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Equation de Lyapunov pour la stabilité des systémes 2-D

Résumé : Dans ce rapport, on propose pour les systémes 2-D un résultat analogue a la caractérisation
de la stabilité asymptotique des systémes rationnels par la solvabilité d’'une équation de Lyapunov
associée. On montre que la propriété de stabilité interne du modéle de Roesser est équivalente a la
solvabilité d’une inégalité linéaire matricielle, obtenue & partir de fonctions de Lyapunov quadratiques.

Mots-clés : Systémes 2-D, stabilité interne, fonctions de Lyapunov quadratiques, inégalités linéaires
matricielles.
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1 Introduction
It is a well-known property that the asymptotic stability of the discrete system
ZTit1 = Ax; (1)
where A € R"*™ may be equivalently characterized by the spectral property:
Vz € C, |z| <1=det(I, —zA)#0, (2)
or by the solvability of the Lyapunov inequation
IQeR™, Q=0T >0, ATQA-Q<0. (3)
The link between the two properties is made by using the quadratic function

V(z) € 4T Qs, ()
which is a Lyapunov function for system (1) when @ is solution of the linear matrix inequality (3).
Stated otherwise, this means that system (1) is asymptotically stable if and only if it possesses a
quadratic Lyapunov function of the form (4).

The goal of the present contribution is to present an analogue of this property for the characteri-
zation of the internal stability of 2-D systems.

On the one hand, internal stability of 2-D systems [6] has been expressed under a spectral form,
with two frequency variables instead of one in (2).

On the other hand, simple class of quadratic Lyapunov functions have been proposed for 2-D
systems [5]. The computation of their evolution along the trajectories of the system under study
leads to some stability conditions (usually called 2-D Lyapunov equations) expressed as linear matrix
inequalities, analogue to (3). A major benefit of this approach lies in the fact that there exists fast
and powerful numerical algorithms of resolution for linear matrix inequalities [4]. However, solvability
of the 2-D Lyapunov equation is only sufficient for stability, but in no way necessary [3]. The involved
quadratic forms appear as the sum of two terms, and are parametrized by two symmetric definite
positive matrices, instead of one in (4).

Further study reveals that the stability property is indeed equivalent to the solvability of some
Lyapunov equation dependent upon the frequency, a so-called frequency dependent 1-D Lyapunov
equation [9, 3]. The use of such a characterization is difficult in practice, as it involves the verification
of the solvability of infinitely many linear matrix inequalities. All these aspects will be detailed further.

Here, we provide a characterization of the internal stability property by linear matrix inequalities.
Roughly speaking, the main idea is the following. Instead of considering the usual state variables of
the considered systems, say z(i,7), we use a non minimal state, allowing the use of ancient values of
the state, more precisely (z(i,7)" =z(i,j —1)7 ... =z(i,j—k+ l)T)T for k an integer. The supple-
mentary available information which has been temporarily ignored when augmenting the state space
(as any choice of (z(4,5)" z(i,5 —1)T z(i,j — k+ 1)T)T cannot be part of a trajectory when
k > 1), is then reintroduced when estimating the variation of the candidate Lyapunov function.

It turns out that the linear matrix inequalities found by this approach constitute necessary and
sufficient stability conditions, provided that enough supplementary information is considered (when
k is large enough). A precise statement and a complete proof of this fact constitute the core of the
present paper. In particular, Lyapunov theory is not used here to prove the stability, but rather as a
guideline, in order to find adequate algebraic conditions of stability.

RR n° 4014



4 Pierre-Alexandre Bliman

The problem is presented in more details and the background is recalled in Section 2. The main
result is enunciated in Section 3. Its proof is given in Section 4.

The notations are quite standard. I,,, 0,,x, stand respectively for the identity matrix of size n and
the null matrix of size m x n (simply abbreviated 0, when m = n). The Kronecker product is denoted
®. The spectral radius and maximal singular value of a matrix M are respectively denoted p(M) and
|M||. The conjugate and transconjugate of M, are denoted M’ and M*.

