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Abstract: We present a novel method for representing and evolving objects of arbitrary
dimension. The method, called the Vector Distance Function (VDF) method, uses the vector
that connects any point in space to its closest point on the object. It can deal with smooth
manifolds with and without boundaries and with shapes of different dimensions. It can be
used to evolve such objects according to a variety of motions, including mean curvature.
If discontinuous velocity fields are allowed the dimension of the objects can change. The
evolution method that we propose guarantees that we stay in the class of VDF’s and therefore
that the intrinsic properties of the underlying shapes such as their dimension, curvatures
can be read off easily from the VDF and its spatial derivatives at each time instant. The
main disadvantage of the method is its redundancy: the size of the representation is always
that of the ambient space even though the object we are representing may be of a much
lower dimension. This disadvantage is also one of its strengths since it buys us flexibility.
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Représenter et faire évoluer des variétés différentiables
de co-dimension arbitraire plongées dans R* comme
I’intersection de n hypersurfaces: les fonctions distance
vectorielles.

Résumé : Nous présentons une méthode pour représenter et faire évoluer des objets
de dimension arbitraire. La méthode, dite de la “Fonction Distance Vectorielle” (VDF),
utilise le vecteur qui joint tout point de ’espace & son point le plus proche sur ’objet et est
donc applicable & des objets de toute dimension, avec ou sans bord. Elle peut étre utilisée
pour simuler, entre autres, le mouvement par courbure moyenne. L’utilisation de champs de
vitesse discontinus permet a 1’objet de changer de dimension en cours d’évolution, la fonction
vectorielle associéee restant toujours dans la classe des VDF. Par conséquent, les propriétés
intrinséques de ladite variété, comme sa dimension et sa courbure, sont accessibles & chaque
instant via le calcul des dérivées spatiales d’ordre 2 de sa VDF. La principale faiblesse de
cette méthode réside dans sa redondance: la taille de la représentation est toujours celle de
I’espace ambiant alors méme que la variété décrite peut étre de dimension faible. Dans le
méme temps, ceci est une force de la méthode puisque que cela procure une plus grande
flexibilité.

Mots-clés :  Représentations implicites des formes, Mouvement de courbure moyenne en
co-dimension arbitraire, Changement de dimension, Variétés a bords.
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4 José Gomes and Olivier Faugeras

1 Introduction and history

In this paper we present a general method for representing objects of arbitrary dimension
embedded in spaces of arbitrary dimension. The representation method is also the basis for
evolving such objects according to a variety of motions, including mean-curvature. We are
not limited to objects of constant dimension, for example we can cope with open curves or
surfaces, or even with objects such as the one shown in figure 1 which is the union of an open
curve, an open surface, and a volume. The history of this program is quite long and can be

Volume: dimension = 3

Surface patch: dimension = 2 1 !
codimension = 0

codimension = 1

Curve: dimension — 1
codimension = 2

N\

Curve: dimension — 1
codimension — 2

)

Point: dimension — 0

codimension = 3

traced back to the early work on snakes by Kass, Witkins and Terzopoulos [33]. But the
motivation is of course much older, see [35]. Their idea was to find a practical method for
evolving planar curves, considered as embedded in an image, when submitted to force fields
created by elements in the image, e.g. edges, corners, or interactively, by the user. Mathe-
matically, these fields were forcing the curve to evolve according to a second order ordinary
differential equation (ODE). Evolving the curve was then equivalent to solving this ODE
starting from an initial curve provided by the user. Computationally, the curve was repre-
sented by a set of splines and its evolution reduced to the evolution of their control points.
The method was quite efficient and could cope with open and closed curves. Improvements
of the computational side allowed the Oxford and Cambridge groups around Andrew Blake
and Roberto Cipolla to come up with real-time implementations on sequences of images for
tracking silhouettes of objects ([10, 19]).

It was not too difficult to generalize the idea to 3-D in order to cope with surfaces and
this was done by a number of people after the original paper [50]. See [38] for a nice survey
of these methods. One of the problems that was met in both the 3-D and the 2-D cases
is the problem that the control points of the approximating splines, even though they were

INRIA



Vector Distance Functions 5

chosen somewhat uniformly distributed along the initial curve or surface, had a tendency
not to remain so during the course of the evolution, creating numerical problems. These
numerical problems were not well understood in particular because the general problem of
curve and surface evolution was not well understood to start with.

As it is often the case in science and technology, it turned out that this problem was
receiving at the same time a great deal of attention in the community of mathematicians.
They were looking at a special case, namely that of the evolution of a closed simple smooth
planar curve when submitted to some velocity field. In a series of papers, Epstein, Gage,
Grayson, Hamilton, and others proved three important facts. First they proved that under
some mild hypotheses it is only the normal part of the velocity field, i.e. its component
along the normal to the curve that is relevant for the evolution of the curve [22]. Second, in
the case where the velocity is the curvature of the curve, a type of motion known as mean
curvature motion, they showed that even if the initial curve is not convex, it becomes so in
finite time [31]; and third they showed that after becoming convex, the curve goes through a
singularity in finite time, disappearing as a circle with zero radius [26, 27]. The importance
of these results cannot be underestimated because in many applications where one evolves
planar curves, one of the terms in the velocity is very often a function of curvature. It is in
effect always the case when the velocity of the curve is derived from a variational principle
written intrinsically, i.e. as a function of its arc-length.

The extension to higher dimensions is both straightforward and difficult. It is in effect
straightforward to see that the mean curvature motion equation

Ct = kN
of a planar closed smooth curve C becomes
M, =HN (1)

in the case of a smooth closed hypersurface M of R” (n > 2) (its dimension is n—1, therefore
its codimension is 1, meaning that it can be described locally by one equation in the space
coordinates, or that its tangent space TxM is of dimension n — 1 at every point x, or that
its normal space NyxM is of dimension 1 at every point), where H is the mean curvature
of the manifold, i.e. the mean of its n — 1 principal curvatures, and N is one of its unit
normal. In the case of a smooth closed manifold of dimension strictly less than n — 1, i.e.
of codimension strictly greater than 1, the evolution equation simply becomes

Mt:H,

where ‘H is the mean curvature vector of the manifold, a vector that belongs to the normal
space of the manifold (of dimension k£ > 1) and whose definition is given in appendix 9.1.
But the simplicity of these equations hides the complexity of the corresponding motion.
There are no theorems analogous to the ones by Epstein, Gage, Grayson and Hamilton for the
case of hypersurfaces, and practically nothing is known in the case of arbitrary codimension.
In fact there exist counterexamples to the straightforward generalization of their theorems:

RR n°® 4012



6 José Gomes and Olivier Faugeras

the case of the dumbbell which breaks into two pieces before becoming convex is one such
counterexample [32, 45].

Beside this work in differential geometry, another community was busy at the same time
with inventing numerical methods and algorithms for evolving interfaces between different
materials. Since these interfaces were often closed planar curves or surfaces that could
develop discontinuities (shocks) and change topology, the method of level sets was intro-
duced by Osher and Sethian [39] to deal exactly with these issues with which the standard
Lagrangian techniques could not deal. Their Eulerian approach consists in replacing the
evolution of the manifold of interest (a planar curve or a 3D surface in their case) with that
of a function defined in a space of one dimension higher than the manifold and whose zero-
crossings are precisely the evolving manifold. This function satisfies a Partial Differential
Equation (PDE) which is very closely related to that satisfied by the evolving manifold:

1
s = o) [Vl ©
While the Computational Physics community went ahead to develop efficient algorithms
for implementing this idea such as the narrow-banding [18, 37, 1] and the fast marching
methods [51, 44, 2], other mathematicians, such as Evans and Spruck [24, 17| characterized
the set of functions for which the method was indeed valid. One such function, and an
obvious candidate, is the signed distance function to the manifold: by definition, its zero-
crossings are the manifold under consideration and it is smooth in its vicinity. This function,
being easy to compute, is often used in the applications of the level set method. One major
problem it suffers from is the fact that the signed distance function is not a solution of the
above PDE, as shown for example in [8].

On the other hand, as shown by the authors [28], the solution of the above PDE causes
quickly numerical problems because its level sets tend to get very close to each other. The
solution which has been adopted by the vast majority of authors is to reinitialize the function
u after a fixed number of iterations (sometimes at each iteration!) so that it remains the
distance function to its 0 level set. This is of course incorrect unless one proves that one
is solving the initial PDE. As shown by Zhao, Chan, Meriman and Osher [52] and by the
authors [30], it is possible to preserve the distance function, but the usual level-set PDE has
to be modified in a non-trivial manner.

As an interesting application of these ideas Steve Zucker and his collaborators developed
a nice theory of two-dimensional shape representation [34] based on the deformation of the
boundary Cy of the shape by an equation of the type

Ct = (1 + OéK?)N, C(,O) = C(]()

They use the singularities of the evolving curve to represent the original shape; the resulting
representation can be used for matching [46].

Another interesting contribution to the world of snakes was made by Caselles and his
collaborators who observed that since the mean curvature motion is the gradient flow that
minimizes the n — 1-dimensional area of a hypersurface (a curve in the plane, a surface in
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Vector Distance Functions 7

space, etc. .. ), if one changed the metric of the hypersurface by introducing e.g. a function
of the intensity of the n-dimensional image in which it evolves, one obtained a new evolution
equation that is similar to (1) and can be implemented by the level set technique using an
equation similar to (2) [13, 14, 15, 12]. This was the starting point of a large body of work
using these ideas in such areas as image segmentation [49, 16], motion analysis [40], and
stereo [25].

All this was done in the framework of the evolution of manifolds of codimension 1 and
the case of higher codimension has been less investigated. Some recent contributions in this
direction are the following.

