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Abstract: We discuss here how to identify how a visual system deals with
the intrinsic calibration parameters of the visual sensor, i.e. the eye, in the
case of motion perception.

In computer vision, such an approach is already well developed, from both
a geometric and algebraic points of view. It is now well established in this
field that calibration mechanisms related to the camera intrinsic parameters
allow to adapt such a perceptual system to incoming information and obtain
a robust and significant estimation of the structure and motion parameters of
the system itself and the scene.

The assumption of this work is that the biological visual perception must
also be based on such mechanisms and we have implemented the protocols
which allow to verify this hypothesis.
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Comment percevons nous les paramétres
intrinséques de 1’oeil ?

Résumé : On discute ici comment mettre en évidence la facon dont le systéme
visuel gére les paramétres de calibration intrinséques de 1’oeil au niveau de la
perception du mouvement.

En vision par ordinateur, cette approche est déja bien développée, tant
du point de vue géométrique qu’algébrique. Il est en effet bien établi que
des processus de calibration relatifs aux parameétres intrinséques de la caméra
permettent au systéme perceptif de s’adapter au mieux au type d’informations
qui lui est fourni et d’obtenir a la fois une estimation robuste et significative des
paramétres qui caractérisent le mouvement et la structure observée observé.

L’hypothése de ce travail est que la perpection visuelle biologique doit elle
aussi étre basée sur de tels mécanismes et son but de mettre en place des
protocoles qui puissent le mettre en évidence.

Mots-clés : Perception du mouvement. Calibration
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Introduction

Has the brain always a precise knowledge of the eye intrinsic (i.e. optical)
parameters, when performing a perceptual task, such as (see [34, 31] for a
review) motion perception ?

This may look like a strange question ! However, if one consider not a
biological, but an artificial visual system, this becomes an indeed primary
and fundamental question, i.e. do we have to calibrate the intrinsic optical
parameters of the visual sensors to perform any perceptual task ?

Such intrinsic parameters correspond, for instance, to the average focal
length of the optical sensor f or the principal point! position my = (ug,vp)
(i.e. the intersection of the optical axis with the retinal plane, also called
“fovea”, see Fig. 1). In fact, it has been experimentally demonstrated |13, 38|
that, for usual cameras and considering “robotics” visual perception, these
three parameters? describe properly the projection of a 3D Euclidean point
M = (X,Y, Z) onto a retinal 2D point m = (u,v) through :

v = u+fr ., r = X/Z
h 1
{U = wtfy "My = vz M)

considering a frame of reference attached to the retina, which origin is the
eye optical centre (if any, hence the image nodal point), the optical axis being
aligned with the Z-axis and horizontal and vertical image coordinates being
aligned with the X and Y-axes respectively, as illustrated in Fig. 1. The key
point here (see [17] for an introduction) is that this knowledge is mandatory to

!'Notations: We write vectors and matrices in bold letters, matrices being written with
capital letters. The duals of vectors are represented as the transpose of a vector and scalars
in italic, the dot-product being written as x* y and the cross-product x x y or [x]x y. The
identity matrix is written I. We represent the components of a matrix or a vector using
subscripts, e.g.: u = (uz, uy,u.)T. Here x =y means Ax = y for some \ # 0.

2In computer vision, more “classical” models (e.g. [16]) use two additional “technological”
parameters. On one hand (i) the horizontal /vertical scale ratio when pixels are not square
but “rectangular”, whereas it has been shown [12, 44] that this parameter is always constant
in practice, thus can easily be set to one, using a simple coordinate transformation. On the
other hand (ii) the skew factor with corresponds [17] to misalignment of the optical axis
with respect to the retinal plane, whereas it is, in practice, always negligible for low and
high quality cameras [12, 44]. In addition, the 3 parameters model is very efficient with
respect to auto-calibration estimation [41, 20].
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4 Jacques Droulez, Alexandre Négri, Chin-Hwee Peh, Thierry Viéville

evaluate Euclidean geometrical quantities such as distances, angles, velocities,
etc...

Optical
axis

Optical center
fronto—parallel plane

Retinal
plane

Principal
point (fovea)

Figure 1: Description of intrinsic parameters of a visual system.

Optical distortions are also to be taken into account [36, 32]. In com-
puter vision, geometric distortions have been modelized, whereas other optical
sources of errors (diffraction, achromat, astigmat, etc...) are neglected or taken
as a “residual” noise. In fact, such a correction can be easily done using cues
such as recti-linearity [6] and treated in a front-end module. They will not be
considered here.

Furthermore, taking the eye anatomy into account, it is obvious that such
parameters vary from the fovea to the periphery, but also with time and exter-
nal factors, while their estimation from the direct observation of the environ-
ment (very likely its rigid structures) is indeed a solvable problem [28], even
for varying and unknown focal length and principal point [20], but numeri-
cally ill-conditioned [27], unless active specific displacements are used (mainly
rotational displacements [37, 19]).

INRIA
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It is thus a legitimate question to attempt to know whether the brain does
not try to “avoid” using such calibration knowledge, either because available
visual data may not be sufficient to self-calibrate [18, 27| or just because it
is often possible to perform visual or visuo-motor tasks [15, 45, 2| without
calibration or with a very approximate knowledge of their values [14]. When
not calibrated, a visual system is not observing the Euclidean geometry of the
scene, but only its projective or affine geometry, as parameterised in [40, 26] for
instance. As a consequence, “calibrating” or not the visual system is equivalent
of choosing a given (either Euclidean or projective) geometry to represent
spatial and kinematic visual information.

Surprisingly enough, considering for instance perceptual experiments using
anamorphozing glasses [11], it has been established that the visual system is
able to re-calibrate a Riemannian metric adapted to the glasses deformations,
this plastic adaptation allowing a correct perception of the scene Euclidean
geometry. The assumption that the brain cognition is more “Euclidean than
affine or projective” is reinforced by a recent experiment [29] in which it has
been shown that subjects preferentially consider the orthogonality cue (thus
an Euclidean cue) rather than parallelism for instance (which is an affine cue)
in order to perceive the orientation of a surface drawn using curves.

As a consequence, researches studying either biological motion perception
[34, 31] or even the perception of the scene structure from motion cues (e.g.
[21, 7]) always assume that the brain uses a calibrated visual system.

Then, the question is not to know if the brain use Euclidean perception, it
does, but how does it manages intrinsic calibration parameters ? In particular,
considering motion perception, we would like to study in this paper, how does
it react to a change of the intrinsic parameters ?

This is the goal of this paper.

In the next section, we revisit the parameterisation of the retinal projection
of the 3D motion of an object in the case of intrinsic parameter variations, in
order to be able to formalise our problem.

Then, we discuss how the variations of the intrinsic parameters could be
perceived, in the case where either the perceptual system is able to take into
account such variables or not.

