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Abstract: In this paper we address the problem of estimating and analyzing the motion in
image sequences showing fluid phenomenon. Due to the great deal of spatial and temporal
distortions that luminance patterns exhibit in images of fluid, standard techniques from
Computer Vision, originally designed for quasi-rigid motions with stable salient features,
are not well adapted in this context. In that prospect, we investigate a dedicated energy-
based motion estimator. The considered functional includes an original data model relying
on the continuity equation of fluid mechanics. This new data model, which is specifically
designed to be embedded in a multiresolution framework, is associated to an original div-
curl type regularization. The optimization of the global energy function is solved within
an efficient multigrid scheme. The performances of the resulting fluid flow estimator are
demonstrated both on synthetic and real (meteorological) image sequences.
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Estimation Dense du Mouvement Fluide

Résumé : Nous traitons dans cet article le probléme de ’estimation et de ’analyse du
mouvement dans le cas de séquences d’images représentant des phénoménes fluides. Dans
ce contexte, la luminance des images fait parfois apparaitre de fortes distorsions spatiales et
temporelles, rendant délicate I’utilisation de techniques standard issues de la Vision par Or-
dinateur, originalement concues pour des mouvements rigides et reposant sur une hypothése
d’invariance de la fonction de luminance. Dans cette étude, nous proposons un estimateur
de mouvement modélisé au moyen d’une formulation énergétique et spécialement dédié a
Pestimation de mouvement fluide. La fonctionnelle considérée est composée d’un terme
d’attache aux données original issu de ’équation de continuité de la mécanique des flu-
ides. Ce nouveau modéle de données, spécifié pour étre aisément intégré dans un schéma
multi-résolution, est associé & une régularisation de type “Div-Curl”. L’optimisation de la
fonction globale d’énergie est conduite a ’aide d’un schéma multi-grille. Les performances
de cet estimateur sont expérimentalement démontrées sur des images synthétiques et réelles
(météorologiques).

Mots-clé : Mouvement fluide, équation de continuité, régularisation Div-Curl, flot optique,
estimation robuste
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1 Introduction

In a number of domains conditioning our everyday life, the analysis of image sequences de-
scribing fluid phenomenon is of the highest importance. In evironmental sciences such as
oceanography, meteorology and climatology, the analysis of different types of satellite image
sequences allows to characterize the way the ocean or the atmosphere evolves. It authorizes
for instance to detect and track characteristic features such as fish eggs, larvae, or polluting
agents in oceanography [43]. In a similar way, such an analysis allows to extract, character-
ize, and track dynamical entities such as vortices in meteorological images[11, 30, 33]. The
detection as soon as possible of violent and sudden critical situations [39], which generally
involves spatio-temporal analysis of such images, is also of crucial importance for weather
now-casters. Besides, estimated flow fields in weather satellite imagery constitute an estab-
lished and important data source for numerical model of weather prediction [38]. In medical
imaging, one might be interested in blood flow analysis [1, 16] or in the estimation of defor-
mation fields[10, 44]. In the field of fluid mechanics, aero or hydro-dynamical experiments
now routinely produce different kinds of video data whose analysis allows a better under-
standing of certain types of fluid flows. In this domain, the extraction and the classification
of the critical points of the flow for a compact representation of the velocity field is also
widely studied [19, 18, 17, 36].

In all these domains, cameras offer in a versatile and non intrusive way huge amount
of spatio-temporal data, as opposed to in situ measurement techniques which are complex,
expensive, and which in addition supply only sparse informations. The extraction of dense
kinematic entities such as motion fields or particle trajectories, the measurement of differ-
ential characteristics of the motion such as the divergence or the vorticity of the flow, [46],
provide concerned experts or numerical models with a great deal of valuable informations.
Unfortunately, unlike dedicated probes which measure directly the physical quantities of
interest, images provide them only indirectly: they have to be extracted from the luminance
data recorded in the 2D image frame, which might be quite involved.

In addition, the analysis of motion in such sequences is particularly challenging due to the
great deal of spatial and temporal distortions that luminance patterns exhibit in observed
fluid phenomena. Standard techniques from Computer Vision, originally designed for quasi-
rigid motions with stable salient features, are not well adapted in this context. The design
of alternate approaches dedicated to fluid motion thus constitutes a widely open domain of
research. Our work is a contribution in that direction.

In the Computer Vision field, numerous techniques are available to estimate the bidi-
mensional vector field of apparent motion, usually known as optical-flow. The most accurate
and generic — in term of image applications — estimators [7, 26, 32, 28] are based on Horn
and Schunck model [25]. They consist in the minimization of an energy functional composed
of two terms: a data model term usually based on the brightness conservation assumption,
and a regularization (or smoothness) term, capturing a conteztual regularity prior. Although
such standard methods have demonstrated good performances in the context of deformable
[23] and even fluid motions [3, 11, 29], it remains that both assumptions are very likely not
to hold in large areas of this images, due to the tridimensional and highly deformable nature
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4 Thomas Corpetti , Etienne Mémin , Patrick Pérez

of fluid motions. The brightness assumption for instance does not hold in regions where the
fluid exhibits 3D motions not parallel to the image plane. In such regions, usually charac-
terized by a significant divergence of the apparent 2D motion field, the luminance function
often undergoes large variations which account for fluctuation of matter density. This link
between luminance and density is obvious in particle imaging. It is less straightforward in
meteorological imaging. Nevertheless, the different channels used in that case (infra-red,
water-vapor, or visible) are known to be related to fluid pressure or temperature, and as a
consequence, undirectly to the matter density. Large variations of former physical quantities
therefore imply image intensity variations, in contradiction with the brightness constancy as-
sumption. In addition to this “brightness inconsistency”, an optical-flow estimator equipped
with a standard first-order regularization is unable to recover accurately the motion involved
in such regions. Indeed, simple calculations [21] show that a first-order smoothness term
favors laminar flow fields (low divergence and rotational everywhere), whereas one of these
two differential quantities at least is usually significantly large in these areas of interest.
Let us point out that a precise estimation of the motion within such areas is of the highest
importance. As a matter of fact, these regions are the center of kinetics events such as
vortices, sources or sinks which retain key information for describing, understanding and
predicting the whole flow [18, 36, 33].