In 1996, Ambrosio and Soner, inspired by ideas of De Giorgi, published a paper [4] in
which they showed that the level-set method could be extended to the case of arbitrary
codimension. Their idea is to replace the evolution of the smooth manifold under mean
curvature motion by that of a tubular neighborhood of the manifold, in effect a hypersurface.
They show that the evolution of this tube is related to that of the manifold in a simple way
and that it is not the mean curvature motion of the hypersurface. This theory has been
applied by Lorigo et al. [36] to the problem of detecting blood vessels in volumetric medical
images, the blood vessels being considered as the tubular neighborhoods of 3D curves. A
different approach, closer to what we propose in the present paper, has been proposed by
Sapiro and collaborators in a preliminary paper on tracking curves on a surface [9].

There are a number of problems with Ambrosio and Soner’s approach, the main one
being that it sweeps in some sense the dust under the rug: even though it does evolve
correctly the manifold of interest, it turns out that recovering this manifold is in itself a
major problem since it is not explicitly represented.

It is therefore natural to turn to a different approach and to attempt to represent an
arbitrary smooth manifold M of dimension k as the intersection of n — k hypersurfaces;
the evolution of the hypersurfaces is computed in order to guarantee that their intersection
evolves as required for M and that they remain transverse. This approach is natural since
it is based on the definition of the dimension (or the codimension). It was suggested by
Ambrosio and Soner in [4] but not pursued because it was thought to be too difficult. The
corresponding program can nonetheless be studied, as described in [11, 29]. We shall not
pursue it here because it is not easy to deal with such objects as the one represented in
figure 1 and to deal with changes in the dimension of the manifold during the evolution.

In 1998, Ruuth, Merriman, Xin and Osher [41], considering the particular features of the
complex Ginzburg-Landau equation, introduce another method for evolving space curves
according to the mean curvature motion. The curve is represented by means of a (two-
dimensional) complex function of unit magnitude defined on R® whose phase angle “winds”
around the curve. The time evolution is “diffusion-generated”, i.e. it is the consequence
of a diffusion-renormalization loop. Very convincing results are shown demonstrating in
particular the possibility for the curve to have its topology altered during the evolution.
Nevertheless, this function is not defined at points of the curve of interest and it is a serious
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8 José Gomes and Olivier Faugeras

disadvantage in the context of sampled functions.

Alternatively, we shall follow a slightly counterintuitive idea that was proposed by Ruuth,
Merriman and Osher in a discrete setting [42] and whose roots are in a work by Steinhoff, Fan
and Wang [48]. We were inspired by the last section of this technical report and our paper
elaborates on some of the suggestions of these authors and generalizes them in a variety of
directions. The idea is to introduce redundancy in the representation of the manifold M:
instead of representing it as the intersection of k& hypersurfaces, we propose to represent it
as the intersection of n hypersurfaces. These hypersurfaces are related in a natural manner
to the distance of the points of R” to M and evolve in such a way as to guarantee that their
intersection evolves according to the desired evolution for M. Introducing this redundancy
allows for more flexibility in the representation: manifolds with non constant dimensions
(in space) and boundaries such as the one in figure 1 can now be represented and evolved.
Their dimension can even change in time, i.e. increase or decrease.

The plan of the paper is as follows. In section 2 we introduce our redundant repre-
sentation, called the Vector Distance Function (VDF), for arbitrary smooth manifolds of
dimension k. In section 3 we study some of its differential properties. In section 4 we start
looking at the problem of evolving a manifold by evolving its VDF instead: we show that
this problem has a very simple solution that guarantees that the VDF remains a VDF at all
times. In section 5 we work out an example. In section 6 we tackle the problem of manifolds
with a boundary and we show that it is closely related to changes in the dimension. In
section 7 we illustrate some of these ideas on a simple example. We conclude in section 8.

2 The vector distance function (VDF) to a smooth man-
ifold

Let M be a closed subset of R™. For every point x we note §(z) the distance dist(x, M) of x
to M. This function is Lipschitz continuous and therefore almost everywhere differentiable
[23]. The same holds for the function n(x) = 26%(x). We note u(x) its derivative, defined

-2
almost everywhere:
u(x) = Dn(x) = §(x)Dé(x).

This equation shows that, since §(x) satisfies a.e. the eikonal equation,
I1Dé|| =1, 3)

u(x) is a vector of length §(x). Moreover, at a point x where § is differentiable, let y =
Pj4(x) be the unique projection of x onto M. This point is such that

6(x) = [lx = yl.

Besides, if M is smooth at y, the vector x — y is normal to M at y and parallel to Dé(x),
see figure 1:
u(x) =x—y =x— Py(x).

INRIA
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The vectors such as x — y, normal at y to M, define the characteristics of the distance

Figure 1: The projection of the point x on the smooth manifold M is noted Pp(x). The
VDF to M at x is equal to x — Py (x).

function 6. Starting from a point y of M and following a characteristic, i.e. a direction in
the normal space Ny M, we either go to infinity or reach a point z at finite distance where
6 is not differentiable and therefore u is not defined. Such a point belongs to the skeleton of
M. Because of the previous properties of the function u, we have the following proposition

Proposition 1 Let x be a point of R™ where u is defined. The following relation
u(x + au(x)) = (1 + a)u(x) (4)

holds true for all values of +00 > am > a > —1 such that x + a,u(x) is the first point on
the characteristic where u is not defined.

Proof : Use the equation u(x) = x — Py(x) and the fact that Py (x + au(x)) = Pp(x)
for all a’s such that a,, > a > —1, see figure 2.

O

It may be interesting to pause here and make the remark that the VDF to a smooth manifold
M is an implicit representation of this manifold:

Proposition 2 Let M be a smooth closed manifold and u its VDF, defined a.e.. Then
M =u1(0). (5)

In effect, M is the intersection of the n hypersurfaces of equations u;(x) =0,i=1,--- ,n.
Since u represents implicitly M, the rank of the differential Du of u which is defined a.e. if
M is smooth provides some interesting information about the dimension of M. Indeed, we
have

RR n°® 4012



10 José Gomes and Olivier Faugeras

Skeleton

Prix)

Figure 2: The VDF is defined a.e.. In particular it is not defined on the skeleton of the
manifold M: the point x + anu(x) is at equal distances from the two points Pp(x) and
Pr(x + apmu(x).

Lemma 1 The codimension of M = u='(0) is equal to the rank of the differential Du(x)
at points of M.

Proof : This is a particular case of the implicit function theorem. Let x° € R” such that
u(x’) = 0 and rank(Du(x")) = r. Then we can, without loss of generality, give a privileged
role to the r** first coordinates of x° and suppose

O(u1 (x%), -+, un(x%))

0.
6('2:17"' 7x7‘) ;é (6)
Now, we define the function
:R™ R"
fiR (7)
(xlv e ,.’L'n) - (Ul(X), e 7UT(X)7'T7‘+17 e 7$n)~

It follows easily from (6) that the Jacobian matrix of f verifies det(%ﬁ(xo)) # 0. By the
inverse function theorem, f is a diffeomorphism between certain neighborhoods Vo C R™
and W C R® of xg and 0 =[0,---,0,20,,,--- ,29]T.

Hence, we can consider the function M (2,41, ,2n) = f1(0,--- ,0, 2,41, - - ,¥,) defined
from a (n — r)-dimensional subset of W onto V,o.

The function M is the embedding of a manifold M of dimension n — 7 in R™, i.e. a (n —r)-
dimensional submanifold of R" such that u(M) = 0. This result is true for all points in
u~1(0) which concludes the proof.

O

This latter fact is not particular to VDF’s but, as we shall see in the next section, the
relation between Du and the codimension of M is even more remarkable in the case of
VDEF’s since the codimension of M can be determined by the value of Du at points off M.

INRIA



Vector Distance Functions 11

Because we are interested in evolving the manifold M through the evolution of u, while
keeping u a VDF, we are interested in finding a characterization of the VDF’s analogous
to the one for distance functions, (3). This will be our first step in the exploration of the
differential properties of the function u that will be pursued in the next section.

Proposition 3 Let u: R* — R" be such that
(Du)Tu=u a.e. (8)

and u is continuous at all points of the set M = u=1(0). Then u(x) = Dn(x) a.e., where
n(x) is the function Ldist*>(x, M) to the set M.

Proof : Define the function ¢ : R* — R by
VxeR",  ¢(x) = [lux)]| 9)
and compute its first order derivative with respect to x

DuT u _u
[lull [lull

V¢ =

Hence
Vol =1 ae.,

which means that ¢ is equal to the distance function to the set M plus a constant
p=06+C.
In addition, the combination of ¢ = § + C and (9) shows that
u=(6+C)Vé.

The continuity of u on u=!(0) implies that C = 0. Indeed, let xo be a point of M and n
be a unit vector of Ny, M, the normal space of M at x;. We consider the line A : xg + An
and the variations of § and V§é along this line. Figure 3 shows that the product §V§é is
continuous on M but V§ is not.
Finally
(52
u=¢Vop=V (?> .

O

Equation (8) is the characteristic equation of the class of Vector Distance Functions. Unfor-
tunately, since the notion of viscosity solutions is not readily available for systems of PDE’s
we cannot state and prove a result analogous to the one characterizing the distance function
to M as the unique viscosity solution of the eikonal equation (see for example [7, 23|).

RR n° 4012



12 José Gomes and Olivier Faugeras

5(\)

Vé(\)

Figure 3: The function V¢ is discontinuous at A = 0 along the line xy + An. On the other
hand, the product 6V is continuous at A = 0.