From this discussion, paradigms are proposed in order to analyse how hu-
man cognition is influenced by intrinsic parameters.

RR n° 4030



6 Jacques Droulez, Alexandre Négri, Chin-Hwee Peh, Thierry Viéville

Experimental set-up and results are presented and discussed in the last
sections.

Parameterising the retinal motion of a rigid ob-
ject.

Let us revisit the parameterisation of the retinal projection of the 3D motion
of an object, as developed in |9, 10] for neuro-physiological models of motion
perception, but now considering an un-calibrated visual system as developed
for instance in [23].

These developments are based on Taylor expansions of the retinal velocity
field, the 3D velocity being assumed to be locally constant and the surface
locally planar or quadratic.

We thus parameterise :

e the 3D rigid motion of a point M = (X,Y,Z)T through its instanta-
neous translation vector T = (T, T,,T,)" and rotational velocity R =
(Rs, Ry, R.)T so that : .

M=T+MAR
ie.:
X=T,+ZR,-YR,
Y=T,+XR.—-ZR, (2)
Z=T.+YR, - XR,

e the local scene structure through the second order Taylor expansion of
the proximity, i.e. the inverse of the depth, so that, for instance up to
second order, we obtain :

1
P:§:Pz-f—:EPz+yPy+332Pm+$nyy+?42Pyy (3)

where :

(i) the affine proximity for this retinal point is P,

(ii) the 3D Euclidean surface normal is N = (P, P,, P,)7,

(iii) while the other quantities (P, Pyy, Pyy) are related to the surface
curvature,as schematized in Fig. 2.

INRIA
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Figure 2: Description of the local scene structure.

From these notations, using the temporal derivation of (1) :
{u = G+ fr+fr(X—z2) @
0= ot fyt+fz(Y-y2)

and applying notations introduced in [23] for un-calibrated representation of
translation and rotation :

o f 0 Ug
{z - ifr{ withA=| 0 f v (5)
- 00 1

using (1), (2), (4) and (5), we can write :

W= f(%) + fu o+ b (e-ut) + (y-vr) o+ e
S = A(8) e e+ ) + e
(6)
With;67,:“*fﬂ(ry—vou)—%(m—lmn).

RR n° 4030
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Considering also the local structure of the scene, as parameterised in (3)
the expression of the second order expansion of the retinal velocity field may
be written :

{

U
v

1R

Ug
Vo

+ v + uv + ﬂan
+ vu + 1_12’1) + 1_111162

+ Uppuv + ’17,221}2 (7)
+ Tpuv + Uy v?

while the proximity, from (3) and (1), is given in a retinal frame of reference,

le.:

with :

Puu
Puv
Pov

while,

Uy
Us
U1y
U12

U2
and :
Vg
U1
Uy
V11
V12
Uao

P =

Pya/ f?
Pry/f?
Pyy/f?

7 (%)

I
f

= Do+ UPy + VU Py + U Pyy + UV Puy + V7 Poy (8)
pu = Pu/f —(2u0Puu+ voPuv)
P = PB/f (Uopuv+200pw)
p: = P. —(uopu+t 0P+ uf Puu + %0 V0 Puv + Vi Pov)
after some algebra and using (1), (2), (8), (4) and (5), we obtain : +
Pty + 1y — g (vgry — ugTy)/ f?
pot, + putst+ + (vory —2ugry +uguoTs)/ f*
Pote — T2 + g (re —ug72)/ f?
—Put. + puts + (ry—vor.)/f?
—Dy L. + Puts (re —uors)/f?
+ DPwila
(9)
Paly — Ty — vy (vors —ugry)/f?
Puly + 7. — vy (ry —vor,)/f?
pots+ Doty + (2vgrs —ugry —uguoTs)/f?
+ Duutly
—Put. + Puwty + (ry—wor.)/f?
—Put, + Doty (re —uor.)/f?

1
A

+

(10)

These equations describe the retinal displacement, i.e. what can be locally
perceived (up to the second order) on the retina when observing a rigid object
in motion.

INRIA
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Note that in the “calibrated case” the related equations correspond to par-
ticular case of those with ug = vy = 0, f = 1, so that the retinal coordinates
(u,v) correspond to (z,y), with r =R and t = T.

Let us analyse these equations.

What can be perceived in the un-calibrated case ?

In the general case, from (9) and (10), we have 12 equations, but to be related
to (u07’007f7 1.10,’(.}0,]0), r, t and (pz7pu7pv:puu7puvap’vv) i.e. 18 unknowns. We
thus are in an algebraic situation with “too many unknowns” and may :

e use higher-order equations [1], when considering second-order equations
(with velocities and accelerations, i.e. using at least three views) the
motion parameters become “observable”;

we will experiment if the motion perception could be based on such
higher-order constraints, but usual models in biological vision are not
based on such cues because they are not clearly observed in neuro-
physiology (34, 31];

e directly use the “observable” i.e. the motion field parameters and thus,
as introduced by [30] and [15]|, only consider the affine or projective
geometrical properties of the scene , this is called “weak-calibration”,

e introduce additional constraints (constant calibration parameters, knowl-
edge of the “horizon” i.e. the plane at infinity, particular displacements,
etc...) in order to be able to easily analyse these parameters, that is
consider specific situations (as synthesised in [41]), this is called “self-
calibration”,

as developed now.

Foveal motion perception

From equation (6), as discussed in [23], we may first consider motion perception
close to the principal point, i.e. the foveal perception.

RR n° 4030



10 Jacques Droulez, Alexandre Négri, Chin-Hwee Peh, Thierry Viéville

By “foveal” perception, we mean that the term with e, is negligible since it
is related to second order terms in ((u — ug)/f, (v — vo)/ f).

The “focus of expansion” and the “retinal rotation” If we consider the
projections of the translation t (also known? as the “focus of expansion”)
and of the rotation r, these equations, for fixed intrinsic parameters,
have exactly the same form as in the calibrated case. This is illustrated
in Fig. 3. This is not true, at the “second order”, i.e. when the term e,
is no more negligible, as visible in (9) and (10).

t/Z+r1y y/Z+rX t,/Z r

Figure 3: Aspects of the retinal field close to the fovea.

In particular it is obvious that we easily distinguish ¢, and r, but neither
t, from r, nor ¢, from r,.

In terms of cognition, Droulez [9], suggests a perceptual model for the
brain to get rid of this ambiguity. Computer vision algorithms use second
order terms to disambiguate (e.g. [43]).

The “motion equation” If we eliminate - from (6) we obtain a constraint

on the calibration and motion parameters with may be written :
m’ [t)ym+m"Sm=0 (11)

with m = (u,v,1)7, [t]x x = t X x, while : t7 St = 0.

