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Abstract: The spatiotemporal expression of genes in an organism is determined by regulatory systems
that involve a large number of genes connected through a complex network of interactions. As an
intuitive understanding of the behavior of these systems is hard to obtain, computer tools for the
modeling and simulation of genetic regulatory networks will be indispensable. This report reviews
formalisms that have been employed in mathematical biology and bioinformatics to describe genetic
regulatory systems, in particular directed graphs, Bayesian networks, ordinary and partial differential
equations, stochastic equations, Boolean networks and their generalizations, qualitative differential
equations, and rule-based formalisms. In addition, the report discusses how these formalisms have
been used in the modeling and simulation of regulatory systems.
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Modélisation et simulation des systémes régulateurs géniques:
Une revue de la littérature

Résumé : L’expression spatio-temporelle de génes dans un organisme est déterminée par des systémes
régulateurs impliquant de nombreux génes reliés par un réseau complexe d’interactions. Comme une
compréhension intuitive du comportement du systéme est difficile & obtenir, des outils informatiques
pour la modélisation et la simulation des réseaux régulateurs géniques sont indispensables. Ce rapport
présente une revue des formalismes qui ont été employés en biologie mathématique et en bioinforma-
tique pour décrire des systemes régulateurs géniques, en particulier des graphes orientés, des réseaux
Bayesiens, des équations différentielles ordinaires et aux dérivées partielles, des équations stochastiques,
des réseaux booléens et leurs généralisations, des équations différentielles qualitatives, et des forma-
lismes basés sur des régles de production. En outre, le rapport discute comment ces formalismes sont
utilisés pour la modélisation et la simulation des systémes régulateurs.

Mots-clés : réseaux régulateurs géniques, modélisation mathématique, simulation, bioinformatique,
biologique mathématique
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1 Introduction

The genome plays a central role in the control of cellular processes, like the response of cells to
environmental signals, the differentiation of cells and groups of cells in the unfolding of developmental
programs, and the replication of the genome preceding cell division. A protein synthesized from
the information contained in a coding region of DNA may function as a transcription factor binding
to regulatory sites elsewhere on the DNA, as an enzyme catalyzing a metabolic reaction, or as a
component of a signal transduction pathway. With few exceptions, all cells in an organism contain
the same genetic material. This implies that in order to understand how genes are implicated in the
control of intracellular and intercellular processes, the scope should be broadened from sequences of
nucleotides encoding proteins to regulatory systems determining which genes are expressed, when and
where in the organism, and to which extent.

Gene expression is a complex process regulated at several stages in the synthesis of proteins [114].
Apart from DNA transcription regulation, the best-studied form of regulation, the expression of a gene
may be controlled during RNA processing and transport (in eukaryotes), RNA translation, and the
post-translational modification of proteins (figure 1). The proteins fulfilling these regulatory functions
are produced by other genes. This gives rise to genetic regulatory systems structured by networks of
regulatory interactions between DNA, RNA, proteins, and other molecules. An example of a simple
regulatory network, involving three genes that code for proteins inhibiting the expression of other
genes, is shown in figure 2. Repressors B and C bind to different regulatory sites of gene a, while A
and D interact to form a heterodimer that binds to a regulatory site of gene b.! This prevents RNA
polymerase from transcribing the genes downstream.

DNA
e~ regulation of
DNA transcription
RNA
¢ regulation of
=1  RNA processing
. and transport
MRNA
e~ regulation of
RNA translation
protein
-~ regulation of
protein modification
modified
protein

Figure 1: Regulation of gene expression at different stages of protein synthesis.

Analyses of the huge amounts of data made available by sequencing projects have contributed to
the discovery of a large number of genes and their regulatory sites. The KEGG database, for instance,
currently contains information on the structure and function of about 110,000 genes for 29 species
[86]. In some cases, the proteins involved in the regulation of the expression of these genes have
been identified, as well as the molecular mechanisms through which they achieve this. Much less is
known, however, about the functioning of the regulatory systems of which the individual genes and

! As a notational convention, names of genes are printed in italic and names of proteins and other molecules start
with a capital.

RR n° 4032



4 Hidae ae Jong

interactions form the components [18, 29, 40, 85, 113, 120, 154, 196, 204]. Gaining an understanding
of the emergence of complex patterns of behavior from the interactions between genes in a regulatory
network poses a huge scientific challenge with potentially high industrial pay-offs.

I / repressor complex
—
g&

geneb
\ / genec

repressor @ repressor repressor @

genea

Figure 2: Example of a genetic regulatory system, consisting of a network of three genes a, b, and ¢
encoding repressors A, B, and C, respectively. The arrows — denote the direction of transcription of
the genes. The repressor proteins inhibit the transcription of the genes that they regulate.

Experimental techniques to dissect regulatory interactions on the molecular level are critical to
this end. In fact, the study of genetic regulatory systems has received a major impetus from the
recent development of techniques like cDNA microarrays and oligonucleotide chips, which permit the
spatiotemporal expression levels of genes to be rapidly measured in a massively parallel way (for an
overview see [17, 118] and other papers in that issue). Although still in their infancy, these tech-
niques have become prominent experimental tools, by opening up a window on the dynamics of gene
expression.