To cope with the two aforementioned problems, we propose here a dense motion estimator
specifically dedicated to image sequences involving fluid phenomena. We first investigate a
new data model which is not based on brightness conservation, but on the continuity equation
of fluid mechanics. This idea originally suggested for motion estimation in [42] has already
been considered in several studies since then. It has been used for instance in the context
of fluid flows [14, 15, 44, 47] as well as in the context of medical imaging [44]. However, the
continuity equation cannot be naturally embedded within standard incremental techniques of
estimation. These hierarchical approaches, which resort to Gauss-Newton minimization are
essential in case of large displacements [5, 13]. In order to use them in our context, we devise
an integrated version of the continuity equation. Secondly, to deal with high concentrations
of either divergence or vorticity, which are somewhat incompatible with the use of first-order
regularization, we introduce a new “div-curl” regularization. This regularization departs
from plain div-curl techniques introduced in [45, 22| by using an explicit estimation of the
divergence and vorticity scalar fields.

This paper is organized as follows. In section I, we address the general problem of energy-
based incremental estimation of optical-flow. We introduce the notations used throughout
this paper and define a generic motion estimator which will be used as a basis for comparison
purpose. In section III, we introduce the new data model based on the continuity equation
of fluid flow. We then show that this constraint is somewhat incompatible with the use of
first-order smoothness term. This observation leads us to propose, in section IV, an adapted
smoothness term issuing from the ideas of div-curl regularization. The overall model and
the associated optimization are detailed in section V. Comparative experimental results
are reported and discussed in Section VI, and two examples of applications (reconstruction
of trajectories and extraction of rotational/divergent structures) illustrate how the dense
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Dense Fluid Flow Estimation 5

vector fields provided by the new technique can be reliably used as an input for further
computations of real practical interest.

2 Generic optical-flow estimator

Optical flow estimation aims at recovering the apparent displacement field w = {w(s), s €
S} between two consecutive frames in an image sequence. Differential motion estimators
are based on the so called optical-flow constraint equation (OFCE)[25]:

V(s t)Tw(s)+ fi(s,t) =0 (1)

where V f stands for the spatial gradient of the luminance function f and f;(s, ) 27 (s,t+
1) — f(s,t) denotes the temporal luminance variation at location s. This equation issues
from the linearization of the brightness constancy assumption f(s+w(s),t+1) — f(s,t) =0
with respect to unknown vector w(s).

It thus assumes that the unknown displacement remains in the domain of linearity of
the luminance function. This hypothesis is particularly not verified for large displacements
or around sharp edges. To circumvent these limitations an incremental approach based on
a multiresolution image representation is often used [7, 13]. Such framework, involving a
pyramidal decomposition of the image data [9], is unavoidable in numerous situations. In the
following, we shall assume to work at a given resolution of such a pyramidal multiresolution
structure. In the remain of the paper, the expressions and computations are thus meant to
be reproduced at each resolution level according to a coarse-to-fine strategy.

Let us now suppose that a rough estimate w = {w(s),s € S} of the unknown velocity
field is available from a previous estimation (e.g., from an estimation at lower resolution).
Under the constant brightness assumption from time ¢ to ¢t + 1, a small increment field
dw € O C (R x R)S can be estimated by minimizing the function H = H; + aH,, with
[7, 31]:

Hy(dw) £ pi[VF(s+w(s), t+1)"dw(s)+ fils, t,w(s))] (2)
SES

Hy(dw) 2 Y~ po[[l(w(s) + dw(s)) — (w(r) + dw(r))||] (3)
<s,r>€C

where fi(s,t,w(s)) = f(s +w(s),t + 1) — f(s,t), @ > 0 is a parameter balancing the two
energy terms, C is the set of neighboring site pairs lying on grid S equipped with some
neighborhood system v and functions p; and ps are standard robust M -estimators (with
parameters o; and o2). Functions p; and ps penalize respectively the deviations from the
data model (i.e., the displaced OFCE ) and the departure from the smoothing prior.

Unlike quadratic penalty, these robust functions which are often non-convex for improved
robustness [12] enable to limit the contribution of large residuals. Furthermore, assuming

the concavity of ¢(v) = p(y/v)) [8, 20], the non-quadratic minimization of interest can be
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6 Thomas Corpetti , Etienne Mémin , Patrick Pérez

turned conveniently into an augmented “semi-quadratic”’ one. Indeed, any multidimensional
minimization problem of the form

find arg min Z lg; (z)],

with ¢ concave, lim,_, o ¢'(z) = 0 and lim,_ g+ ¢'(2) = 7 < 0o can be turned into a dual
minimization problem “find argmin, , >, [72;97 (2) +¢(z;)]” involving auziliary variables (or
weights) z;’s continuously lying in (0, 1], where 1 is a continuously differentiable function
depending on ¢.

The new associated minimization is then led alternatively with respect to x and to the
zi’s. If g;’s are affine, the augmented function is quadratic w.r.t. z, and the corresponding
minimization leads to the resolution of a sparse linear system. Due to its huge dimension,
iterative methods such as conjugate gradient, Gauss-Seidel or Jacobi methods are used to
solve it. The principal unknown vector = being frozen, the optimal weights are obtained in
closed form [8, 20]:

@) = 520~ Ly (@

The whole alternate procedure constitutes an iteratively reweighted least squares estima-
tion (IRLS) [24]. The convergence of this technique in a case where a non-convex robust
estimator is involved, is investigated in [12]. In [34], the convergence of this algorithm has
been further studied in the case where the convergence of the successive quadratic minimiza-
tions is not reached (which is the case in practice). It has been shown that, as long as the
algorithm decreases the energy function (and provided that the iterates belong to a compact
set), one only needs to perform few steps of an iterative solver between two successive weight
updates. This results in a very efficient minimization: in the experiments reported in [34],
the technique is about 5 times faster than standard IRLS for an image restoration, and about
3 times faster for optical flow estimation.

Let us now return to our problem. The weights under concern are of two natures: (a)
data outliers weights (related to the dual formulation of H;), and (b) discontinuity weights
lying on the edge grid associated to S (provided by the dual formulation of Hs). The first
set of weights, denoted by § = {d,,s € S}, allows to attenuate the effect of data for which
the OFCE is violated. The second one, denoted by S = {8s, <s,r>€ C}, prevents from
over-smoothing in locations exhibiting significant velocity discontinuities. The estimation is
now expressed as the global minimization of the augmented semi-quadratic energy function

H = Hi + aHo where:

Hi(dw) = Z[7’163[Vf(s-l—w(s),t+1)wa(s)+ft(s,t,w(s))]2+¢1(5s)} (5)

seS

Hao(dw) = D [maberll(w(s) +dw(s)) = (w(r) +dw(r))|I*+¢a(Ber)] - (6)

<s,r>€C
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Dense Fluid Flow Estimation 7

Note that this energy function can be seen as the discretization of the following functional:

Tw,5.9) = [ 16e) [V(s)"dw(s) + )]+ (6(e))as
@
+a [ BV () + dw) +va(3).

where w and dw are, momentarily, two C'-vector fields over continuous plane domain
S C R?, § and 8 two scalar fields on the same domain, and Vf = V(i +w,t+1),
fi = fl+w,t+1) — f(.,1).

