q W¸bi]_�mjUWDn q W�jU]i�9WGcm` q ���ujU]_WGnSlucmx
�¡ 3¢M£3¤ ¥)§>©�ª «�¦® £+¢L©;¤G®¡¥#�±°kh��¹£ q �Gno]i�9jUW½`UjUW���hmjut�eo]_hmj¹t�h9VXlUbiW�v@Wm´���� cpb_�mhmxg]ieoRUVXWXlUxghml1h9n��Xt�hmVXVXW�jut�W�lucmx
t�h9junseoxg`U]ixgW"`UjuW�no`U]¶egW q W�eoxg]_cmjU�mb_WGn��G�;`U]_b_cpe��Gxgcm`@vCb_W�b_hmju� q W��� 3¢L£3¤BlU`U]dn�`@eg]ib_]dnsW¸`Uj�cmbi�9hmxg]¶egRUVXW q W q ]_t,RUhmeoh9VC]_W"l1hm`Ux
t�cmb_t�`Ub_W�x�`ujUW�cplulUxoh>v@]_V½cfeo]_hmjXj^`UV ��xg]d�9`uW q W��� 3¢L£3¤³´!��c�V ��eoRuh q W��9cmxgcmj;eo]ieBb_c�egW�xgVX]ijucm]_nohmj½V "GVCW�W�j�cmxo]ieoRUV ��eo]d�9`uW
# hmesegcmj;eoWm´
$�Ç �G� Ä �&% � � [^`u]i�^] q W¦bi]_�mjuW q W¦jU]_�mWDcp`µ¾flunoW�` q h ¿ nsl1WGt�eoxgWm¾D��hmj�t³eo]_hmj�n�VXWGxoh9VCh9xoluRUWGnG¾>hmxg�U]¶egWm¾ q ]dt,RUhmeohmVX]_Wm¾flUb_`un±l1W�eo]ieoW
�fcpb_W�`Ux"no]_jU�m`Ub_]_T�xgW



� $�� � ����� Â �p�½�&%¯�U�D�����±�9�@��� Ç	� ��
����� �p�U¾ ����� ���@¾ ������� �U¾ ����� ���^´

� � $��¡*+� � � �B�±��� $

� W�lUxoWDnsWGj;eS]_j&eoRU]dn�lucml�WGx"cClucfegR���h9bib_hf��]iju�Xcmbi�9hmxg]¶egRUV eoh�t�hmVXlU`@egW¸eoRUW �+��b_W��9W�bµt�`uxo�9W¸�9]i�9W�j&�^r
�¡ Å¢L£3¤�¥ §D©Xª¼«����¨�® £+¢¯©^¤�®9¥ �±°

��RUWGxoW�£�]dnSc t�h9VXlUbiW�vX��`Ujut³eg]ih9j q W��ujUW q hf�mWGx�«�� � ��RUW�xgW!� ]dnOc �ujU]ieoW�nsW�eG´EQSRUW¸�+��biWG�mW�b1t�`Uxg�mW�]_n¦c��9xgcmlURU]dtSeoh^hmb
eoR�cfe�lUxghf�;] q WDn�egRUW½`unoW�x���]ieoR�]ijU��hmxgVXcpeo]_hmj�cp�1hm`@e�egRUW½nsWGjuns]ieo]_�^]¶ezr¬hp��egRUW#"�WGxoh;n¸hp�S£±´�$Îe t�cmj²�1W½`unoW q eoh�b_h^tGcpb_]%"GW
eoRuW�nsW�e hp�¦eoRUW�cmlUlUxgh>v@]iV½cfegW q "�WGxoh;n�hm�@e,cp]_jUW q �^r²c�xgh;hme��uj q ]_jU�¬cmbi�9hmxg]¶egRUV ]_j���Ru]_t,R�eoRuW�nzeghmlUlU]_jU�ºt�xo]ieoWGxo]_hmj�]_n
® £+¢¯©^¤�®'& �+´($Îe+]_n±hm�ÜeoW�j�`unoW q ]_j�egRUW�t�cmnoWBhm�1£+¢¯©^¤B¥ �*) + ,�¢�-�� ©�.^¤³¾>��RUW�xgW/- ]dn±c�V½cfeoxg]iv�cmj q �*) + ,U¢�0�¤�]dnµegRUW�nsV½cmbib_WGnse
no]ijU�9`UbdcpxS�fcpb_`UW�hp�10�¾@eoRuW��+��b_W��9W�bµt�`Uxo�9W�]dn32^jUhf��jkc9n¦eoRUW��+��lunoW�` q h½nsl1WGt�eoxg`UV�´ $Îe"]_nS`unoW q eohXxgW�b_]_cm�Ub_r½bih@t�cpeoW¸eoRuW
W�]_�mWGj^�>cmbi`uWGn"hm�/-546�;¾+�D~@¾+��Y�7Î´¸QSRuWCt�hmVXlU`@e,cfeo]_hmj¬hp�BegRUW�noV½cpb_biWDnze�ns]_jU�m`ub_cmx��fcpb_`UW�]_n¸c�Ru]i�9R¬t�h;nze�t�hmVXlU`Uegcfeg]ih9j983]ie
t�cmjk�1W�l1W�xo��hmxgVCW q ��]ieoR q ]iÀÅW�xgW�j;e�cpb_�mh9xo]ieoRUV½n q WGl�WGj q ]_jU�½hmjkeoRUW�V½cpeoxg]¶vknseoxg`ut�eo`UxgW�4 ~u¾ � ¾µ�D�@¾3�D�:7Î´
QSRUW�VXh9nse�]_j;eo`U]ieo]_�mW�egWGt,RUjU]d�;`UW�egh�t�hmVXlU`UeoWa�   ¢M£3¤S]dn�eoh�t�hmjuno] q W�x�cC��jUW �mxg] q&q ]_ngt�xgW�eg]%"G]ijU�CegRUWat�h9VXlUbiW�vklUbdcpjuW

cpj q egh�t�hmVXlU`UeoW £+¢¯©^¤O��hmx"cmbib3�9xo] q juh q WGnG´+QSRu]_n�]dn�cCRU]_�mRUb_r�W�v^l1W�j�ns]_�mW�cplulUxoh;cmt,R�no]_jut�W�]ie"xoWD�;`U]ixgWGnOegRUW�W��fcpb_`ucpeo]_hmj
hp�¡£kcfeOcmbibu�mxg] q jUh q WDn�´1$ìj½hmx q W�x+egh xgW q `ut�WSeoRUW�t�hmVXlU`Uegcfeg]ih9jucpb�t�h9nseG¾9lucfegRX��hmb_bihf��]_jU� cmbi�9hmxg]¶egRUV½nEcpxgW¦`�nsW q eoh b_hf�OWGx
eoRuW eohmegcmb�j^`UV���WGx�hp�B]_junol�WDt³egW q jUh q WDn�´<;ScmnoW q hmjºt�hmj;eo]_j^`ucfeg]ih9j¼��]¶egR¬c�luxoW q ]_t�eoh9x�t�h9xoxgWGt�eoh9x"not,RUWGVXW�4_�p¾=�^¾ � ¾��9�>7M¾
eoRuWCluxoh@t�WDnon¸V½c>r��¯cp]_bE]_j¬egRUW�t�c9nsWChp�Ono]_jU�m`Ubdcpx�l1hm]_j;egnG´?$ìj@4 �A7M¾1;OW�2fcmn�cpj qB� cpb_b_hml1hm`Ub_h9n q W��9W�b_hml¬eoRUW � hm�uxgcklucfegR
��hmb_b_hf��]ijU�¼cmbi�9hmxg]¶egRUVC8�c�R^r^�Uxo] q cpb_�mhmxg]ieoRUV egRucfe `�nsWDn c�t�hmj;eg]ij^`ucpeo]_hmj�not,RUWGVXW�t�hm`ulUbiW q ��]ieoR¹ck�ujuW�bih@tGcpbE�mxg] q egh
t�h9VXlU`@eoW�eoRUW�l�nsWG` q h¬nol�WDt³egxo`UV hp�"c�V½cfegxo]iv3´D$ìjE4 Y�7Î¾ � `U]ies��W�b q eCcmj q |�`URUW q W��9W�b_hml1W q cºt�h9j;eo]_j;`�cfeo]_hmj�VXW�egRUh q
�uc9nsW q hmj@FB`Ub_W�x ¿ � W��Seghmj ��RU]_t,R lUxgW q ]dt³e,n½ns]_jU�9`Ub_cmx�l1hm]_j;egn½cmbih9jU�¬egRUW�biWG�mWGbSt�`Uxg�mWk��hmxXb_cmxo�9W q ]iVXW�j�ns]_hmjucmb�nsluc9t�W9´
QSRUWGrk]_junoW�xoe�cpj¼cp`Uv^]_b_]_cmxorklucpx,cpVXW�egW�x"cmj q lucmngnSegRUW�no]iju�m`Ubdcpx�l1hm]_j;e�`uno]iju��cpjºcp`u�mVXW�j;eoW q nsr@nseoW�V�´ � WalUxghml1h9noW�c
eoWDt,RUjU]d�;`UW��ucmnoW q hmj�cC�U]dnsWDt³eo]_hmj&lUxgh@t�WGngnG´
QSRUW�cpb_�mh9xo]ieoRuV lUxoWDnsWGj;eoW q ]_jkegRU]dnSlucpl1W�x�hmÀ1WGxgn¦eghpegcmb3xoWGbi]dcp�u]ib_]¶ezrX��h9xSeoRUW t�hmVXlU`@e,cfeg]ih9jkhm�±�   ¢M£3¤Scfe"cCbihf�It�h;nzeD´

GU`uxsegRUW�xgVXhmxgWm¾B]ie½lUxohf�^] q WGnCc²�m`ucmxgcmj9egW�Wkhp�"egW�xgVC]_jucpeo]_hmj»WG�mWGj»]_j»egRUW�lUxoWDnsWGjut�W&hp��xoh9`Uj q^¿ hpÀ W�xgxghmx,n�´¹QSRUW&V½cp]_j
] q WGc¼hm�SeoRUWklUxoh9l�h;nsW q cpb_�mhmxg]ieoRUV ]_n eohºb_]ijuW�`Ul¹cºnoW�e�hp�"WG�;`U]_bdcfeoWGxgcmbEeoxg]dcpjU�9biWDn cpb_hmjU��egRUW�b_W��9W�bOt�`Uxg�mW�cpj q `unsWkc
�U]dnsWDt³eg]ih9jºcpb_�mhmxg]ieoRUVH4i� � 7�hf�9W�x�egRUW egxo]dcpju�mb_W��mW�xoeo]dt�WDn�egh�t�h9VClu`@eoWC�   ¢L£3¤�´�{"bieoRUh9`U�mRºeoRU]dn�cmlUlUxgh9c9t,Rkh9jUbir&xgWG�;`U]_xoWDn
eoRuW t�hmj;eg]ij^`U]iezr�lUxghml1W�xoezr½hp�B£¼]_j&eoRUW q h9V½cp]_jkhm��]_j9egW�xgWGnseG¾U�¦W�bi]_VX]¶e"h9`Ux"nseo` q r�eohCeoRuW�ez�OhC��hmb_b_hf��]ijU�Xt�c9nsWDn
�9´�£+¢¯©^¤+¥5�I) + ,U¢J- ��©�.^¤St�hmxgxgWGnol�h9j q ]_jU� egh�egRUW�lunoW�` q h ¿ nsl1WGt�eoxg`UV q W�eoW�xgVX]ij�cfeo]_hmj¡¾
�U´�£¼]dn�c�VXWGxoh9VCh9xoluRU]_t���`Uj�t³eo]_hmjK4 �A7�Ruc>�^]ijU��LNM%OQP RAP SUTI® £+¢¯©^¤�®p¥WV�X ´