In addition to experimental tools, computer tools will be indispensable. As most genetic regulatory
systems of interest involve many genes connected through interlocking feedback loops, an intuitive
understanding of their behavior is hard to obtain. By explicating hypotheses on the topology of a
regulatory network in the form of a computer model, the behavior of possibly large and complex
regulatory systems can be predicted and explained in a systematic way.

Figure 3 shows the combined application of experimental and computational tools. Starting from
an initial model, suggested by knowledge on regulatory mechanisms and expression data, the behavior
of the system is simulated at a variety of experimental conditions. Comparing the predictions with
the observed temporal evolution of gene expression levels gives an indication of the adequacy of the
model. If the predicted and observed behavior do not match, and the experimental data is considered
reliable, the model must be revised. The activities of modeling a regulatory network, simulating the
behavior of the system, and testing the resulting predictions are repeated until an adequate model is
obtained.

The formal basis for computer tools supporting the modeling and simulation tasks in figure 3 is
provided by methods developed in mathematical biology and bioinformatics. Since the 1960s, with
some notable precursors in the two preceding decades, a variety of mathematical formalisms to describe
regulatory networks have been proposed. These formalisms are complemented by simulation techniques
to make behavioral predictions from the model of a system, as well as modeling techniques to con-
struct the model from experimental data and knowledge on regulatory mechanisms. Traditionally, the
emphasis has been on simulation techniques, where the models are assumed to have been hand-crafted

INRIA
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regulatory
biological
knowledge

Figure 3: Analysis of a genetic regulatory system. The boxes represent activities, the ovals information
sources, and the arrows information flows.

from the experimental literature. With more experimental data becoming available, easily accessible
through databases and knowledge bases, modeling techniques are currently gaining popularity.

This report gives an overview of formalisms to describe genetic regulatory networks, and discusses
their use in the modeling and simulation of regulatory systems. While preparing it, two other reviews
on the modeling and simulation of regulatory systems appeared: one by MacAdams and Arkin [126],
and one by Smolen, Baxter, and Byrne [189] (see [53, 174, 210] for earlier reviews). The present report
differs from these reviews in that it focusses on the mathematical methods, evaluating their relative
strengths and weaknesses, rather than on the biological results obtained through their application.

Sections 2 to 11 of this report give an overview of formalisms proposed in the literature and
discusses modeling and simulation techniques appropriate for each of the formalisms. Formalisms to
be discussed include directed graphs, Bayesian networks, ordinary and partial differential equations,
stochastic equations, Boolean networks and their generalizations, qualitative differential equations, and
rule-based formalisms. It will come as no surprise that the review is not meant to be exhaustive. As
hinted at above, the computational study of gene regulation is a subject with a long history. Moreover,
in the last few years the number of papers seems to be growing in an exponential fashion. To mention
two omissions, no attention is paid to Petri nets [65, 78, 125, 166] and transformational grammars
[26, 27, 28]. The impact of these approaches on the dynamic analysis of genetic regulatory networks
has been limited so far. Moreover, they are related to some of the other formalisms discussed below.

2 Directed and undirected graphs

Probably the most straightforward way to model a genetic regulatory network is to view it as a directed
graph. A directed graph G is defined as a tuple (V, E), with V a set of vertices and E a set of edges.
A directed edge is a tuple (i,j) of vertices, where i denotes the head and j the tail of the edge. The
vertices of a directed graph correspond to the genes or other elements of interest in the regulatory
system, while the edges denote interactions among the genes. The graph representation of regulatory
networks can be generalized in several ways. The vertices and edges could be labeled, for instance, to
allow information about genes and their interactions to be expressed. By defining a directed edge as
a tuple (3, j, s), with s equal to + or —, it can be indicated whether i is activated or inhibited by j.
Hypergraphs can be used to deal with situations in which proteins cooperatively regulate the expression
of a gene, for instance by forming a dimer (figure 2). The edges are then defined by (i, J,S), where
J represents a list of regulating genes and S a corresponding list of signs indicating their regulatory
influence. Figure 4 shows simple regulatory networks of three genes.

RR n° 4032
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) Q V =1{1,2,3)
E={(21,-),(3,1,-),(L,2,+),(2,3,-),(3,3 )}

(a) (b)

) 3 : vV ={1,2,3}
2 Q E= {<27 [173]7[_7_]>><3> [1]7[_]>a<1>[2]7[+]>a<37 [3]a[_])}

(c) (d)

Figure 4: (a) Directed graph representing a genetic regulatory network and (b) its definition. The plus
and minus symbols in the pictorial representation can be omitted and replaced by — and - edges,
respectively. (c)-(d) Directed hypergraph representation of a regulatory network with cooperative
interactions.

Current databases and knowledge bases containing information about regulatory interactions in
genetic regulation systems can be viewed, to a large extent, as richly annotated graph representations.
Examples of such databases and knowledge bases are EcoCyc [90], GeneNet [102], GeNet [178], GIF-
DB [82], KEGG [86], KNIFE [39], and RegulonDB [176]. GeneNet describes cell types and lineages,
genes with their regulatory features, proteins and protein complexes, regulatory interactions and other
chemical reactions; physiological conditions under which the interactions have been observed, and
primary literature sources. The databases and knowledge bases are usually enhanced with applications
offering facilities to compose the network by selecting and manipulating individual interactions. At the
very least, they permit the user to visualize complete or partial networks, often on different levels of
detail, and to navigate through the networks [177, 179]. Some current databases and knowledge bases
integrate metabolic and signal transduction pathways with gene regulation processes (e.g., [86, 90]).