As in the discrete step, the problem of minimizing this half-quadratic functional J can be
addressed in terms of alternate minimization [2, 27]. For fixed dw, Euler-Lagrange equations
provide optimal expression of functions § and §:

5= lldfl[(Vdew + )2, and § = j—2¢;[||V<w + dw)|?]. (8)

T

The natural discretization of the first equation that consists in taking values of 4, ft, and
V at pixel locations s = s € S, is readily obtained and yields exactly the same update
rule as the one stemming from the minimization of discrete energy H w.r.t. {ds}scs. The
same discretization scheme can be adopted for the second equation (as in [35]). However,
if gradients are approximated by finite differences on the dual grid, it is simpler to have
function g discretized on the same edge lattice. The corresponding discretized update is
then the same as the one that minimizes H w.r.t. {Bs} (s

The weight functions § and (3 being fixed, one has to deal with the minimization of a
quadratic functional of dw. This can be conducted first by writing down Euler-Lagrange
equations as a necessary condition of optimality:

16V fV fTdw — andiv[3V (w + dw)] = -8 f;V f. 9)

If w, dw, and § are discretized on S, while 8, Vw, and Vdw are discretized on the dual
grid, and the divergence operator is approximated by first-order central difference on S, this
partial differential equation leads to a linear system that coincides with the one to be solved
for minimizing H in dw.

We see that a standard discretization based on finite differences turns the minimization
of continuous functional J into the same problem as the one issuing from the minimization
of discrete energy #. Continuous formalism, however, allows more flexibility in the choice
of discretization scheme since the discretization step is delayed: whereas discrete modeling
sticks right away to the pixel grid discretization, variational approaches offer other choices,
especially when finite element method is used (within Euler-Lagrange formalism [11], or
apart from it [41]). In many cases, however, the discretization of the original continuous
model is made as simple as possible w.r.t. pixel grid, thus yielding in fine the same discrete
problems to be solved as those associated with the minimization of discrete energies.

RR n~ 4009



8 Thomas Corpetti , Etienne Mémin , Patrick Pérez

The standard dense estimator defined as the minimization of # (or J) is general. It is only
based on the assumptions of luminance conservation (first term) and of spatial smoothness
of the motion (second term). It does not rely on any prior knowledge about typical fluid
flows. This is the issue we turn to now.

3 Continuity equation

The optical-flow constraint equation has known limitations which can be partly circum-
vented. As already mentioned in the previous section, the influence of localized data-model
deviations as those occurring in not too noisy situations or in small occlusion areas can be
alleviated by the use of a robust cost function. In fluid imagery, the problem is much more
complex. Image sequences representing fluid phenomena exhibit areas where the luminance
function shows high temporal variations along the motion. These areas are often the center
of tridimensional motions which cause the appearance or the disappearance of fluid mat-
ter within the bidimensional visualization plane. These regions are associated to divergent
motions which influence greatly the shape of the velocity field in large surrounding areas.
The estimation of the 2D apparent motion in that kind of regions is therefore of the highest
importance and is hardly possible with the optical-flow constraint equation.

Instead of sticking to the intensity conservation assumption, we propose here to rely on
the fluid conservation of mass law also known as continuity equation:

x + div(xv) =0, (10)
ot

where x denotes the density of the fluid, v its velocity and divv = % + g—; + %—’; stands for

the divergence of the vector field v = (u, v, w). This 3D equation stems from the assumption

that the temporal variation of mass within a given volume amounts to the mass flux entering

this volume. Since

div(xv) = VxTv + xdivv, (11)
the equation of continuity may also be written

ox

ot + VxTv + xdivv = 0. (12)

Using the total derivative % = % + VxTv, this also reads:

% + xdivv = 0. (13)

Identifying the density with the luminance function one gets then exactly the optical-flow
constraint equation (Eq.1) when the divergence of the 3D apparent flow vanishes. The
continuity equation originally introduced in [14, 42] as a data model for motion estimation

INRIA



Dense Fluid Flow Estimation 9

of intensity time varying images has been since incorporated in several works. Surprisingly
first applied to rigid body motion estimation [14, 42], it has been considered in the context of
fluid imagery either for satellite meteorological images [4] or for experimental fluid mechanics
[47]. It has also been introduced in medical imaging domain to recover 3D deformation fields
of the heart [44] or to analyze blood flow [1, 16]. In all cases, this model has proven as an
appealing alternative to standard luminance constancy assumption.

The use of continuity equation for image sequences analysis relies on the hypothesis that
the image retains the main physical properties of the observed fluid. This critical hypothesis
is twofold. First the luminance function is assumed to be somehow related to a passive
quantity transported by the fluid. Secondly, the 2D representation of a fluid following a
conservation law is assumed to respect a 2D continuity equation. This latter assumption
has been theoretically verified in the case of transmittance imaging by Fitzpatrick [15] and
extended in [47] for different border conditions. In the present work we will assume these
two assumptions. This provides us with an alternative to the OFCE:

% + fdivw = 0. (14)

However, a data model based on the continuity equation shares some limitations with
one based on the optical-flow constraint equation. It is highly sensitive to the presence of
noise and is very unlikely to hold everywhere. We then suggest to handle the continuity
equation with a robust penalty function in our data model (in the same way as we did for
the optical flow constraint in the generic model of estimation).

The other problem is that the continuity equation is related to fluid wvelocity and not
to particle displacements [37]. Unlike brightness constancy f(s + w(s),t + 1) = f(s,t)
which concerns displacements, it thus cannot be directly incorporated within an incremental
multiresolution or multigrid framework. To cope with this problem, let us assume that
the velocity field is stationary between the instants ¢t and ¢ + At¢. The integration of the
differential equation (14) from time ¢ to time ¢ + At yields a new expression of the intensity
variation:

F(s+ Atw(s), t + At) = f(s, 1) exp ( — At div w(s)). (15)

This equation can now serve as the basis constraint of a new fluid motion estimator.
Setting At = 1 for notational convenience, a robust expression of the resulting data-model
is:

/Sp{f(s+w(s),t+ 1) exp (diva(s)) — f(s,t)}ds. (16)

The term exp(divaw(s)) accounts for the intensity loss or gain exhibited by the fluid at
locations where the motion is divergent. For example, in case of motion with positive
divergence, there is a loss of intensity, which is all the more important than divaw(s) is large.
We can note that if divaw(s) = 0 (as in incompressible fluids), we end up with the brightness
conservation assumption f(s + w(s),t + 1) — f(s,t) of standard optical flow techniques.