$ìj�eoRuWGnoW�t�cmnoWGnG¾��   ¢L£3¤�]dn�eoRuW�`UjU]_hmj�hp��c&�ujU]ieoW�j;`uVa�1W�x hm��t�bih;nsW q t�`Uxg�mWGn q W�jUhmeoW q �^r�� Y%ZN[  ¢L£3¤�no`Uxgxoh9`Uj q ]_jU�&eoRuW
"�WGxoh;n¦hp�B£ ´
QSRUW&lucpl1W�xC]dn�h9xo�;cpjU]N"�W q cmna��hmb_b_hf�"n\8�eoRUW�V½cfegRUW�V½cfeg]_tGcpb¦�ucmnoWGnXcmxoW q W�xg]i�9W q ]_j noWGt�eo]_hmj �]8OeoRUW�cpb_�mh9xo]ieoRUV egh

t�h9VXlU`@eoW�c�no]iju�mb_WXt�hmVXl1hmjUWGj9e �^Y%Z%[  ¢L£3¤�]_n lUxoWDnsWGj;eoW q ]_j�noWGt�eo]_hmj�~U¾µ��Ru]ib_W½]¶e,n t�h9VXlUbiW�v@]¶ezrº]dn�WGnseo]_V½cfegW q ]ij noWGt�eo]_hmj
~U´_�m´a[@WGt³eg]ih9j�~u´ ��lUxghf�;] q WDn�ck�ucmt_2^�Scpx q W�xgxoh9x¸cmjucpb_r@ns]dn¸cpj q c��9`ucpx,cpj;eoWGW hp��eoW�xgVX]ij�cfeo]_hmj¡´�[^WGt�eo]_hmj²YkxgW�l1hmxoegn�eoRuW
eoWDt,RUjU]d�;`UW½`unoW q eohºt�hmVXlU`@egW�cpb_b�t�h9jUjUWGt�eoW q t�hmVXl�h9jUW�j;e,n�hp�¦eoRUW½b_W��9W�b�t�`Uxg�mWm´#$ìj noWGt�eo]_hmj � ¾�j;`uVCWGxo]dt�cmb+eoWDnze,n cpxgW
q WDnot�xo]_��W qkq W�VXhmjunseox,cfeg]iju��egRUW�xgW�b_]_cm�U]ib_]iezr�cpj q Wa`�t�]iWGjut�r�hm��egRUW�lUxghml1h9noW q cpb_�mhmxg]ieoRUV�´

b c �����k�"- ����� �¦� ��&� �¡� �

� WalUxgWGnoW�j;e�]_j¼eoRu]_n¸nsWDt³eg]ih9j�eoRUW�VXcpeoRUWGV½cfeo]dt�cmb���cmnoWGn�hm�EeoRUWCcpb_�mhmxg]ieoRUV `unoW q eoh&t�cml@eo`UxgW�egRUWalucpesegW�xgjºhp�Bc�no]_jU�mb_W
t�h9jUjUWDt³eoW q t�hmVXl1hmjUWGj;eBhp�ÅeoRUW�biWG�mW�b�t�`Uxg�mW�� YNZ%[  ¢M£3¤³´ � W"nze,cpxoeB�;r q W��ujU]_jU� c�b_cpeseg]_t�W"hp�Å`UjU]i��hmxgVXbir q ]_nseoxg]_�U`@eoW q jUh q WGn
cpj q egRUW t�h9xoxgWGnol�h9j q ]_jU� egxo]dcpju�m`UbdcpxSVXWGnoRµ¾Ucpj q egRUW�j¼t�h9juno] q WGx�cCno`U�unoW�eed]f²hp��eoRUW�VXWGnoRkeoxg]_cmjU�mb_WGn¦��RU]dt,R&t�hmj;egcm]ij�n
eoRuW�lucpeoR²hp�O�� 1¢M£3¤>8µ�¦Waluxohf�9W�eoRucpegd]f¹]_n��ujU]ieoWXnoW�e�cpj q t�hmjunseoxg`ut�e�c�eox,cpjuns��hmxgV½cfeo]_hmj�eghk�9W�jUWGxgcpeoWano`U�unoW�e,n�hm�/d]f
��xghmV cpj^rC�m]_�mW�j½WGbiWGVXW�j;e�hIªCd]f+´+QSRuW�noW�eid]f���]ib_b�luxohf�^] q W�eoRuW�W q �mWGn���xghmV ��RU]dt,R�l�h9]ij;e,n�hm�¡�¡ Å¢L£3¤OcpxgW�t�h9VXlU`@eoW q
`uno]iju�XcC�U]dnoWGt³eg]ih9j¼cpb_�mhmxg]ieoRUV�´
j&Â � � ����� Ç	�lk 
�mlnKo�prq�s	t �vu@w]x^y{zI|r} sI~ }���| o�� �   ¢L£3¤U} ~ y�z*| ~ |\y

�  3¢L£3¤B¥�§D©X�® £+¢¯©^¤�®�& �±°��

ý¡ý ê^� �>�>�:�



��zI|���� oA~��]p | �  3¢L£3¤ o�� �  3¢L£3¤�} ~��_o	�]s ��|_� q�s � y�z*| o
� y ~ }���| o � �¡ Å¢L£3¤?��|�� s |_� �at
  3¢L£3¤B¥�§D©CÅ® £+¢L©;¤G®�u �±°

} ~rq�s��]s��_o	�]s ��|_� o�� | s ~ |ay��
QSRUW&�¯cmt�e½eoRucpe L%MNOQP RAP SUTI® £+¢L©;¤G®O¥ V�X�]_VClubi]_WGnXegRucfe½��h9x½W��9W�xgr��5u wu¾�egRUW�xgW�W�v@]_nsegn����¨ª����)no`ut,R eoRucpe

® £+¢¯©^¤�®'u�� ��RUW�juW��mWGxa® ©Å®�u�� �µ´BQSRUW nsl1WGt�]_cmbµt�c9nsW�hp�!��¥��¬b_WGc q n¦eoh
�  3¢M£3¤#" 0&¢�w%$��� @¤

��RUWGxoW 0�¢Jw%$��� U¤¦]dn¦eoRUW t�bih;nsW qkq ]_n 2���]ieoR¼t�WGj9egW�x"cpe wCcmj q xgc q ]i`�n&�� Å´
j&Â � � ����� Ç	�lk 
 k'�)( o ��} ~ y } s �\y �Io } s y ~&*Bq�s �,+ q�p | ~aq }�� y o-� |��!. ~ | �*q�p q y |_� } � x q�s � o�s � t } � x

§ * $�+D°0/ �   ¢L£3¤21¥43 q�s � § * $�+>°5/    ¢L£3¤21¥43]�
6 s y�z]} ~ � q�~ |ax y{zI| ~ |87:9#| s y<; * $=+�>/} ~g~\q }�� y o-� |��!. ~ | �Iq�p q y |_�:�

1 1.5 2 2.5 3 3.5 4

1.5

2

2.5

3

3.5

S
kl

S
k+1,l−1

S
k,l+1

S
k+1,l

T
kl

T
kl

~

k k+1 k+2

l−1

l

l+1

G±]_�m`UxgWX�:?EQSRUW�bdcfeseg]_t�W¸��hmx"© Z ¥EwXcmj q ©A@S¥�B
C }EDA| s ¢L© Z $g©A@³¤¦ª¼«!F ~=� �_zCy{z q y�© Z 1¥�©A@�x

G ¢¯© Z $g©A@³¤B¥�§ G)H=I ¥ © Z VKJ3¢¯©	@O��© Z ¤KV�Lo¢¯©	@���© Z ¤NM ZPO Q $D¢�JR$�LL¤¦ªTS F °
} ~ y�z*| �]s } �ao�p 9'� q y y }U� |-V ~ | |<�W7YX=Z o �Us o ��| ~<~\q yJ} ~{�_t } s 7

® G[HA\ I �W] � G[H^\ I ®9¥¨® G[H �W] \ I � G)H^\ I ®m¥ ® © Z ��©	@f®
q�s � ��|U� s } s 7 q y p } q�s 7 � � q�p 9#| ~ z _

¢L© Z $o©	@³¤B¥a`C¢¯© Z $g©	@³¤[bac`C¢L© Z $g©A@³¤((zI| p |
`I¥I§�h H=I ¥ § G H^\ I $ G H �W] \ I $ G H^\ I �W] ° u¢8JR$PLM¤�ªdS F °

q�s �
c`5¥�§ ch H=I ¥ § G[H^\ I $ G)H �W] \ I $ G[H �W] \ Ife ] °��¢�JR$�LL¤¦ªTS F °

( |g� q�s | qA~ }E� t ~ |_|Uy�z q y1h H�I q�s � ch H=I q�p |?|=h � }E� q y | p q �Ky p } q�s 7
�N| ~ �

Ø�ÿ±ýµØÜþ



$ìj�egRUW¸��hmb_bihf��]_jU��¾;�¦W q W�jUhmeoW��^r d]f¼egRUW¸no`U�unoW�e�hm�
_
¢¯© Z $o©	@³¤O��RUW�xgW!hIªQd]f¼]i�z¾ucpj q hmjUb_r½]i�z¾Ih�Ruc9n¦cpe�biWDcmnseOez�¦h� ¿ nsWGlucpx,cfegW q �9W�xoeo]dt�WDn�´

� � Ç��OÇ �:���:� Ç � k 
�m n(o�pUq �E�1© Z 1¥ ©	@�x(d]f@} ~rq � s }�y | ~ |ay��
� � ÇµÇ�� 
 GUh9x¦cmj^r�egxo]dcpju�mb_Weh7ªQd]f+¾;eoRuW�xgW�W�v@]dnze,nSc �mWGxsegW�v G Z�� ª �  Å¢L£3¤�´�[^]ij�t�W �  3¢M£3¤E]dn¦��h9`Uj q W q eoRuW�j G ¢¯© Z $g©	@³¤ /�  3¢L£3¤¦]dn�c��ujU]ieoW noW�e�cpj q�� *
	�� ¢�d]f¡¤����� ��*�	�� ¢ G ¢L© Z $g©	@³¤[/ �  Å¢M£3¤s¤³´ �
� W"t�cpjCWGc9ns]_b_ransRuhf� eoRucpeB]¶��h»]dnBcmj�WGbiWGVCWGj;eBhp� d f eoRUWGj�h Ruc9n±ez�Oh�¾mcpj q h9jUbir ez�Oh�¾m� ¿ noW�l�cpx,cfeoW q W q �mWDn�´±QSRUW�xgW���h9xoW9¾
j&Â � � ����� Ç	�lk 
�� ��zI|�� o 9g9 o�s D�| p y |�� y o y{zI|��!. ~ | �*q�p q y |_� ~ }���| ~ } ~ � q �E�%|_� y�z*| � }ED o y o � h q�s � ��| s�o y | ����¢�h�¤��
j&Â � � ����� Ç	�lk 
���� | ��|�� s |�y{zI|ry p q�sI~{�ao�p 9 q y } o�s � V ~ |_|<�W7 �]p |"!�Z