A number of operations on graphs can be carried out to make biologically relevant predictions about
a regulatory system. A search for paths between two genes, for instance, may reveal missing regulatory
interactions or provide clues about redundancy in the network. Further, cycles in the network point at
feedback relations that are important in homeostasis and differentiation (section 4). Global connectivity
characteristics of a network, such as the average and the distribution of the number of regulators per
gene, give an indication of the complexity of the network. Loosely connected subgraphs point at
functional modules of the regulatory system of which the behavior could be considered in isolation.
From the comparison of regulatory networks of different organisms it might be possible to establish to
which extent parts of regulation networks have been evolutionary conserved.

The graph models to which the above operations are applied can be composed from information
stored in databases and knowledge bases, but they may also be induced from gene expression data. A
variety of clustering algorithms have been used to group together similar temporal expression patterns
and thus reveal clusters of genes that seem to be co-regulated in experiments [13, 25, 36, 141, 194, 235]
(see [43] for a review of clustering techniques). By itself, clustering does not provide much information
on regulatory connections in a network, as it is not clear which of two genes in a cluster regulates
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the other, or whether they have a common regulator. If the time resolution of the expression data
time-series is sufficiently high, additional analyses may permit one to extract more information on
the structure of a regulatory network. This inductive or reverse engineering approach towards model
construction will be looked at in some detail in the next section, in the context of a probabilistic
extension of the graph models discussed here (see [2, 5, 7, 23, 81] for other approaches).

3 Bayesian networks

In the formalism of Bayesian networks [42, 159], the structure of a genetic regulatory system is modeled
by a directed acyclic graph G = (V, E) (figure 5). The vertices i € V, 1 < i < n, represent genes or
other state indicators and correspond to random variables X;. If 7 is a gene, then X; will describe the
expression level of i. For each X;, a conditional distribution p(X; | ancestors(X;)) is defined, where
ancestors(X;) denotes the variables corresponding to the direct regulators of 4 in G. The graph G and
the conditional distributions p(X; | ancestors(Xj;)), together defining the Bayesian network, uniquely
specify a joint probability distribution p(X).

Let a conditional independency i(X;;Y | Z) express the fact that X; is independent of Y given Z,
where Y and Z denote sets of variables. The graph encodes the Markov assumption, stating that for
every gene i in G, i(X;;non-descendants(X;) | ancestors(X;)). By means of the Markov assumption,
the joint probability distribution can be decomposed into

p(X) = Hp(XZ- | ancestors(X;)). (1)
i=1

The graph implies additional conditional independencies, as shown in figure 5 for the example. Two
graphs, and hence two Bayesian networks, are said to be equivalent, if they imply the same set of
independencies. The graphs in an equivalence class cannot be distinguished by observation on X.
Equivalent graphs can be formally characterized as having the same underlying undirected graph, but
may disagree on the direction of some of the edges (see [42] for details and references).

1 2 p(X1), p(X2), p(X4 | X1,X2)
\ / \ p(Xs | X4), p(X3 | X2)
4 3 P(X) =p(Xs | Xg)p(Xy | X1, X2)p(X3 | Xo)p(X2)p(X1)

i(X1; X2, X3), i(Xo; X1), i(Xyg; X3 | X1, Xo)
(X35 X1, Xg, X5 | X2), i(Xs; X1, Xo, X3 | Xy)

5

Figure 5: Example Bayesian network consisting of a graph, conditional probability distributions for
the random variables, the joint probability distribution, and conditional independencies [42].

Given a set of expression data D, in the form of a set of independent values for X, learning
techniques for Bayesian networks [71] allow one to induce the network, or rather the equivalence class
of networks, that best matches D. Basically, the techniques relie on a matching score to evaluate
the networks with respect to the data and search for the network with the optimal score. As this
optimization problem is known to be NP-hard, heuristic search methods have to be used, which is
not guaranteed to lead to a globally optimal solution. As an additional problem, currently available
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expression data underdetermines the network, as only a few dozen of experiments provide information
on the transcription level of thousands of genes.

Friedman and colleagues [42] have proposed a heuristic algorithm for the induction of Bayesian
networks from expression data that is able to deal with this so-called dimensionality problem. Instead
of looking for a single network, or a single equivalence class of networks, they focus on features that
are common to high-scoring networks. In particular, they look at Markov relations and order relations
between pairs of variables X; and X;. A Markov relation exist if X; is part of the minimal set of
variables that shields X; from the rest of the variables, while an order relation exists if X; is an
ancestor of X; in all of the graphs in an equivalence class. An order relation between two variables
may point at a causal relationship between the corresponding genes. Statistical criteria to assess the
confidence in the features have been developed.

Markov relations and order relations have been studied in an application of the algorithm to the cell
cycle data set of Spellman and colleagues [194]. This data set contains 76 measurements of the mRNA
expression level of 6177 S. cerevisiae ORFs, included in time-series obtained under different cell cycle
synchronization methods. The Bayesian induction algorithm has been applied to the 800 genes whose
expression level varied over the cell cycle. By inspecting the high-confidence order relations in the
data, Friedman and colleagues found that only a few genes dominate the order, which indicates that
they are potential regulators of the cell cycle process. Many of these genes are known to be involved in
cell-cycle control and initiation. Of the high-confidence Markov relations, most pairs are functionally
related. Some of these relations were not revealed by the cluster analysis of Spellman and colleagues.