The previous proposition says nothing about the regularity of the set M. In fact, the
proof of proposition 3 assumes that M is smooth enough to have a normal space at every
point. This is explained later in the paper. If we want that set to be a smooth manifold,
then it is likely that u must satisfy some extra regularity conditions. We have not pursued
this direction but a clue can be found in the paper [3] where it is shown that, given a smooth
manifold M, the first and second fundamental forms of M can be recovered from the third
order derivatives of the distance function é to M at all points where it is differentiable.

We can also make good use of some standard results in Differential Geometry but we
need first some properties of VDF’s that will be proved in section 3.

Let us make two additional remarks that are useful in the application of the theory of
VDF’s.

Corollary 1 A VDF u satisfies a.e. the following two properties:
1
w= 2 Dlul?
and
Du = (Du)?.

Proof : Both properties follow from the fact that we have proved in proposition 3 that
the magnitude of u is a distance function: the first one is the last equation in the proof, the

. . . . 2
second one is a consequence of the fact that Du is the second order derivative of %, hence
a Hessian, hence symmetric.

O

To provide the reader with some intuition, we show in figure 4 the VDF of a smooth manifold
of dimension 0, a point, embedded in R?. Similarly, figure 5 shows the VDF of a smooth

INRIA
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|
\\\\ tr. -

- - [ ] — _—

//\
/

i\\

/N

Figure 4: The VDF of a point: a radial field equal to 0 at the point.

manifold of dimension 1, an infinite line, embedded in R?, and figure 6 shows the VDF of
another smooth manifold of dimension 1, a circle, also embedded in R?.

T

Prertertesttrtts
AR R ENERR

T

Figure 5: The VDF of a line: a translationally invariant field equal to 0 on the line.

Remark 1 Figure 7 proposes an alternate visualization of the VDF’s.

3 Properties of VDF’s

We now study some differential properties of the VDF u. Most of them can be found in [4].
In some cases we give alternate proofs of these.
Equation (4) yields, for a = —1 the (almost obvious) equation

u(x —u(x)) =0. (10)

RR n° 4012



14 José Gomes and Olivier Faugeras

’ \

/‘\\

Figure 6: The VDF of a circle: a radial field equal to 0 on the circle and undefined at the
center.

Figure 7: Since VDF’s are vector fields, it might be useful to visualize separately the direc-
tion and the magnitude fields. In this figure, the direction field of the VDF of a circle is
represented by unit vectors and its magnitude is visualized by some of its level-sets (dashed
lines). Any vector function can be represented in that way but in the case of VDF’s, the
dashed lines are parallel to the represented curve and the unit vectors are normal to the
dashed lines.

INRIA



Vector Distance Functions 15

We use this equation to prove the following proposition:
Proposition 4 The derivative of a VDF satisfies the following relation at each point of M:
Du = (Du)%. (11)
Therefore it is a projector on a vector subspace.
Proof : Take the derivative of (10) with respect to x to obtain
Du(x — u(x))(I — Du(x)) =0, (12)
which is true a.e.. Let us specialize this relation to the case where u(x) = 0, i.e. for x on

M:
Du = (Du)?.

This equation says that Du(x) is a projector for all points of M.

O

It is not difficult to find out which vector subspace it is a projector on by using some other
properties of the distance vector functions (see below).

In the sequel we denote by u;, i = 1,--- ,n the coordinates of u. The equation (Du)Tu =
u can be rewritten in terms of the coordinates u; of u and their gradients:

u= ZuiVui. (13)
=1

We group in the next proposition a number of useful results on Du and D?u .

Proposition 5 The square (Du)? of the derivative Du of u is given by
(Du)? = > Vu,Vu!.
i=1

The second order derivative D?u of u is related to Du by the following matriz equation
D?u u + (Du)? = Du, (14)

where the matriz D?u u is given by
D211 u = Z UiD2Ui
i=1

and D%u; is the Hessian matriz of the function u; : R* — R.

RR n° 4012
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Proof : Take the derivative of both sides of equation (13) to obtain an expression for Du:

Du=) " (Vu;Vu] +u;D%u; ). (15)

i=1

We compare this equation with the one obtained by deriving Duu = u, i.e.
D?u u + (Du)? = Du.

Indeed, we show that

(Du)? = En:VuiVuiT
i—1
and hence that the matrix D?u u is equal to E:‘zl u;D?u; . In general we have
D?ux = i z; D%, . (16)
i=1
In order to see this, write (31—, Vu;Vul ) x = 30 | (Vu,-x)Vau, and note that this is equal

to Duy where the ith coordinate of y is Vu; - x. Hence y = Dux and the result follows.

O

The previous proof allows to show the following important proposition.

Proposition 6 When evaluated at x on M, Du(x) is the projector on the normal space
NxM. This implies that Du(x) has n — k (the dimension of NxM) eigenvalues equal to
1 and k (the dimension of TxM) eigenvalues equal to 0. In particular, the rank of Du is
equal ton — k on M.

Proof : In the special case where u = 0, i.e. on M, equation (15) simplifies to
Du = Z Vu; Vul, (17)
i=1

which shows that the image of the linear operator Du(x), i.e. Du(x)(R™), at every point x
of M, is the vector space of dimension n — k generated by the vectors Vu;, i =1,--- ,n, i.e.
the normal space NxM to M at point x. Combining this with our observation that Du is a
projector at every point of M allows us to state that Du(x) is the projector on the normal
space to M at x. In particular we have

DuVu;,=Vu, i=1,---,n (18)

on M, which is not obvious from (17).
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Vector Distance Functions 17

O

This property allows us to say something about the regularity of M. Let u be a solution
of the problem described in proposition 3. If u is such that the rank of Du is constant and
equal to k on M = u~1(0), then because the set where the rank of Du is equal to k is open
(the rank is a lower semi-continuous function), this open set contains M and theorem 12 of
chapter 2 in volume I of [47] says that M is a smooth manifold of dimension n — k (we do
not make more precise what we mean by smooth here).

We now come to the study of the eigenvalues and eigendirections of Du outside M. The
results are quite simple if we consider the line defined by the two points x and Py(x): let
n be the unit vector parallel to x — Prq(x) and consider the line s — Pu(x) + sn = x(s);
such a line is called a characteristic line. Consider further the values $,,,;, < 0 and $pqz > 0
(possibly infinite) such that Du(x(s)) is defined on the open interval I =]Smin, Smaz[; the
eigendirections of Du(x(s)) are constant and n — k eigenvalues are equal to 1 for all s in
I. Such an open segment is called a characteristic segment. More precisely, we have the
following proposition

Proposition 7 The eigendirections of the symmetric matriz Du are constant along each
characteristic segment.

Moreover, if a ray is parameterized by its arc-length s, starting at Py (x), then each one of
the eigenvalues of Du has one of the three following forms:

As)=1, or
A(s)=0, or
s
)\(S) = E, c> 07 (19)
Vs €1,

where ¢ depends on the particular eigendirection. The first form corresponds to the eigen-
vectors of Du which are elements of the normal space to M at Pp(x); there are n — k such
eigenvalues. The second and third forms (the second form is obtained from the third form
by taking ¢ = 00) correspond to eigenvectors of Du which are elements of the tangent space
to M at Py(x). There are k such eigenvalues.

Since this result is basically proved in [4], our proof appears only in the appendix.
As a final property of the VDF’s, we state without proof (the proof is in the appendix,
section 9.3) the following proposition

Proposition 8 The mean-curvature vector of M, of dimension k, at x is equal, up to a
scale factor, to the Laplacian Au(x) of u at the same point:

H(x) = —%(Au(x))7 Vx € M.

RR n°® 4012



18 José Gomes and Olivier Faugeras

4 How to evolve a smooth manifold by evolving its VDF

Let us consider a family M(p,t) of smooth manifolds of dimension k, where p is a k-
dimensional vector parameterizing M at each time instant t. We assume the initial condi-
tions

M(,O) = MO(')?
where My is a smooth manifold of dimension k. Furthermore the evolution of the family

M is governed by the following PDE

Mi(p,t) = H(M(p,1),0) + TN, ) (DM(p,1),8) E V(M(p,1),0),  (20)

where H(M(p, t),t) is the mean curvature vector at the point M(p,t) of the manifold M
(see section 9.1) and D(x,t) is a vector field defined on R* x R* representing a velocity in-
duced on M by the data. Hj\VA (p:2) is the projection operator on the normal space N M r(p. 1)
to M at the point M(p, t), see figure 8. The goal of this section is to explore ways of evolving

NampyM
|

T (p) (%)

TrmpyM

Figure 8: Any point x of R" can be projected orthogonally onto the normal, noted Ny p) M,
and tangent, noted Tp)M, spaces of the smooth manifold M at the point M(p) by the
linear operators I, (x) and I} (x), respectively.

u, the VDF to M, instead of M while guaranteeing three conditions:
1. That u remains a VDF at all time instants.
2. That u=1(0) = M at all times where M is defined.

3. That the manifold M evolves according to (20).
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In other words, we look for a vector field b(x,t) defined a.e. on R™ and for some interval
[0,T[ of R* such that

(Du)’u=1u (a)

a(M(p,0),6) = 0 (b)
w(x, 1) = b(x, ) © 2D

(0 1(0))e = H + TIV,(DM, 1) (d)

4.1 Some intuition about u,

The following simple considerations should provide to the reader some intuition about the
results we must expect to obtain with the more formal and general methodology presented
further in the section.
Consider an evolving curve embedded in the plane by (s,t) — C(s,t), where s is the
arc-length, and satisfying
Ct == ﬂN,

where N is a unit normal vector and f is a smooth velocity field defined on C. Let us fix a
point « ¢ C and let y be its closest point on C. Since the VDF of this curve at « is equal to
x — vy, its time derivative, us(z, t), is equal to —¢ = —y,. Thus, the evolution of the VDF is
due to the motion of the closest point to « on the curve. Furthermore, let us note t — s.(t)
the curve parameter corresponding to y, i.e. such that y = C(sx(t),t). Then, since

u(z,t) = — C(8s,t),
we have
uy(w@,t) = —(32 T + SN),

where T = C,. This shows that the motion of the closest point ¥ has two contributions: a
normal one, of magnitude 3, corresponding to the fact that the curve is moving further or
closer to the point  and a tangential one, of magnitude $., corresponding to the fact that
the point y moves on the curve (c¢f figure 9).
In order to learn more about the tangential component, we calculate $, by differentiating
the equation
Cs(8z,t) - (@ — C(82,t)) =0

with respect to ¢. This yields
d(Css8z +Cst) - N — 8, =0,
where d = ||z — y||. Now, we use the formula [43]

o2 0 o?