� ¢{h�¤E¥ �X¢���¢�h�¤�$$#&%
'B¢L��� ® £+¢(��¢�h�¤s¤G® ¤)��* +�¤�¢�h�¤
((zI| p |
#&%,'B¢.-Å¤B¥0/ B } � -21 w

� B } � - & w
q�s ���C¢L© $�39¤g} ~ y{zI| p o y q y } o�s � | s y | p |_� q y+©Xª¼« ( }�y{z q�s 7:�%|�3 �� 9 q�� ~ | D�| p>t y p } q�s 7:�%|eh o�� d f } s y o q y p } q�s 7:�%| � ¢{h�¤ �
G±]i�9`UxgWS�¸noRUhf�"n�eoRUWS��h9`UxEt�cmnoWGn+hm�uegRUW � egxgcmjunz��h9xoV½cpeo]_hmjµ¾>��RU]_biWSe,cp�Ub_W"4z�65¡luxoWDnsWGj9e,n�eoRUW"t�hmxgxoWDnsl1hmj q ]ijU��xohmegcpeo]_hmj

cpju�mb_WGnG´

Q¡x,cpj�nz��h9xoV½cfeg]ih9j h � ¢{h�¤ ��¢{h¸¤ ��¢ � ¢{h�¤o¤ 3
QOr;l1W Q�r^l1W QOr;l1W
$�$ $ $ ª �   ¢M£3¤ ª �   ¢M£3¤ 7 8
F^$ F $ ª   3¢L£3¤ ª �  3¢M£3¤ � 7 8
F F F F ª   3¢L£3¤ ª   3¢M£3¤ � 7 8
$ F $ F ª �   ¢M£3¤ ª    ¢M£3¤ 7 8
Q±cp�ubiWX�:?BQSRuW���hm`Ux�l1h9ngns]_�U]_bi]ieo]_WGn¦��h9xihIcmj q9� ¢{h�¤

� � Ç��OÇ �:���:� Ç � k 
 k n(o�pUq�s	t | �N| 9#| s yKhIªQd f x5( |,��� q }E9 y{z q y
X:� � ¢{h�¤ 1¥lh�x
! �:��¢{h¸¤g} ~rq D�| p y |�� o ��� ¢{h�¤>x
; � h q�s � � ¢{h�¤ q�p | q �=< q �_| s y�x
> �T� z*|,� o 9,9 o�s | � 7�|?y o h q�s � � ¢�h�¤g} ~ �!. ~ | �*q�p q y | ��x y{zI| p | �ao�p | � ¢{h�¤¦ªCd f x
? �:��¢ � ¢�h�¤s¤�} ~Uq DA| p y |�� o � hUx
@ � � Fm¢{h¸¤ 1¥lh�x
A �r} � h7ª `C¢¯© Z $o©	@³¤�y{zI| sB� ¢{h¸¤¦ª c`C¢L© Z $o©	@³¤ q�s � } � hIª c`C¢L© Z $o©	@³¤�y{zI| s�� ¢�h�¤Oª `C¢¯© Z $g©A@³¤ �� � ÇµÇ�� 

�9´eGUhmb_b_hf�"n���xghmV#eoRUW q W��ujU]ieo]_hmj�hp� � ´
�U´C��¢{h¸¤�]dn¦eoRuW t�W�j;egW�x�hp��eoRUW�xghpe,cfeg]ih9jµ¾@RUW�j�t�W�]ij^�fcpxg]dcpj;e��;r � ´

ý¡ý ê^� �>�>�:�



0.5 1 1.5 2 2.5 3 3.5

2

2.5

3

3.5

4

T
i

Γσ(f)

∆σ(f)

Λσ(f)

T
i+1

=F(T
i
)

p(T
i+1

)=p(T
i
)

Q�xgcmjuns��hmxgVXcpeo]_hmjkhp�±QOr^l�W�$ $³´ 0 0.5 1 1.5 2 2.5 3

0.5

1

1.5

2

2.5

3

T
i

Γσ(f)

∆σ(f)

Λσ(f)

T
i+1

=F(T
i
)

p(T
i
)

p(T
i+1

)

Q�xgcmjunz��h9xoV½cpeo]_hmj�hm�+QOr^l�WgF^$³´

−4 −3.5 −3 −2.5 −2 −1.5 −1

−4

−3.5

−3

−2.5

−2

p(T
i+1

)=p(T
i
)

Γσ(f)

∆σ(f)

Λσ(f)

T
i+1

=F(T
i
)

T
i

Q�xgcmjuns��hmxgVXcpeo]_hmjkhp�±QOr^l�W�F F"´ 0 0.5 1 1.5 2 2.5 3

0.5

1

1.5

2

2.5

3

Γσ(f)

∆σ(f)

Λσ(f)

T
i+1

=F(T
i
)

T
i

p(T
i
)p(T

i+1
)

Q�xgcmjunz��h9xoV½cpeo]_hmj�hm�+QOr^l�Wg$ F"´
G�]_�m`uxoW � ?EQSRUW�egxgcmjuns��hmxgVXcpeo]_hmj �

Ø�ÿ±ýµØÜþ



~u´�[^]ij�t�W � ¢{h�¤¸]dn c&xghpegcpeo]_hmj�t�WGj9egW�xgW q cfe c��mWGxsegW�v¬hm�/h���]¶egR cpjU�9biW�� 7 8µ¾±cpj q no]ijut�W�h ]dn�WG�;`U]_bdcfeoWGxgcmb h�cmj q� ¢{h�¤¦cpxgW�c q ysc9t�W�j;eD´
Y�´C��¢{h¸¤E]dn¦eoRUW�t�h9VCVXh9j��mWGxsegW�v½eghaegRUW��+�"nsWGlucpx,cfegW q no] q WGn¦hp�Kh7cpj q ��¢�h�¤Oª � ¢�h�¤>8^egRUW¸�¯cmt³e¦eoR�cfeih5cpj qB� ¢{h¸¤
cpxgW¸c q yscmt�W�j;e�biWDc q n¦eghXeoRUW�xgWGno`Ub¶eD´

� ´eGUhmb_b_hf�"n���xghmV#eoRUW q W��ujU]ieo]_hmj�hp� ��¢ � ¢{h�¤o¤¦cpj q Yu´
� ´ � W�2^jUhf�5eoRucpe hIcmj q � ¢{h�¤ScmxoW�c q yscmt�W�j;e�8@��`uxsegRUW�xgVXhmxgW)�±¢{h�¤�ª h�/ � ¢{h¸¤Scpj q ��¢ � ¢{h�¤o¤SªQh / � ¢{h�¤�´��µW�e
`un�t�h9juns] q WGxSeoRUW¸ez�¦hCl1h9ngno]i�U]_b_]¶eg]iWDn�?
FB]ieoRUWGx ��¢�h�¤B¥ �±¢ � ¢{h¸¤s¤�� � F9¢{h�¤B¥ �X¢���¢�h�¤�$�� F 78 ¤�¢{h�¤21¥lh
hmxC�±¢{h�¤ 1¥ ��¢ � ¢�h�¤s¤a8@]ij&egRU]_n�t�cmnoW

� F ¢�h�¤ ¥ �X¢(��¢ � ¢�h�¤s¤ $�� 39¤��#�C¢(��¢�h�¤�$�39¤�¢�h�¤
¥ �g;_¢��±¢ � ¢�h�¤s¤+�9��¢�h�¤s¤�¢NB�� M e Z	� ¤ >ì¢{h¸¤
1¥ h

��RUWGxoW
�g; � >ì¢.-Å¤�¥ - V��¼]dnSeoRUW�egxgcmjunob_cpeo]_hmj�hm�±�9WGt�eohmx�±´
�@´i$ìVCVXW q ]_cpeoW9´

�
� � Ç��OÇ �:���:� Ç � k 
�� � } ~rq-� } <\|��\y } o�s��_p o 9 d]f o�s y o d]f5�
� � ÇµÇ�� 
C� W�lUxghf�mWaeoRucpe � ]_n�c�h9jUW ¿ eoh ¿ h9jUW V½cplulU]iju�u´��µW�e¸`�n�c9nono`UVXWaegRucfe¸eoRuW�xgWaW�v@]dnze¸ez�¦h�eoxg]dcpjU�9biWDn h¨cmj q h��
no`ut,R�egRucfe � ¢{h¸¤B¥ � ¢�h � ¤Scmj q h 1¥Eh � �
� W 2^jUhf����xoh9V lUxghml1h9no]¶eg]ih9j¹�@´é�keoRucpe ��¢ � ¢{h�¤o¤Xª h ¾���¢ � ¢�h�¤s¤Cª � ¢�h�¤³¾���¢ � ¢{h�¤o¤Xª � Fm¢�h�¤�cpj q ��¢ � ¢�h�¤s¤CªEh��
eoRuW�xgW���hmxgW ��¢ � ¢�h�¤s¤¦ª h�/ � ¢{h�¤ / � F ¢�h�¤ /Dh �
GU`uxsegRUW�xgVXhmxgWm¾Å�OW 2^jUhf� eoR�cfegh ¾ � Fm¢�h�¤�cmj q h���cmxoWCc q ysc9t�W�j;e¸eoh � ¢{h�¤�´ QSRU]dn¸tGcpj²hmjUb_r¼��W�eoxg`UWX]i� h��±¥ � Fm¢�h�¤>8
eoRuW�xgW���hmxgWm¾

� ¢{h � ¤ ¥ � ¢ � F ¢{h�¤o¤
¥ � F ¢ � ¢{h�¤o¤

cpj q no]_jut�W � F ¢{h�¤21¥lh $���h5ªQd]f+¾@egRUW�j � ¢�h � ¤ 1¥ � ¢�h�¤³´BQSRU]dn�lUxghf�mWDnOeoRucpe � �d]f�� d]f¬]dn"cChmjuW ¿ eoh ¿ hmjuW�V½cplulU]iju�
cpj q egRUW�xgW���h9xoW�cC�U] yzWGt³eg]ih9j�hmj;eohCeoRuW��ujU]ieoW noW�eed f ´ �
j&Â � � ����� Ç	�lk 
	�WnKo�p3q�s*t 7�}ED�| s hIªQd]f ( |i��|U� s |3y{zI| � � o�p�� }�y o�� h y o�� |3y{zI| ~ |\y��X¢{h�¤B¥�§�h��C¥ � � ¢{h¸¤�$ '²ªdS�° �
� � Ç��OÇ �:���:� Ç � k 
���� |ay��X¢{h�¤ � |ry{zI| � � o�p�� }�y �ao�p q 7�}EDA| s y p } q�s 7
�%|!h��

X:���X¢{h�¤U} ~Uq � s }�y | ~ |\y��
! � 6 � 'º¥ � *
	�� ¢ �X¢{h�¤o¤?y�z*| s 'E} ~ |�DA| s q�s � } ~ y{zI| ~ 9 q �E�%| ~ y �*oA~ }�yJ}ED�|?} s y | 7�| pg~�� � zQy�z q yKh��½¥Ehg�
; �"! � e ]

Z$#�%
3 Z ¥lw ¢ & * ¤ ((zI| p | 3 Z } ~ y�z*| p o y q yJ} o�s q�s 7:�%| o � � �ao�p y p } q�s 7
�N| h Z �> � 6 � �X¢{h��_¤U} ~ y{zI| � � o�p�� }�y �ao�prq y p } q�s 7
�N| h��^y{zI| s �X¢{h�¤O¥'�X¢{h��d¤ o�p �X¢�h�¤ /��X¢{h��d¤�¥ 3 �

� � ÇµÇ�� 

�9´��X¢{h�¤#" d]f¬cmj q d]f²]dn"c��ujU]ieoW noW�eG´

ý¡ý ê^� �>�>�:�



�U´�[^]ij�t�Wgh���ª �X¢{h�¤�¾@eoRuW�xgW�W�v@]_nsegn�cmjk]_j;eoWG�mW�x � ns`ut,R&egRucfeD¾*w  � & '�cpj q h��X¥lh � ´BQSRuW�xgW���hmxgWm¾
h � e ] ¥Eh � e ]

QSRU]_nS]dn�h9jUbir�eoxg`UW�]¶� � ¥ wU¾@hmeoRUWGxo��]dnsW � *
	�� ¢ �X¢{h¸¤s¤3&�'E´
QSRUW��¯c9t³e¦eoRucpe 'º]_n¦WG�mW�j���hmb_bihf�"nO�1WGt�cm`unoW!h5cmj qB� ¢�h�¤���WGbih9jU�aeghaez�¦h q ]_n¯yzhm]_j;eSnoW�e,n&`C¢L© Z $g© @ ¤Ocpj q4c`C¢¯© Z $o© @ ¤³´

~u´ �µW�e��X¢�h % ¤B¥�§�h % $�h ] $��%�N� $�h � e ] °���W�egRUW � ��hmxg�U]¶eShp�1h % 8U]_j�egRUW���hmb_b_hf��]ijU��¾1§:� Z $ G Z $�� Z ° q WGjUhpegWGn¦egRUW¸eoxg]_cmjU�mb_W
h Z no`ut,R egRucfe^� Z ]dn�eoRUWSlU]_�mhme�hm�	h Z cmj q ¢

e S
� Z G Z $

e S
� Z � Z ¤�¥ 3 Z ¢ & * ¤¡no`ut,R egRucfe � ¢�h Z ¤B¥ �X¢J� Z $ 3 Z ¤�¢{h Z ¤³´+QSRUW�xgW���h9xoW9¾�OW�t�cmj&ngc>r

h Z /Dh Z �W] ¥ ; � Z $�� Z >Å¥ ; � Z ��] $ G Z ��] >
� WCRuc>�mWajUhf� ez�Oh&t�c9nsWDn\83WG]¶egRUW�x<h Z cmj q h Z �W] cmxoW�hp�BegRUWXnocmVCWaezr^l�W 4�.&hmx��½¾µnoW�WCQ�cm�UbiW&� 5�cpj q eoRUWGxoW���hmxgW� Z �W] ¥l� Z cmj q G Z ��] ¥�� Z biWDc q ]_jU��eoh e S

� Z �W] G Z �W] ¥
e S
� Z � Z

hmx3h Z cpj q h Z �W] cmxoW�hm� q ]iÀ1WGxoWGj;e�ezr;l1Wm¾�cpj q eoRUWGxoW���hmxgW�� Z �W] ¥�� Z cmj q G Z �W] ¥E� Z cpj qe S
� Z �W] G Z �W] ¥��

e S
� Z � Z 4z�65

�µW�e�`un�t�hmj�ns] q W�x¦egRUW ns`uV
� e ]	
Z$#�%
3 Z ¥

� e ]	
Z$#�%
¢

e S
� Z G Z $ � Z � Z ¤¨¢ & * ¤

¥ ¢
e S
� % G % $

e S
� % G % ¤KVKJ * ¢ & * ¤

��RUW�xgW-J�]dn�eoRuW�j^`UVa�1W�x�hp�Seoxg]dcpjU�9biWDn nocpeo]dnz��r^]_jU� 4s� 5³´¬[@]ijut�W � � ¢{h % ¤C¥ h % ¾±�¦W�tGcpj¹t�bdcp]_V eoRucpe�J�]dnaWG�mW�jK8
�ujucpb_b_r � e ]	

Z #�%
3 Z ¥lw ¢ & * ¤

Y�´ �µW�eih�
��1W cpj�W�b_W�VXW�j;e�hp� �X¢{h¸¤[/ �X¢�h��Ü¤>8@egRUW�xgW�W�v@]dnze,n¦ez�OhX]_j9egW��9W�x,n�=$ � ns`�t,RkegRucfe
h�
 ¥ � Z ¢{h�¤B¥ � � ¢�h � ¤B¥ � � � � ¢�h � ¤��h ¥ � � � � e Z ¢{h � ¤

��RUW�xgW '�¥ � *
	6� ¢ �X¢�h��Ü¤s¤�¾ub_WGc q ]ijU�Cegh �X¢�h�¤#" �X¢{h��d¤³´ $ìj&eoRuW nocmVCW��Sc>r½�OW tGcpj&lUxghf�mW�eoRucpe �X¢�h��Ü¤#" �X¢�h�¤³´
�

� � �k�����������f�a���"!#��$k%(�a�% ��*+�,����-

$ìj²eoRU]dn�nsWDt³eg]ih9jµ¾3�OW½cmjucpb_r'"�W egRUWX]iVXlUb_W�VXWGj9e,cfeg]ih9j²hm�BeoRUW½l�cfeoR¬��hmb_bihf��]_jU��cpb_�mh9xo]ieoRUV)lUxgWGnoW�j;egW q ]_j²�u�m`UxgWX~U´�QSRuW
�mh;cpbÅhp�±eoRu]_n"cmbi�9hmxg]¶egRUV ]dn¦ez�Ohm��hmb q ?
�9´eG�]_j q c�ns`U]iegcm�Ub_Wabdcfeseg]_t�Wacpj q eoRUWCt�h9xoxgWGnol�h9j q ]_jU� � ��hmxg�U]ie�� eoh&t�cplUeo`UxgW�eoRuWalucpeseoWGxoj¼hm��c�t�h9jUjUWDt³eoW q t�h9V ¿
l�h9jUW�j;e�hm�EeoRUWCb_W��mWGb±t�`Uxg�mWm´ � WXnsegcpxoe��^r q W�eoW�xgVX]iju]ijU��ez�Ohkl�h9]ij;e,n�© Z ª �  3¢M£3¤�cmj q ©	@aª   Å¢L£3¤�ns`ut,RºeoRucpe® © Z �k©A@f®9¥��X��RUWGxoW�� q W��ujUWDn+eoRUW�xoWDnsh9bi`@eg]ih9jXhp�1eoRUW"bdcfeoeo]dt�W9´+QSRuW�ez�Oh�l1hm]_j;egnB© Z cmj q ©	@¦cpxgW¦`�nsW q eoh��mWGjUW�x,cfegWeoRUW�bdcfeoeo]dt�W G ¢¯© Z $o© @ ¤O��RUW�xgWgh % ¥ § G % % $ G ] % $ G % ] °�]_n�cpj&W�b_W�VXW�j;e"hp� d f ��Ru]_t,R&�mWGjUW�x,cfegWGnOeoRUW � ��h9xo�u]¶eD´
$ìjkh9`Ux�]iVXlUb_W�VXWGj9e,cfeg]ih9jµ¾@eoRuW�eoWGt,RujU]_�;`UW�`unoW q eghXt�hmVXlU`@egW © Z cpj q ©	@"]dn�?

Ø�ÿ±ýµØÜþ



� ��� [;e,cpxoeo`Ul

� ]_�mWGj&�+¾ �¼cpj q c© % ns`�t,R�egRucfe�® £+¢ c© % ¤G®, ��ÎÇ � 2����m¾é�@¾_´_´i´
c© H ¥ c© % V & HAe ]��%M Z	�
� ��® £+¢ c© H ¤�®Iu � ��� Â ���

Â'� È �MÇ �
��nsW�cC�U]dnsWDt³eg]ih9j�cmbi�9hmxg]¶egRUV hf�mWGx c© % cmj q c© H ¾egh�t�h9VClu`@eoW © Z cpj q ©	@���RUW�xgW® £+¢¯© Z ¤�®, �v& ® £+¢¯©	@³¤�®Ucpj q ® © Z ��©	@f®9¥���¡W�eih % ¥ §>© Z $o©	@^$g© Z V5¢¯©	@O��© Z ¤NM	� OQ °�ªQd]f¬��W cmj&]_jU]ieo]dcpbÅegxo]dcpjU�9biW
� �
� �u`U]ib q ]_jU�CeoRUW � ��h9xo�u]¶e�hp�1h %�ÎÇ � �±¥ w%$ B:$ & $\�N�N�

h Z �W] ¥ � ¢{h Z ¤� �^h Z �W] ¥Eh % �±� Â ���Â'� È �MÇ �
G±]_�m`UxgW�~%?+wEcfeoRQGuhmb_bihf��]_jU�Xcpb_�mhmxg]ieoRUV

� � ]_�mW�j c© % ns`�t,R�egRucfe�® £+¢ c© % ¤G®, �+¾ut�h9juns] q WGxSeoRUW t�hmVXlUb_W�vknoWG�;`UWGjut�W q W��ujUW q �^r
c© H �W] ¥ c© % V & H �%M Z$�

��RUWGxoW 3X]_n�c�x,cpj q hmV#cmjU�mb_W�8@]_j&eoRU]dn"t�c9nsW9¾
LNM%OH S � T ® £+¢ c© H ¤G®m¥ V�Xl�

�µW�e2J % ª���X�1W cC�fcpb_`UW�hp�5J�no`ut,RkeoRucpe�® £+¢ c© H�� ¤�®'u �
� `unoW cC�U]_noWGt�eo]_hmj�cpb_�mh9xo]ieoRUV�¾@nsegcpxoeo]_jU�C��xghmV c© % cpj q c© H � ¾^egh�t�h9VClu`@eoW¸eoRuW�ez�OhXl1hm]_j9e,n"© Z cpj q © @ ´