A Bayesian network approach towards modeling regulatory networks is attractive because of its
solid basis in statistics, which enables it do deal with the stochastic aspects of gene expression and
noisy measurements in a natural way. Moreover, Bayesian networks can be used when only incomplete
knowledge about the system is available. Although Bayesian networks and the graph models in the
previous sections are intuitive representations of genetic regulatory networks, they have the disadvan-
tage of leaving dynamical aspects of gene regulation implicit. To some extent, this may be overcome
through generalizations like dynamical Bayesian networks [144]. In the next sections, formalisms that
explicitly take into account the dynamics of regulatory system will be discussed.

4 Nonlinear ordinary differential equations

Being arguably the most widespread formalism to model dynamical systems in science and engineering,
ordinary differential equations (ODEs) have been widely used to analyze genetic regulatory systems.
The ODE formalism models the concentrations of RNAs, proteins, and other elements of the system
by time-dependent variables with values contained in the set of non-negative real numbers. Regulatory
interactions take the form of functional and differential relations between the concentration variables.

More specifically, gene regulation is modeled by reaction-rate equations expressing the rate of
production of a gene product — a protein or an mRNA - as a function of the concentrations of other
elements of the system. Reaction-rate equations have the mathematical form

dz;

o = fi@), 220, 1<i<n, (2)
where & is the vector of concentrations of proteins, mRNAs, or small metabolites, and f; a usually
nonlinear function. The rate of synthesis of ¢ is seen to be dependent upon the concentrations x,
possibly including z;. The equations can be extended to take into account concentrations u > 0 of

input elements, e.g. externally-supplied nutrients:

dx;
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They may also take into account discrete time delays arising from the time required to complete
transcription, translation, and diffusion to the place of action of a protein:

W fiort =), anlt = 7)), 720, 1<i <, (4)
where 741, ..., Tin > 0 represent time delays [24, 112, 172, 189] (see [10, 189] for other ways to represent
time delays).

Powerful mathematical tools for modeling biochemical reaction systems by reaction-rate equations
have been developed in the past century, especially for metabolic processes (see [30, 74, 229] for
introductions). Using these tools, it is possible to construct kinetic models of genetic regulation
processes by specifying the functions f;.

In figure 6 a simple example of a kinetic model of a genetic regulation process is shown, going back
to early work by Goodwin [61, 62]. The end-product of a metabolic pathway co-inhibits the expression
of a gene coding for an enzyme that catalyzes a reaction step in the pathway. This gives rise to a
negative feedback loop involving the mRNA concentration z1, the protein concentration zs, and the
metabolite concentration z3. More generally, equations of the form

d.’L‘l
v kinT(Zn) — 1171, T1 > 0, (5)
dx; .
d—tz = Kii—1Ti—1 — Yi%i, T; =2 0, 1 <i < n,
are employed [223]. The parameters K1y, K21, - . , knn—1 > 0 are production constants and yi,... ,y, >

0 degradation constants. The reaction-rate equations express a balance between the number of
molecules appearing and disappearing per unit time. In the case of z;, the production term involves
a nonlinear regulation function r, whereas the concentrations z;, 1 < ¢ < n, increase linearly with
z; 1. In order to express that the metabolic product is a co-repressor of the gene, r needs to be a
decreasing function, i.e. 9r/0z, < 0. The terms —v;z;, 1 < i < n, state that the concentrations z; de-
crease through degradation, diffusion, and growth dilution at a rate proportional to the concentrations
themselves.
A regulation function often found in the literature is the so-called Hill curve (figure 7(a)):

zm

h+.’L",Hi',m :;’ 6
(23, 055m) = (6)
with 6;; > 0 the threshold for the influence of j on 4, and m > 0 a steepness parameter. The function
ranges from 0 to 1, and increases as x; — 0o, so that an increase in z; will tend to increase the
expression rate of 4 (activation). In order to express that an increase in z; decreases the expression
rate (inhibition), as in (5), the regulation function A*(z;,6;;,m) is replaced by h~(z;,0,m) = 1 —
h*(z;,0;5, m). For m > 1, Hill curves have a sigmoid shape, in agreement with experimental evidence
[237, 238].

Due to the nonlinearity of f;, analytical solution of the reaction-rate equations (2) is not normally
possible. In special cases, qualitative properties of the solutions, such as the number and the stability
of critical points and the occurrence of limit cycles, can be established. This is illustrated by studies
that investigate the relationship between single feedback loops and the dynamics of regulatory systems
(e.g., [62, 67, 68, 157, 220, 231], reviewed in [189, 223]). In the case of a negative feedback loop, as in
figure 6, the system may approach or oscillate around a single steady state. In the presence of a positive
feedback loop, on the contrary, the system tends to settle in one of two stable states, depending on
whether the initial state is on one or the other side of a separatrix. It has been conjectured by Thomas

RR n° 4032



aae ae Jong

)

[
@@ o
/

genea

@ @ protein
T1

T9 = K21T1 — Y22

metabolite [K>> = = <> T3 = K32%2 — Y3T3
(a) (b)

= K137(z3) — N121

Figure 6: (a) An example of a genetic regulatory system involving end-product inhibition and (b) its
ODE model (adapted from [61, 62]). A and C represent proteins, and J and K metabolites. z1, 9, and
x3 represent the concentrations of mRNA a, protein A, and metabolite K, respectively. k13, k21, K39
are production constants, 7yi1,72,73 degradation constants, and r a decreasing, nonlinear regulation
function ranging from 0 to 1.