105~ 55+ gsat (22)
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ylt+dt)¢l -\ T

C(t+dt)

()

Figure 9: This figure shows the fixed point @ and its projections, y(t) and y(t + dt), on the
curves C(t) and C(t + dt). The motion of y has a normal component due to the fact that C
is evolving further from « and a tangential component due to the fact that the “parameter
s” of the closest point is changing.

and obtain
$e = dps
1—dr’
where « is the curvature of C at y. A geometric interpretation of this formula is discussed
in figure 10.

(23)

Remark 2 In higher dimension, i.e. with the manifold M presented at the beginning of the
section, this writes

po=d(I-aNd) ' (DV)'N, (24)
where I is the n x n identity matriz, a™ is the matriz of the endomorphism of Weingarten
of M in the direction N (see Appendiz, section 9.1), DV = ¥ d = ||z — y|| and N =

=9,
(z —y)/d.

From the practical point of view, this formula may not be very useful because the com-
putation of the term 35 requires in general high order spatial differentiation of the VDF (for

example, if 3 = k, i.e. the curve shortens its length, then 8; depends upon the third order
spatial derivative of the VDF) but it shades some light on the evolution of VDF’s.

4.2 Calculating u; using the method of characteristics

Since one of the goals of this paper is to find a tractable way of evolving VDF’s, we shall
develop now the idea that the vector field b = u; is itself the solution to a certain PDE
which can be solved numerically.

It is not too difficult, from (21), to find a characterization of b.

Proposition 9 The velocity field b of the VDF u is characterized by the first order, quasi-
linear Partial Differential Equation

Dbu = (I—- Du)b, (25)
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a) b) o)

y(t + dt) 1 yo(t + dt) R

yt+dt)} _§------
y

C(t + dt) C(t) cle+dt) C(t) Cle+ dt) C(t)
d) e) f)
y(t+dt) 4
y(e+d) \o = y(t + dt) o = Tl =
v O
C(t t)
C(t + dt) C(t)
) 0 C(t + dt)
1K1—kd 1=1—kd 0<1—krdK1

Figure 10: If a planar curve evolves according to C; = SN, see text, then the curve parameter,
sz, of the closest point on C, y, to a fixed point, 2, satisfies §, = ld_ﬂjm. We depict some
particular cases in order to interpret this formula. a) The curve is a line evolving with a
constant velocity (i.e. §; = 0) so that it remains parallel to the initial line. In this case, we
have $, = 0 since the parameter of the closest point to x on the curve does not change. b)
The initial curve is a line and the velocity field is such that §; = 1. The curve remains a
straight line but its direction changes. In this case, the point y slides on the curve and the
amount of sliding, $z, is proportional to 8. ¢) The amount of sliding is also proportional to
d = ||z — y||, as shown by taking two different fixed points, 1 and 2, both with projection
y(t) on C(t) but with different projections on C(¢ + dt). Indeed, one has Z:; = Z—;. def)
The last three figures help interpreting the term 1 — kd. If 1 € 1 — kd, i.e. if the curve is
convex, seen from the fixed point «, then the amount of sliding is small. If 1 — kd =1, i.e.
the curve is a straight line, then the amount of sliding is as in abc). If 0 < 1 — kd <€ 1, i.e.
if the curve is concave, seen from the fixed point &, then the amount of sliding is even more
important. It is useful to see the term 1 — kd as a measure of the “degree of uniqueness” of
the closest point to @ on C. Indeed, if this quantity is null at a point «, it means that point
lies on the skeleton of the curve (in particular, = is a center of curvature). If x is close to a
center of curvature, then this quantity is close to zero and the position of y is very sensitive
to perturbations of the positions either of C or of . On the contrary, if this quantity is high,
case d), the curve is convex, seen from x, and the point y is “better defined”. The quantity
1 — kd is a positive measure of the uniqueness of the closest point and the amount by which
y slides is inversely proportional to it.
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with initial conditions
b(M(pat)vt> = _V(M(p7t>at)7 (26)

wherever u is defined and differentiable.

Proof : We start with the equation (8) that characterizes the VDF’s a.e. and take its time
derivative
(Duy)Tu+ (Du)Tuy = u,.

We then replace u; with its value b and obtain
(Db)Tu = (I - (Du)")b.

Since Du is a symmetric operator (corollary 1) we can force Db to be symmetric and we
obtain equation (25).

Conversely, if the field b satisfies (25) wherever u is defined and differentiable, and its
derivative Db is symmetric as is the derivative Du, we have:

(Db)Tu + (Du)’b =b.
Using the fact that b = u;, we rewrite this equation as
(Du)l'u+ (Du)tu; = u,.
The left-hand side appears as the time derivative of (Du)”u hence
(Du)Tu=u+c,
where c(x,t) is a vector field such that ¢; = 0. If we choose ¢(.,0) = 0 we then have
(Du)fu=u ae Vt>0,

which, according to proposition 3, implies that u is a VDF for all times ¢ > 0 where u is
defined a.e..

O

The next problem we want to address is that of relating in a simple way the field b to the
velocity field of the manifold M = u=1(0). We have the following simple result, see figure
12:

Proposition 10 At all points x where b is defined, its component in the normal space
Np,,(x)M to M at the point Pp(x) is equal to minus the normal velocity V(Pm(x),t) of
the point Pap(x):

b(x,t)‘NPM(x)M = b(x —u(x, t))lNPM(x)M = b(Pum (X))\NPM(X)M = —V(Pm(x),t). (27)
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R™ (the possible values of b)

R" (the possible values of x)

Figure 11: The horizontal space represents the Euclidean space R® where M lives: it is the
set, of possible values of . The vertical space represents R™, the set of possible values for
b. A “surface” over the horizontal plane whose tangent plane is never vertical represents the
graph of a function R* — R".
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Proof: We use the method of characteristics (see e.g. [5]) and rewrite this equation along
the characteristics of b so that a set of ODE’s are obtained.
In detail, we build the 2n-dimensional characteristic vectors (see figure 11)

2= (- urm ) )

Xo
by
curve of the vector field b, parameterized by ¢, passing through this point is tangent to a
so that it can be described by the following ODE’s

( E ) —a, (29)

where the dot ~indicates the derivative with respect to q. The first three equations of this
set of six yield

We fix a point ( € R?™ such that x¢ is not on M, i.e. u(xg) # 0. The characteristic

x(g) = u(x) = x(g) — Pm(xo),

since the characteristic going through xq is the line defined by xo and Py(x¢). This ODE
is readily integrated:
x(q) — Prm(x0) = (x0 — Pm(x0))e?.

The parameter ¢ is such that for ¢ = 0 the point x(q) is at x¢, and when ¢ goes to —oo it
tends to Prq(xg). Let us rewrite the last equation as

x(g) = Pm(x0) + u(xo)e’,

and let us do the change of variable s = dpe? (dy = ||u(xg)|| is the distance of zy to Pr(x0))
which corresponds to a change of origin on the characteristic (the origin being now Pa4(xg)
instead of xq), and a change of velocity.

Let us now look at the last three equations of (28) and (29):

b(x(q)) = (I - Du’(x(¢))) b(x(q)).

This equation is readily integrated as

b(p) = exp ( Ja- (Du>T<q>>dq) b(0).

We compute an analytical form of the right-hand side which, by means of the previous

def

change of variable s = dpe? and an abuse of notations, namely b(s) = b(x(s)) and similarly

Du(s) s Du(x(s))) is also integrated by quadrature with the help of proposition 7 which
tells us that along a characteristic ray, all symmetric matrices Du can be diagonalized in
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the same orthonormal basis, their eigenvalues being given by equations (19) in the same
proposition. In this basis, the matrix Du can be written

doeq doeq
D :d 17"'717 y Ty )
u(q) iag( doe? £ ¢; doed + ¢y,
where there are n —k 1’s and k positive values ¢;,[ = 1,--- , k, some of them possibly infinite

to take into account the fact that some of the eigenvalues not equal to 1 can be equal to 0.
Hence the integrand I — (Du)7(q) is equal to

doeq doeq

diag(0,--- 0,1 — ——— .. 1— —2 ).
iag( doe? £ ¢; doed % ¢y,

We then have to compute the values of the integrals

P doeq
/0 (1—M)dqa I=1,--- k.

Applying the previous change of variable s = dye?, these integrals can be rewritten as

doe? 1 1
Z_ ds,
/d (s s:l:cl)s

0

which is found to be equal to
(do £ c1)eP

1 .
8 doeP £ ¢

Taking the exponential of these values we obtain the relation between the (n — k + [)th
components of the velocity field at the point Py(xo)+ u(xo)e?, noted b;(p) and at the point
X, noted b;(0):

do £ ¢;)eP
M@z%kq%w@%l=L~wb
Let us rewrite this expression as
_ doe? £ ¢
bi(0) = mbz@)-

When p — —o0, b;(p) goes to 0 since it is a component of the velocity field of M in its
tangent space T'M. Since b;(0) is well defined the product b;(p)e™ must have a limit, noted

a; when p — —o0:
Ci

Qaj.
do:tcl !