RR n~° 4009



10 Thomas Corpetti , Etienne Mémin , Patrick Pérez

This integrated version of the continuity equation has the advantage to deal explicitly
with displacements. An incremental form of this constraint may be readily obtained by a
linearization of the weighted displaced luminance function
f(s+w(s) +dw(s),t + 1) exp (div(w(s) + dw(s))) around w(s). Dropping the time indices
of the luminance function for sake of clarity, this linearization yields:

H,(dw) :/

) p{exp(divw(s)) ([f(s)Vdivw(s)+Vf(s)] dw(s) + f(s)) - f(s)}ds, (17)
where f(s) = f(s +w(s),t +1).

We now turn to the definition of the smoothness prior to be used in conjunction with
this new data energy term.

4 Adapted Div-Curl regularization

By using Euler-Lagrange conditions of optimality, it is readily demonstrated (see the ap-
pendix) that the standard first-order regularization functional

Hy(w) = a/g(lWU(S)IV + Vo (s)[*)ds,

is equivalent from the minimization point of view to a so-called div-curl regularization func-
tional [45]:

Hy(w) = a/(divzw(s) + curl’w(s))ds, (18)
s
where divw = % + g—; and curlw = g—; — g—z are respectively the divergence and the vorticity

of the vector field w = (u,v).

A first-order regularization therefore penalizes the amplitude of both the divergence and
the vorticity of the vector field. Consequently, it introduces concomitant constraints on
the curl and divergence of the flow field. For fluid motion estimation, this does not seem
appropriate since the apparent velocity field usually exhibits “concentrations” of vorticity
and/or divergence corresponding to vortices or 3D motions non parallel to the image plane.
In addition, an under-estimation of the divergence would be all the more prejudicial in our
case, because the data model includes an explicit use of this quantity. Following the usual
idea behind div-curl regularization [22] [45], which consists in decoupling the smoothing of
each quantity, we propose here to introduce an adaptive div-curl smoothness that captures
the physical prior we have on the different components of the Helmotz decomposition of the
displacement field.

This representation decomposes the vector field w as a summation of three components
(see Fig. 1): a smooth laminar field with (divw,curlw) = (0,0), a divergence-free or

INRIA



Dense Fluid Flow Estimation 11

Figure 1: Helmotz decomposition : (a) vector field; (b) divergence component; (c) vorticity
component; (d) laminar component (a translation here)

solenoidal component (divw = 0) and a curl-free or irrotational component (curlw = 0).
Each of these components is equipped with its own prior: for solenoidal and irrotational
fields it is a prior that allows substantial variations of the div and curl respectively, whereas
a strong first-order regularization is used for the laminar component. To this end, we
introduce the new smoothness term:

Hy(w) £ o /S (p(div w(s) — £(s)) + p (curl w(s) = ¢(s)) )ds + A /8 (IwE@I? + 1V ¢(s)12) ds,
(19)

where scalars function £ and ( are respectively some estimates of the divergence and the
curl functions, and A is a positive parameter. This smoothness prior amounts to a first-order
regularization when the estimates of the divergence and the vorticity both approach zero. At
the opposite, when they are significantly non-null, a smoothing of the estimated divergence
and curl of the flow field is imposed through the quadratic smoothness term. The first term
enforces the vorticity and the divergence of the flow field to comply with their independent
estimates. The robust penalty function p used in these terms allows nevertheless the actual
divergence and curl of the flow to depart significantly from the first-order smoothness prior
undirectly put on them through £ and {. This is important for recovering accurately the
various concentrations of divergence and vorticity which are likely to be present. Getting
ride of the auxiliary scalar fields & and ¢ in (19) (by setting £ = div and ¢ = curl) would
amount to a standard second order div-curl regularization [45, 22]:

/ (Iwdivas(s) [ + [ Veurtao(s)]* ) . (20)
s

This however would not allow as easily as with our functional the specification of various
robust priors on the divergence and the rotational. The second part of our functional (19)

could indeed be easily modified to incorporate more drastic priors on these scalar fields
such as those based on Rankine vortex model [33, 36]. Some physical measures provided by
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12 Thomas Corpetti , Etienne Mémin , Patrick Pérez

dedicated probes, such as vorticity measurements obtained with hot wire anemometry [46]
could also be easily imposed. By introducing new variables we avoid furthermore to handle
the fourth-order coupled PDE’s to which (20) leads [22].

5 Overall dedicated model

5.1 Discrete formulation

Gathering all the elements described so far, we can now write a global energy model for fluid
motion estimation. As mentioned before, at this time one can choose either a continuous
formulation and delay the discretization, or to discretize right away the energy functional.
As in the case of the generic motion estimator, we chose the second solution. Given a
previous estimate w to be refined, the estimation of an increment field dw is formulated as
the minimization of a global energy function composed of two terms H £ Hy, + H, with

Hi(dw) 2 3" pu{ exp(divwo(s)) ([ () Vaiva(s) + VF(5) " dw(s) + i®) -1} @

seS

and

Hy(dw,€,¢) £ @Y (s {diviw + dw)(s) = &} + pa fourl(w + dw)(s) - G} )

seS (22)

A Y e =&l + NG - G,

(s,ryec

where C is the set of neighboring site pairs with respect to a first-order neighborhood sys-
tem, and div w(s) (resp. curlw(s)) denotes a discretization of the divergence (resp. the
curl) of the vector field w = (u,v). Instead of using the standard central finite difference
discretization scheme of such quantities

. .. 1
divw(i, j) = 5[(Uz’,j+1 — Ui j-1) + (Vit1,j — Vi1,5)],

. 1
curlw(i, j) = 5[(vi,j+1 = 0ij—1) = (Wit1,5 — Ui—1,5)],

which does not include the central point (i,j) — and consequently yields some difficulties
in the resolution of associated equations —, we rather preferred to use a non-symmetric
discretization of the partial derivatives including the current point at which the computation
is carried out. This discretization scheme is given by:

. .. 1
divew (i, j) = Z[(3ui,j + wij—2 — 6uij—1 + 2u4 1) + (v + viea,j — 6vi—1,j + 20i41,5)],