T l+($j, 01']', 6)

Figure 7: Examples of regulation functions: (a) Hill function h*, (b) Heaviside or step function s™,
and (c) logoid function I*.

that a negative feedback loop is a necessary condition for stable periodicity and a positive feedback
loop for multistationarity [211, 214]. These conjectures have been formally proven in later work |66,
161, 191]. Following seminal ideas in [33, 143], Thomas has drawn attention to the relation between
the feedback structure of a system and the biological phenomena of homeostasis and differentiation
[207, 211, 213, 214]. In particular, the stable periodicity of negative feedback loops can be interpreted
as representing homeostasis, whereas the multistationarity occasioned by a positive feedback loop
provides a suggestive parallel to differentiation processes observed in development.

One way to work around the refractoriness of nonlinear reaction-rate equations to mathematical
analysis is to simplify the models, an approach that will be discussed in section 5. Alternatively, one can
take recourse to numerical techniques. In numerical simulation, the exact solution of the equations is
approximated by calculating approximate values xg, ... , Ty, for  at consecutive time-points 2y, ... ,t,
[111]. Computer tools specifically adapted to the simulation and analysis of biochemical reaction
systems have become available, such as GEPASI [133] and SCAMP [181].

INRIA
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Numerical simulations of a few well-studied regulatory systems have been carried out. For instance,
Reinitz and Vaisnys [171] discuss a numerical model of the cro-cI switch controlling the growth of A
phage in E. coli. They study the switch when certain genes have been mutated, causing it to be
functionally isolated from the rest of the phage genome. Another simulation of the A phage system
is described by MacAdams and Shapiro [127] (see also [187] and the review in [126]). An interesting
feature of this work is the parallel drawn between genetic regulatory networks and electrical circuits,
resulting in a hybrid approach that integrates biochemical kinetic modeling within the framework of
circuit simulation.

Simulation of the functioning of a regulatory network is often complemented by techniques from
system dynamics, for instance bifurcation analysis tools to investigate the sensitivity of steady states
and limit cycles to parameter values [195]. Borisuk and Tyson [15] have applied these techniques
to a numerical model of a much-studied example of post-translational modification, the control of
mitosis in the Xenopus oocyte [152] (see [151] for a variant of this model). The model consists of ten
ODEs describing the network of biochemical reactions regulating M-phase promoting factor (MPF),
a protein triggering a number of key events of mitosis. By introducing additional assumptions about
the biochemical properties of the system, the M-phase control model can be simplified to just two
ODEs, for the concentrations of active MPF and its regulatory subunit Cyclin, without losing essential
qualitative features of the solutions. A rich array of distinct behaviors were found when varying
parameter values, corresponding to well-known physiological states of the cell as well as states that
had never been recognized experimentally. Recently, similar models for yeast have been developed by
the same group [22, 153] (see [60, 155, 221, 222] for reviews of cell cycle models).

A problem hampering the use of numerical techniques is the lack of in vivo or in vitro measurements
of the parameters in (2). Numerical parameter values are available for only a handful of systems, the
A phage switch being the prime example, and then usually only for part of the system. In contrast,
in the cell cycle models mentioned above, the parameter values were chosen such that the models
are able to reproduce the observed qualitative behavior. For larger models, finding such values may
require many simulations. The growing availability of gene expression data suggests another approach
to obtain numerical values for the rate constants and other parameters in (2). From measurements of
the state variables & at several stages of a process of interest, possibly under a variety of experimental
conditions, parameter values can be estimated with the help of system identification techniques [119].
In a later section, this approach will be examined in more detail.

5 Piecewise-linear differential equations

Building complete kinetic models of genetic regulatory systems requires detailed knowledge on reaction
mechanisms. In many situations, this information is not available and one needs to take recourse
to more approximate models. In this section, one such class of models will be considered, a class
of piecewise-linear differential equations (PLDESs) obtained from the reaction-rate equations (2) by
making a number of simplifying assumptions. The PLDEs have favorable mathematical properties
that facilitate their analysis.

Consider reaction-rate equations of the form

dx;

where z; denotes the cellular concentration of the product of gene 7 and -; > 0 the decay rate of z;
[31, 51, 138, 214]. The functions g; are defined as a sum of interaction terms corresponding to the
interactions in the regulatory network. More precisely, for each interaction involving a regulated gene
i and a set of regulating genes J, the sum contains a term iy [[;c; r(;), where r(z;) is a regulation
function and x;; a rate constant specifying the maximum expression level of ¢ under the influence of J
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[31, 138]. In the example of figure 8, the two genes regulating gene 2 lead to a product of two regulation
functions, indicating that both regulatory proteins are necessary for the inhibition of gene 2.