This shows that the components of b(xg) in the tangent space to M at Pp(xo) are in general
non zero. The constants «; depend upon the geometry of M and of the various derivatives of
the velocity field on M. The exact values for these parameters are not important in practice,
see section 8. To summarize, in an orthonormal basis where Du(xo) and Du(Ppq(zo)) are

bi(0) = + (30)
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diagonal, the first n — k coordinates of b(xg) and b(Px(x9)) are equal (they correspond
to components of the velocity in the normal space to M). The remaining k components,
corresponding to the tangent space to M are in general non zero and are given by (30) or
(24).

O

Figure 12: The normal component of the velocity field b(x) of the VDF u at point x where
u is defined is equal to the velocity of the projection Ppq(x) of x on the smooth manifold

M.

5 Example I: the helix

We consider a circular helix M embedded in R? by

o—>x(a):(re ), ogeR

ag

It is a smooth manifold of dimension 1, codimension 2, without a boundary. Its Frenet frame
is made of the tangent 7, the normal v and the binormal 3, respectively

1 T.ei(a+ 72')> (_eia) 1 (_ei(a+g)>
(o) = , v(io)= and ) = —F—— .
©= == (" ) =("¢ plo) = —— (7,
This helix is invariant by the one-parameter family F}, of rigid motions (screw motions)
defined by
i0 z i0 i(6+9)
pe’\ _ 3 pe’®\ _ (pe
V(") = i B(7)=(%0)

Indeed, if x(0) is a point of the helix, then Fy(x(c)) = x(o + ¢) is also a point of the helix.
This proves that any function defined over R® which depends only upon the geometry of
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the helix (like the VDF) is also invariant by these rigid motions. As a corollary, once the
restriction A = wjyy of u to the half plane IT = {(pe*, 2) = (z,y,2) € R*, 6 =0} is known,
this invariance property yields the expression of u in R®. More formally, if

A:Tl - RS (31)
(p,z) = u(p,0,2), (32)

then
u(p,e,z) = Fg(A(p,Z - 0)) (33)

Furthermore it is clear, from the symmetry of the problem, that A is periodic in z
with smallest period 27. So, we consider only the restriction a|; of A to the half band

I =Rt x]—m, x|, so that
z+m
A(pvz) _a(pvz_27rE< o ))7

where E(z) denotes the integer part of the positive real number z. It is also possible to use
the symmetry of a with respect to the z = 0 line but it is useless as we soon shall obtain it
as a function which is odd in z.

Next we compute an expression of a(p, z) for z € [0, 7[ by seeking the closest point to
(pi, 2) € I which belongs to the helix. The squared distance from x(o) to the point (pz, z)

is given by
pi\ _ [re”
z o

Writing the first order minimum necessary condition of this expression with respect to o
yields the following relationship between the variables p, z and o

2
, o€el0,7].

prsing +o—2z=0. (34)

This implicitly expresses o as a function of p and z but it cannot be explicitly inverted.
Nevertheless, the implicit function theorem gives

do(p,z) _ rsino and do(p,z) _ 1
dp rcoso + 1 8z  rcoso+1’

which will be enough for our purpose.

Finally, we have
) 10 (p,2)
i re
ate) = (%) - (7). (35)

where o(p, z) is given by (34).

Next, we compute Du in I (i.e. for # = 0 and 0 < z < 7) and verify the results of the
previous section. We express it in the Frenet’s frame (7(0),v(o), 8(0)) where its expression
is (hopefully) diagonal. This is a straightforward but fastidious calculation and we shall
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only give the guidelines of the calculus.

u(p,0,z)
(p,0,2)

Starting from (33), calculate using the chain rule and the expressions of %’;’Z),

3"((9?2), ; %, A and %. Then calculate
Du = % - 8(,:?101,2) a(péi’z>’
where
20,09 _ [y 1 ¢
% 00 1

Now pass to the intrinsic Frenet frame, i.e.

ou ax T ox

- pu—2—
ox' _ ax U ox
where 5
X
The resulting differential operator is
r(pcoso —r) 0 0
rpcoso +1
du
ox! 0 1 0
0 0 1

This is the expression of Du in the Frenet frame of the helix.

As expected, the Frenet frame makes this matrix diagonal and the eigenvalue correspond-
ing to the directions v and 3 (i.e. the normal directions) is equal to 1. The first eigenvalue
(corresponding to the tangential vector 7) is better understood by introducing explicitly the
distance to the helix, i.e. s = ||u||. To do so, we remark that u = sn where n is a unit
normal vector, thus of the form n = v cosa + Bsin a. Now, noticing the following

a-v=17—pcoso,
we see that the first eigenvalue is

r(pcoso —r1) s

= — ,
rpcoso +1 = TS5

where k = —" is the curvature of the helix, which agrees with the result of proposition 7.

+
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We shall now make this helix evolve in time according to mean curvature motion and
verify that its (time dependent) distance vector satisfies the equation (27). First of all, we
show the helix remains an helix with decreasing radius until it becomes (in infinite time) the
y axis. The fact, the mean-curvature vector of the helix is kv suggests that the trace of the
evolving helix in the (7, 7) plane (a circle of initial radius r) evolves with a radius satisfying
the following ODE

: R(t)
Rt)= ——L— = —x(t
( ) R2(t) +1 K’( )7
with initial condition R(0) = r. This integrates as
2(4) _ 2
R*(t)—r tln R(t) _ :
2 T

which expresses implicitly the function ¢t — R(t).
We then verify that the time dependent helix embedded by

J—>(R(26 ), Vo € R,

satisfies the following ODE

M, = (R(tgé") ——

i.e. it is the solution to the mean curvature motion and has the correct initial value. As a
corollary, the distance vector to this evolving helix is

s =(7) - (")

pR(t)sino(t) +o(t) — 2z =0.

where o(t) is defined by

We compute

R+ iRa—)ew)

a

u(p,0,2,t) = — <( = —k(t)v(o(t)) — 6V R2 + 17(o(t)).

We find, as proved in proposition 10, that the normal component of b(p,0, z,t) is equal to
minus the velocity of the point Pp(p,0, z).
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6 Smooth manifolds with a boundary and changes in di-
mension

A simple example will introduce the new issues of this section. In the plane R?, we consider
the time dependent segment [A(t), B(t)] whose endpoints have respectively the velocities
v4(t) = ai and vp(t) = Bi with a < 0 < § and with initial condition A(0) = B(0) = O.
This situation describes a point transforming into a segment with increasing length: it is
a prototype of a change of dimension followed by the evolution of a smooth manifold with
boundary. We note x = [z,y]? the coordinates of a point of R2. The VDF to this object is
easily shown to satisfy

vy ifz<at,
w(z,y,t)+ DuV =0 with V(z,y,t) =<0 if ot <z < ft, (36)
vg if x > Bt.

This equation is a variant of a well-known class of PDE’s called the transport equations [23].
One of its solution is readily shown to be

u(x—A) if z<at,
up(z,0) if ot <z <ft,
w(x—B) if x> pt.

At first glance (see figure 13), the vector field b = —DuV is not of the form presented in
the previous section because it is only piecewise-smooth, b being discontinuous on the lines
of equations x = at and x = Bt. But, as shown in the figure, the evolution of the point O
is quite remarkable: it is a smooth manifold of dimension 0 which is turned into a smooth
manifold with boundary (the segment AB). The velocity field b is discontinuous on the
vertical axis at time ¢ = 0 which has the effect of allowing the point to “spread” to a line
segment. At time ¢ > 0 the velocity field b(.,t) is of the form V(Pag(.)) everywhere except
on the previous two lines. We note that the normal component of V is continuous across
these two lines, being equal to 0 everywhere, while its tangential component is discontinuous
over them. This last point is the reason why the segment [AB] can grow in time. We shall
see more on this in section 6.1.

The situation we have just described is archetypal of all cases in higher dimensions and
codimensions and reveals an undesirable lack of generality in the analysis of the previous
section and suggests that non-continuous b’s may also be interesting since they can account
for changes of dimension and tangent velocities at the boundary of a manifold (both are
intimately related as it can be learned from the segment example).

In order to deal with these new issues, it is necessary in the first place to provide ourselves
with a model for the intuitive but vague notion of “changing dimension”. The model we shall
present is valid regardless of the dimensions but for the sake of simplicity, it will be presented
in the case of manifolds embedded in R®. In this model, the target manifold M, of dimension
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Figure 13: Changing dimension: If we allow the velocity field b to be discontinuous, we can
induce changes in the dimension of the manifold. The example shows the simplest of all
manifolds, a single point O in the plane and its VDF (upper left-hand corner), the velocity
field b(.,0) = —DuV is discontinuous on the vertical axis (upper right-hand corner). At a
later time ¢ > 0 the point O has become the line segment [AB] (its VDF is shown in the
lower left-hand corner); the new velocity V (., ) is shown in the lower right-hand corner. The
initial point, a smooth manifold without boundary of dimension 0 is turned into a closed (in
the topological sense) open (in the usual sense) curve, a smooth manifold with boundary
(the two endpoints A and B) of dimension 1.
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k, has a smooth boundary M of dimension k—1. Thus, the study of the VDF’s to manifolds
with boundary cannot be dissociated from the content of this section.

6.1 VDEF’s of manifolds with a boundary and their singularities

The previous section has motivated the introduction of manifolds with boundaries. Well-
known examples of such manifolds are open curves in the plane or in 3D, surface patches in
3D, regions of the plane or volumes in 3D. Such manifolds are easily modeled by noticing
that, if their dimension is k£ each of their points is contained in a neighborhood which is
either homeomorphic to R¥ or to the closed half-space H* = {(x1,--- ,zx) € R* : 2* > 0}.
We note M the manifold and OM C M its boundary which we assume to be a smooth
manifold of dimension k& — 1. M is also a function of the time ¢.