2 Presentation and background

Consider the following Roesser state-space model (input and output do not appear, as one is interested
in internal stability only) defined by [12]

-Tl(z + 17.7) = A:El(zaj) + B-TQ(i7j)7

w3(i,j + 1) = Cm1(3,5) + D2 (4, 5) - (5)

This model is more suitable for our goal, but the results to be enunciated apply also to the other,
equivalent, models of 2-D systems, especially Fornasini-Marchesini’s model [6]. Here and in the sequel,

AERM™M BeRMX™ (CeR2X™M, D e R,

for certain n1,m9 € N\ {0}. System (5) is asymptotically stable if and only if [6]

I, —z1A —z1B
2 <1 "o '
V(Zl,ZZ) S (C ) |z1|7 |z2| — = det —Z2C Inz — Z2D 7é O ’

or equivalently?
p(A) <1land Vz € C,|z| <1= p(2C(I,, —2A) !B+ D)< 1. (6)

In [5] the following nonnegative state function is considered
. . def . AT .. . AT .o
V(i,5) = 21(i,5) Quaa(2,5) + 22(1, )" Qawa (i, j) -

Defining V11(4, ) d:efarl(z' +1,)TQuz1(i + 1,5) + z3(,5 + 1)T Qozy(i,5 + 1), it is shown there that,
if the quantity V' (i,5) — V11(i,7) is negative, or null if z1(%,5) = 0, z2(4,5) = 0, then system (5) is
asymptotically stable. In the present case,

v~ (463) w(c4i3)

where

Rdgf ATQA-Q, ATQB n cTQ,C CcTQy,D
- BTQ:A  BTQ.B DTQyC DTQaD - Qy) -

This suggests that the following LMI, called 2-D Lyapunov equation,
Q=@ >0,Q:=Q] >0,R<0 (8)

is sufficient for asymptotic stability of (5), and this is indeed the case [5].

! Using the maximum modulus principle, one may restrict the set on which the conditions have to be verified, see e.g.

[8].

INRIA



Lyapunov equation for ihe stavuity of <-L) systems 9]

However, contrary to the 1-D case presented in the Introduction, this property is not necessary
[3]. A simple way to see that is as follows [3]. By Kalman-Yakubovich-Popov lemma (see Appendix),
condition (8) is equivalent to

3Q; = Q% >0, p(A) <1 and Vz € C,

2(I,, — zA)"'B\" (CTQ,C cTQ,D z@fﬁmﬂ3<0
IRQ DTQZC DTQ2D - Q2 I’nz ’

|z] <1= (

that is:
p(A) <1and 3Q = QT > 0,V2z € C,|2z| < 1= (2C(I,,, — 2zA) "B+ D)*Q(2C(I,, —2A)"'B+ D) < Q .
On the other hand, (6) is clearly equivalent to

p(A) <1and Vz € C,
2] <12 3Q() = Q)T > 0, (:C(T, — 24) B + DY Q(:)(:C(T, — 24) *B + D) < Q(2) . (9)

It hence appears that the LMI (8) is a conservative criterion for the asymptotic stability of (5). Con-
dition (9) is refered in the literature as a frequency dependent 1-D Lyapunov equation [9].

3 Main result

Our method is based on an adaptation of the previous one. For k € N\ {0}, denote

z1(4,4) z2(%, J)
i) S | I et | Y (10)
21(ij — k4 1) ra(ing — K+ 1)
The vectors &7 i, X j are elements of REn1 REm2 pregpectively.
From (5) one deduces that
X000+ 1,9) = (I ® Xk, ) + (T ® B)Xo(is ), )

Xop(i,7 +1) = (I ® C) X1 1(4,7) + (I ® D) Xo (4, 5) -

Defining, for definite positive matrices Q% € Rk xkn1 Q2 € REn2xkn2 - the scalar, nonnegative,
state function

Vili,3) % 40,006,0)" Quadi (i, §) + Xo(6,1) QuaXon(ind)
one has (compare with (7))
Ve 1106, 7) — Vil ) = (Xuc(’i,j))T [((Ik QAT QI ®A) — Qi (L ® AT QI ® B))
k,11(2, 7 k(2,7 X1, 9) (It ® B)TQ1 1 (Ix ® A) (It ® B)T Q1,1 (Ix ® B)

4 ((Ik ® C)'Qox (I ® C) (I ® C)T' Qo k(I ® D) )] (/‘ﬁ,k(i,j))
(Ik ® D)TQQ’]C(I]C ® C) (Ik ® D)TQQ’]C(I]C ® D) — QQ,]C Xz’k(i,j) )

But we are only interested in some special trajectories of system (11) in the space RF?t x RFm2:
those which obey the equations (5) when 1, z2 are defined by (10). The key point now, is the fact
that X}, and &3y are constrained by the following identity

