
HAL Id: inria-00072640
https://inria.hal.science/inria-00072640

Submitted on 24 May 2006

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

About Folding-Unfolding Cuts and Cuts Modulo
Gilles Dowek

To cite this version:
Gilles Dowek. About Folding-Unfolding Cuts and Cuts Modulo. RR-4004, INRIA. 2000. �inria-
00072640�

https://inria.hal.science/inria-00072640
https://hal.archives-ouvertes.fr


IS
S

N
 0

24
9-

63
99

   
   

 IS
R

N
 IN

R
IA

/R
R

--
40

04
--

F
R

+
E

N
G

ap por t  
de  r ech er ch e 

THÈME 2

INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE

About folding-unfolding cuts and cuts modulo

Gilles Dowek

N
�

4004

Septembre 2000





Unité de recherche INRIA Rocquencourt
Domaine de Voluceau, Rocquencourt, BP 105, 78153 Le Chesnay Cedex (France)

Téléphone : +33 1 39 63 55 11 — Télécopie : +33 1 39 63 53 30

���������
	������������������	��������������������������������
 !�"������

#%$'&(&')+*-,�.0/1)3254

687�9;:=<�>@?BADC;E�FG<IHKJML+FKNOFG<;H
<OPQNORSHTN�UVHXWZY[:@\]JMHKFT^+UV<
_a`bJScd<OPQeXJML+Fgf�RMH

hiRSjVjkJ+`ZPil0<I`b<;Nm7�<;`bNm7V<nE]oqp+r+rSp�?Bs[<;j0Pt<;:@\�`b<@>Sr+rMrI?vu;r=jVRMLM<;W
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��� y���� � ~�� E :=J+E3Pt`b<�^3U�<�H�� C;HGFK:-FGEkR�PtFKJMEnl0<�W§N�J+U�j�U�`b<;W�<;E l�C;l0UVN�PtFKJME :-J0l0U�HKJ LMCOEVCO`mRSHKFKWt<
H�� COHKFG:-FKEVR�PbFGJ+E�l0<�WiN�J+U�j�U�`b<;W8R��+<;NDl0<;W�`b9OL+HG<�W8l0<Ij�HKFKRMLM<�<�Pil0<�l0C;j�HKFKRMLM<M�
��� z�y � }�� � y�~�� HKFG:-FKEVR�PbFGJ+E%l0<;W�NOJMU�j�UV`t<�WO��l0C�l0UVN�PtFKJME�:=J0l0UVHGJk��j�HKFKRMLM<M��l�COj�HKFKRMLM<+�
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'¢E)(k`bWZP+* JM`ml0<O`IEkR�PtUV`bRMH l0<;l�UVN�PbFGJ+EX� R§N�U0P=FKW1R%WZ<�^3U�<OEVNO<"��JM`b:-<;l���FGPt7 RME�FGE3Pt`bJ0l0UVN�PtFKJME `bU�HG<
��J+HGHKJ���<;l�\[Y�RSE�<;HGFK:-FGEkR�PtFKJME1`tUVHG<+��687�FTWqE�JSPbFGJ+E@NORME@\]<�<-,3Pb<OEVl�<;lIPbJ l0<�RSH[��FGPt7�Pb7�<8R,0FGJ+:"W5JM�kWZJ+:-<
Pb7�<OJ+`tFK<;W;��<M� LV�DPdY[jk<1Pt7V<OJM`bYM� Wt<�PDPt7�<;JM`bYM�]Pt7V<"s[Pt`mR�PtF�(V<�l/.�J+U�EVl�RSPtFKJMEVW;� �G�K�I_a`mR���F P1032Ku;r54 j�`bJMj]J+Wt<;W
R `bRSPt7�<;`�U�EVF ��J+`t: �8R�Y PbJ <-,3Pb<OEVl Pt7�<�E�JSPbFGJ+E JM�@N�U0P�\[Y6(k`bWZP�<-,3Pb<OEVl�FGE�L7(V`mWdP8*'J+`bl0<;`�EVRSPtU�`mRSH
l�<;l0UVN�PtFKJME ��F Pb7 Pd��J�`bU�HK<;W�9 	����������� RSEVl ����	�����������;: N;RSHKHG<�l=< �����>�@?8�%��>�-���A��� RMEVl6< �+B��C��#D���E��@�A��
\[Y§_ `bR���FGP805F�RSEVl�Pt7V<OE N�J+EVWtFKl0<;`tFKE�L�R%WZ<�^3U�<OEVNO<-JS��WZUVNm7�`bU�HK<;WIRMW@R�EV<O� ��JM`b: JS��N�U�P : Wt<O< RSHTWtJ
2 >[��G0�Vu+� & �IH4JF�� � <i7VR��+<�`t<�N�<OE3PbHGY=j�`bJMj]J+Wt<;l-RSE�JMPt7�<;`a�8R�Y�PtJ@<�,[Pt<;EVl"l0<;l�UVN�PbFGJ+E NORSHKHK<;l ��B����>���@�A��
#K�%������ 2ML0�
N�4X��7�<;`t<Dj�`bJMj]J+WtF PbFGJ+EVW�<;^3U�F ��RSHK<OE3P�:-J0l0U�HKJ"R1NOJME�L+`tUV<OEVNO< RS`b<DFKl0<;E3PtF�(V<;l �O'dl�<OE3PtFG��Y[FGE�L
jV`tJ+jkJ3WZFGPtFKJMEVW5Pt7VFKWq�8R�YD<-,[Pt<OEkl�WqPt7�<�E�JMPtFKJME@JM�kN�U�P;� � <8Wt7�J�� FKE�Pt7VFKW E�JMPt<�Pt7VRSPal0<;l0UkN�PtFKJME1:-J[l�U�HGJ
WtU�\VWtU�:-<;W�l�<;l0UVN�PtFKJME���FGPt7�Pt7�< 	����������� RMEVl ����	���������� `tU�HK<;W;�

P Q � ���� �������SR��m�UT��UT �WVYX[Z]\_^a`cb ����ed `fVYXgZ]\O^a`cb � ��� � �

'¢E�Pb7�FKW8EVJSPt<+����<�NOJMEVWtFTl0<O`iRD(h,0<;l�Pt7V<OJM`bY3i ��JM`b:-<;l���F Pb7%R,0FGJ+:"W
j!kmlDn�n�n�jEk
o/p�qUrUsutvr@w

��7V<O`b< Pb7�< q r � W�RS`b<IR�PtJ+:-FKNDj�`bJMj]J+WtF PbFGJ+EVW8RSEVl�Pt7V< t r � W�RS`b\�FGPt`mRS`bY-j�`tJ+jkJ3WZFGPtFKJMEkWO�
� <iWtR�Y�Pb7VR�PaRDj�`bJMj]J+WtF PbFGJ+EDx 	������5� PtJIRSE-R�PbJM:-FKN�j�`bJMj]J+WtFGPtFKJMEDy : `t<�WZj5�XPt7kR�P[y ����	������5� PtJvxDF

FG�Oy{z}| qUr RSEVl~x�z�| t r ��JM`iWtJM:-<�R,0FKJM: jEkElDn�n�nhj!k!o�p�qUrUs�tvr�w JS�Oi RSEVl�WtJM:-<IWZUV\VWdPbF PbU0PtFKJME
|V� � < R+WtWtU�:-<8Pt7kR�P�i FTW WtUVNm7-Pb7VR�P8RSE R�PbJM:-FTN8j�`tJ+jkJ3WZFGPtFKJME"UVE0��JMHTl�W PbJ@R�P�:=J3WdP�JME�<ijV`tJ+jkJ3WZFGPtFKJMEX�

687�<�R�,0FGJ+:-W�JM�_i NORME�\]<I`b<Oj�HTRMNO<;l�\3Y Pt7�<�l0<�l0UVN�PtFKJME�`tUVHG<�W
�/�K| t r 	�����������/�3| q�r
�/�3| q�r ����	������������/�K| t r