This corresponds to continuous form [39] of the “fundamental motion
equation” of Longuet-Higgins [24] and Maybank-Faugeras [28].

3The retinal point corresponding to the projection of the translation (i.e. the epipole [17])
corresponds to the retinal location of the vanishing point for the direction of the translation.

INRIA



How do we perceive the eye intrinsic parameters ¢ 11

In the foveal case (see [39] for a general expression) we obtain :

(

a = 71,t,
—-2a 0 b b = (Tm_f<%fl))tz+rztm_§ty
S=| 0 -2a ¢ with ¢ . _ ug i

| d =(t.b+tyc— (2 +1))/t.a)/t.
(12)

so that the matrix S is a function of t (with two degrees of freedom since

t is only defined up to a scale factor) and of three other independent

quantities (a, b, ¢), thus function of 5 independent parameters.

As a consequence, for foveal motion perception we only need 5 generic
points as for the calibrated case (e.g. [17]) whereas 7 generic points
are required for larger fields of views (see [39] for a development in the
continuous case).

From this foveal motion equation, we easily compute :

(i) the focus of expansion t,

(i) if the intrinsic parameters are constant and ¢, # 0 the projection of
the rotation r (while if ¢, = 0 we only recover r,).

However, we :

(iii) never can compute the intrinsic parameters (they only appear in
extra-foveal motion terms, which may explain the numerical difficulty to
estimate them in practice (e.g. [27])) and we also

(iv) never can compute their variations (i.e. track them from one im-

age to another) since these three variations (f (“7?), f (%9), %) are only
constrained by two equations.

Recovery of structure and motion Since it is not possible to effectively
solve the motion equations in the general case by eliminating %, we may
use the parameterisation of the scene structure and solve (9) and (10).

In this case, as visible in (9) and (10) and made explicit in appendix A,
we can eliminate : _

(1) the structural parameters puu, Puvs Povs Pus Po and (p,t, — %) and,

RR n° 4030
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(2) the rotational parameters (r, — (“70)), (ry + (“70)) and 7,
mixed with intrinsic parameters variation, since they operate linearly

in the equations, with coefficients only function of the translation t =
(tm, ty, tZ) -
As a consequence, we also do not recover the intrinsic parameters in this

case, whereas their vartation is perceived as rotations or translation in
depth as discussed in the sequel.

These equations are singular only if ¢, = ¢, = 0 but in such a case, we do
not recover Puy, Puv, Poy DUt still obtain py, p,, (p, t,— %) and (1, — (”70)),

(ry + (“79)), 7., whereas ¢, is no more evaluated in this case.

The parameters of translation may be obtained from the motion equa-
tion (11) as discussed previously, but we show in appendix A that they
may be also computed directly from the same equations since two linear
constraints exists between their components defining the translation up
to a magnitude factor.

Relation with the case of a pure translation or a zoom In the case where

we have a (i) pure translation or a (ii) camera focal-length variation, i.e.
a zoom, (that is a variation of the intrinsic parameters, plus a translation
of the optical centre) we also have ¢, = 0. As a consequence, these are
particular cases of foveal perception.

In the motion equations S = 0 for a pure translation, while since a = 0
n (12), S has a simpler form for a zoom.

Relation with the case of a “retinal invariant rotation” In the case where

R, = R, = 0 i.e. the rotation has been cancelled except in the plane of
the retina, we still are in the same situation as a foveal perception, but
with r, = wy R, and 7, = vo R,. This means that if R, # 0 we obtain
particular equations to estimate uy and vy if they are constant.

As a consequence, this is also a particular cases of foveal perception.

This had been already made explicit in a more specific situation by [23].

Considering the affine component of the retinal field Considering “foveal”

perception means using a rather small visual field. In such a case, the

INRIA
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numerical stability of the estimation of second order terms in (9) and (10)
(1e ’all; ﬂlg, ’UQQ, ’1711, 1_]12, 1722) may not be sufficient.

As a consequence, we must analyse what could be perceived if we analyse
motion perception using only the 6 coefficients (i.e. g, @1, U9, Vo, U1, U2)
of the affine part of the retinal field.

In other words small visual fields are to be modelized by affine retinal
motion fields [5, 23]

In this case, we do not recover pyy, Puv, Po» but still obtain py, p,, (p. t, —

%) and (r,— (”70)), (ry+ (“7;1)), r., since, in the equations made explicit in
appendix A, we only use affine coefficients of the retinal field to compute

these quantities.

Furthermore, if it is not possible to estimate the translation from these
equations, it can still be estimated, using the motion equation.

Therefore, using small visual fields does not restrain what could be re-
covered from (9) and (10).

However, if t, = ¢, = 0, p, and p, are no more observable. This is
thus a difference with motion perception using second-order terms. In
particular if one generates a stimulus of a slanted plane undergoing a
translation along the z-axis only, according to this model, the plane
orientation is observable if and only if the visual does not only use affine
components of the retinal field. This may complete existing comparisons
for structure and motion perception between large and small visual field,
already experimented in biological vision for instance by [8], while a
recent work [9, 10| already demonstrates that human motion perception
is mainly related to this affine components.

Self-calibration of the intrinsic parameters

Calibration from the motion constraints Intrinsic parameters estimation
from the motion constraints (i.e. eliminating depth in the equations)
is indeed possible [28] even for varying and unknown focal length and
principal point [20] (although in that case at least 4 images, or equiva-
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lently third order temporal derivatives, are needed), but numerically ill-
conditioned [27] so that, often, higher-order constraints [3] are required.

In our context, it is clear that such self-calibration mechanisms may
be not be considered as plausible model to explain how the brain may
estimate eye intrinsic parameters : extra-foveal motion perception is re-
quired but in such a case optical properties are far from being linear,
higher-order parameterisations of the motion field are mandatory but it
seems that first order parameterisations of the motion field are mainly
taken into account as cognitive cues [9, 10|, as now done in computer
vision [4].

Calibration with pure rotations However, when using rotational displace-

ments, the calibration of the intrinsic parameters becomes a much more
simple task. When performing a pure rotation [19] or even more gener-
ally a fixed axis rotation [37], self-calibration becomes a tractable task.
More specifically using our 3 parameters calibration models and pure
rotation explicit linear equations can be made explicit [41].

In any case, it must be known from an external source of information that
this is a pure rotation, since a pure rotation can not be distinguished from
the observation of a single planar structure (see [42] for a discussion).

In the present contribution we have verified that considering the present
retinal motion parameterisation, as made explicit in appendix A :

e if the intrinsic parameters are constant during the rotation we ob-
tain a direct estimation of the intrinsic parameters from a set of
redundant linear equations,

e if the intrinsic parameters vary we obtain a direct estimation of the
principal point location and focal length variation, whereas the prin-
cipal point variation and the focal length value can not be estimated
independently,

while in both cases we obtain a direct estimation of the rotation, knowing
the intrinsic parameters.