XZ,k(iaj) = Fkxl,k(iaj) + ka2(z7] —k+ 1) )

RR n° 4014



6 Pierre-Alexandre Bliman

where Fj, € REn2xkn1 ¢ c REn2Xn2 are defined by induction by

def def 1D
fl :e Inza fk :e (kal )a (12)
n2
def def Fy_ _1C
Fl :e 0n2><n15 Fk :e (0 k=t Ofk ! ) . (13)
n2 X (k—1)ny n2Xni

As an example,

D 0 C no2 Xni
fo= (I )7 fs=1|D |, F, = ( o )’ F3 =1 Onyxny  Onyxmy c
n2

I 0712 Xni 0n2 Xni 0 0 0
no mno Xni mno Xni na2Xni

One deduces that

Vie1(6,) = Vie(d,) = ($2(fljk_(z}§]i 1)) Ry (m(f;k—(z,kji— 1)) ’

where

R, & (Iknl Ok ><n2>T [((Ik @A) Qurlr®A4) — Qi (k@A) Qua(lx® B))
F Fe  fx Iy  BYTQui(Ir ® A)  (Iy ® B)TQ1(Ix ® B)

n ((Ik ® O)T'Q2x (I ® C) (I ® C)T' Qo (I ® D) )] (Ikm Okn1><n2) (14)
(It @ D) Qo (Ixr ® C) (It ® D) Qo 4(Ix ® D) — Qo Fy, Ix '

One is hence naturally led to study the solvability of the following LMI, defined, for any k¥ € N\ {0},
by:

T T
Ql,k € Rkanknla Q2,k € Rkn2><kn27 Ql,k = Ql,k > 07Q2,k = Q2,k > 0, Rk < 07

15
where Ry, € REmn2)x(knitnz)ie gofined by (12), (13), (14) . (15+)

Of course, the case k£ = 1 reduces to (8).

Our main result tells that the solvability of (15;) becomes indeed equivalent to the asymptotic
stability of (5) “at the limit”, when k goes to infinity.

Theorem 1. The following properties are equivalent.
1. System (5) is asymptotically stable.

2. For any (21, 29) € C2,

I, — z1A -1 B
< 1 .
|Zl|7|z2‘—1:>det( _z20 In2—Z2D #O

3. p(D) <1 and for any z € C,

|z| <1= p(A+ 2B(I,, —2zD)"'C) < 1.

4. p(A) <1 and for any z € C,

|z| < 1= p(2C(In, —2A)'B+D)<1.

INRIA
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5. There exists k € N\ {0} such that (15y) is feasible.
6. There exists k* € N\ {0} such that, for any k > k*, (15;) is feasible.
|

Theorem 1 furnishes a sequence of LMI criteria, of arbitrary precision. The precision may be
estimated as follows. One may check from the proof, that a sufficient condition for solvability of (15%)
is

p(A) <1 and sup ||[[zC(I,, — zA)'B+DJF|| < 1.

z€C,
[2|<1

On the other hand, stability is equivalent (condition 4. of Theorem 1) to

p(A) < 1and lim sup ||[2C(I,, — 2A) !B+ DJ*||=0.
k—+o00 2€C,
[z|<1
Theorem 1 also provides more information on the form of a solution of the frequency dependent
1-D Lyapunov equations, see the Remark at the end of the proof.
Remark that the nature of the results presented here is close from a result given by Fornasini et al.
[7], stating that the 2-D system

i+ 1,j+1) = A1z(i,j + 1) + Asz(t + 1,5)

is stable iff for k large enough, the sum on all 4,5 such that i + 7 = k, of the norms of all products
including 4 times the matrix A; and j times the matrix Ay (shuffle product) is less than 1. As a matter
of fact, both conditions reduce the determination of the stability to checking if a certain condition
involving the matrices of the representation is fulfilled for a certain integer k. The LMI condition is
simpler to check.

From Theorem 1 may be derived the following three types of results. First, one may deduce similar
LMI characterizations for stability of continuous or mixed (discrete/continuous) 2-D systems, see [1, 2]
where frequency dependent 1-D Lyapunov equations and 2-D Lyapunov equations are presented for
these systems. As an example, using the property that

1—
Vz € C,Re z20<:>|z|§1,
1+2

one shows that

V(s,2) € C?, Res >0,|z| < 1= det (SI"{ZEA I _BzD) #0
_ g —
9 Inl _A_zl(Inl +A) (1+Zl)
& V(z1,29) € C, |z1|a\z2|31$det( W0 L wD £0
& V(z1,22) €C |z1| 22| <1
Iy, —A—z1(In, + A) —z21(In, + (In, + A)(I,, — A)~1)B
= det —ZQC In, — 2(C(In, — A)-1B+D) )70
<~ V(Zl,ZQ)E(C y |Z1|,‘Zz| <1
In1 - zl(In1 + A)(I'nl - A)il —221( A) 1B
= det ( —20(In, — A)7! I, — 29(C(I,, — A)"'B + D) 70.