We show that the boundary M introduces new singularities for the VDF to M, in effect
singularities of order 1: both Du and u; are discontinuous on some hypersurfaces defined
by OM and the normal space of M at points of M.

This is shown in the next proposition

Proposition 11 The spatial derivative Du, of the VDF to the smooth manifold M with
boundary OM is discontinuous on a special ruled hypersurface Roprq, defined in the proof,
generated by OM and the normal space to M at points of OM.

Proof : To see this we consider the set, noted M, (a for above), of points x such
that Ppyp(x) € M\{OM}, and the set, noted M; (b for beside), of points x such that
Py, (x) € OM. The boundary between these two sets is the ruled hypersurface, noted Rg,
of R* generated by M and ruled by all the vectors normal to M at a point of M. For
example, in the case of an open curve in the plane, this set is equal to the two lines orthogonal
to the curve at its two endpoints, see figure 14. As further examples, in the case of an open
3D curve, Ryprq is made of the two planes orthogonal to the curve at its two endpoints, in
the case of an open surface patch Ry is the ruled surface generated by its boundary and
the normals to the surface, see figure 15.

In region M,, the VDF is that of a manifold of dimension k& whereas in region My, the
VDF "sees" only M, a manifold of dimension k£ — 1.

Because of proposition 7, in region M;, Du has k — 1 eigenvalues equal to 1 whereas it
has k such eigenvalues in region M, therefore Du is discontinuous on Rynq-

O

Let us now look at the discontinuities of u;. In each of the two regions M, and M, we
are actually evolving the VDE’s of M\{90M} and OM, respectively, since this is what the
VDF “sees”. Therefore, in each of these two regions, u; satisfies the properties determined
in section 4. But since the normal spaces at a point of M considered as a point of M
and as a point of M differ (the first one contains the second and is of dimension higher by
one)

NyM C NyOM Vx € OM and dim(NxOM) = dim(NxeM) + 1,
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Paq(x) C OM

My

X

Figure 14: The manifold M is an open curve of R?; the two endpoints are the boundary
oM.

My

R pm

> oM

QQNQ

Figure 15: The manifold M is a surface patch of R?; its boundary OM is a smooth closed
curve which generates a ruled surface: the rulings are the normals to M.
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we may expect some problems. We have the following proposition for the discontinuities of
Uy

Proposition 12 The tangential component of the time derivative u;, of the VDF to the
smooth manifold M with boundary OM can be discontinuous on the hypersurface R
generated by OM and the normal space to M at points of OM. The normal component is
continuous.

Proof : Let us consider a point x of M;. We note y = Pym(x). ui(x,t) has two
components, one in N,OM and one in Ty,0M

w(x,t) = w(x, 1)) §yom + W (X, 1) 7, 00m-

The first component, noted N(y,t) depends only on y and ¢ as long as Py (x) =y. It can
be uniquely decomposed as the sum of a vector Ny (y,t) in NyM and a vector Ny (y,t) in
NyOM N TyM. This comes from the fact that NyM + Ty M = R* and NyM C N, 0OM
which imply that

NyM + (NyoM N Ty M) = NyOM.

Let us now consider a point x' of Rgpq such that Py (x’) = y. Since x' is in M,, the
velocity u.(x’, t) has two components, one, noted N'(y, t) is in the normal space Ny M at y
and the other one is in Ty M:

ut(xl7 t) = NI(Y? t) + ut(xl7 t)| TyM:-

Therefore we must have Ny (y,t) = N’'(y,t) since otherwise the manifold M would spread
out in its normal space and create a discontinuity of u at y, a contradiction with the
continuity hypothesis of proposition 3).

The tangential components are equal to Na(y) + us(x,t); 7,00 for u(x,t) using the
fact that TyM = TyaM + (Nya./\/t N TyM), llt(Xl,t)| NydMNTy M + ut(Xl,t)|Ty[—)M. If we
let x tend to x’, the tangential components may be discontinuous without introducing a
discontinuity on M.

O

An example of this is shown in figure 16 in the case of an open curve of R2. Another example
is shown in in figure 17 in the case of a surface patch of R3.

6.2 Modeling a change of dimension

The previous section has characterized the singularities of the VDF to a manifold which has
a boundary. Since the next step in this investigation should naturally be to do it for the
manifolds which have their dimension altered as well, we introduce now a modelization of
this process.

We shall say that an initial smooth manifold W of dimension m < n at ¢t = 0 increases
its dimension if it “spreads” out in the direction of some privileged normal directions and
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NyOM N Ty M

Figure 16: The time derivative u;(x,t) of the VDF of the open planar curve M at point
x € M, can be uniquely decomposed as the sum of a component in N, M and a component
in NyoM NTyM = Ty M. The component in NyM must be equal to that of u,(x’,t) at
any point x' € Rypq such that Py (x') = Py(x). See proof of proposition 12.
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= ]

= u¢ (x1t)
NyOM N Ty M

/_\ ug (%', t)

- t&

My

oM

Figure 17: The time derivative u; of the VDF of the surface patch M at point x € M,
can be uniquely decomposed in the sum of a component in Ny M and a component in
NyOMNTyM C Ty M. The component in Ny M must be equal to that of u,(x’,t) at any
point x" € Ryaq such that Py (x') = Pa(x). See proof of proposition 12.
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becomes another manifold M(t), t > 0, of higher dimension £k € {m + 1,---,n}. The
increment in dimension is equal to the number of linearly independent orthogonal normal
directions where this filling occurs. The modeling of a decrease in dimension is obtained by
reversing the direction of time.

Let us make this clearer in some simple cases in R3. For instance (see figure 18), the
normal space to a point (a smooth manifold of dimension 0) is R® itself, i.e. it is three-
dimensional. In order to change its dimension, the point may “choose” a certain normal
direction and spread out in that direction to become an arc of a curve (case a). Alternatively,
it may “choose” to spread out over a two-dimensional subspace of its normal space and
transform smoothly into a small surface patch (case b). It can even fill the entire embedding
space by spreading out in all of its normal directions (case ¢). In all the directions of spread,
the velocity field is like the one described in the previous section, equation (36) with the
values of a and 3 varying with the normal. Similarly, an embedded curve in R® (a smooth

A (a)

— - =7
%@ﬂ@(c)

Figure 18: A point (m = 0) spreads out to become a curve (k = 1): (a), a patch of a surface
(k =2): (b) and a volume (k = 3): (¢). See text.

manifold of dimension 1) has a two-dimensional normal space at each of its points and
thus, its dimension can increase by 1 or 2 according to the number of orthogonal normal
directions that are given a privileged role. By privileging a particular smooth normal vector
field, the curve can spread in these normal directions to become a ribbon (case d) which is a
smooth manifold with boundary of dimension 2. Alternatively, the curve may spread in all
the directions of its normal spaces, thereby becoming a smooth manifold with boundary of
dimension 3, a volume (see figure 19). To be complete, a surface patch (a smooth manifold of
dimension 2 with or without boundary) has a one-dimensional normal space. By allowing the
velocity field b to be discontinuous on the patch with jumps that may depend on the normal
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Figure 19: A curve (m = 1) spreads out to become a surface patch (k = 2): (d), and a
volume (k = 3): (e). See text.

at each point, the patch can become a smooth manifold of dimension 3 with boundary, a
volume (see figure 20).

Figure 20: A surface patch (m = 2) spreads out to become a volume (k = 3). See text.

Palpably, the important missing ingredient for the formalization of this “spreading” is
that of a k-dimensional neighborhood of a smooth manifold of dimension m < k < n,
W. Now, the key tool in Riemannian Geometry for discussing neighborhoods of embedded
manifolds is the exponential map: a parameterization by arc-length of the geodesic curves.

Definition 1 Let g be a Riemannian metric' of R* and
R—R" (37)
A — exp,(z,v,\) (38)

be an embedding of the corresponding geodesic curve passing through x, tangent to the unit
vector v such that \ is the arc length.

Lg(x) is at every point x of R™ a positive quadratic form of R”; the function x — g(x) is assumed to
be smooth.
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Remark 3 We insist on the fact that we are considering geodesic curves of the embedding
space R™ and not of an embedded manifold. Notice also that we choose v to be unitary: this
may slightly differ from other definitions but is more suitable in our case.

See [47, 21] for important results concerning the exponential map and its use in the
study of neighborhoods. As a simple example, if g(x) = I3 Vx, exp,(z,v,)) = x + v is
the line going through x and parallel to v. By choosing different metrics g, in particular
non-constant ones, one obtains curved geodesics which can be used to model smooth man-
ifolds M containing W. The appeal of this notion is due to the fact it allows to define
what is a neighborhood of radius A of a manifold. We are going to use it right now for this
purpose with A = ¢, the time, in order to clarify the way a manifold can smoothly spread out
over one of its neighborhoods. To begin with, let us revisit some of the examples of figure 19.

First, we return to the example of a curve transforming into a ribbon (19d). Let W be
this curve, n a differentiable unit normal vector field along W and ¢ a Riemannian metric of
R? (see figure 19d). Consider a point z € W and the geodesic curve passing through x and
tangent to m(x) i.e. the curve Gx(s) embedded by s — exp,(x,£n,s), 0 < s < t. The open
curve Gy is normal to YV at x and models the change of dimension of the point x into a curve
whose boundary is the made of the two points { Ax = exp, (@, n,t), Bx = exp,(z,—n,t)}.