6
. 1
curlw (i, j) = £[(vi; + vij—2 — 601 + 20i541) — Bthij + wizz,j — bui—1j + it 5)]-
(23)

INRIA



Dense Fluid Flow Estimation 13

As for the minimization of the overall energy function, two main sets of variables have to
be estimated. The first one is the incremental motion field dw, and the second one consists
in the two scalar fields £ and (. Following the same principle as for the generic estimator, the
robust energy function is rewritten according to its half-quadratic formulation and minimized
alternatively with respect to these two sets of variables and their associated weights until
convergence. The weighted quadratic reformulation % = H; + oy of H is defined by:

1(dw, £, 9) Zn {exp divw(s)) ([f(s)Vdivw(s) +Vf(s)]Td'w(s) +f(s)) — f(s)}2

seS
+ d)l (63)7

(24)

and

Ha(dw,6,C,0,) 2 3 1opy (diviaw + duw)(s) — &)+ h2(p) + 7255 (curl(ao + dw)(s) ~ G,

sES
+ha(c) + A D & — &I+ 116 — ¢II”-
(s,m)EC

(25)

The different auxiliary variable fields 4, ¢ and ¢ weight respectively the data model, the curl-
based prior term and the div-based prior term. Let us now see in details how are conducted
the different minimizations constituting the overall alternated optimization process.

5.2 Minimization w.r.t. the increment motion field

Considering the div and curl estimates £ and ( as being fixed, the minimization with respect
to dw amounts to solving a standard weighted least squares problem. This is conducted
here with an efficient multi-parametric adaptive multigrid technique introduced in [32]. This
scheme consists in solving the optimization problem as a cascade of constrained estimations.
At a given level, ¢, of this hierarchical minimization the minimizer is constrained to be
piecewise-parametric relatively to an image partition which becomes finer and finer as /
decreases. Each associated minimization is based on the rewriting of the global energy
according to the considered constraint. Imposing at a given level, ¢, the increment field to
be of the form dw’ = {Pn(s)OfL,s € BY,n = 1,---  N*}, according to a block partition
B ={B!,n=1,...,N*}, where P,(s) is a matrix depending on the parameterization and
6!, denotes the parameter vector for block B , we have H! = H! + ah with:

H(dw',£,0) =Y 3 ma{ expldivao(s)) ([Vaivw() f(s) + Vi(s)] " Pue)8l + 7)) - 1)}

n s€EBE

‘le (63) ( )
26
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14 Thomas Corpetti , Etienne Mémin , Patrick Pérez

and

(', 6,C5,0) =a Y 3 {mps (diviaw + dw)(s) ~ &) + ()

n s€EBt

s (curl(w + dw')(s) ~ ) +abnle)} +A 2 6 — &I+ 16— G-

(s,r)ecC
(27)

A particular attention must be paid to the expression of div dw(s) and curl dw®(s) in this
rewriting. Indeed, at each point where the support of discretized div and curl operators
(Equ.23) straddles several blocks, computation involves a variable number of neighboring
blocks. It must be noted that parameters Of“n =1,---, Nt which define the constrained
increments are locally inter-dependent in this non-regular way. At first levels, one has to face
a reduced complexity half-quadratic minimization problem. As complexity increases with
the decrease of /, the estimations provided by first levels are hopefully good enough to make
the current minimization more tractable. At each level, we use an alternated minimization.
The semi-quadratic energy is processed through one or few steps of an adequate iterative
solver, which guarantees an energy decrease, and then weights §, ¢ and ¢ are updated
according to (4). The hierarchy of levels is generated by splitting a crude original partition.
All the levels are visited in a coarse-to-fine strategy. At the end of each grid level, in the
same spirit as Gauss-Newton minimization, the estimate dw’ is integrated in the whole
displacement field (w < w + dw"). This implies in particular that the displaced luminance
function f is recomputed to account for the additional displacement dw’. The increment
field at each level as well as the field to be refined w is initialized with a null field.

The block partition supporting the constrained increments may be adaptive or regular
and different parameterizations may be used simultaneously or successively [32]. In this
work, we used a regular block partition associated to a piecewise 6-parameter affine con-

1 2z vy 0 0 O ‘ 6 ;
00 0 1 2, , 8, € R®) for blocks bigger than 4

sites, whereas a translational constraint (8% = dw’ € R?) is imposed for smaller blocks.

straint (Pn(s = (zs5,9s)) =

5.3 Minimization w.r.t. the div and curl scalar fields

Considering in turn, the motion field and its related auxiliary variable fields as being frozen,
we now have to perform an alternated minimization according to the divergence and curl
scalar fields £ and {. Both minimizations are exactly of the same nature, we therefore present
only the minimization w.r.t. the ( variables.

The energy terms involved in this minimization are:

" {me (comllw + duw)o) =)+ ()} + 2 Y G -Gl @9

seS (s,r)eC
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Dense Fluid Flow Estimation 15

We have here to solve a half-quadratic problem. At fixed weights the energy descent is
performed using one step of Gauss-Seidel iterative solver. The weights are then updated
according to (4).

6 Experimental results

In this section we present a variety of experimental results. In order to assess the perfor-
mances of the proposed dedicated approach, we have systematically compared the obtained
motion fields to those estimated with the generic robust technique. In both cases, we choose
the Leclerc estimator p(z) = 1 — exp(—7z?), both for the data term and for the smoothness
term. As for the parameters, it is important to point out that those in common have been
tuned to exactly the same values. Besides, these values have been kept unchanged for all
the experiments (see table 1).

Table 1: parameter values
a X 71 T #gridlevels #resolution levels

50 10 2.7 1.0 4 3

In order to evaluate quantitatively the results of the dedicated fluid flow motion estimator
we first carried out experiences on synthetic sequences.