QSRUW � ��hmxg�U]¶e�]dnS�U`U]_b¶e��;rkns`utGt�WDnono]i�9W�b_r�cplUlubir^]_jU� � ��xghmV#egRUW�]iju]¶eg]_cmb3eoxg]_cmjU�mb_Wgh % ´
�U´eG�]_j q cmj�cmlUlUxgh>v@]iV½cfeg]ih9j�egh�� Y%ZN[  ¢L£3¤a8uegRU]dn�]_n�cmt,RU]_W��9W q �^r�l1W�xo��hmxgVC]_jU��¾Uhf�mWGx�WGcmt,R�WGbiWGVCWGj;e"hp� �C¾�cX�U]dnoWGt³eg]ih9j
cpb_�mhmxg]ieoRUV nze,cpxoeo]_jU�½��xghmV eoRUWC� ¿ noW�l�cpx,cfeoW q �mWGxseg]_t�WGnG´�QSRUW�t,Ruhm]dt�W hm�EeoRUW��U]_noWGt�eo]_hmj¬cmbi�9hmxg]¶egRUV�¾�luxoWDnsWGj9egW q ]_j
�u�m`UxgW¸Yu¾U]dn q `UW�eghC]iegn"xoWGbi]dcp�U]_b_]¶ezr9´

����� ���������! #"%$'&)(
�µW�e��X¢{h�¤���W�egRUW � ��hmxg�U]ie�hp� h7�u`U]ibie"egh�t�hmVXlU`UeoW cXj^`UVXW�xg]_tGcpbµcmlUlUxgh>v^]_V½cfeg]ih9j�hp�BcXt�h9jUjUWDt³eoW q t�hmVXl1hmjUWGj;e"hp�Ec
b_W��mWGbµt�`Uxg�mW��   ¢M£3¤>8U�¦W�bi]_VX]¶e�hm`Ux�nseo` q r�eohXegRUW�t�cmnoW+*���RUWGxoW � *
	�� ¢ �X¢{h¸¤s¤iu �U´
� � Ç��OÇ �:���:� Ç � �K
�m ��zI| s � 9 � | p ' o � y p } q�s 7:�%| ~�s |_| ��|_��y o � q�� y �]p |ey�z*| �*q y y | p>sDo �eq �%| D�|�� � �]p D�| o�� �%| s 7�y�z�L ~aq yJ} ~ ��| ~

L
�  '  B:w:L

��, + �
- Ødë�èéäµï³ô/.Dèéï³ãDä¡ëLîfàgë¡ëMî>æBäLá"à,ðéðéæsä¯ë3ï³ò¯ô>è ë±î>à,ä10Oæsðéæzá�æzê�ëMäsõ

ý¡ý ê^� �>�>�:�



�µW�e -¡¾�����W�ez�¦h½t�hmVXlUb_W�vk�>cmbi`uWGn�no`ut,R�egRucfe�® £+¢.-Å¤�®  ��cpj q ® £+¢��U¤�®'u �
Æ�� � % Âº® -����3®]u��3® -+®

� ¥
	 ���F� ��® £+¢ � ¤G®'u � � ��Â'�
�C¥ �
Â %¯� Â-k¥ �
Â'� È@� �

Â'� È Æ�� � % Â

G±]i�9`UxgW�Y ?BQSRUW��U]_noWGt�eo]_hmj¼cpb_�mh9xo]ieoRuV

� � ÇµÇ�� 
 Guhmx¡cmj^r��m]_�mWGj�WGbiWGVXW�j;e �¨ª �X¢�h�¤³¾GeoRuW�xgWEW�v@]_nsegn¡cpj�]_j9egW��9W�x9w��JD&�Sns`�t,R�egRucfe �±¢ � H ¢ ��¤s¤�1¥ ��¢ � H �W] ¢ ��¤o¤³¾
hpegRUW�xg��]dnsW ��� ¢ ��¤B¥���cmj q � *
	6� ¢ �X¢�h�¤s¤O¥ �u´

$ìj¹egRUW&��hmb_bihf��]_jU��¾B�OW q WGjUhpegWk�^r�� ¥ � H ¢ � ¤³¾�� ¥ � ¢���¤�cmj q ; -)$�� >�¥�� /���´ � W�VXc>r¹c9nono`UVXWkeoRucpe-¹¥ ��¢���¤�cpj q �²¥ ��¢���¤³´ �µW�e��¼�1WXeoRuW�egRU]_x q �mWGxsegW�vºhp��� cpj q�� eoRUWXegRU]ix q �mW�xoeoW�vºhp����8µeoRuWXez�Oh�nsWG�mVXW�j;e,n
; -)$�� >�cmj q ; �R$ � >�cpxgW¸� ¿ noW�lucmxgcpeoW q cpj q lucmxgcmbib_W�bM´ $Î�+© Y��>[ ª ; -)$��:> / c�   ¢L£3¤Scmj q © Y� =[ ª ; �R$ � > / c�   ¢L£3¤OegRUW�j

® © Y��>[ ��© Y� =[ ®,1 � ¢P; -W$ � >8$^; �R$��:>�¤B¥ ��, +& �

QSRUWGxoW���hmxgWm¾u�¦WacmxoW��9`ucpx,cpj;eoWGW q eohklUxoh9�mxgWGngnS�^r&c q ]_nsegcmjut�W juhpe�noV½cpb_biWGx�eoRucmj"!$# 8F ��hmx��u�mWat�hmjunoWGt�`@eo]_�mW�egxo]dcpju�mb_WGnG´�
����% & �('*),+.-+�0/  21�1 �3154�60)*+ &� 21�� $�)*6 &�$��()
{�n�nsRUhf��jC]_j½lUxoh9l�h;ns]ieo]_hmj½�@´ Yu¾peoRUW�lUxgh@t�WDnon±egW�xgVC]_jucpeoWGnB��RUW�j � ¢{h H ¤�¥Eh % ´EQ¡h��9`ucpx,cpj;eoWGW�egRUW"lUxgh@t�WDnon±egW�xgVC]_jucpeo]_hmjW��9W�j�]_jkegRUW�lUxgWGnoW�jut�W�hp�+xoh9`Uj q^¿ hpÀºWGxoxghmx,n�¾^�¦W�`unoW�]ij;eoWG�mWGx"t�h^hmx q ]_jucfegWGnOeoh½] q W�j;eg]¶��rkeoRUW�bdcfeoeo]dt�W�jUh q WDn�´OQSRUW�xgW���h9xoW9¾
eoRuW¸juh q W G)H=I ]dnS] q W�j;eo]i�uW q �^r½egRUW¸ez�OhC]ij;egW��mWGxgn&J�cpj q L�cmj q eoRUW�W��fcmbi`ucpeo]_hmjkhp�+£+¢ G[H=I ¤OxgWG�;`U]_xoWDnOeoRUW�W��fcmbi`ucpeo]_hmjkhp�

£+¢¯© Z VKJ3¢¯©	@O��© Z ¤KV�Lo¢¯©	@O��© Z ¤NM � OQ ¤a�
�K
 k 
�m 7C�U� � Æ �@�fÈ Â �>� Ç ��� � � % Ã �:�¯�
�µW�e¸`�n�juhf�¨t�h9juns] q WGx�egRUW�W�À1WDt³e�hp�Oxoh9`Uj q hmÀ�WGxoxghmx,n"h9jºeoRuWCWG�fcpb_`ucfeg]ih9jºhp�¦£+¢ G[H=I ¤���RUWGxoW G[H=I ]_n�ckVCWDnsR²jUh q Wm´r$Îe
VX]i�9R;e��1WXl�h;nono]_�UbiWCegRucfe�]_j�nohmVXWXt�cmnoWGn�egRUW½t�hmVXlU`UeoW q �fcpb_`UW½£RLs¢g® £+¢ G[H=I ¤G® ¤¸cpj q egRUWXW�vUcmt�e��fcmbi`UWº® £+¢ G[H�I ¤�®1WGjut�b_h9noW
eoRuWC�+��b_W��9W�b+t�`Uxg�mWCcpj q egRUW�xgW���h9xoW9¾1eoRUWCt�hmj�nzegxo`ut�eoW q hmxg�U]ie q ]iÀÅW�x,n"��xghmV eoRuW�W�v@c9t³e¸hmjUW9´ � WXnsRucmbib±lUxghf�mW�egRucfe¸eoRuW
t�h9VXlU`@eoW q h9xo�u]¶eS]_n¦egRUW�W�vUcmt�e¦h9xo�u]¶e�hp�±ca��`ujut³eg]ih9jB%�cplulUxoh>v@]_V½cfeo]_jU�X£¼��]ieoRU]_j&c�lUxgWGt�]_no]ih9j q W��ujUW q �^r½egRUW # h9cpeo]_jU�
l1hm]_j9e�cmxo]ieoRuVCW�eo]dt¸lUxoWDt�]dns]_hmj¡´

$ìjkeoRUW���h9bib_hf��]iju�u¾@�¦W q W��ujUW�egRUW �ao�p ( q�p � | p>p o�p M H=I hm�¡eoRuW�W��fcpb_`ucfeg]ih9jkhm�+£+¢ G[H=I ¤¦�^r
£RLo¢L£+¢ G)H=I ¤s¤�¥5£+¢ G[H�I ¤KV M H�I

��`UxoeoRUWGxoVXh9xoW9¾1�¦W½cmngns`uVCWaeoRucpe�eoRUWXW��fcmbi`ucpeo]_hmj²hp�¦£�]dn�l1W�xo��hmxgVCW q �^rºckxoWGbi]dcp�Ub_WXcpj q nze,cp�Ub_WCt�hmVXlU`@e,cfeg]ih9j¬��RU]dt,R
VXWGcmjun¦eoRucpe ?