The last condition has the same structure than (15;), and Theorem 1 applies. Also, results based
directly on quadratic Lyapunov functions are under progress.

RR n° 4014



8 Pierre-Alexandre Bliman

Second, as demonstrated by Pandolfi [10], any asymptotically stable 2-D system is also exponen-
tially stable. It may be interesting to estimate the rate of convergence to zero of the solutions. System
(5) is exponentially stable with rate a € (0,1) if and only if the system governing the evolution of
o (+7) (z1(3,5)"  za(4, j)T)T is still asymptotically stable. It is hence clear that this property may be
checked numerically as in Theorem 1, replacing A, B, C, D respectively by o' A,a” !B, o~ 'C,a~'D.

Last, the result given here permits straightforward deduction of necessary and sufficient conditions
of stabilizability of 2-D systems by (state or output) static feedback, or by dynamic feedback of given
order.

4 Proof of Theorem 1

The equivalence between 1., 2., 3. and 4. is known [6], and the implication 6. = 5. is straightforward.
One will show that 5. implies 3., and then that 4. implies 6.

4.1 Proof of the implication 5. = 3.
Consider first that the feasibility of (15;) implies that

0o > (0’"}; X"Q) Ry (0’”}; X"Z) = fl[Ix ® B)" Q1 (It ® B) + (It ® D) Qa 1 (Ix ® D) — Qa ] fx
> ik ® D) Qap(Ix ® D) — Qo fi = D" f{ Qo pfuD — fi Qapef -

The previous formula appears as a Lyapunov equation, and permits to show that p(D) < 1.
Define now, for any z € C and for k£ € N\ {0}, the matrices vy ;(z) € RF1XM 4y 1 (2) € Rhn2xn2
and ’U)k(z) = R(kn1+n2)xn1 by

Inl In2
def | #Im def | #In def v1 4 (2)
oa €| @ o (L )
Zk_ljnl Zk_1]n2

Then,

Ikml Okn1 X7no _ v ,k(z)
( F f ) wy(2) = (Fkvl,k(z) e zD)—lc) )

and, using (12), (13),

E—1 _ -1
Feona(a) + 41 = 2D) 1o = (Mo G2 el = =070

(I —zD)~'C

One then proves by induction that

Ik’m Okn1 X2 B Ikn1
( Fy, Tk wi(2) = zI ® (I, — 2D) " 1C v1k(2) -

INRIA
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From the solvability of (155) one hence deduces that, for any z € C such that I — zD is invertible,

0 >wy(2)* Rpwy(2)

(o 1) st * (e ATQuhe s - au (hearauhen)
2Iy ® (I —zD)~'C ) "H* Iy ®B)' Qi ® A) (I ® B)TQui(Ix ® B)

n ((Ik ® O)T'Q2x(Ix ® O) (It ® C)" QoI ® D) )] ( Iin, ) v14(2)
Ik ® D) Qe (I ® C) (I ® D) Q2 x (I, ® D) — Qo 2y ® (I —zD)~'c) "HF

= [(Iy ® (A +zB(I — 2D) ™' C))v1,(2)]" Qui(Tx ® (A + zB(I — zD) ™' C))ur (2)

— 01 4(2)* Qv p(2) + (1 = |2*) [(I ® (I — 2D) " C)vik(2)] " Qo (It ® (I — 2D) ' C)v1 4(2)
=(A+ 2B(I — 2D)™'C)*vy 4(2)* Q1 4v1.1(2)(A + 2B(I — zD)~'C)

—v15(2)* Qurv1 £(2) + (1 = |2|H)[(I = 2D) ' C v 1 (2)*Qa xv2,£(2)* (I — 2D)~'C .

In particular, if |z| <1 (and then I — zD invertible, as p(D) < 1)), this yields
vl,k(z)*Ql,kvl,k(z) > [A +2zB(I — ZD)_lC]*Ul’k(z)*Ql,k’Ul,k(z)[A +2zB(I — ZD)_IC] .