+ 1

i &1 = k1 + k1gh T (22,012, m) — M121

- 33 Ty = K2 + K213h™ (x1, 021, m)h™ (x3, 023, M) — Y22

&3 = k3 + k31h™ (21,031, m) + k33h™ (x3,033,m) — Y323

(a) (b)

Figure 8: (a) Example regulatory network of three genes and (b) reaction-rate equations (adapted
from [216]). =1, x2, and z3 represent protein or mRNA concentrations, respectively, the xk parameters
are production constants, and v, y2,7y3 degradation constants.

Kinetic models (7) abstract from the biochemical details of genetic interactions by directly relating
the expression levels of gene products through sigmoid regulation functions. In order to simplify
the mathematical analysis, the continuous Hill functions are replaced by discontinuous step functions
(figure 7(b)):

1, Tj > Hij

, and s (z4,0;) =1—s"(z;,60;). 8
oy (20) = 1 = 5" (2. 01) )

s¥(xj, 0i5) = {
As a consequence, the nonlinearities in g; are eliminated. The approximation of a continuous sigmoid by
a discontinuous step function has been proposed by several authors (e.g., [51, 56, 93, 197, 198, 209, 232]),
and has been justified on the ground of the switch-like character displayed by genes whose expression
is regulated by steep sigmoid curves: below (above) a certain concentration, the regulator tends to
have little influence, whereas above (below) this concentration its influence rapidly reaches a maximum
level.
The resulting reaction-rate equations are piecewise-linear differential equations (PLDEs) of the
form

dz;

i bi(x) — viwi, ; >0, 1 <i<n, 9)

where b; is a piecewise-constant function. In particular, b; is a sum of products of step functions
weighted by a rate constant.

Equations (9) have been well-studied in mathematical biology [51, 52, 53, 54, 57, 58, 115, 138, 139,
160, 190, 192, 214|. Consider an n-dimensional (hyper)box of the phase space defined as follows:

0 < z; < maz; = maxbi(x)/vi, 1 <i<n. (10)
x>0

Assuming that 6;; < maz; for all genes j regulated by the product of gene 7, the n — 1-dimensional
threshold (hyper)planes z; = ;; divide the n-box into volumes. Figure 9(a) displays the phase space
box and volumes corresponding to the example system of figure 8.

In each volume of the n-box, by evaluation of the step functions, (9) reduces to ODEs with a
constant production term p; composed of rate parameters in b;:

Ty = pi — Y%, ¢ 20, 1 <i<n. (11)
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Figure 9: (a) The phase space box of the model in figure 8, divided into 2 -3 -3 = 18 volumes by
the threshold planes. (b) The state equations for the volume 0 < z1 < 61, 612 < 9 < mazs, and
33 < 3 < mazs (the volume demarcated by bold lines).

Figure 9(b) gives an example of the state equations corresponding to the volume 0 < z7 < 631,
012 < 9 < mazs, and 33 < 3 < mazxs.

Since equations (11) are linear and orthogonal, the behavior inside a volume is straightforward. In
particular, all trajectories evolve towards the stable focal state p/4 of (11). The focal state of a volume
may lie inside or outside the volume. If the focal state lies outside the volume, the trajectories will
tend towards one or several of the threshold planes bounding the volume. Since (9) is not defined in
the threshold planes, special attention should be given to the behavior of the system as it approaches
the threshold planes. Following Plahte, Mestl and Omholt [163], the behavior of the piecewise-linear
equations (9) at the threshold planes can be defined as the behavior of the original nonlinear equations
(7) when the sigmoid function (6) approaches the step function (8), in the limit m — oo (see Plahte,
Mestl and Ombholt [160] for a different definition in terms of the logoid regulation function).

The PLDEs (9) have two types of steady states. In addition to regular steady states lying inside
the volumes of the n-box, there are singular steady states situated on one or more threshold planes
separating the volumes [192]. Regular steady states can be readily identified, since they are the
focal state of some volume in the m-box. Singular steady states, important as they are as possible
homeostatic points of the regulatory system, pose a difficulty for the piecewise-linear formalism, due
to the discontinuities at the thresholds. Techniques to identify these steady states are presented by
Glass [53], Snoussi and Thomas [192] and Plahte, Mestl and Omholt [160].

If the focal state of a volume lies outside the volume, a trajectory approaching a threshold plane may
be continued by a trajectory in an adjacent volume.? The resulting global behavior of the PLDEs can
be quite complex and is not well understood in general. Continuations of trajectories in several volumes
may give rise to oscillations towards a singular steady state located at the intersection of threshold
planes, cycles, or limit cycles [57, 58, 115, 139, 160]. Numerical simulation studies have shown that
aperiodic, chaotic dynamics can occur for n > 4 and become quite common for higher dimensions
and particular characteristics of the functions b [54, 115, 116, 136, 137]. Mestl and colleagues [137]
analyzed the occurrence of chaos in some detail in an example network.

The use of PLDEs is exemplified by the method of generalized threshold models developed by
Tchuarev and colleagues ([164, 202]; see also [84, 165, 203] for earlier formulations of threshold models).
They use PLDEs that have been embedded in a finite-state machine framework, allowing regulatory
interactions to be modeled in a more explicit and detailed manner than is possible by (9) alone.