In practice, this means that we can directly estimate the intrinsic para-
meters during a rotation if the principal point location is fixed while the

INRIA
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focal length may vary. We could use the following algorithm :

f

o = (’l_L12 + 1_}22)/2
B = (G +02)/2
ug = —(a(up+v1) = B(va —ur))/(e® + %)
Vo = —(ﬁ (’17,2 + 1_}1) + o (1_}2 — ﬂl))/(a2 + ﬂ2)
S 0 = 3((t2+ )+ (Buo+ avy)/2) (13)

€y = 77,0—(172—217/1+(5)/3U0+?7,QU0
€y = 1_)0+(21_)2—?7,1—(5)/3’U0+T_)1U,0
[ = (e +Be)/(a*+ 5%

\ € = [eu_/@f2a€v_af2]

to compute ug, v9 and f. Here € is an indicator of the principal point
variation (although not a real estimation since it is expected fixed), in
fact of the estimation error. This algorithm is unbiased with respect to
focal length variations (estimated as §), contrary to what is proposed
in [19] or [41]. In any case, this algorithm is well defined if and only if
R, #0or R, #0.

If we only consider the 6 equations of the affine part of the retinal field,
we still can easily eliminate the 3 components of the rotation and obtain
by linear combinations of the equations 3 equations between the intrin-
sic calibration parameters and their variations, as also made explicit in
appendix A. These three algebraic homogeneous equations of degree two
have two solutions with f = 0 and two solutions which may correspond
to the physical intrinsic parameters.

When calibration is not needed ... the planar case example. Finally, sev-
eral aspect of motion perception do not require calibration [15, 45, 2|.

One typical example is the “planar case”, i.e. the motion perception of
a single planar surface. A planar surface, even with constant intrinsic
parameters, yields 12 unknowns but only 8 of the previous equations are
independent [41]. The Euclidean location of the plane and its motion is
thus not entirely recoverable.

More precisely, let us consider a plane P parameterised by its distance to
the origin d(O, P) = 1/,/P? + P? + P? and its normal N = d(O, P) (P,, P,, P.)

RR n° 4030



16 Jacques Droulez, Alexandre Négri, Chin-Hwee Peh, Thierry Viéville

with ||N|| =1 so that, from (3) and (8) :

1
MeP&N'M=dO,P)& —1+P, X+P,Y+P, Z =0 & 7 = Duttpuv4p:

The related retinal displacement, say (ip, vp), has the form given in (7)
but with %y = 0, 911 = 0, @12 = U99 and @, = U12. In appendix A, these
equations have been made explicit. We show that they are not solvable in
general case. However, as initiated in [23], considering “retinal invariant
rotation” (i.e. R, = R, = 0) they are solvable in (pu,py, s, t,) up to a
scale factor if and only if either :

1. we have R, = 0, that is if we totally cancelled the rotation;

in that case we obtain an estimation of the time-to-collision (see (14))
% — %Tz = 0, using the affine part of the retinal field. From its sec-
ond order part we estimate 7T,, unless we observe a fronto-parallel

plane, and then obtain equations for the principal point variations;

or

2. we have % — %Tz = 0 that is if we have a pure “retinal displace-
ment” i.e. the rigid displacement left the retinal plane invariant or
is compensated by a focal length variation;

in that case we cannot estimate p, and eliminating its value, find a
unique equation with respect to the principal point location (unless
R, = 0) and variations.

This generalises what had been discussed in [23].

Here, there is a symmetry in the equations so that if (py,py,t.,t,) is a
valid solution, (t,ty,pu,Py») is also a valid solution of the same equa-
tions. With respect to this “orientation-translation” duality, it has been
shown [9, 10| that the human visual system always choose a solution
corresponding to the plane with tends to be the more fronto-parallel.

Not trying to recover these Euclidean quantities, it is however very easy
(e.g. [33]) to recover directly from the observable, the position of a point
M with respect to the observed plane P.
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N T

A point is in front of a plane (say M > P) if and only if TN M >
d(O, P) and we easily see that :
1 d(M, P
M>P&0=(p.+p,ut+p,v)— == (M, P) >0

Z ~ d(0,P) (zT M)

as derived in [42], while from (4) we can write :

U = ﬂp+5(tz—$tz)

v = ﬁp‘l‘é(ty—ytz)
We thus very easily compute, unless t = 0, the relative weighted position
0 of a point with respect to a plane.

Experimenting with “un-calibrated” motion per-
ception

Introducing intrinsic parameters variations.

At this stage, we would like to experiment how cognition deals with the cali-
bration parameters. Our “computational” assumption is that the brain should
rather use the previous equations that equations which omit to consider the
intrinsic calibration parameters.

How to make the difference 7 The general idea is to propose stimuli in which
in make the intrinsic parameters vary, with the idea that they will perturb the
perception of a system which ignore such parameters.

This general idea is corroborated by the fact that the previous equations
mainly shows that the introduction of constant calibration parameters mainly
induces a simple “change of coordinates” but qualitatively do not change the
equations. This is in particular the case for foveal motion perception.

A step further, intrinsic parameters variation is twofold and always per-
ceived in interaction with other parameters as follows :

Focal length variation versus translation in depth A variation of the fo-
cal length f (i.e. a zoom) is in direct interaction with the translation
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along the optical axis ¢, since they act in the equation through a common
term (as visible in (6))

1 f 1

— = ¢, 14

T [ Z 14
known as time-to-collision (i.e. the time, when no zoom, for a constant

velocity fronto-parallel planar target, to cross the optical centre fronto-
parallel plane (C,X,Y), defined in Fig. 1).

In other words, a zoom is equivalent of the depth translation of a fronto-
parallel plane.

Considering our model, 77! = § — p. t, and algebraic developments re-
ported in appendix A demonstrate that:

- in the precise case of a pure translation with ¢, # 0 or ¢, # 0 i.e. (i) no
rotation (R, = R, = R, = 0) and (ii) no variation of the principal point
(ho = 9o = 0) we obtain a direct estimation of p, = %,

- this is still the case if R, = R, = 4y = 0 and t, # 0 (here p, = @o/t,)
orif R, = R, =19y =0 and t, # 0 (here p, = 0p/t,),

- whereas in any other generic cases p, can not be estimated indepen-
dently from 7! so that its estimation is biased if there is a focal length

variation, more precisely an estimation p, of p, in which § is neglected

is given by : _
. 1
b =D: [1 - i _] (15)

Principal point variation versus rotation A variation of the principal point
induces a retinal translation through a term :

- f(%) + ry + pete (16)
f(UTO) - Tz + pzty

which combines translations and rotations.