® M H=I ®;¥'�X¢98;: H�I ¤
��RUWGxoW�8�]dnSeoRuW�VXc9t,RU]_jUW�lUxoWDt�]dns]_hmjklucpx,cpVXW�eoW�x�cmj q :=<?>�@�¥EO�A$B3¢98^$>® £+¢ G H=I ¤G® ¤a8UeoRu]_n�]_VXlUb_]iWDn¦eoRucpe

O�A?BRDC < Y R � \ R�E [
® M R ®
: R ¥ �X¢98³¤

Ø�ÿ±ýµØÜþ



� �±Â^Ç � Â � �K
�m nKo�pUq�s*t 7�}EDA| s �+� �%|�D�| �)� �]p DA| q�s � q�s	t 7�}ED�| svq �=� | � y q:� �%|��rhUx�( |,� o�sI~ }���| p y{zI| s � 9�| p }U� q �E� t � o 9g.
��� y |_� � � o�p�� }�y c�½¢{h¸¤g� o 9 �R� y |_� �'~ } s 7 q��io:q y } s 7 �*o } s y q�p }�y{z 9#|ay }U� ��p |=�a} ~ } o�sd�Iq�p q 9#|ay | p 8	����z*| � � o�p�� }�y c�X¢{h¸¤
9 q�t-� |,� o�sI~ }���| p |_� q�~ y�z*|?| � q �\y � � o�p�� }�y �ao�p?q �=�]s �\yJ} o�s % ~\q yJ} ~{�_t } s 7

®_® £��2%: ®i® T ¥'�X¢�8,¤

((zI| p |
:Å¢L©;¤B¥

�� � : R } � © } ~rq 9�| ~ z s o ��|�$
O�A$B3¢�:	��$�: � ¤�} � ©XªR>	��$��R;1|_��7�| o � y{zI|�� q y y }U� |�$O�A$B3¢�: � $�: � $�:  ¤U} � © � | � o�s 7 ~ y o q y p } q�s 7
�%|a§ �W$�� $ � ° o � y{zI|�9#| ~ zI�� � ÇµÇ�� 
 [^]_jut�W�eoRUW���h9xo�Scpx q WGxoxghmxS]dn q W���jUW q cfe"WDcmt,R&�mWGxsegW�v�hp�±eoRuW�VCWDnsR¡¾U�OW tGcpj&bi]_jUWDcpxgbir�]_j;eoWGxol1hmbdcfegW¸]ie"hmj�WDcmt,R

VXWGnoR&eoxg]_cmjU�mb_W��ucmnoW q hmj&egRUW �fcpb_`UWGn�cfe�eoRuW��mW�xoeo]dt�WDn�?+��h9x�cpj^r�©���WGbih9jU�m]_jU�XeohXegRUW�eoxg]dcpjU�9biWX§ �W$�� $ � °9¾@�¦W t�h9juns] q WGx
¢U�<$�
0$�µ¤ egRUW��ucpxgr@t�WGj9egxo]dt�t�h^hmx q ]ij�cfeoWDn hm�¸©²��RUW�xgW � 15wU¾�
015wU¾�� 1 w�cpj q � V�
 V��I¥ B�8S]ij»eoRU]dn½t�c9nsW9¾
©k¥ � � V�
2�?V�� � ´U;¦r q W��ujU]ieo]_hmjµ¾[M^¢¯©^¤�¥ �WM � V�
)M � V�� M  ´ QSRUW���`Ujut�eo]_hmj % q W��ujUW q �^r %3¢¯©^¤"¥¨£+¢L©;¤1V�M^¢¯©^¤]_j9egW�xgl�h9b_cpeoWDn¦eoRUW t�hmVXlU`@egW q W��fcpb_`ucfeg]ih9junShp�E£ºhf�9W�xOeoRUW�VXWDnsR¼cpj q

® M;¢L©;¤G®
:3¢¯©^¤  � ® M � ®:3¢¯©^¤ V�
 ® M � ®:3¢¯©^¤ V�� ® M  ®:3¢¯©^¤

 � ® M � ®:�� V�
 ® M � ®: � V�� ® M  ®:   �X¢�8³¤
�

� RUWGj½eoRUW�hmxg�U]ie�X¢{h¸¤E]dn��U`u]ibieG¾;eoRuW��U]dnoWGt³eg]ih9j½lUxgh^t�WGngnB]dn�xg`Uj½egh hm�Uegcp]_j�cal�h9bir^�mh9j½��]¶egR��mWGxseg]_t�WGn"§D© Y%Z%[ ° Z #�% \ � e ]no`ut,RXeoRucpe¸® © Y%Z �W] [ �&© Y%ZN[ ®  �3´ $ìjXegRUW�nseoh9lUlU]_jU� t�xg]ieoW�xg]_hmjº® -�� �3®
 �3® -+® ¾ �a]dn�t,RUh;nsWGj½cpj½hmx q WGxBhp�3V½cp�9jU]¶eg` q W"bdcpxg�mWGx
eoR�cpj 8"cpj q noV½cpb_biWGxSeoRucmj �

8�� �  �I�
� � ��- � ������$&% �k� ���µ� ��$�� �¦� $&$k� ����� � �O�a- ��� $&��$a� � � ��� ���! #"
� ]_�mW�jkcanoW�e%$¹hp�µl1hm]_j;egn¦hp� �   ¢M£3¤³¾@cpj q W��9W�j;eo`ucmbib_rXcpjUhmeoRUWGx¦noW�e¦hp�¡l1hm]_j;egn�&¬hp�    ¢L£3¤�¾^�OW q W��9W�b_hml�]_j�egRU]_nSnoWGt�eo]_hmj
cXegWGt,RUjU]d�;`UW�egh�t�h9VClu`@eoWacmbib±t�h9jUjUWGt�eoW q t�hmVXl1hmjUWGj;egn"no`Uxgxoh9`Uj q ]_jU�XeoRuW l�h9]ij;e,n"hp�'$�´i$ìj¼luxgc9t³eo]dt�W9¾�$�cmj q & VX]i�9R;e
�1W�eoRUW noW�e,nShp� "�W�xgh9nScmj q l1hmb_WGn"hp�+£ºhm�@e,cp]_jUW q �^r�cCxgh;hmeS�uj q ]_jU��cpb_�mh9xo]ieoRuV&´
[^`Ulul�h;nsWXegRucfe�egRUW�lUxgh@t�W q `UxoW q WDnot�xo]_�1W q ]ij��u�9`UxgWX~�R�cmn��1W�WGj�l1W�xo��hmxgVXW q cpj q c�t�hmVXl�h9jUW�j;ea�^Y % [  ¢M£3¤�hp�¦eoRuW

b_W��mWGb�t�`Uxo�9W t�h9VClu`@eoW q ´ �µW�e�© Z cpj q © @ �1W egRUW�ez�¦h�l�h9]ij;e,n"��RU]dt,R¼�mWGjUW�x,cfegW�egRUWabdcfeoeo]dt�W G ¢¯© Z $g© @ ¤³´ � W lUxgWGnoW�j;e"eoRuWlUxgh@t�W q `UxoW¸`unoW q eohXb_h@t�cpb_]N"�W¸eoRUW�VX]dnono]_jU�½t�hmVXl1hmjUWGj;egnG´
QSRUW&�+��biWG�mW�b¦t�`Uxg�mW�RucmnCcºVX]dnono]iju�¬t�h9VCl1hmjuW�j;e���RUWGj¹egRUW�xgW�W�v@]dnze,n�© ª�$¨jUhpeXns`Uxgxghm`Uj q W q �^r � Y %_[  ¢L£3¤�´²Q�h

] q W�j;eo]i��r�]i�E©Xª($ ]dnSjUhpe�no`Uxgxoh9`Uj q W q ¾^�OW t�hmjuno] q W�x¦eoRuW t�xg]¶egW�xg]ih9j
.�' �	)+* �-,. Y0/:[ ¢¯©^¤B¥ w

��RUWGxoW
.�' �21) . Y3/�[ ¢L© @ ¤B¥ B

& � *54 1) . Y0/:[ � ©
©���©	@

� Wr2^jUhf�7eoRucpe?4 ��71.�' �21) . Y0/:[ ¢¯© @ ¤�]dn¸cpj¼]_j9egW��9W�x ¿ �fcpb_`UW q ��`ujut³eg]ih9jº��RU]dt,R¼]_n!w½]¶�z¾3cmj q hmjUb_r&]¶�z¾3© @ ]_n�jUhpe¸ns`Uxgxghm`Uj q W q�^r½eoRuW�biWG�mW�bµt�`Uxg�mW c�   ¢L£3¤�´ � `uVCWGxo]dt�cmbib_rm¾I.�' �21) . Y0/:[ ¢¯© @ ¤St�cmjk�1W�W��fcmbi`ucpeoW q �^r½egRUW ns`uV
. ' �61) . Y0/:[ ¢¯©	@³¤B¥ B

& * 	
R * � , C 1) . Y0/:[ A�798 © Y%Z ��] [ ��© @© Y%ZN[ ��© @ 4L��5: þ±ê�à,çzçzæzâDëMà,ô>ðéæEëMò¯è à,ê>ñ³ðéæBèéä3ëMò¯è à,ê>ñ³ðéæBîfà�.Gèéê>ñ<;!=?>?@BADCE>GF ;H>3IKJFMLONPJQJSRT@UADCS>-F ;H>0IVJFWLXNPJ _ï³ò3ëLî>æ+ëLî>òLæzæ�.�æzò¯ëLèéçzæsäsõ

ý¡ý ê^� �>�>�:�



z*

z n

σ∆

σ∆

σΛ

σΓ

σΓ

σΛ
*

*

*

T

(j)
z (j)

z
(i)

(i)

G±]i�9`UxoW � ? � cml@eo`uxo]_jU�XVa`Ubieo]_lUb_W t�h9VCl1hmjuW�j;egnShm�¡eoRuW�biWG�mW�bµt�`Uxg�mW

��RUWGxoW�© Y%Z%[ cpj q © Y%Z �W] [ cpxgW¸ez�Oh½t�h9junoWGt�`Ueo]_�mW¸l�h9]ij;egn"hp�±� Y%ZN[  ¢L£3¤�´
Q�hCb_h@t�cpeoW�eoRUW t�hmVXl�h9jUW�j;e"no`Uxoxghm`uj q ]_jU�C©Xª $�¾u�OW�t,RUh^h9noW�© ��ª   1¢M£3¤¦��RUW�xgW�© ��]dnSeoRuW�t�bih;nsWDnze��9W�xoeoW�v½egh½©Xhp�

eoRuW�eoxg]_cmjU�mb_WGn"]ij�egRUWat�h9VXlU`@eoW q � ��hmxg�U]iegn"4¯noW�W �u� � 5�´¦{��U]_noWGt�eo]_hmjºcmbi�9hmxg]¶egRUV#hf�mWGx"©�cpj q © �¸]dn"`�nsW q eoh½b_h^tGcfegW c
l1hm]_j9e�© Y H [ ¥ ; © $o©���> /&�   ¢L£3¤Scmj q eoRUW�egxo]dcpju�mb_W<h ª

_
¢¯© Z $o© @ ¤¦Ruc>�^]_jU�½© Y

H [ c9n"cpj&]ij;egW�xgjucpbµl1hm]_j;eG´�QSRu]_n"t,Ruhm]dt�W�]_n"hp�
]_j9egW�xgWGnse"��WDt�cm`unsW¸egRUW�hmxg�U]iegn�hm� q ]iÀÅW�xgW�j;e�t�h9VCl1hmjuW�j;egn�cmxoW�jUhme�t�hmjujUWGt�eoW q cmj q egRUW�egxo]dcpjU�9biWgh �ª b � � Y � [  ¢L£3¤O��hmx"cmbibcpb_xgWGc q r�t�h9VXlU`@eoW q t�h9VCl1hmjuW�j;egn�8megRUW�xgW���h9xoW9¾pegRUW � ��h9xo�U]ie�hm��h ��]_bibÅt�cml@eo`uxoW�c jUW�� t�h9VXl�h9jUW�j;e�hm�1egRUW�b_W��9W�b1t�`Uxg�mW9´
� W�xoWGl�WDcfeSeoRUW cm��hf�9W�luxoh@t�W q `UxgW�`Uj;eo]_b¡cpb_b3l�h9]ij;e,nS]ij $ �mW�e�ns`Uxgxghm`Uj q W q �^rYb � � Y � [  ¢M£3¤³´GUh9x¦cmj^r�l1hm]_j;eS©��¸ª &B¾@�OW¸t�h9juns] q WGx�egRUW¸t�bih;nsWDnzeO�mW�xoeoW�v�©ahm�µeoRUW�t�h9VXlU`@eoW qB� ��h9xo�U]iegnBeohX© �f´ $Î��©½ª �  3¢M£3¤³¾^�¦W
t�cmjº�U`U]_b q c�juW���t�h9VXl�h9jUW�j;e¸noW�l�cpx,cfeo]_jU��©���xoh9V © � �^r&`�ns]_jU��egRUWaluxoWG�;]_hm`�n�lUxgh@t�W q `UxgWm´�QSRu]_n�]_n¸nol�WDt�]dcpb_bir�`unoW���`Ub
��RUWGjkegRUW�l1hmb_WGnShp��eoRUW���`ujut³eg]ih9j¬£ºt�xgWGcpeoW¸RUhmb_WGnS]_j �   ¢L£3¤ 4¯noW�W�G±]_�m`UxgWX�G��5�´