In some cases, though, trajectories approaching a threshold plane may not be able to cross it. This is particularly
so for systems involving autoregulation, such as gene 3 in figure 8 [52, 160, 163, 190, 214].
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Among other things, the average time a regulatory protein is bound to the DNA can be taken into
account, as well as the existence of several copies of a gene in different functional states. The resulting
equations may contain time delays (section 4). Generalized threshold models have been applied to
study the dynamics of the regulation of tryptophan synthesis and arabinose catabolism in E. coli.
The numerical simulation results suggest a number of hypotheses on the functioning of the regulatory
systems, among other things the relative importance of three different mechanisms controlling the
synthesis of tryptophan [164].

How much information is lost by the piecewise-linear approximation of the original nonlinear system
(7)? Numerical simulation studies by Glass and Kauffman [55, 56] and Glass and Pérez [59] show that
in many cases there is no difference in the qualitative properties of the solutions of the nonlinear and
piecewise-linear DEs (see also [162, 163, 214]; [160] discusses situations in which differences do occur).
In the context of a study on the regulation of free iron level in mammalian cells, a post-transcriptional
regulatory systems for which quantitative data are available, Omholt and colleagues [156, 163] have
shown that as the step functions were relaxed to moderately steep sigmoids, the singular steady state
predicted on the basis of an analysis of the PLDEs was preserved. The numerical and analytical results
turned out to be within the same order of magnitude, comparable to the experimental accuracy.

One of the main advantages of the use of PLDEs is the simplicity of the mathematical analysis
entailed by the form of the equations. In a similar vein, Savageau [182, 184] has proposed to define
fi(z) in (2) by means of power-law functions, giving rise to nonlinear models of the form

P
T = Zl‘éz’k ﬁ z] it — Z’Yik H iB;-lijk, z; 20, 1 <i<n, (12)

where g;ji (hiji) are kinetic orders for elementary processes contributing to the production (degra-
dation) of z;, and ki (k) are rate constants for these processes (K, vik > 0). By changing to a
logarithmic scale, (12) becomes a linear system that is much more tractable to analysis than the orig-
inal nonlinear system (see [228, 229| for overviews and a software package). Among other things, the
power-law formalism has been applied to the study of the functional effectiveness of different types of
coupling in a regulatory network [183, 184].

6 Stochastic equations

In principle, differential equations allow gene regulation to be described in great detail, down to the

level of individual reaction steps like the binding of a transcription factor to a regulatory site, or the

transcription of a gene by the stepwise advancement of DNA polymerase along the DNA molecule

(figure 10). As noted in the previous section, this may not always be possible because the information

required to build such models is lacking. A more fundamental objection against the use of DEs is that

a number of implicit assumptions underlying the formalism are no longer valid on the molecular level.
RNA polymerase

B

NAGIAARRRRR,

DNA + RNAP — DNA; e RNAP
DNA,, « RNAP — DNA,,,; « RNAP

Figure 10: Example of two reaction steps involved in DNA transcription. The first reaction step

describes the binding of RNA polymerase (RNAP) to the transcription initiation site, while the second
reaction step describes its advancement along the DNA molecule.
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Differential equations presuppose that concentrations of substances vary continuously and deter-
ministically, both of which assumptions may be questionable in the case of gene regulation [49, 148,
173, 199]. In the first place, the small numbers of molecules of some of the elements of the regula-
tory system compromise the continuity assumption. There may be only a few tens of molecules of
a transcription factor in the cell nucleus, and a single DNA molecule. Second, deterministic change
presupposed by the use of the differential operator d/dt may be questionable due to fluctuations in the
timing of cellular events, such as the delay between start and finish of transcription. As a consequence,
two regulatory systems having the same initial conditions may ultimately settle into different states, a
phenomenon strengthened by the small numbers of molecules involved.

Instead of taking a continuous and deterministic approach, some authors have proposed to use
discrete and stochastic models of gene regulation [6, 49, 128, 148, 173]. Discrete amounts X of molecules
are taken as state variables, and a joint probability distribution p(X,t) is introduced expressing the
probability that at time ¢ the cell contains X; molecules of the first substance, Xs molecules of the
second substance, etc. The time evolution of the function p(X,¢) can now be specified as follows:

P(X,t+ At) =p(X,t)(1 - > ajAt) + ) BiAt, (13)
j=1 j=1

where m is the number of reactions that can occur in the system, ojAt the probability that reaction
j will occur in the interval [t,¢ + At] given that the system is in the state X at ¢, and GyAt the
probability that reaction j will bring the system in state X from another state in [¢,¢ + At] [49, 50].
Rearranging (13), and taking the limit as At — 0, gives the master equation [226]:

m
& (X, 1) = Y208 — agp(X, 1), (14)
j=1
Compare this equation with the reaction-rate equations (2) in section 4. Whereas the latter determines
how the state of the system changes with time, the former describes how the probability of the system
being in a certain state changes with time. Notice that the state variables in the stochastic formulation
can be reformulated as concentrations by dividing the number of molecules X; by a volume factor.

Although the master equation provides an intuitively clear picture of the stochastic processes
governing the dynamics of a regulatory system, it is even more difficult to solve by analytical means than
the deterministic reaction-rate equation. Moreover, numerical simulation of the system is complicated
by the form of (14), which contains n+1 independent variables: n discrete variables X and a continuous
variable ¢. Under certain conditions the master equation can be transformed into stochastic differential
equations, where the values of the state variables are to be interpreted as average concentrations
[148, 226]. These conditions, however, are rather restrictive and often do not hold in the case of
genetic regulatory systems.