In particular, it has been shown here that for foveal perception principal
point variations are perceived as rotations. In other paradigms, (e.g.
pure rotations) principal point variations is also not computable.
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As a consequence, the main parameter to consider is focal length varia-
tion, i.e. zoom. In terms of perception, a focal length variation corresponds
to a magnification or enlargement of the perceived object, as using a telescope.
Here we have to experiment whether this will be discriminated from an ap-
proach of the object. As not being a “natural” (the eye has no zoom !) subjects
should be trained before the experiment with another visual indication (e.g. a
background) about the fact they perceived a magnification of the scene or an
approach of the observed object.

If the brain does not model intrinsic parameters it will not, otherwise it
will.

Using planar slant estimation to test what is perceived.

Following [|, we consider a slanted plane (either fronto-parallel or slanted
around an horizontal axis) in translation and propose to look at the estimation
of the slant angle, as schematized in Fig. 4.

Tilt angle

Figure 4: Schematized representation of the chosen experimental stimulus.

From our model, the plane slant angle # may be estimated from :
P,

Dy
tan(f) = = = 7]0 e

= 1
Pz 1+U0f;—: (7)

using (3) and (8). In the sequel we consider vy = 0.
If t, # 0 or t, # 0, in this situation, we have discussed the fact that we
can estimate p, from @, and/or 7y, whereas if ¢, = t, = 0 we obtain a biased
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estimation of p, from (15). As a consequence, we obtain a biased estimation
of the slant angle as:

tan(d) = tan(6) (18)

-7k

We thus may assume that if the visual system take intrinsic parameters into
account as in our model it will be able to correctly perceived the plane slant
in the presence of a translation, say ¢,, whereas it will not if only ¢. is present,
unless other cues are in used. If it does not consider intrinsic parameters, then
it will implicitly always assume f = 0 and thus provide a biased estimation.

This may be summarised in Fig. 5 and we would like to experimentally
verify this assumption.

It does not consider It does consider In fact other cues
intrinsic parameters intrinsic parameters are also used
t. #0 Slant perceived Slant perceived Slant perceived
t, # 0 and f #0 Slant perception biased | Slant perception biased Slant perceived
t. #0, ty #0 and f # 0 | Slant perception biased | Slant perception not biased | Slant perceived

Figure 5: The three different conditions which allows to test our hypothesis.

From the model, we have seen that in order to recover from the perturba-
tion induced by a focal-length variation, regarding the perception of the scene
structure

A stimulus to generate only motion cues.

In order to be sure to generate a stimulus in which only motion cues are present
without any “semantic of the scene” we experiment motion integration using
simple stimulus with dot patterns (see [25] for a discussion).

From a computational point of view, using punctual primitives such as
“dots’ is also mandatory in order the retinal motion field to be observable.
As reviewed in [17] for instance, the motion field is in general not entirely
perceived (aperture problem) with “true” images containing edges except at
corners. As a consequence, most of the computer motion perception module
have the structure shown in Fig. 6, detecting and tracking features such as
corners in an image. Here we also can get rid of this problem because we first
estimate a parameterised retinal field (here either affine or quadratic) using
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robust and numerically stable estimation methods which could easily combined
partial observation of the retinal field. Furthermore, motion segmentation
(e.g. [5]) of different rigid objects could be integrated at this stage. This
intermediate step is thus very useful before computing structure and motion
parameters. The reader may refer to [39] for an implementation of a computer
motion perception module in the un-calibrated case.

Camera
Corner Corner Retinal field Motion Scene/Camera
d . C hi identificati Frad & Structure = parameters
Image etection Igrcr;teirjn matching | paches | identification IIJ dld ers | COMputation

Figure 6: Implementing our model as a computer motion perception module.

Using either small or large field stimuli is an important issue, as analysed
for instance in [8]. Here we have seen that in both cases the recovery of the
structure and motion parameters are mainly performed using the affine part
of the parameterised retinal field, so that we do not expect major differences
by using a small or large stimulation field.

On the contrary a much more important issue is the fact we may propose
to the user either a passive stimulus or an active stimulation, which will be
investigated in a future study.

Performing a first experiment.

Description of the paradigm. A circular window is observed by the sub-
ject in a monocular and achromatic situation for a diurnal lighting. The object
is a plane represented by random dots of constant density in the image, each
dot having a random duration of life. The stimulus is generated at 60-80
frames/seconds on a 1600x1200 pixels screen of 40x30cm situated a 1 meter in
front of the subject, thus offering a field of view of about 20 degree. Magnitude
of the motions corresponds to pixels displacements of a fraction of pixel /frame.
Preliminary results, obtained on 5 voluntary subjects are given, in Fig. 7, to
Fig 11. Although carefully realized by a young specialist of such psycho-metric
experiments, these results are to be taken with care, more as an invitation to
realized a full set of experiments in this direction, than as a final result.
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Subject: FIEEN

[B1tx=0;dif=0 Btx=0;cf>0 Dtx=0;df<0 Mtx-0;clf<0 Mix>0; df=0 |

Figure 7: Experimental for the 1st subject, see text.

Subject: CJIN

Error

Tilt Angle (Degree)

IEtx:D;df:O Htx=0;df>0 Otx=0;df<0 Etx>0;df<0 El»ﬂ;df:o‘

Figure 8: Experimental for the 2nd subject, see text.
In this set of experiments, 5 conditions have been tested combining forward

translation and zoom variations, i.e. the 3 conditions described in Fig. 5 plus
2 control conditions:
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Error

Error

-0.1
02
-0.3
-0.4 &

subject:

Tilt Angle (Degree)

Eix=0;df=0 Ex=0;df>0 Otx=0;df<0 Etx>0;df<0 Etx;O; df=0 ‘

Figure 9: Experimental for the 3rd subject, see text.

Btx=0,df=0 Bx=0;df>0 Oix=0;df<0 Ebc0;cf<0 Mhc0; df=0 |

Subject: M

Tilt Angle (Degree)

Figure 10: Experimental for the 4th subject, see text.

C1
C2
C3
C4
C5

tx=0df =0
tx =0df >0
tx =0df <0
tx >0df >0
tx >0df <0

Simple translation in Z

A zoom in the translation direction is added

A zoom against the translation direction is added

A zoom is added but lateral translation provides another cue
A zoom is added but lateral translation provides another cue
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Subject: FrilllllE

Etx=0;df=0 Elx=0;dlf>0 Otx=0;clf<0 Mbe-0;cif<0 B to-0;clf=0 |

Figure 11: Experimental for the 5th subject (not taken into account), see text.

with different signs as made explicit in the figures. Each condition has been
presented randomly presented 10 times and at different plane slant angles :
© = {-30,—25,0, 25,25} degrees.