$ìj egRUWSt�cmnoW�hm��t�b_h9noWOt�hmVXl1hmjUWGj9e,n�¾>egRUW¦lucfegR ��hmb_b_hf��]ijU�¸cpb_�mh9xo]ieoRUVIVX]i�9R;e�< � 9 � ��xoh9VIh9jUWSt�hmVXl1hmjUWGj;e¡eoh�cpjuhpeoRuW�x:8
eoRuW�xgW���hmxgWm¾9]¶eOVC]_�mR;eOtGcpl@eg`UxgWSeoRUW"l�cfesegW�xgj½hp�3Va`ub¶eg]ilUb_W�t�hmVXl�h9jUW�j;e,nBhp�ÅegRUW"b_W��mWGbut�`uxo�9W"cmnE]i�3eoRUWGr��¦W�xgW�hmjuWm´ G�]_�m`uxoWDn
�^¾^noRUhf�"n q ]iÀÅW�xgW�j;eO�1W�Ruc>�^]_hmx,nEhp�3egRUW�cpb_�mhmxg]ieoRUV ��hmx�eoRUW�nocmVXW"biWG�mWGb�t�`uxo�9W��º¥lw*� &���hp�3eoRuW���`Uj�t³eo]_hmj q W��ujuW q ]_j24¯Y
5³´
$ìj 4�Y
5�¾K-�]_n�juhmxgVXcmbJ8µeoRUWGxoW���hmxgWm¾ÅeoRuWCb_W��9W�bEt�`uxo�9W�]dn�t�h9VCl1h9noW q hp�OeoRUW½noW�e�hp�Ot�]ix,t�b_WGn�t�W�j;eoWGxoW q cpe�egRUWXW�]_�mW�j^�fcpb_`UWDn
© H ¥ M�� � > O��� ��]¶egR�xgc q ]i`�n 	 ¥ wI� &��U´1$ìj&�u�m`uxoW
	 ¿ 4¯c
5³¾^eoRuW cpb_�mhmxg]ieoRUV yz`UVXlun���xoh9V#hmjUW�t�]ix,t�b_W¸eoh½cpjUhmeoRUWGx���RUW�xgWGc9n�¾^]_j
�u�9`UxoW?� ¿ �¡¾uegRUWacpb_�mh9xo]ieoRuV 2mWGW�lun"eox,cmt_2khp�+eoRUW ez�Oh�t�]ix,t�b_WGn�8UegRU]dn"]dn�V½cp]_jUb_r q `UW�eoh�eoRUW�xoWGb_cpeo]_�mW�hmxg]_W�j;egcpeo]_hmj�hp�+eoRuW
eoxg]dcpjU�9biWDnO��]ieoR�xgWGnol�WDt³e�egh�egRUW�b_W��mWGbµt�`Uxg�mW9´

� � � �µ� �k*+������"- �#� $ � $ ��- �S*±� �O� ¹*±� ���k,� �

$ìj&eoRU]dn"noWGt�eo]_hmjµ¾@�¦W�xoWGl�h9xse"nohmVXW�j^`UVXWGxo]dt�cmb3xoWDns`UbiegnSh9�@egcm]ijuW q �;r�`uns]_jU��c�ºcpeobdcp�&lUxohmeohmezr;l1W¸]iVXlUb_W�VXW�j;e,cfeo]_hmj���hp�
eoRuW�lUxoh@t�W q `UxgWSlUxgW��^]ih9`unobir q WDnot�xo]_�1W q eoh q WGVCh9junseox,cfeoWS]iegnEl1W�xo��hmxgV½cpjut�Wm´±Q�cm�UbiW"�¸�;cfeoRuW�x,n¡egRUW"nsegcfeg]_nseo]dt�nEt�hmjut�W�xgjU]_jU�
eoRuW q ]¶ÀÅW�xgW�j;e"j^`UVXW�xg]dt�cpbÅW�v@cmVXlUbiWDnS��RUW�xgWGc9n3G�]_�m`uxoWX� � lUxgWGnoW�j;e,n¦eoRUW�x,cfeo]_h

FEÀ1WDt³eg]i�9W � `UV���WGx�hp�±eoxg]_cmjU�mb_WGn
�ºcpv^]_Va`uV#j^`UVa�1W�x�hm��egxo]dcpjU�9biWDn

QSRUW¸�ux,nzeSegWGnse���`Ujut³eg]ih9j�]_nSegRUW�l1hmb_r;juhmVX]_cmb
£+¢¯©^¤E¥�© ]P] ��B 4¯~
5

� í¡îDèéä¡çzï�å>æBèéä¡à�.³à,èéð à,ôDðéæ .Dè àOà,ê>ï³ê�÷Gá�ï³ã>ä iëLâ iò¯ï³á ëLî>æEäMè ëLæ������������������ �!���#"�$�%'&��'$�"��'$���(��*)+",��-.��$/�*�'�#0'"�1'2�3Xõ

Ø�ÿ±ýµØÜþ



� ]_�mWGj¼�+¾ ��cpj q�� ¥�§D© Y%ZN[ ;£+¢L© YNZ%[ ¤�¥lw@°
[@W�b_WGt³e�cmj^r�© Y % [ ª �
��nsW cmbi�9hmxg]¶egRUV#~�eoh�t�hmVXlU`@egW�c½t�hmVXl1hmjUWGj9e"�^Y % [  ¢M£3¤
cpj q eoRuW t�hmxgxgWGnol�h9j q ]_jU� � ��h9xo�u]¶e �X¢{h % ¤>8biW�e�© Z cpj q ©	@"�1W�eoRUW t�hmVXlUb_W�v��fcmbi`UWDnS`unoW qeohX�mWGjUW�x,cfegW¸eoRUW�bdcfeoeo]dt�Wm´

[@W�e���¥'�X¢�h % ¤[@W�e � @�¥ §D© Y%Z%[ m© Y%ZN[ ª � $ . ' � ) * �G,. Y0/:[ ¢¯© Y%Z%[ ¤�1¥Ew@°
[@W�e � ¥ � � � @
Æ�� � % Â � 1¥43

[^W�b_WGt�e�© Y%ZN[ ª �
G�]_j q eoRuW t�hmVXlUb_W�v&© ��egRucfe"VX]_jU]iVX]N"�WDna® ©��¦��© YNZ%[ ®;��RUWGxoW�©��
]dn"cC�mWGxsegW�v�hm�+c�eoxg]dcpjU�9biW¸]ij ��cpj q ©��¸ª    ¢L£3¤

��noW c��u]_noWGt�eo]_hmj�cpb_�mhmxg]ieoRUV egh�t�hmVXlU`UeoW�©�¥ ; © Y%Z%[ $g© ��> /&�¡ Å¢M£3¤
�µW�eeh ] �1W�eoRUW�egxo]dcpjU�9biW�hm�¡eoRuW�b_cpeseo]dt�W G ¢¯© Z $g©A@³¤¦�u`U]ibie"]_jcmbi�9hmxg]¶egRUV#~XRuc>�^]_jU�C©½c9n�cpj&]ij;egW�xgjucpb3l1hm]_j;e
� hmVXlU`@egW c�juW��7t�hmVXl1hmjUWGj9e��^Y ] [  ¢L£3¤³¾�cpj q eoRUW t�hmxgxoWDnsl1hmj q ]iju�� ��h9xo�u]¶e��X¢{h ] ¤¦`uns]_jU�½cpb_�mh9xo]ieoRuV·~Xnze,cpxoeo]_jU�C��xoh9V·nzegW�l 4���5
� @S¥ §>© Y%ZN[ ;© YNZ%[ ª � $ .�' � ) * � ,. Y0/:[ ¢L© Y%ZN[ ¤21¥ w@°
� ¥ ��b �X¢�h ] ¤
� ¥ � � � @

Â'� È Æ�� � % Â

G±]i�9`UxoW � ? � h9VXlU`@eo]_jU� q ]dn¯yzhm]_j9e"t�hmVXl�h9jUW�j;e,nShp�E�¡ Å¢L£3¤

ý¡ý ê^� �>�>�:�



−1.5 −1 −0.5 0 0.5 1 1.5

−1

−0.5

0

0.5

1

Figure (a)

Figure (b)

c�   ¢L£3¤O��h9x�£+¢¯©^¤B¥ �I) + ,u¢J- ��©�.^¤O��]¶egR��º¥lwI� &��Ccpj q
��¥ wI� w%Bm´

−0.9 −0.88 −0.86 −0.84 −0.82 −0.8 −0.78 −0.76 −0.74 −0.72

0.44

0.46

0.48

0.5

0.52

0.54

0.56

0.58

Γσ(f)

Γσ(f)
~

∆σ(f)

∆σ(f)

Λσ(f)

Λσ(f)

G±]i��´ 4¯c
5 ¿ QSRUW�lucfegR���h9bib_hf��]_jU�½cpb_�mhmxg]ieoRUV
yz`UVXlunS��xghmV·hmjUW�t�]_x,t�b_W�egh�cpjUhmeoRUWGxG´

−1.04 −1.02 −1 −0.98 −0.96 −0.94 −0.92 −0.9 −0.88 −0.86

−0.06

−0.04

−0.02

0

0.02

0.04

0.06

Γσ(f)
~

∆σ(f)

∆σ(f)

Λσ(f)Λσ(f)

G�]_�u´ 4¯� 5 ¿ QSRUW�cmbi�9hmxg]¶egRUV 2mWGW�lun¦egxgc9t_2½hp��ez�Oh
q ]dnzeg]ij�t³e�t�]ix,t�b_WGnG´

G±]i�9`UxgWB� ? �ºW�xg�m]_jU�¹ez�¦h»t�b_h9noW²t�hmVXl1hmjUWGj9e,n�hm��eoRUW�b_W��mWGb¸t�`Uxg�mW²�� 3¢L£3¤½��hmx��·¥ wI� &��%$ �¨¥ w*� w B¬cpj q £+¢¯©^¤¬¥
� ) + , ¢J- ��©�.^¤³´