6.1 Synthetics results

The two motion estimation techniques (generic and dedicated ones) have been applied and
compared on four synthetic sequences built by applying a known motion to a real Meteosat
image. The three first examples are depicted in figure 2. They are respectively character-
ized by a synthetic diverging motion (Fig. 2b), a rotational motion (Fig. 2c), and a swirling
motion (Fig. 2d). The value of the divergence and curl applied are given in table 2. These
synthetic sequences have been chosen to evaluate the benefit of the new div-curl regular-
ization term. We list in table 2 the average divergence and vorticity estimated respectively
with the robust first-order regularization (6) and with the robust adapted div-curl one (22).
Furthermore, to assess also the usefulness of the robust penalty term in the adapted div-
curl regularization, we give the results provided by a quadratic version of this smoothness
term. These three kinds of regularization have been associated here to the same robust data
model based on the optical flow constraint equation from which the synthetic second image
is derived. Quantitative comparative results are gathered in table 2. The mean square error
is defined as follows:

Y Sees (5.0~ 7))

MSE= ’
|5 |
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16 Thomas Corpetti , Etienne Mémin , Patrick Pérez

Figure 2: (a) Real Meteosat image (visible channel); (b) result of a synthetic divergence
(div = 0.2); (c) result of a synthetic rotation (curl = —0.2); (d) result of a synthetic swirl
((div, curl) = (0.2,—-0.2))

where f(s) = f(s+w(s),t+1) is the reconstructed image obtained by applying the estimated
motion field to the second image, ans | S | is the image size. This quantitative measure is an
indicator about the quality of the estimated motion field under the assumption of brightness

constancy. For these synthetic examples built on that assumption, it is then a relevant

evaluation criterion. We also report the average div and curl, computed as w and

B
%ﬁlw(ﬂ). These results show clearly the superiority of the adapted div-curl smoothness

to recover divergent and rotational motions, but at a double cpu time expense. Besides,
compared to a quadratic div-curl smoothing term, the use of a robust penalty improves
slightly the accuracy of the results for a modest increase of computation time. It is also

Table 2: Comparative Results for Synthetic Motions

Regularization (div,curl)  Mean Square Error Average div  Awverage curl CPU time
Robust generic (0.2,0.0) 43.77 0.09 —0.003 125s
Quadratic div-curl  (0.2,0.0) 11.86 0.1706 0.0017 275s
Robust div-curl (0.2,0.0) 11.18 0.1873 0.002 290s
Robust generic (0.0,-0.2) 41.91 0.04 -0.11 135s
Quadratic div-curl (0.0, —-0.2) 15.22 —0.0122 —0.1935 239s
Robust div-curl (0.0, —0.2) 14.90 ~0.009 -0.1978 246s
Robust generic (0.2,-0.2) 47.64 0.09 —0.05 135s
Quadratic div-curl (0.2, —0.2) 14.32 0.1795 —0.1731 269s
Robust div-curl  (0.2,—-0.2) 12.36 0.1820 -0.1853 275s

quite informative to compare the different motion fields and div/curl estimates provided by
the different approaches. We present in figures 3, 4 and 5 for the three different sequences
the motion fields and the corresponding maps of divergence and vorticity estimated with
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the robust first-order smoothness and with the adapted div-curl regularization. = These

03
0.2
01
0
Figure 3: — Diverging motion — Motion field and corresponding divergence estimated with a
robust first-order regularization (a,b) and with the proposed div-curl smoothing (c,d)
0.1
-0.15
-0.2
-025

Figure 4: — Rotational motion — Motion field and corresponding vorticity estimated with a
robust first-order regularization (a,b), and with the proposed div-curl smoothing (c,d).

visualizations confirm the fact that a generic estimator (even including robust functions) can
hardly recover the true diverging/rotational motions. The div-curl regularization appears
to be far more reliable to estimate such essential components of fluid motion.

To study the behavior of the data-model based on continuity equation, we have consider
a fourth synthetic sequence (figure 6). This sequence simulates a diverging motion with
div = 0.2 accompanied by the corresponding loss of intensity predicted by equation (15).
More precisely, according to our model, the intensity of the second image is weighted ev-
erywhere by exp(—div(w)) = exp(—0.2) = 0.818. On this sequence, we have compared the
generic technique based on the optical flow constraint with a first-order smoothness, and the
complete dedicated approach constituted of a div-curl regularization associated to a data
model relying on the continuity equation. The obtained results are shown in Figure 7. As
expected, the generic estimator is absolutely not adapted to this type of situations (see Fig.
7 (a) and (b)). The brightness constancy constraint is indeed unable to match corresponding
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Motion field and corresponding divergence (second line) and

vorticity (third line) maps estimated with a robust first-order regularization (a, c, e), and

with the proposed div-curl smoothing (b,

Figure 5: — Swirling motion —

f).

d
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Figure 6: (a) Original Meteosat image (visible channel); (b) synthetic divergence accompa-
nied by a loss of intensity.

points. Figure 7 (c) presents the results corresponding to the proposed dedicated model.
The average divergence of the two motion fields is respectively div = 0.0943 for the generic
estimator and div = 0.2041 for the dedicated estimator. Since this synthetic example was
perfectly compliant with the integrated continuity equation, not much should be concluded
from this comparison, except that the dedicated model provides consistent estimates in this
favorable case. The actual method must be (qualitatively) validated on real sequences.

We now turn to such comparisons on real world meteorological sequences.

()

0.25

0.2

0.15

0.1

0.05

Figure 7: — Diverging sequence with loss of intensity — Motion field and divergence estimated
with a first-order regularization term and the brightness constancy assumption (a,b), and
with our div-curl technique associated with a data model based on the continuity equation

(c,d).

6.2 Real world sequences

We have chosen to show results on two different kinds of meteorological image sequences.
The first one, issued from the infra-red channel of Meteosat (Fig.8a,b), has been shot the
21%¢ of January 1998 and shows a large through of low pressure (lower left part of the image)
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together with a large cloud structure moving in the upper right part of the image. Figures 8c
and 8d show, for two consecutive images of that sequence, the motion fields estimated with
the robust generic technique and with the proposed dedicated method. The corresponding
vorticity and divergence fields are also presented in figure 9. In the two cases, the flows
recovered are physically plausible. Nevertheless, the generic estimator seems to smooth out
too much the rotational and the divergence parts of the motion field. With the dedicated
model the full extent of the depression swirling motion is recovered and the diverging motion
of the upper right structure can be more clearly observed!. These observations are also

Figure 8: —Infra-red Meteosat sequence — Two consecutive images (a,b); motion fields esti-
mated with the robust generic technique (c) and with the dedicated method (d)

supported by the comparison of the associated vorticity and divergence fields (Fig. 9). This
comparison shows clearly the ability of the dedicated approach to recover the concentrations
of divergence and vorticity (Fig. 9c and 9d). Of course the true value of these quantities are
completely unknown, but as shown in a second part of this section, a closer analysis of the

1The complete sequences and the results can be played at http://www.irisa.fr/vista/Themes/Demos/
MouvementFluide/fluide.english.html
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results along the complete sequence —which comprises 14 images — demonstrates clearly the
superiority of the dedicated approach on this sequence.