Each subject has been asked to fix the screen centre and to manipulate
a small line-segment to be oriented in the direction of the perceived plane
normal. The adjustment error is measured and reported.

Analysis of the results. Clearly, these results are rather random and we
can not infer much from them.

We have however been able to establish a few statistical results, after exclu-
sion of the 5th subject, which has reported not being able to perform the task
and which results are not in coherence with the others. We however produce
the corresponding data for completeness.

First of all, errors for fronto-parallel planes are much more erratic than
others. A Student test on assuming that (#;) the error for a fronto-parallel
plane is not equal to the other errors is significant with a probability of P =
0.99. This means that, in this subjects, attempt to “find a slant”, i.e. to
over-estimate the plane slant.
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On the other hand, we have noticed that result are asymmetric for two
subjects, a focal length increase (df > 0) (i.e. in the sense of a Z translation in
the front direction) induce a higher bias (when lateral translation is not present
to preserve it) than a focal length decrease. A Student test on assuming that
(H,1) the absolute value is different is not equal for both conditions is significant
with a probability of P = 0.95.

Regarding our assumption, it is clear that a stimulus with a zoom (C2 and
C3) but no lateral translation to disambiguate the estimation of the translation
in Z with respect to focal length variation (as it is the case in C4 and C5).
Using a Student test again we have the evidence on three subjects with a
probability of P = 0.95 and one subject with a probability of P = 0.99 that
these two results differ, while the last subject is not significant in any case as
if it was not able to perform the experiment.

In coherence with this result, considering the 4 “correct’subjects, it is clear
that a stimulus with a zoom (C2 and C3) but no lateral translation to disam-
biguate the estimation of the translation induces a significant bias (Student
test with a probability of P = 0.99) than the control condition C1, whereas
this could not be done when comparing conditions C3 and C4 with respect to
C1 (a Student test with a weak probability of such as P = 0.9 fails to show a
significative difference).

As a conclusion, we have been able to realize an experiment which is co-
herent with “It does consider intrinsic parameters” assumption developed in
Fig. 5.

We are indeed very cautious with respect to these encouraging but not
definitive results and the partners of this study competent in psycho-physics
will carry on experiments in this direction.

Discussion

We must consider intrinsic parameters when discussing
the perception of structure from motion.

Both the theoretical developments and the small experiment presented here,
tend to show that usual models of structure from motion perception are wrong
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by starting saying “let us consider a [calibrated| visual system”. On the con-
trary, the present developments have demonstrated that :

e considering intrinsic parameters (in the form usually considered in com-
puter vision) and their variations does not fundamentally change the
nature of the structure-from-motion equations, but allow to derive equa-
tions which are independent of their occurrence,

e the perception of intrinsic parameters with their variations is not inde-
pendent of other motion parameters, while only combinations of them are
measurable, depending on the experimental paradigm; however in any
cases, the perception of scene structure parameters can be performed,
without evaluating them explicitely,

e the human visual system seems to be able to take intrinsic parameters
variations into account, during the perception of such parameters.

A step further, several discussions are opened by considering these new
parameters, for instance :

e whether the fact that the eyes are performing, with a huge accuracy, pure
rotations is not related not only to the need of not having parallax when
putting two retinal in correspondences (for instance before and after a
saccade) but also with self-calibration of the eye intrinsic parameters :
the present developments show that it is plausible,

e whether the string relationships between small /large visual fields, affine/quadratic
parameterisation and the perception of curvature which have been made
explicit here, really correspond to what is perceived by the visual system,
if so, showing that curvature is not easily perceived by a foveal motion
perception whereas larger retinal fields are needed,

raising other possibilities of investigations about the structure and motion
perception.

Let us now discus some of these perspectives, i.e. how we could investigate
more deeply visual cognition, using such kind assumptions.
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Other perceptual experiments on intrinsic parameters.
Considering the proposed paradigm we could have

e (i) distinguished a condition with a small versus a large visual field in
order to verify if second order terms are, as predicted, not of great influ-
ence in this case, although this is already assessed in another context by
21, 7],

e (ii) compared with motions generated by active displacements of the
subject as discussed previously, this will be treated in a near future, by
our two teams,

e (iii) observed also non-planar surface to confirm that curvatures are de-
tected by second order-terms and have no direct influence on the aspects
of motion perception analysed here, as [9, 10] have implicitly verified.

A step further, many other experiments could help understanding more
deeply how visual cognition manage the problems related to calibration. Let
us give two examples :

The perception of the horizon Perceiving the horizon means having an
affine calibration of the scene (e.g. [15, 45, 2]). With such a calibra-
tion, it is possible to perceive for instance the middle of two points or
if lines are parallel. Stimulus with or without a background “at infinity”
could be investigated in order to see if this helps measuring such affine
cues.

Localisation with respect to a plane As discussed in this paper, without
any calibration it is in theory still possible to detect the position of a
plane with respect to a plane. This could be tested either by experi-
menting about the localisation of a plane with respect to a plane or if
two points are on the size side (versus at opposite sides) with respect to
a given plane.

Perturbing Euclidean visual perception. In order to be sure that the
visual system would not be in a situation where it could use Euclidean or even
affine cues, but only projective cues, we could either :
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e generates random variations of the intrinsic parameters, which would
be interpreted as spurious displacements (rotations for principal point
displacement, translation in depth for focal length variation) by a visual
system based on a model assuming calibration,

e increase the noise in the stimulus since we may expect the visual system
to have more difficulties to use Euclidean cues, based on parameterisation
with more degrees of freedom, if the input data is degraded.

These two ways to perturb Euclidean visual perception may also be used to
investigate other aspects of visual perception such as structure perception (such
as experiment realized in [29]) or even object recognition or discrimination.

Investigating motion/structure ambiguities. Another track is related
to the perception of “oriented” projective geometry [35, 22] which could be
used to explain cognitive perception of the correct orientation, for instance the
fact human correctly perceived the orientation of a plane, despite an inherent
ambiguity (e.g. [42]).

In relation with this orientation ambiguity is the orientation-translation
ambiguity in the case of a planar stimulus, as discussed in this paper. Despite
the fact that normally, the solution corresponding to the plane with tends
to be the more fronto-parallel, one may try to generate other perceptions by
considering stimulus which two solutions correspond to planes with the same
slant, starting with a condition where translation and plane normal are parallel
(no ambiguity) and increasing this ambiguity in order to see if a subject can
“track” the solution corresponding to a plane slanted, etc ...

Toward higher-oder motion perception. Another important issue is the
fact we propose a model based on first-order equations, only involving veloci-
ties, but not accelerations. This corresponds to a “two views” problem in the
discrete case, although it is known that “three views” are needed for several
aspects of un-calibrated motion perception (e.g. [40]). This aspect is to inves-
tigated :

(a) presenting to the subject, not a stimulus given as an image sequence, but
as a 2, 3 or more “time slots”,
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(b) verifying if motion cues are not perceived differently depending on the
number of views.