Ø�ÿ±ýµØÜþ



��RUWGxoW £+¢¯©^¤ORucmnSWGbiWG�mWGjD"GW�xgh9nS© H ¥ M � � > O� � ´ � W�Ruc>�mW¸xg`Uj�egRUW t�h q W���h9x�$¹¥ §>© H °;¾B&¬¥ §9°9¾@�º¥ B9¾ B�� w�w=U¾RB�� w=@¾RB�� &U¾
wI� �����U¾]wI� �U¾Iw*� �Ccpj q ��¥lwI� w%Bm´ $ìjk�u�m`uxoWDn � cmj q �C�OW�lUb_hpe�egRUW�t�hmxgxgWGnol�h9j q ]_jU��b_W��9W�bµt�`Uxo�9WGnG´

−1 −0.5 0 0.5 1

−1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

1 σ=1    
σ=1.005
σ=1.05 
σ=1.5  
Zeros of f(z) 

G±]_�m`UxgW � ?!�µWG�mWGbµt�`Uxg�mWDn¦��hmx�£+¢¯©^¤E¥�© ]�]O�KB���]ieoR ��¥EwI� w%B

−1 −0.5 0 0.5 1

−1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

1 σ=0.8  
σ=0.9  
σ=0.999
Zeros of f(z) 

G±]_�m`UxgW��%?!�µWG�mW�bµt�`Uxg�mWGnO��h9x�£+¢¯©^¤B¥�© ]P]O��B�cpj q ��¥lw*� w B
QSRUW�noWGt�h9j q eoWGnse���`Ujut�eo]_hmj�]dnS�m]_�mW�j&�^r

£+¢¯©^¤B¥ ©��S��B©
QSRU]dn¦��`Ujut�eo]_hmj&Rucmn�r"�W�xgh9n¦h9j�eoRuW¸`ujU]¶e,cpxgr�t�]_xgt�biW�cpj q c�l�h9biW�cpeOegRUW�hmxg]i�9]ij¡´ � W�lUxoWDnsWGj;e¦]_j����m`UxgWGn¸�G��cpj q �m��eoRuW
b_W��mWGb±t�`Uxg�mWGn���hmx $��1W�]_jU��eoRUWXnsW�e¸hm� "�WGxoh;n"hm�¦£±¾6&¹¥ §:wU°9¾Å�¹¥ B�� �=U¾ &@¾ + cmj q �¬¥ w*� w Bm¾�wI� Bm´ � hmeoW�eoRucpe¸]_jºegRU]_n
t�c9nsW9¾^eoRUW�`�nsW�hp�±eoRuW &²WGjucp�Ub_WGnS`�nSeoh q W�eoW�xgVX]ijuW�eoRUW�RUh9biW�]_j �  3¢M£3¤St�WGj9egW�xgW q cfeewU´

G±]ij�cpb_bir9¾@�OW�t�h9juno] q WGxSeoRUW�ez�¦hXlunoW�` q h ¿ nol1WGt³egxo`uV lUxoh9�Ub_W�V½n q W���jUW q �^r
£+¢¯©^¤E¥�� ) + , ¢�- ��©�.^¤

��RUWGxoW���� Z �&]_n¦egRUW nsV½cmbib_WGnse"ns]_jU�m`ub_cmx¦�fcmbi`UW9´ $ìj&eoRUW��ux,nse�tGcmnoWm¾@�¦W�t�hmj�ns] q W�xSegRUW�hmxoeoRuhm�mh9jucpb1V½cfegxo]iv
-7¥�� w B

. ] % w
	 4�Y,5

ý¡ý ê^� �>�>�:�



−1.5 −1 −0.5 0 0.5 1 1.5

−1

−0.5

0

0.5

1

σ=3     
σ=2     
σ=1.65  
σ=1.2   
Zeros of f(z)
Pole of f(z) 

G�]_�m`uxoWX�G� ?!�µW��9W�bµt�`Uxo�9WGnO��hmx�£+¢L©;¤B¥ R�� e ]R ��]¶egR �½¥ wI� w%B

−1.5 −1 −0.5 0 0.5 1 1.5

−1

−0.5

0

0.5

1

σ=3     
σ=2     
σ=1.65  
σ=1.2   
Zeros of f(z)
Pole of f(z) 

G±]i�9`UxoWX�9�:?!�µWG�mW�bµt�`Uxg�mWGnO��h9x�£+¢¯©^¤B¥ R�� e ]R ��]¶egR ��¥ wI� B

Ø�ÿ±ýµØÜþ



cpj q . ] % ]_n¸egRUWYB:w ��B:w�] q W�j;eg]¶ezrºV½cpeoxg]¶v3´ QSRUWXV½cfegxo]ivºlUxgWGnoW�j;eoW q ]ij�Y&]_n¸jUh9xoV½cpbM¾1eoRUWGxoW���hmxgWm¾ÅegRUW�b_W��9W�bEt�`uxo�9Wa��h9xc½�9]i�9W�j¼��]_n�eoRuW `UjU]_hmjºhm�+eoRUWCt�]_xgt�biWDn"t�WGj9egW�xgW q cpe"eoRUW�W�]_�mWGj;�fcmbi`UWDn���]ieoRºx,c q ]_`un"�+´!G�]_�m`uxoWDn��D�½cmj q �G~½noRUhf�IeoRuW
b_W��mWGbut�`uxo�9WGn+��h9xO�¼¥lw*� &��%$ w*� + $ w*� %$�BOcmj q ��¥lw*� w B:$ w*� B9´KGUh9xBegRUW"lucmxseg]_t�`Ub_cmx�t�c9nsW���RuW�xgW"��¥ wI� &��u¾9c q yscmt�WGj;e�t�]_xgt�biWDn
cpxgWChmjUb_r¬noW�lucmxgcpeoW q �^r¬c q ]_nsegcmjut�W ��� wI� w�w + � & �=8±egRUW�xgW���h9xoW9¾ÅeoRUW½lucpeoR���hmb_b_hf��]ijU��cpb_�mh9xo]ieoRuV yz`UVXlun���xghmV hmjuW
t�h9VXl�h9jUW�j;eahm�¦egRUW�b_W��9W�b¦t�`Uxg�mWXegh¬cpjUhmeoRUWGxG´ � W�v^eG¾+�¦W�t�h9juns] q WGx�eoRUWkjUhmj juhmxgVXcmb������
	��²VXcpeoxg]¶vB- ª � ] % %� ] % %
�m]_�mWGjk�^r

-5¥

����������������
�

B B B B w �%�N� �%�N� w
� B B B B B w �%�N� w
w ´ ´ ´ ´ ´ ´ ´ ´ ´ ´ ´ ´ ´ ´ ´ ´ ´ ´ ´´´
´´´ ´ ´ ´ ´ ´ ´ ´ ´ ´ ´ ´ ´ ´ ´ ´ ´ ´ ´ w
´´´ ´ ´ ´ ´ ´ ´ ´ ´ ´ ´ ´ ´ ´ ´ ´ B
´´´ ´ ´ ´ ´ ´ ´ ´ ´ ´ ´ ´ ´ B
´´´ ´ ´ ´ ´ ´ ´ ´ ´ ´ B
w �N�%� �N�%� �N�%� �%�N� w � B B

�����������������
�

4 � 5

QSRU]dn¦VXcpeoxg]¶v½]dn�]_b_b ¿ t�h9j q ]ieo]_hmjUW q ��]ieoR�xgWGnol1WGt³eOeohC]¶e,n¦W�]_�mW�j�nsr@nseoW�V�´ G±]i�9`UxoW���YCnsRUhf�"nBeoRUW¸b_W��mWGb3t�`Uxg�mWDnE��hmxOeoRuW�]_jUlU`@e
lUxgWGnoW�j;eoW q ]_j&eoRUW���h9bib_hf��]_jU�

� � $ &
�I� 	 + w � B�w e ] F wI� w%B § & �=$G��& �g° §m°�*� ��  ��B:w e � wI� w%B § B�� &=^° §m°�*� 	 B & ��B:w e 8 wI� w%B §;�ewI� �� & �o° §m°
B�� ��������B:w e ] wI� w%B §;�ewI� 	?�� & �g° §m°

[^]_jut�W�eoRUW�W��fcpb_`ucpeo]_hmj�hm��£&]_nOVXhmxgW"W�v@l1W�juno]i�9W"egRucpj½egRUW¸lUxoWG�^]ih9`unEegWGnsegnG¾9�¦W�`unoW q c lucmxgcmbib_W�b�]iVXlUb_W�VXW�j;e,cfeo]_hmj�hp�
eoRuW�t�h q WD4 � 7M´�QSRU]dn�W�vUcpVXlUb_WansRuhf�"n�eoR�cfe¸eoRUW�lUxoh9l�h;nsW q cpb_�mh9xo]ieoRUV)t�h9l�WDn�WDcmno]ib_r&��]¶egR q ]_xoWDt³eo]_hmj�cpb q ]_ngt�h9j;eo]_j;`u]¶eg]iWDn
cpb_hmju�aegRUW�biWG�mWGbµt�`Uxg�mW9´

−2.5 −2 −1.5 −1 −0.5 0 0.5 1 1.5 2 2.5

−1.5

−1

−0.5

0

0.5

1

1.5

σ=1   
σ=0.5 
σ=0.3 
σ=0.28
Zeros of f   

G±]_�m`UxgWX�D� ?!�¡W��mWGbµt�`Uxg�mWDn¦��hmx�£+¢L©;¤E¥5�I) + ,U¢�- ��©�.;¤¦��]ieoR ��¥lw*� w B

� � �a$ �¦ � �¡��� $
� W�Ruc>�9W�nsRuhf��j�eoRucpeaeoRuWkt�h9Va�U]_jucpeo]_hmj hp��egRUW � ��h9xo�u]¶ea��]ieoR c¼�U]dnsWDt³eo]_hmj cpb_�mhmxg]ieoRUV xoWDns`Ubiegn�]_j»c¼j^`UVXW�xg]_tGcpb_bir
nsegcp�ubiW¸lucfegR���h9bib_hf��]iju�anzegxgcpeoWG�mrm´ � hmj�nzegxo`ut�eo]_hmj�hm�µeoRuW � ��h9xo�u]¶e¦]_nO�m`ucmxgcmj;eoW�W q eohaeoWGxoVX]_jucfegW�WG�mW�j�]ijkeoRUW¸lUxgWGnoW�jut�W

ý¡ý ê^� �>�>�:�



−2.5 −2 −1.5 −1 −0.5 0 0.5 1 1.5 2 2.5

−1.5

−1

−0.5

0

0.5

1

1.5

σ=1   
σ=0.5 
σ=0.3 
σ=0.28
Zeros of f   

G±]_�m`UxgWX�G~ ?�¡W��9W�bµt�`uxo�9WGnO��hmx�£+¢L©;¤B¥��I) + ,u¢�-���©�.;¤O��]ieoR ��¥lw*� B

−2 −1 0 1 2 3 4 5

−3

−2

−1

0

1

2

3 Eigenvalues     
σ=1.494e−01
σ=4.712e−03
σ=4.585e−05
σ=8.730e−12
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