RMEVl1F P FTW <;R+WZY�PbJ�Nm7V<;N���Pt7kR�P RDWZ<�^+UV<OE3Pgi��8���"y NORME1\]<8j�`bJ �M<;l@FGED(V`mWdP8*'J+`bl�<O`qEVR�PbU�`bRMH�l0<;l�UVN�PbFGJ+E
FG�aRSEVl�J+E�HGY�F � Pb7�<@Wt<;^3U�<OE3P����~ynNORME%\k<�jV`tJ �+<;l�FGE%l0<�l0UVN�PbFGJ+E%��F Pb7�Pt7�< 	����������� RSEVl ���%	�����������
`bU�HK<;W;��'¢Ekl0<O<�l � RSE[Y�FGEkWdPmRSEVNO<�JS�QPt7�< 	����������� RMEVl ����	����������� `tUVHG<�W1N;RSE \]<�WtFK:@U�HTR�Pb<;l UVWtFKE�L�RME
R�,0FGJ+: JS��i RSEkl Pb7�<IR,0FGJ+:"W�JM��i NORME�\]<�j�`tJ �+<;l"FKE�l0<;l0UkN�PtFKJME���FGPt7�Pt7�< 	����������� RSEkl ���%	�����������
`bU�HK<;W;�

s[FKEVNO<�RME�R�PbJM:-FTNQj�`bJMj]J+WtFGPtFKJME U�E���JMHTl�W�PtJ-R�P8:=J3WdP8JMEV< j�`bJMj]J+WtFGPtFKJMEX�[R1Wt<;^3U�<;EVN�< ��JM`b:-<;l"��FGPt7
R 	����������� RSEkl�RME ���%	����������� `tU�HK<�7VRMW�Pb7�<���JM`b:

n�n�n
�/�"x 	��������������"y ���%	������������/�"x

RMEVl�NORSE�\]<I`t<�l0UVN�<�l PbJ n�n�n
�/�"x

�U����h���a���
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s0UVNm7�R"Wt<;^3U�<;EVN�<�FTW�Pt7[UVWiN;RSHKHG<�l�R 	�����������������%	�������������-��� �
f�U0Pi<;HGFK:-FGEkR�PtFKJME�Pb<O`b:=FKEVRSPt<;W���J+`iWZJ+:-< Pb7�<OJ+`tFK<;W i���\�U0PiFGPQl0J[<;W8E�JMP8��JM`iJMPt7�<;`bW;�

� Q � ���� �������  !�"������

'¢E l0<;l0UkN�PtFKJME :=J0l0UVHGJk�aR�Pt7�<;JM`bY�FTW@��JM`b:=<�l ��FGPt7 R�WZ<OP1JS�QR�,0FGJ+:-WD� ���!�;����������?a�>B��E�1B	� J+E
jV`tJ+jkJ3WZFGPtFKJMEVW;��
Q<O`b<M�MPt7�<QNOJME�L+`tUV<OEVNO<�FTW Pb7�<QWt:-RMHGHK<;WZP N�J+E�LM`bU�<;EVN�<8FTl0<OE3PtFG��Y[FGEVL qUr RSEVl tvr ��J+`a<;R+Nm7
� �

687�<1l0<;l0UkN�PtFKJME�`bU�HK<;W8PmR��M<�Pb7�FTWiN�J+E�LM`bU�<OEkN�<�FGE3PbJ RMNONOJMU�E3P�� .�J+`�FGEkWdPmRSEVNO<M��Pb7�< #K��������h���!B-�h�
FTW8E�JMPQWdPmR�Pt<�l�R+W8UVWtUVRSH �/�3y�� x �/�"y

�/�"x
R+W�Pt7�< (V`mWdP�j�`b<O:-FTWZ<�E�<;<;l�E�JSP�\]<�<�,�RMN�PtHKY�y�� x \�U0P�:"R�Y \]<DJ+E�HKY�N�J+E�LM`bU�<OE3P�PtJ=Pt7�FTW8j�`bJMj]J+WtFC*
PbFGJ+EX�07�<;EVN�<IFGPiFKW�WZPbRSPt<�l