A step further, one should also consider the fact that the intrinsic para-
meters (ug, vy, f) in fact strongly vary spatially on the eye retina. This last
consideration may indeed mark the limit of the proposed model to understand
the relation between the eye intrinsic parameters and the related visual per-
ception.

A Symbolic derivations

# Second order retinal motion equations

# Here :

# d_u0 = f diff(u_0 / £, t),

# d_v0 = f diff(v_0 / £, t),

# d_f = diff(f, v) / £,

# f2 =12

eqs := {

du_0 =du0 +pz*xtx+r.y -u0x* (v.0*rx-uo=x*r_y)/f2,
du_l = p_u * t_x + d_f - p_z * t_z

+ (v.O*xr.x - 2% u0*r_y+u0=x*v.0=x*rz/f2,
du_2 = p_v * t_x - r_z +u_ 0 * (r_x - u 0 * r_z) / 2,
du_11 = -p_u * t_z + p_uu * t_x + (r_y - v_0 *x r_z) / f2,

du_12 = -p_v * t_z + p_uv * t_x - (r_x - u_0 * r_z) / £2,
du_22 =0 + p_vv * t_x,
dv_0 =d_v0 + p.z* t_.y -r.x - v_0* (v_.0 * r_x - u 0 * r_y) / £2,
dv_1l = p_u * t_y + r_z -v_.0*x (r_y - v.0 x r_z) / £2,
dv_2 = p_v * t_y + d_f - p_z * t_z
+ (2% v_.0 *r_x-u0x*r_y-u0=x*v.0x*r_z)/ f2,
dv_11 =0 + p_uu * t_y,
dv_12 = -p_u * t_z + p_uv * t_y + (r_y - v_0 * r_z) / f2,
dv_22 = -p_v * t_z + p_vv * t_y - (r_x - u_0 * r_z) / f2
}:

# (1) Solving in the case of a foveal motion,
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eqsl := subs(f2 = 1 / zero, zero = 0, eqgs):

sl := u -> if type(u, ‘=¢) then op(l,u) = sl(op(2,u)) else
collect (numer(u), {t_x, t_y, t_z}, distributed, factor) /
collect(denom(u), {t_x, t_y, t_z}, distributed, factor) fi:

# (1.1) eliminating structural and rotational parameters

s111 := map(sl, leastsqrs(egsl, {p_uu, p_uv, p_vv, r_x, r_y, r_z, d_f})):
eqsll := op(2,eliminate(eqsl, {p_uu, p_uv, p_vv, r_x, r_y, r_z, d_f})):

sl11 := sl11 union
map(sl, solve(map(u -> if has(u, {du_1,dv_1,du_2,dv_2}) then u fi, eqsil),
{p_u, p_v}));

t_x du_22 + t_y dv_22 + t_y p_v t_z

8111 = {p_ Vv = ~m-—-mmm ,
2 2
t.y + tx
r.y =du_0 - d_u0 - p_z t_x, r_x = -dv_0 + d_v0 + p_z t_y,
d_f = 1/2 dv_2 + 1/2 du_l - 1/2 p_u t_x + p_z t_z - 1/2 p_v t_y,
r.z=-1/2p_u t_y - 1/2 du_2 + 1/2 p_v t_x + 1/2 dv_1,
t_y dv_11l + t_x du_11l + t_x p_u t_z
PolUU = —m oo ,
2 2
t.y + t_x
t_x du_12 + t_x p_v t_z + t_y dv_12 + t_y p_u t_z
PV = m oo oo oo - )
2 2
t.y + t_x
(dv_1 + du_2) t_x + (dv_2 - du_1l) t_y
PV = mmmmm e ,
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2 2
t.y + t_x

(-dv_2 + du_1) t_x + (dv_1 + du_2) t_y

eqsl2 := op(2, eliminate(eqsll, {p_u, p_v})):
# (1.2) solving with respect to the translation on the remaining equations
# since there exists linear constraints on the translation from the equations
s112 := {
(dv_11 - dv_22) * t_x + (du_22 - du_11) * t_y - (du_2 + dv_1) * t_z,
du_12 * t_y - dv_12 * t_x + (dv_2 - du_1) * t_z}:
evalb(normal (subs(egsl, s112)) = {0});

true

map(sl, simplify(eqsl2, s112));
2 2 2
{0, -t_x du_22 t_y + t_y t_x dv_22 + (dv_1 + du_2) t_z t_x
3 3
+ (dv_2 - du_l) t_x t_z t_y + t_x dv_22 - t_y du_22}
# (1.3) Foveal motion, when t_x = t_y = 0

eqsl3 := subs(f2 = 1 / zero, zero = 0, {t_x = 0, t_y = 0}, egs):

map(sl, leastsqrs(eqsl3, {r_x, r_y, r_z, d_f, p_u, p_v}));
-du_12 - dv_22 -du_11 - dv_12
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rx=-dv_,0 + d_v0, r_z = - 1/2 du_2 + 1/2 dv_1,

d_f = 1/2 du_1l + p_z t_z + 1/2 dv_2}

# (1.4) Considering a retinal rotation

eqsld := subs({r_x = f * R_.x + u.0 * R_z, r_y = f * R_y + v_0 * R_z},
{R.x =0, R.y = 0, R_z = r_z, f2 = £°2}, eqs):

evalb(subs({r_x = u_0 * r_z, r_y = v_0 * r_z}, eqsl) = eqsl4);
true

# (1.5) Considering a case without rotation
eqsls := subs({r_x = 0, r_y = 0, r_z = 0}, egs):

eqslb := op(2, eliminate(eqslb, {p_uu, p_uv, p_vv, d_f})):
eqs15 := op(2, eliminate(eqs15, {p_u, p_v})):

map(sl, leastsqrs(eqsi5, {p_z}));
(du_0 - d_u0) t_x + (dv_0 - d_v0) t_y
{rz-"--- }
2 2
t_y + t_x

# (2) Pure image transformation : rotation and intrinsic parameters variation
eqs2 := subs(

{t.x =0, t_y = 0, t_z = 0},

{rrx=f *R_.x + u0*R.z, r_y=1f * R.y + v_O * R_z, r_z = R_z},

{f2 = £72}, eqs):