As the matrix vy ;(2)* Q1 xv1,%(2) is positive definite, one deduces that for any z such that |z| < 1,
the matrix A + zB(I — zD)~!C fulfills a Lyapunov equation, so p(A + zB(I — zD)~'C) < 1. This
achieves the proof of the implication 5. = 3.

4.2 Proof of the implication 4. = 6.

e One first transforms condition 4. It is well-known that, for any square matrix M,

p(M) <1e lim |[|[MF*|=0e 3K, sup |[M*| <1
k—-+o0 ka*

(where the second equivalence is obtained using the fact that the matrix norm induced by the euclidian
norm is submultiplicative). One hence deduces that condition 4. is indeed equivalent to

Vz € C,|z| < 1= det(I,, —zA) # 0 and 3&* € N\ {0}, sup ||[zC(I,, — zA)"'B+DJ*|| < 1. (16)
E>k*

e One now transforms (15;). Developing the first term in Ry leads to the identity
T
(Ikm Okn, an) ((Ik QAT I ®A) — Qi (I ® AT QI ® B)) (Ikm Ok, ><n2>
Fy, Ix (I ® B)T Q1 (I ® A) Iy ® BYTQ11(Iy ® B) ) \ Fy T
T
= (k@A) +Ix®B)Fy, (It ®B)fr) Qi ((Ix®A) + (Iy ® B)F, (I} ® B)fr)

- (Iknl Ok'n1 Xng)T Ql,k (Iknl Okn1><n2)T

Written under this form, one may apply Kalman-Yakubovich-Popov lemma (see Appendix) to (15g).
Denoting

def _
Sp = Sip(2) € 2(Ijn, — 2(Iy ® A) — 2(I ® B)Fy) ™",

a sufficient condition for solvability of (15;) appears to be

Q2 = Qa2 > 0,V2z € C, |z <1 = det(Ijn, — 2(I ® A) — z(I ® B)F;) # 0 and

H* ((Ik ® C)T' Qo k(I ® C) (I ® )" Qo (Ix ® D) ) (Ikm Okn, xm) (Sk(z)(fk ® B)fk) <0
1T \ Tk ®D)'Qap(Ir ®C) (Ir ® D) Qo (Ix ® D) — Qo) \ Fi Tr I, ’

RR n° 4014



10 Pierre-Alexandre Bliman

where the dot in the brackets has to be replaced by the last two matrices, that is: Qa2 = QQTJc >
0,Vz € C,|z| <1=det(I,, —zA) # 0 and

[(Ix®C) Sk (Ix®B) fr+(Ix @D) (Fi. Sk (Ix®B) fr+ f)]* Q2. [([k®C) Sk (I @ B) fr+(Ix @ D) (F1. Sy, (1@ B) fr+ fr)]
< [FkSk(Ik ® B)fk + fk]*SzQz’kSk[FkSk(Ik ® B)fk + fk] . (17)

Let us simplify these expressions. From (13), (12), one gets that

Sp(z) = 2 (I(kl)nl —2(Ix 1®A) = 2(Ix 1®B)F 1 —2(lx 1 ® B)fk1C> -
Ony x (k—1)ny I, —zA

_ Sk-1 28k 1(Ig—1 ® B) fr—1C (I, — 2z4) 7"
= o (I, — 2A)~1 )

ni X(k—l)'n,l

(It ® B) f, = ((I’H ® g JfiesD ) .

This permits to establish that

sto = (0 )
and then
FySi(Iy ® B) fx + fr = ([Fk_lsk_l(fk_l ® B)fr-1 +1,{f_1](zc(1m _2A)'B+ D))
and

(I ® C)Sk(I, ® B) fr + (I ® D)(FiSk(Ix ® B) fx + fr)
_ (I 1®C)S 1Ty 1 ® B) fg1+ Iy 1 @ D)(Fy 18k 1(Ix 1 ® B) fx—1 + fr)|(2C(In, — 2A)"' B+ D)
N 2C(I,, —zA)"'B+ D :
So, one proves recursively that
[2C(I,, — 2zA)"'B + D}k

(Ix ® C)Si(Ix ® B) fr + (I ® D)(FiSk(I, ® B) fr, + fx) = :
2C(Iy, — zA)"'B+ D
2C(In, — 2A)~'B + DJF-1
FySy(Iy @ B) fr + fr = : . (19)
I,