IM(t)

Ay = exp,(x, nit) By = expy(x,[—n,t)

Figure 21: Given a smooth field of normals n(x) along the curve W, and a Riemannian
metric g on R?, the set M(t) for ¢ small enough, union of all the geodesic curves Gy is a
smooth surface patch whose boundary dM(t) is the union of all the points Ax and By, see
text.

For t > 0 small enough, consider the union of all these geodesic curves

M(t) = UxEng‘
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It is a smooth surface of R® which has for boundary a smooth curve. Indeed, M(t) can be
embedded by

W x [0,¢[ — R?
(x,8) = expy(x, £n(x), s)

and its border M (t) by

W— R
x — exp,(x, £n(x),t).

The proof that these two maps are embeddings is a straightforward consequence of the im-
portant known result that, for short geodesics, the exponential map is a diffeomorphism.

Next, we show how these ideas apply in the case of a curve transforming into a tubular
volume (see figure 19e). The increase of dimension should be two and since the normal
space at each point Ny,WV of the curve is two-dimensional, it means that the spread must
occur in all the normal directions. We note P the submanifold of the normal bundle NW
corresponding to unit normal vectors (we have dimension(PW) = dimension(NW) — 1).
Hence, the target manifold M(t) can be embedded by

PW x [0,t] — R® (39)
((x,m),8) — exp,(x,m,s) (40)
and its border M (t) by
PW— R (41)
(x,m) — exp,(x,n,1), (42)

which shows that the dimension of M(¢) is 3 and that of dM(t) is 2.

To conclude the presentation of the model with a general note, the change of dimension
is entirely defined by the choice of a submanifold of PW, noted SW, and a metric g of the
embedding space. The submanifold SW C PW describes the set of directions where W
is supposed to spread out and its dimension is equal to the increment of dimension minus
one. As far as the metric g is concerned, its purpose is to describe the shape of M(¢). The
resulting manifold M, of dimension k, is embedded by

SW x [0,t[ = R® (43)
((x,m),s) — exp,(x,n, s), (44)

its border OM, of dimension k — 1, is embedded by

SW — R (45)
(x,n) — exp,(x,n,t), (46)
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and the ruled hypersurface Rgpq, of dimension n — 1, is embedded by

OM x (NOMNNM) — R* (47)
(x,n) = x+n. (48)

Indeed, the generatrix of Roa is M and its ruled directions are (NOM N NM).

6.3 Singularities during a change of dimension

The section 6.1 describes the singularities of the VDF that are involved when representing
manifolds which have a boundary. Here, we extend this study to the case of manifolds
which have their dimension altered. The methodology is to use the model introduced in the
previous section and to observe how R, is affected when t — 0t. Again, we consider the
manifold W, of dimension m, transforming, at time ¢t = 0, into a manifold M of dimension
k > m and with boundary oM.

Proposition 13 At t = 0, the vector field b = u, is discontinuous on the ruled manifold,
noted M=, generated by W and with ruled directions (SW)+ = NW\SW. The dimension
of this ruled surface is m+n-k. Nevertheless, the components of the VDF parallel to these
rules are continuous.

Proof: Att > 0, uisthe VDF to M which has a boundary and according to proposition 12
u; is not continuous across the ruled hypersurface Ryp(. To understand the discontinuities
of the VDF at the very moment when the change of dimension is initiated, we consider the
set lim;_, 5+ Ryarg. This set is a ruled surface whose generatrix is

lim OM =W

t—0t

and ruled directions are

lim+ (NOM N NM) = NW\SW.

t—0
The continuity of the components of the VDF in the ruled directions still holds. We also
observe that both Rsrq and M+ are ruled surfaces: they share the same rules directions
but their generatrix has different dimensions. Figure 22 depicts this situation.

Remark 4 Notice that the situation k = n, i.e. the manifold W transforms into a region of
R™ (which is the interior of the hypersurface OM), is a limit case since we have SW = NW
and consequently (SW)*+ = 0. Thus, the VDF is discontinuous on the “generatriz” W itself
and there are no rules.
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ML

4%

Figure 22: The VDF of a manifold W initiating a change of dimension at ¢ = 0 to transform
into M are on M* at time ¢t = 0. The components of the VDF parallel to the rules of M*
are continuous. At ¢ > 0, M~ has transformed into the ruled hypersurface Ry

7 Example 1I: the sphere

Consider the spherical sector, part of the sphere of radius 1, centered at the origin O from
which we take away the part above the plane of equation z3 = cosa, see figure 23. This
is a smooth manifold M with a boundary dM equal to the circle of radius sin a centered
at the point C of coordinates [0,0,cosa]’. The surface Rapq is the half cone of vertex O
containing M. For a point x in M,, the VDF is equal to

x
u(x) =x— m
For a point x’ in My, the VDF is equal to
u(x) =x— ﬁsina— C,

where z = [z1,72,0]7 is the projection of x on the plane of equation z3 = 0. It is therefore
easy to compute Du

1 XXT .
Du(x) = {(I_W)I”W if x €M,

I3—sﬁ%ﬁxlg+”zzzwsina if xe My,

where IZ = diag(1,1,0). We verify that in an orthonormal basis built from the two vectors
(x—u(x), z') (z! = [-22,21,0]7) and their cross-product, the matrix Du becomes diagonal

diag(1,1,1 — Sﬁ‘;ﬁ*) if x € M.

; 1 1 .
Du(x) = {dzag(l,l—mJ—w) if x€ M,,
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Figure 23: A spherical sector.

In region M, the VDF “sees” a smooth manifold of dimension 2 (a sphere) and, according to

[Ix[[—1

proposition 7, there is one eigenvalue equal to 1 and the other two are equal to el = s

s+1
if we let s = ||x|| — 1. As expected, these two eigenvalues tend to 0 when s does, i.e. when
the point x approaches the sphere. They blow up at the center (s = —1) which is both a
center of curvature and on the skeleton.

In region My, the VDF “sees” a smooth manifold of dimension 1 (a circle) and, according

||lz|| —sin
e
This eigenvalue tends to zero when ||z|| tends to sin a, i.e. when x approaches the ci”rcllle.It
blows up when ||z|| = 0, i.e. on the z3-axis, the skeleton of the circle.
Moreover, when x is on the half cone Ry of equation ||z||?> — z3 tan® o = 0 one verifies
that ||x||?sin? a = ||z||?>. Hence when x tends to Rgrq in M; Du(x) tends to diag(1,1,1 —
”17”) which is different from diag(1,1 — ”—}1(”, 1- ﬁ) outside the sphere. Hence we have an

example of the result in proposition 11.

to the same proposition, there are two eigenvalues equal to 1 and one equal to

8 Some remarks and conclusion

The method of the VDF’s for representing arbitrary smooth manifolds with or without a
boundary finds its roots in the work of Ambrosio and Soner [4] where we found inspiration
and some of the technical results that we needed, and in the work of Ruuth, Merriman, Xin
and Osher [42] that inspired us the idea of the VDF representation. Our contributions are
the development of a) a method for evolving a VDF instead of a smooth closed manifold
while guaranteeing that it stays a VDF over time and that the manifold evolves correctly,
b) a theory that describes changes of dimension by a generalized transport equation and
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c) a theory that extends a) to deal seamlessly with smooth manifolds with boundaries.
Moreover, in our approach, the function we evolve is regular on the manifold of interest
unlike for example the method presented in [41].

These theoretical developments are being implemented. Let us make two remarks con-
cerning this implementation. The first remark is related to the computation of the veloc-
ity field b. Even though proposition 10 provides a characterization of b(x) in terms of
V(x—u(x)), and the tangential terms given in the proof, our favorite method is to compute
b by applying proposition 9 and solving the quasi-linear PDE (25) with initial conditions
(26).

The second remark is that because of the accumulation of numerical errors, the function
u may drift away from the class of VDF’s. In order to correct for this drift, we suggest that
it may be a good idea to combine the solution of (21c) with that of

w; = (Du)’ 4 (o — 1)T)u, (49)
where
a = Trace(Du(Du)™) + u - Au — divu.

Equation (49) is the Euler-Lagrange equation of the following functional

1/ (D) Tu —ul® dx,
2 Ja

where 2 is some neighborhood of M. This functional arises naturally from proposition 3.
Similarly, since the VDF’s are gradient vector fields, it might be useful to consider also
the functional

l/ |Du - (Du)"|? dx.
2 Ja

To conclude, we think that the VDF method for representing and evolving shapes has
the following advantages: it can deal with smooth manifolds with and without boundaries,
with shapes of different dimensions; if discontinuous velocity fields are allowed dimension
can change; the evolution method that we propose guarantees that we stay in the class of
VDF’s and therefore that the intrinsic properties of the underlying shapes such as their
dimension, curvatures can be read off easily from the VDF and its spatial derivatives. The
main disadvantage is its redundancy: the size of the representation is always that of the
ambient space even though the object we are representing is of a much lower dimension.
This disadvantage is also one of its strengths since it buys us flexibility.

9 Appendix

9.1 Mean curvature vector of a smooth manifold
Dimension 2

This case is classical, see e.g. [20].
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Let M C R? be an oriented hypersurface, (u,v) — x(u,v) a chart in a neighborhood of
X9 € M and N the inward unit normal vector. Let ¢ — a(t) be a curve on M such that
a(0) = x¢ and /(0) =y, where y is a tangent vector.

Definition 2 The shape operator is the linear map S(y) = —N,; = — (N(a(t)))'.

This map describes how the normal vector varies when following a curve in the direction
y. The shape operator is self-adjoint i.e. y; - S(y2) = S(y1) - y2 and N - S(y) = 0 (since
IN| =1).

So, the shape operator can be expressed in the basis (x,,X,) of the tangent plane by

—S(xu) = Ny = a11Xy + a12X,
(50)
—S(xy) = Ny = a21Xy + 22Xy,

where the (Weingarten) endomorphism?, a = [a;;], is the shape operator expressed in this
particular basis of the tangent plane (Notice that this matrix is not always symmetric but
it is the case if the first fundamental form is the identity matrix).