# We obtain, by linear combinations of these twelve equations

INRIA



How do we perceive the eye intrinsic parameters ¢ 33

eqs2l := {
# three linear equations in u_0, v_0 and d_f

(du_2 + dv_1) + u_ 0 * (du_12 + dv_22)/2 + v_0 * (du_11 + dv_12)/2,

(dv_2 - du_1) + v_0 * (du_12 + dv_22)/2 - u_0 * (du_11 + dv_12)/2,

(dv_2 + du_1)/3 + u_0 * (du_11 + dv_12)/2 + v_0 * (du_12 + dv_22)/2 - 2/3 * d_f,
# two linear equations in f°2, d_u0O, d_vO considering u_0, v_0 and d_f as known
du_0 - u 0 * (dv_2 - 2 * du_1 + d_f)/3 + v_0 * du_2

- £72 % (du_11 + dv_12)/2 - d_u0,
dv_0 + v_0 * (2 * dv_2 - du_1l - d_f)/3 + u_0 * dv_1

- £72 % (du_12 + dv_22)/2 - d4_v0,
# three direct equations in R_x, R_y, R_z, intrinsic parameters being known
(du_2 - dv_1) + u_0 * (du_12 + dv_22)/2 - v_0 * (du_11 + dv_12)/2 + 2 *x R_z,
(du_12 + dv_22)/2 + R_x / £,

(du_11 + dv_12)/2 - R_y / £,

# plus four linear constraints between coefficents

dv_11,

du_22,

du_11 - dv_12,

du_12 - dv_22

}:

# as verified here :

evalb(normal (subs(eqs2, eqs21)) = {0});

true

# If the 6 affine coeffs are available only, eliminating R_x, R_y, R_z yields

eqs22 := {

u_0 * (du_0 - d_u0) - (f~2 + u_0"2) * (dv_2-2*%du_1l + d_f)/3 + u_0 * v_0 * du_2,
v_0 * (dv_0 - d_v0) + (f~2 + v_0"2) * (2xdv_2-du_1l - d_f)/3 + u_0 * v_0 * dv_1,
v_0 * (du_0 - d_u0) + u_0 * (dv_0 - d_v0) + f~2 * (dv_1 + du_2) +

v_0"2 * du_2 + u_0"2 * dv_1 + u 0 * v_0 * (dv_2 + du_l - 2 * d_£f)/3
}:
# verifying these 3 independent linear combination of the original equations :
evalb(normal (subs(eqs2, eqs22)) = {0});
true
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# solving in the case of constant intrinsic parameters :
# (a unique couple non trivial solutions is obtained)
nops (map(u -> if not has(u, £°2 = 0) then convert(u, horner) fi,
[solve(subs({d_u0 = 0, d_vO = 0, d_f = 0}, eqs22), {u_0, v_0, £°2}1)1));
1

# (3) Considering the planar case
eqs3 := subs({p_uu = 0, p_uv = 0, p_vv = 0}, eqs):

# These equations can be written as
eqs31 := {
# two equations solvable in p_u, p_v unless t_x = t_y =0
(dv_1 + du_2) - (p_u * t_y + p_v * t_x + (u_0 * R_x - v_0 * R_y)/f),
(du_l - dv_2) - (p_u * t_x - p_v * t_y - (v_0 *# R_x + u_0 * R_y)/f),
# with three equations implying the intrinsic parameters variation
du_0 - ((d_u0 + p_z * t_x + r_y) - u_0 * (v_0 * R_x - u_0 * R_y)/f),
dv_0 - ((d_vO + p_z * t_y - r_x) - v_0 * (v_0 * R_x - u_0 * R_y)/f),
(du_l + dv_2) - (2 * (A_f - p_z * T_z)

+ p_u * t_x + p_v *x t_y + 3 x (v_O * R_x - u_0 * R_y)/f),
# and three equations to eliminate R_x, R_y, R_z
(du_12 + dv_22) / 2 + p_.v * T_z + R_.x / £,
(du_11 + dv_12) / 2 + p_u *x T_z - R_.y / £,
(dv_1 - du_2) - (p_u * t_y - p_v * t_x - (u_0 # R_x + v_0 * R_y)/f + 2 * R_z),
# plus four linear constraints between coefficents
dv_11,
du_22,
du_11 - dv_12,
du_12 - dv_22
}:
# so that the system remains unsolved in (u_0, v_0, f) and (t_x, t_y, T_z)
# as verified here :

evalb(normal (subs(eqs3, {

rx=1%f * R_.x + u_0 * R_z,

ry=f xRy + v_0* R_z,
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rz=R_z, t_z="T_z, f2 = £°2}, eqs31)) = {0});

true

# In the case of a ‘‘retinal rotation’’ i.e. R_x = R_y = 0 we obtain
eqs32 := [
# two equations solvable in p_u, p_v unless t_x = t_y = 0

(dv_1 + du_2) - (p_u * t_y + p_v * t_x),
(du_l - dv_2) - (p_u * t_x - p_v * t_y),
# then two equations solvable in (d_f - p_z * T_z) and R_z
(du_l + dv_2) - (2 * (d_f - p_z * T_z) + p_u * t_x + p_v * t_y),
(dv_1 - du_2) - (2 * R_z + p_u * t_y - p_v * t_x),
# with two equations in function the principal point variation
du_0 - (d_u0 + p_z * t_x + u_0 * R_z),
dv_0 - (d_v0 + p_z * t_y - v_0 * R_z),
# and two equations relating the plane orientation and T_z
(du_12 + dv_22) / 2 + p_v * T_z,
(du_11 + dv_12) / 2 + p_u * T_z,
# plus four linear constraints between coefficents
dv_11,
du_22,
du_11 - dv_12,
du_12 - dv_22
1:
# as verified here :
evalb(normal (subs(eqs3, {
rx=1%f % R_.x + u_0 * R_z,
ry=1%f*xR.y+ v_0*R_z,
r_z =R_z, t_z = T_z, f2 = £°2}, {R_x = 0, R_y = 0}, {op(egs31)})) = {0});
true

# which could be solved for p_u, p_v
s132 := map(sl, solve({op(1l..2,eqs32)},{p_u, p_v}H));
(dv_1 + du_2) t_x + (dv_2 - du_1) t_y
v ,
2 2
t.y + tx

8132 :
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(-dv_2 + du_1) t_x + (dv_1 + du_2) t_y
Pl = —mmmm e m e }
2 2

t.y + t_x

# and, if either d_f - p_z * T_z = 0 or R_z = 0, for phi,
eqs33 := map(
u -> collect(combine(simplify(u), trig), {cos(2xphi), sin(2*phi)}, factor),
subs(s132, {t_x = A * cos(phi), t_y = A * sin(phi)}, [op(3..4,eqs32)]1));
eqs33 := [(dv_2 - du_1) cos(2 phi) + (-dv_1 - du_2) sin(2 phi) + du_1

+2p_zT_z+dv_2 - 2 d_f,
(dv_1 + du_2) cos(2 phi) + (dv_2 - du_1) sin(2 phi) - 2 R_z + dv_1 - du_2]
# as a simple trigonometric equation

quit
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