Taking Q2% = Ign,, one finally gets from (17) that a sufficient condition for realization of 5. is

Jk* € N\ {0},Vk € Nk > k*,Vz € C, |2| < 1= det(In, — zA) # 0 and [|[zC(In, — zA)" B+ D*| < 1 .
(20)

e In view of (16) and (20), it remains, in order to prove that 4. implies 6., to show that one may choose
in (16) the index k uniformly wrt z € C, |z| < 1. The final argument, based on compacity, is itself
decomposed into two parts. It will be shown first that (16) implies

3k € N\ {0},Vz € C,|z| <1 = det(I,, — z4) # 0 and ||[2C(I,, —2A)'B+D*| <1. (21)
and then that (21) implies (20).

INRIA
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e For k € N\ {0}, let

K.Yz eC |2 <1, |20, — zA) 'B + DJF|| > 1} .

By continuity, the sets Kj are closed, and hence compact. Moreover,
2 € Ko, = 1 < ||[z2C(I,, — 2A) "' B + D*|| < ||[2C(I,, — zA)"'B+ DI*||> = z € K, .

Hence Ky, C Ky, for any k£ € N\ {0}. The sequence Ky is thus a sequence of nested compact sets.
Assume now that (21) does not hold. If p(A) £ 1, then (16) does not hold. Otherwise, for any
k € N\ {0}, the sets K are nonempty. In particular,

3zp € () Ko
kEN
that is
320 € C, |20| < 1,VE €N, ||[20C(I — 20A4) B+ D2|| > 1.
Hence,

vk € N\ {0}, sup [[[20C(I — 24)"'B+DJ*| > 1,
E>k*

and (16) does not hold either. One has hence proved by contradiction that (16) implies (21).
e Let us prove now that (21) implies (20). Suppose that (21) holds, and let £* € N\ {0} and ¢; > 0
be such that

Vz € C,|z| < 1= det(I,, —zA) # 0 and ||[[2C(I, — 2zA) ' B+ D]¥ || <e; < 1.
Define also
2 def sup{ sup ||[¢C(In, —zA) 'B+DIF|| : k€ {0,...,k* =1} .
2€C,[z|<1

Then ¢y is finite.
Now, fix £** € N\ {0} such that

B> (_]Og02 +2) E* ,
log cq

and let k € N, z € C be such that k¥ > k** and |z| < 1. Denote ¢ and 7 the quotient and the rest of
the euclidian division of k£ by k*, that is:

geN, re{0,1,....,k* =1}, k=qk™ + 7.
Remark that & > £** implies

log co log ¢

q= (22)

log ¢y “loger
Then,

[2C (I, — 2A)" B + D¥|| < ||[2C (I, — 2A)"'B + DI¥"||9||[zC(I,, — zA) ' B+ D|"|| < ley < 1,
due to (22) and the fact that ¢; < 1. From (21), one has hence deduced the existence of k** such that
Vk €Nk > k™, Vz € C,|z| <1= det(I,, — zA) #0 and ||[2C(I,, —2zA) *B+ D]f|| <1,

that is (20).
To summarize, it has been successively shown that: Condition 4. < (16), (20) = Condition 6.,

(16) = (21), (21) = (20). This shows finally that condition 4. implies condition 6., and concludes the
proof of Theorem 1.

RR n° 4014



12 Pierre-Alexandre Bliman

Remark. If @y fulfills (17) (that is, there exists Q1 such that (Qqx,Q2%) is solution of (154)),
then (18), (19) show that (9) is fulfilled with Q(z) chosen as

*

[2C(I,, — zA)~'B + D]*! [2C(I,, — 2A)"'B + D]*!
Qz) = : Q2k :
I, I,

A Appendix — Kalman-Yakubovich-Popov lemma

The following form of Kalman-Yakubovich-Popov lemma is used [11]. Let A € R**" B € R"*P M =
MT € R+p)x(n4p) with

(In Opxp) M (oj:) > 0. (23)

Lemma. For any matriz M fulfilling (23), the following two statements are equivalent:

(i) There exists Q@ = QT € R"*" positive definite, such that

ATQA—-Q ATQB
M+< BTQA BTQB><O'

(i1) p(A) <1 and, for any z € C with |z| =1,

(o ()

Maximum modulus principle permits to replace equivalently (ii) by:

p(A) <1 and, for any z € C with |z| <1,

(z(In — zA)_lB)* u (z(In - zA)_lB> <0,

Ip Ip
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