�/��� �/�3y FG��� � y�� x�/�"x
� HGHXPt7�<I`bU�HK<;W8JS�qFGE3PbU�F PbFGJ+E�FTWdPbFKN�EVRSPtU�`mRSHXl�<;l0UVN�PtFKJME�:"R�Y \]<�WZPbRSPt<�l�FKE%R-WZFK:-FGHTRS`��8R�Y : (VL+U�`b<=u5F��

� �-��� FGE�l0<;l�UVN�PbFGJ+E�:-J0l0U�HKJ�FTW;�XHGF��M<-FKE/(k`bWZP+* JM`ml0<O` HGJ+LMFTNS�XR�Wt<;^3U�<OEkN�<1��JM`b:=<�l§��FGPt7 R�FGE3Pt`bJ�*
l�UVN�PbFGJ+E�RMEVl RME�<;HGFK:-FGEVRSPtFKJME�`tUVHG<+�-f�U0PI<OHKFK:=FKEVRSPtFKJME�Pt<O`b:-FGEkR�Pt<�W ��JM`�WtJM:-<=NOJME�L+`tUV<OEVNO<;W;�]\VU0P�F P
l�J3<�W8E�JSP���J+`�JSPb7�<O`mWO�

� � �q�"�@	;�[� � �  !�

� <�UVWt<�R=��U�EVN�PtFKJMEVRMH5E�JMPbRSPtFKJME���JM`ijV`tJ[JS� W;��6�J <�RMNm7�j�`tJ[JM�qJM� R"Wt<;^3U�<;E3P�y l � n�n�n �8y o �~x FKE~(V`bWZP+*
J+`bl�<O`qEVR�PbU�`bRMH0l0<;l0UkN�PtFKJME5����<�RMWbWtJ[NOFKRSPt<�RQj�`bJ[JS��*'Pt<;`t: ��7�J3WZ<���`t<;< ��RM`tFTRS\�HK<;WqRS`b<8RS:-JME�L�� l � n�n�n ��� o �
_ `tJ[JS� WQ\�U�FKH PD��F Pb7%Pt7V<1R,0FKJM: `tUVHG<�WiUVWtFGEVL"Pt7�<=R,0FKJM: y r RS`b<I��`tFGPZPb<OE�� r �]j�`bJ[JS� Wi\VU�FGHGP ��FGPt7 Pt7�<
FKE3Pt`bJ0l0UVN�PbFGJ+E�RSEVl�<;HGFK:-FGEkR�PtFKJME@`tU�HK<;W5JS�[Pt7V< FK:=jVHGFTNORSPtFKJME@RM`t< ��`bF PtPt<;ED<���� RMEVl p ����� w ��jV`tJ[JS� WX\�U�FKH P
��FGPt7@Pt7�<8FKE3Pt`bJ[l�UVN�PbFGJ+E1RSEkl�<OHKFK:=FKEVRSPtFKJME@`bU�HK<;WqJS�VPt7�<�N�J+E�cdU�EVN�PtFKJME=RS`b< ��`bF PtPt<OE� !�O�"� �!# �%$'&)( p � w RSEkl
&)*�+ p � w ��j�`tJ[JM� W \�U�FKH Pq��F Pb7IPt7V< FKE+Pb`tJ0l0UkN�PtFKJME�RMEVl�<OHKFK:=FKEVRSPtFKJMEI`bU�HG<�WXJM�3Pb7�<�l�FKW cdU�EVN�PtFKJME�RS`b<a��`bF PtPt<;E
� p � w ��, p � w RMEVl p.- �El/�0�2143��65 w �3j�`bJ[JS� W \�UVFGHGP���FGPt7-Pb7�<i<OHKFK:=FKEVRSPtFKJME-`tUVHG<iJM��Pt7�<QNOJME3Pt`mRMl�FKN�PtFKJME-RS`b<
��`bFGPZPt<;E p87:9 (<;>= �@? � w jV`tJ[JS� W \�U�FKH P���F Pb7"Pt7V< FKE3Pt`bJ[l�UVN�PbFGJ+E RSEVl"<;HGFK:-FGEkR�PtFKJME"`bU�HK<;W JS� Pt7V<QU�E�F �M<;`bWbRSH
^3UVRME3PtF�(V<O`�RS`b<���`tFGPZPb<OE"< k �§RMEVl p �A( w RSEkl"j�`bJ3JM� W \�U�FKHGP���FGPt7"Pb7�<QFKE3Pt`bJ0l0UVN�PbFGJ+E�RSEkl-<OHKFG:-FKEVR�PbFGJ+E
`bU�HK<;W"JM��Pt7�<§<-,0FKWZPt<;E+PbFKRMHQ^3UVRSE3PbFC(V<;`�RM`t<���`bF PtPt<OEB .(a�C� # RSEVl p ; k ;D= �@? � k ��� � w �BE B����>���@�A�� J+E
jV`tJ[JS��*'Pt<;`t:"W�FTW�l0<�(VEV<;l�\[Y Pt7V<���JMHKHGJ���FKE�L=`tU�HK<;W�Pb7VR�Pi<;HGFK:-FGEkR�Pt<�NOU0PbW�WZPt<;j�\3Y�WdPb<OjX�

p <6�F� l � 15wHGJI � 1�K �0LM� l
$'&)( p  .�El��C�61 # wNG �ml
&)*�+ p  !�El��C�21 # wOG �21

p.- � p � l�w ��� 1 3�� 5%wNGJI � l)K �0LM� 1

P!Q���PSR
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�U����h���a���



� � ������Ba��� ���[B��

p8- , p � l-w ��� 1 30� 55wOGJI � l)K 3'L � 5
p < k � ( wHGJI ( K5k LM�

p ; k ;>= �@?  .(a�C�ml # � k �21 wOG I ( K5k �"�El K �0LM�21
_a`bJ[JS� WqFKE1l0<�l0UVN�PbFGJ+E@:-J0l0U�HKJV�SRM`t<���`tFGPZPb<OE1R+W5FKE (k`bWZP+* JM`ml0<O`�EVR�PbU�`mRSH[l0<;l0UkN�PtFKJME5�MRSEVlIPt7�<8j�`bJ[JS�

`b<;l�UVN�PbFGJ+E�`bU�HK<;W�RS`b< Pt7�<�WbRS:-<M�
_a`bJ[JS� W \�U�FKH P ��FGPt7 Pt7�< 	����������� `bU�HK<QRS`b<���`bF PtPt<OE����@RMEVl=j�`tJ[JM� W \�U�FKH P���F Pb7-Pt7�< ����	���������� `bU�HG<

RM`t<D��`bF PtPt<OE ���V�a687�<�NOJM`b`t<�WZj]JMEkl0FGEVL@`b<;l0UVN�PtFKJME�`tUVHG<�FTW
����� G �

� � �q�@�������������@���

� W�RSHK`b<;RMl�Y WtRMFKlX��R�WZ<�^3U�<OE3P �}�6y FKWIjV`tJ ��RS\VHG<-FKE�l�<;l0UVN�PtFKJME ��FGPt7�Pt7V< 	����������� RSEVl ���%	�����������
`bU�HK<;WDFG��RSEkl§JMEVHGY%FG��Pb7�<-WZ<�^+UV<OE3P iK�8� ��y FTWDj�`bJ ��RM\�HK<1FKE/(k`bWZP+* JM`ml0<O` EVR�PbU�`mRSH l0<;l�UVN�PbFGJ+EX�1687�<
Wt<;^3U�<;E3P �6��y FKW�RSHTWtJ�j�`bJ ��RS\�HK<@FKE�l0<�l0UVN�PtFKJME :-J0l0U�HKJ�F ��RMEVl§J+E�HKY�FG� Pb7�<-WZ<�^+UV<OE3P�i��8�7��y FKW
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