So, let us compute this matrix. We suppose we are given the following numbers E =
Xy Xy, F =Xy Xy = Xp Xy, € = —N-Xyyy =Ny %y, f = —N-xy, = =N x4y =
N, -x, =N, -x, and g = —N - x,, = N, - x,. (One can indeed consider these numbers
as given since they derive directly from the given parameterization). Notice that identities
like N - x,,, = —N,, - x,, can be proved by differentiation of N - x,, = 0 with respect to u.
In order to set the a;;’s, one computes the scalar products of the two Weingarten equations

with x,, and x,, hence
€ f _ aip Qa2 E F
(5 9)-(a w)(F ) @)

ailr ai2 _ _ € f E F -t (52)
as1 a22 f g F G )
The numbers H = 1tr(S) and K = det(S) are invariants of the shape operator (inde-
pendent of the choice of the basis). H is the mean curvature and K the Gaussian curvature
of M at xg.

and finally

The general case

Let M C R™ be an oriented smooth k-dimensional manifold and p — M(p) a local para-
meterization of M in a neighborhood of a point xo € M. Let ¢ — a(t) be a curve on M
such that a(0) = xo and o/(0) =y where y is a vector tangent to Mat xq.

25(TMx,) and T My, are identified since |N|| = 1.
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Definition 3 If N is a normal vector, the shape operator in the normal direction N
is the linear map Sn(y) = —N, = — (N(a(t)))".

This shape operator is also self-adjoint, see e.g. [47].
The tangential part of the shape operator can be expressed in the basis (M, ,--- , My, )
of the tangent plane by

—S(Mp,)" =Ty ) (Np,) = af My, + -+ + afi My,

—S(Mp, )T = HTM(p)(NPk) = a}cleZh +oF aﬁ;ﬂ:Mka

where H%(p) is the projection operator on the tangent plane 7'M ) to M at the point
M(p), see figure 8.

Now, consider the two k x k matrices eV and & defined by €]} = =N, - M), = N-M,,,.
and ®;; = My, - M,,. Then define

a¥ = —eNop ! (54)

and HY = ttr(a™) and KV = det(a™).
Given an orthonormal basis (Ny,--- ,N,_;) of the normal space, the mean curvature
vector, H to MPF is given in that basis by

n—k
H=— Z HNN;. (55)
=1

Note that this works in the case of 3D curves. Assume that the curve is parameterized by
arc-length s. The normal space is spanned by the two orthonormal vectors N, the normal,
and B, the binormal. We have two 1 x 1 matrices ¢ and €®. The 1 x 1 matrix ® is equal to
|T||* = 1, where T is the unit tangent vector to the curve. Because of the Frenet formula
(see e.g. [20]), we find ¥ = —N,-T = k and € = —B;- T = 0. Hence a” = —& and
a® = 0, therefore H = kN, as expected.

9.2 Proof of proposition 7

We give a proof of proposition 7.

Proof: Let xg = Py (x) € u !(0) and n € Ny, M so that the corresponding characteristic
ray’s equation is s — x5 = xg + sn. We consider the variation of Du on the corresponding
characteristic segment:

d 9 d N2
E(Du(xs)) = D%u (XS)E(XS) = D?u (x;)n.
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Using the two identities u(xs) = sn and equation (14) of proposition 5 we obtain
D s) — (Du(x,))?
@ Py - D2u6) = (Du(e)?
ds s

Writing this equation in the orthonormal basis where the symmetric matrix Du(x,) is
diagonal yields an ODE for each eigenvalue of Du(x;):

(56)

@ A1 =)
T ds s
One then writes I p
s
AM1=X) s (57)

and sees that this is a non-autonomous differential equation with separable variables s and
A. A well-known theorem, see for example [6], says that for each pair (sp,Ao) such that
so # 0 and A\g # 0 or 1, there exists a unique solution A of our ODE subject to the condition
A(s9) = Ao in a neighborhood of sy. Moreover, this solution is given by

/s ﬁ B /)\(s) d\
S0 s Ao )‘(1 - )‘) )

This can be immediately integrated and yields

Als) sk
1-— )\(3) B 80(1 - )\0)

we obtain

Ifweletc=w
0

s
A(s) = I c>0. (58)
Note that this solution is defined in a neighborhood of sy # 0. The fact that the values s = 0,
A = 0,1 pose problem in the application of the theorem is seen by the fact that A(s) =0
is clearly another solution of (57) which also satisfies, as (58) does, the initial condition
A(0) = 0. It may be seen as the limit of (58) when ¢ — oo. Another solution is obtained
by choosing A(s) = 1 which can be considered as the limit of (58) when ¢ — 0. Overall
we find that A(0) =0 or 1, in agreement with the fact that, according to proposition 6,
Du(xy) is the projector on N, M. The shapes of the curves s — A(s) are shown in figure
9.2. Coming back to equation (56), we see that -+ (Du(x,)) is a polynomial in Du(x,) with
coefficients that are rational functions of s. By further differentiation, we see that this is
true for all orders of derivatives of Du(x;). Considering the Taylor expansion of Du(xs1as)
as a function of the various derivatives of Du(x;), we see that both symmetric matrices
are diagonal in the same basis of eigenvectors which are those of Du(xg) and fall into two
categories: the vectors in T, M, a vector subspace of dimension k, to which are attached
the eigenvalues of Du(x;) equal to 0 or given by (58) and the vectors in N, M, a vector
subspace of dimension n — k, to which are attached the eigenvalues of Du(x;) equal to 1.

O
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i

9.3 Proof of proposition 8

In this section, we assume that (p1,--- ,pr) € R¥ — M is a parameterization of the smooth
manifold M = u~!(0). We start with the following lemma.

Lemma 2 The projection of the mean-curvature vector H along the gradient Vu, of the ith
component of u is given by
1
H - Vui = —% ZMPI . DQUZ' MPl‘
1=1
Proof : Since
Vu; - Mp, =0 i=1,---,n—k I=1,---,k,

if we take the partial derivative of this expression with respect to p,,, m = 1,--- |k, we
obtain

M, -D*u; My, +Vu; My, =0 i=1,---,n—k I,m=1,--- k. (59)

The k x k matrix €' = [€}, Jim=1,-..k = [V - Mp,p,. li,m=1,.. 1 yields the scalar product of
the mean curvature vector H of M with Vu,;:

H-Vu; = —%tT(ai),

where ' 4
a'=—€ed L
Equation (59) shows that
_67; = ¢'L = [Mp'm ) DQU": Mpz]l,m:l,--- Jh

Hence we have 1 1
H-Vu; = —Etr(ai) = —Etr(qbilI)*l).
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Let us assume now that the parameters p;,{ = 1,--- ,k are such that the vectors M,,,l =
1,---,k form an orthonormal basis of T, M. Hence ® is the identity matrix and the result
follows.

We need another ingredient related to the properties of the matrixes D?u; :

Lemma 3 At each point x of M, the linear operators D?u; (x), i = 1,---,n map the
normal space N M, to the tangent space T M,.

Proof : In order to prove this, we consider equation (12) again and write it in coordinates.
We note (eq, - ,e,) the canonical basis of R*. Consider the ith column of both sides of
equation (12):

Vui(x — u(x)) = Du(x — u(x))Vu,(x).
Since Du is symmetric a.e., the right-hand side can be rewritten as >-7_; Vu;(x — u(x)) -
Vu;(x)e;, hence:

Vus(x —u(x)) = Y Vu,(x — u(x)) - Vui(x)e;.
j=1
We now take the derivative of both sides of this equality and obtain

D?u; (x — u(x))(I — Du(x)) =

Z e [DQuj (x —u(x))(I = Du(x))Vu;(x) + D?u; (x)Vu;(x — Du(x))]T .

If we evaluate these expressions on M we obtain (without indicating the dependency with
respect to X):

D?u; (I - Du) =Y _ e; [D?u; (I — Du)Vu; + D?u; Vu,] .
j=1
We saw in the previous discussion that, on M, Du is the projector on N, M; This implies
that (I — Du)Vu; =0,i=1,---,n. Hence we can write

D?u; (I — Du) = Zej [D2u; Vuj]T.

Jj=1

We now multiply both sides of this equality on the right with Vuj and take once again
advantage of the fact that Du is the projector on N M:

(Vuk - D2Ui VU]') e; = 07
1

J

n
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and since (e, - ,ep) is a vector basis, we obtain
Vug - D?u; Vu; =0 4,j,k=1,---,n
which implies that D?u; Vu; is in TM, for all i’s and j’s.
O

We are now ready to prove proposition 8. Proof : Because of lemma 2 we know that
H-Vu; = — Zle M, - D?u; M, carries over directly to this case. Now consider an
orthonormal basis (Ny,--- ,N,_z) of N,M. We certainly have

n—k

ZM - D3, Auﬁ—ZNl D?u; N,.
=1

Since we proved before that D?u; N; is in TM, foralli = 1,--- ,nand = 1,--- ,n — k
(proposition 3), we conclude that

H-Vu; = —%Aui.

Let us now write H = >, ‘H'e;. Taking the inner product with Vu;, we obtain

n

H - V”LL]‘ = Z(V’LL]‘ . ei)Hi,

i=1
which we rewrite in vector form as

H = DuH,
where H is the n x 1 vector of coordinates H* = H - Vu;, 4 = 1,---,n, in the basis

(ela T 7en)-
This equation shows , since Du is the projector on N,M (proposition 5), and H is in
N_M, that
H="H.

This can be rewritten as

’H:i :——ZAu,el———Au
=1

as announced.
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