03

0.25

0.2

015

-0.4

-0.6

(c)

Figure 9: — Infra-red Meteosat sequence — Divergence (first line) and vorticity (second line)
maps estimated with the generic robust technique (a,c) and with the dedicated div-curl ap-

proach (bd).

The second satellite sequence (Fig. 10) is a water vapor image sequence shot the 4t%
of August 1995. This sequence represents a through of low pressure on the left part of the
image and a set of active convective cells on the right part. Water-vapor images contain
many relevant informations for specialists. But, due to their low photometric contrast,
their study is a tough problem. The figure 11 presents the motion fields estimated on 5
consecutive images of the sequence with the generic motion estimator and with the dedicated
technique. Let us point out that to ensure a minimum of temporal coherence, the procedure
is initialized — for both estimator, at coarsest resolution and grid level — by the dense motion
field estimated at the preceding instant. As for the first image couple, the procedure is
initialized by a null field.

The motion fields obtained show clearly the differences between the two approaches. The
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(a) (b) (©) (d)

Figure 10: — Water vapor image sequence — 5 images shot from 10:00 am to 13:00 pm at the
rate of one image per hour
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Figure 11: — Water vapor image sequence — Vector fields estimated with the dedicated div-curl
method (a, b, ¢, d) and with the generic robust approach (e, f, g, h).
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generic technique smoothes the motion field in such a way that the swirling motion of
the depression is completely lost. At the opposite, the dedicated model demonstrates its
capacity to recover such motions in low contrast situations. Furthermore, the observation of
the consecutive motion fields indicates a certain stability in the motion estimation computed
with our model. This characteristic will be confirmed in the next section where we compute
the trajectories of some points along the 22 images of the sequence. The vorticity and
divergence obtained for the dedicated div-curl estimator are displayed in figure 12.

03
0.25

Figure 12: — Water vapor image sequence — successive maps of divergence (a,b,c,d) and
vorticity (ef.gh) estimated with the dedicated estimator

To assess further the quality of the motion fields recovered over time, we now present an
application of trajectory reconstruction. Results on a long time period can thus be visualized
to compare qualitatively the proposed dedicated motion estimator to the generic robust one.
Besides, to show the quality and the usefulness of the estimated divergence and vorticity
fields, we finally present a second application where one tries to detect the areas exhibiting
high concentration of divergence or vorticity.

6.3 Application I: Trajectory reconstruction

The reconstruction of the trajectories of some elements of fluid through time is a problem
of practical interest on its own right. It indeed allows to get so-called Lagrangian drifters
which can complement or even replace the use of complicated, expensive, and sparse physical
drifters in a number of applications ranging from fish eggs tracking to atmospheric polluant
tracking. Apart from this applicative interest, the reconstruction of trajectories provides
a unique visualization tool to assess the quality of estimated motion fields. As suggested
in [40], this reconstruction is conducted with a Runge-Kutta integration method. Knowing
the (dense) motion fields w(tg + nAt) = {w(x,to + nAt),z € S}, n=0,--- ,N — 1 for a
sequence of N + 1 images, we aim to reconstruct the trajectory x(t) of some point located
at xg in the first image: x(tg) = xo. Assuming that the position function is differentiable,
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the velocity is given by

dz(t)  w((t)?)
a — At

We thus have to conduct numerical integration of an O.D.E. with initial condition. Runge-
Kutta methods are standard numerical techniques to solve this problem. They consist to
approximate

to+(n+1)At to+(n+1)At
z(to + (n + 1)At) — x(to + nAt) = / x'(t)dt = / Mdt. (29)
> ~ ~ Jto+nAt to+nAt At

S
Vv v

A A
:mn+1 =®n

A fourth-order approximation gives:

Tpi1 = Tn + G(w(l) + 2w + 2w +wd) (30)
where:
wl) = w(xn,to +nAt)
w,(f) = w(zn At)
w = w(z, + & % to + nAt + At)
wi) = w(z, +wh, to +nAt + Ab).

In our case, w has to be interpolated in time and space from the discrete motion fields,
using bilinear interpolation.

We present results obtained for the complete sequences shown previously. The first one
is a 14 infra-red image sequence shot the 21** of January 1998. The second sequence is
composed of 22 water vapor image shot the 4** August 1995. Reconstructed trajectories
based on the dedicated div-curl estimator are shown in Fig. 14 both for a regular grid
of points and for a selection of some points. Initial positions from which trajectories are
reconstructed are shown, superimposed to the first image of the sequence, in figure 13.

The recovered trajectories (Fig. 14) seem physically plausible and compliant with the
actual motion — or at least with the idea provided by visual inspection®. Trajectories com-
puted from initial points shown in Fig. 13 are superimposed to the last image of the sequence
in Fig. 14. The quality of these trajectories demonstrates the relevance of the instantaneous
motion fields estimated by our method as well as their temporal stability within a long time
period despite the absence of explicit temporal link within the estimator (apart from the
use of previous estimate as an initial guess).

The corresponding results obtained with the generic robust estimator are shown on figure
15. The location of original points and the time period are the same than before. It

2The complete sequences and the reconstructed trajectories may be seen at
http://www.irisa.fr/vista/Themes/Demos/MouvementFluide/fluide.english.html
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Figure 13: Initial points from which trajectories are reconstructed. For the infra-red se-
quence,(a) is a regular grid of starting points, and (b) is a selection of ten given points; for
the water-vapor sequence, (c) is a regular grid of starting points and (d) is a selection of siz
given starting points.
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Figure 14: Reconstructed trajectory obtained from velocity fields estimated with the dedicated
fluid motion estimation technique; (a) for a regular grid of initial points; (b) for a selection
of starting points, and superimposed on the last image of the sequence (see Fig 13 for location
of starting points in the first image)
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appears that the generic robust estimator based on robust first-order regularization leads
to much smoother trajectories which are obviously less compliant with the real apparent
motion. In the case of the water-vapor sequence, the generic technique does not detect the
depression in the left part of the image. In that example, the rather low level of photometric
information makes the motion (and therefore trajectories) estimation driven a lot by the first-
order regularization. This prevents from recovering properly the complicated motion within
the low pressure area. Nevertheless, even in the infra-red sequence where the photometric
information is much reacher and more reliable, the first-order regularization still attenuates
the estimates in the low pressure area and in the divergent one. Some valuable informations
are thus completely smoothed out.

Figure 15: Reconstructed trajectory obtained from velocity fields estimated with the generic
robust technique; (a) for a regular grid of initial points; (b) for a selection of starting points,
and superimposed on the last image of the sequence (see Fig 13 for location of starting points
in the first image)

6.4 Application II: Extraction of significant areas of vorticity and
divergence

From an appropriate motion estimation, it might be extremely interesting to extract the
areas of significant divergence and vorticity. As a matter of fact, these areas retain structures
that are of key importance for understanding as well as describing fluid flows [18, 33]. The
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extraction of these structures can be cast as the estimation of binary maps (£a;v and £Leur),
indicating the presence/absence of diverging motion and of rotational motion. To recover
these two label fields £aiv = {laiv(s),s € S} and Leyn = {Leuni(s), s € S}, we have adopted a
standard energy-based model in which the unknown labels interact on a local basis. In the
following, we only introduce the model used for detection of diverging areas. This model is
extended straightforwardly to the detection of concentrations of vorticity. The estimation
of £4;v is posed as the research of the minimizer of an energy function:

Ulla) =Y Viléo law(9) +8 Y Vallaiv(s), Laiv(r)) (31)

seS <s,r>eC

where ¢ denotes the estimate of divergence of vector field w. The positive parameter 3
controls the relative importance of the contextual energy term. We choose potential V; as:
{ £ if Laiv(s) =0

1— g2 if laiv(s) = 1,

Vi(&s, Laiv(s)) = (32)

where 4 is a given threshold. Potential V7 has been chosen heuristically such that if £(s) < p
(resp. &(s) > p), the minimizer of Vi (£(s), Laiv(s)) is Laiv(s) = 0 (resp. faiv(s) = 1). Figure
16 shows a plot of functions V; (£(s),0) and V3 (£(s),1).

To enforce compact areas the a priori term is defined as:

VQ(ZdiV(S),ZdiV(T)) = 26(Zdiv(s) — Ediv(r)) — 1. (33)

The global optimization of U(£giy) is conducted with the ICM deterministic minimization
method [6]. It is initialized by the minimizer of the first term only (i.e., the binary map
associated to the thresholding of £ at level ).

Figures 17 (resp.18) presents detection results for a pair of images of the water vapor
sequence (resp. the infra-red sequence).

We present also results obtained on another infra-red Meteosat sequence showing some
convective clouds whose upward motion results in a divergent motion in the 2D image plane.
The extraction of such structures is of actual importance for weather forecasting since they
are responsible of sudden and violent meteorological events (such as showers, storms,...). In
these three sequences, the estimated detection maps seem to capture consistently the main
areas of vorticity and divergence, whereas the application of the same extraction technique
on the fields provided by the generic model does not provide sensible results (either nothing
significant or a much too noisy detection map). The divergence and vorticity estimated by
the way of the proposed dedicated motion estimator can thus constitute valuable inputs for
extracting simply kinematic features of interest in number of applications. This is a new
evidence supporting the relevance of the proposed dedicated model for fluid motion analysis.

7 Conclusion

In this paper, we have presented a new method for estimating fluid flows from image se-
quences. This method is an extension of the energy-based generic robust models where an
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Figure 16: Data model potential function Vi (&s,Lain(s)), p = 0.15

(a) (c)

Figure 17: — Water-vapor sequence — Extraction of pertinent structures of the flow;(a,b)

vorticity areas; (c,d) diverging areas.
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(a) (b) (c)

Figure 18: — Infra-red sequence — Extraction of pertinent structures of the flow;(a,b) vorticity
areas; (c,d) diverging areas.

Figure 19: (a) Convective clouds in infra-red images. (b,c): extraction of significant diver-
gent areas.
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objective function, constituted of data-model term in association with a smoothness prior,
is to be minimized. Both terms have been specifically designed to suit image sequences
representing fluid phenomena evolving in time.

The data-model arises from the mass conservation of fluid flow known as continuity
equation. An integration of this equation has allowed us to define a new data-model that
can be embedded within an incremental minimization scheme. The smoothing part of the
model is based on the idea of div-curl regularization. We have shown that the overall model
may be implemented as the minimization of a discrete energy function relying on a non-
symmetric discretization of the divergence and rotational operators. The optimization of the
complete model is set in a multiresolution/multigrid optimization framework for improved
quality and speed.

This new technique has been validated both on synthetic and real sequences, and with
two kinds of Meteosat images (infra-red and water vapor channels). On this kind of data the
proposed dedicated motion estimation model has demonstrated its superiority on a generic
robust technique. It has especially proved its usefulness in recovering the components of the
motion that are of critical importance for analyzing, understanding (and predicting) fluid
phenomena. The temporal stability and the accuracy of the estimated motion fields have
been also assessed by the way of trajectory reconstructions over long time sequences.

As estimating motion in fluid sequences is an important prerequisite in a number of do-
mains, we believe that the dedicated model introduced in this paper provides a useful tool.
Although the computational cost is large, it is already acceptable for a number of target
applications (especially meteorological and oceanographic applications). Nevertheless, if the
method was to be used in an experimental context with higher time constraints, such as
some applications in experimental fluid mechanics, the integration of proposed algorithms in
fast architectures can reasonably be envisaged. Apart from the two examples of utilization
of estimated motion fields (computation of numerical Lagrangian drifters, and extraction of
vorticity /divergent concentrations), other high level task, including the detection, the recog-
nition, and the tracking of entities of interest (e.g., depressions or low-cloud in meteorology,
pathological blood vortices in heart angiography) could hopefully rely on obtained vectors
fields.
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Relationship between div-curl and first-order regulariza-
tion

By using the FEuler-Lagrange condition of minimality, the equivalence between a standard
first-order smoothness regularization, and a div-curl regularization with same weights for
div and curl penalties can be readily demonstrated. Recall that Euler-Lagrange equation

constitutes a necessary conditions for the minimization with respect to function g(z,y) of a
funtional

[gf(g,gm,gy,m,y)dS.

It reads:

or _9090F¥ 99F _,

Assuming a first-order regularization term
Hy(w) = a/s(IIVu(s)ll2 +[IVo(s)[*)ds,

This condition amounts the following coupled PDEs:

=205y — 20Uy, = 0
{ =20y — 2avy, = 0. (34)
Now, considering a div-curl regularization
Hy(w) = / (a diviw(s) + 3 curlzw(s))ds, (35)
s
minimality conditions become:
{ —20Uze — 2Buyy — 2(a@ — Blvyy = 0 (36)
—2BVz0 — 200yy — 2(a — Blugy = 0.

Where a = 3, these equations are the same as (34)
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