An alternative approach would be to disregard the master equation altogether and directly simulate
the stochastic time evolution of the regulatory system. This idea underlies the stochastic simulation
approach developed by Gillespie [49]. Basically, the stochastic simulation algorithm (i) determines
when the next reaction occurs and of which type it will be, given that the system is originally in state
X at t, (ii) revises the state of the system in accordance with this reaction, and (iii) continues at the
resulting next state. The stochastic variables 7 and p are introduced, which represent the time interval
until the next reaction occurs and the type of reaction, respectively. At each state a value for 7 and
p is randomly chosen from a set of values whose joint probability density function p(r,p) has been
derived from the same principles as those underlying the master equation (13). This guarantees that
when a large number of stochastic simulations are carried out, the resulting distribution for X at ¢ will
approach the distribution implied by the master equation. In other words, whereas the master equation

RR n° 4032



aae ae Jong

deals with behavior averages, obtained by calculating the averages and the variances of the X;s at ¢
from p(X,t), stochastic simulation provides information on individual behaviors. Gibson and Bruck
[46] discuss various improvements of the Gillespie algorithm, directed at reducing the computational
complexity of the procedure.

Stochastic simulation has been used by McAdams and Arkin to analyze the interactions controlling
the expression of a single prokaryotic gene [128]. In particular, they investigate how the time interval
between the activation of one gene and the regulatory action of its product on another gene, the so-
called switching delay, is affected by the stochastic nature of the transcription initiation intervals and
the numbers of protein molecules produced per transcript. Using parameter values that approximate
those for the expression of the cro gene from the Pr promotor in phage A, they find that the protein is
produced in sharp bursts occurring at random time intervals, leading to strong fluctuations in switch-
ing delays. The influence of fluctuations in the rate of gene expression on the choice between lytic
and lysogenic growth in phage A has been investigated in later work [6]. The predicted fraction of in-
fected cells selecting the lysogenic pathway, at different infection levels, is consistent with experimental
observations. The predictions of the models have been shown to be relatively insensitive to changes
in the translation rate, protein dimerization rates, and protein degradation rates. However, they are
somewhat sensitive to the transcription rate and quite sensitive to the average number of proteins per
mRNA transcript [46].

Stochastic simulation results in closer approximations to the molecular reality of gene regulation,
but its use is not always evident. In the first place, the approach requires detailed knowledge of the
reaction mechanisms to be available, including estimates of the probability density function p(r, p).
Moreover, stochastic simulation is costly, due to the large number of simulations that need to be carried
out to calculate an approximate value of p(x, t). Whether the costs always balance the expected benefits
depends on the level of granularity at which one wishes to study regulatory processes. On a larger
time-scale, stochastic effects may level out, so that continuous and deterministic models form a good
approximation.

7 Partial differential equations and other spatially distributed models

Reaction-rate equations (2) describe genetic regulatory processes while abstracting from spatial di-
mensions. The regulatory systems of interest are assumed, implicitly, to be spatially homogeneous.
There are situations in which these assumptions are not appropriate. It might be necessary, for in-
stance, to distinguish between different compartments of a cell, say the nucleus and the cytoplasm,
and to take into account the diffusion of regulatory proteins or metabolites from one compartment
to another. Moreover, gradients of protein concentrations across cell tissues are a critical feature in
embryonal development. The introduction of time delays for diffusion effects allows some aspects of
spatial inhomogeneities to be dealt with, while preserving the basic form of the reaction-rate equations
(section 4). However, in the case that multiple compartments of a cell, or multiple cells, need to be
explicitly modeled, a more drastic extension of (2) becomes necessary.

Suppose that a multicellular regulatory system is considered, where the p cells are arranged in a row,
as shown in figure 11(a). We introduce a vector ()(¢), which denotes the time-varying concentration
of gene products in cell I, with [ a discrete variable ranging from 1 to p. Within each cell, regulation
of gene expression occurs in the manner described by equation (2). Between pairs of adjacent cells
land I+ 1,1 <[ < p—1, diffusion of gene products is assumed to take place proportional to the
glﬂ) — xz(.l), :(;gl) — xgl_l) and a diffusion constant §;. Taken together, this
leads to a system of coupled ODEs, so-called reaction-diffusion equations

concentration differences z

d:cz(-l)

b fi(w(l)) + 6; <$§l+1) — 2x§l) + xglfl)) , a;z(-l) >0,1<i<n, 1<Il<p. (15)
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Notice that f; is the same for all [, in order to account for the fact that the genetic regulatory network
is the same in every individual cell.

The reaction-diffusion equations are valid for the case that cells are arranged in a row, but they
can be generalized to other one-dimensional and higher-dimensional spatial configurations (figure 11).
In addition, the diffusion constants can be made to vary at different locations. Although (15) has
been introduced here with a multicellular regulatory system in mind, it is valid for compartmental
unicellular systems as well, perhaps with some small adaptations (see [55] for an example).

T
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(a) (b)
Figure 11: Examples of spatial configurations of multicellular genetic regulatory systems.

If the number of cells is large enough, the discrete variable [ in (15) can be replaced by a continuous
variable ranging from 0 to A, where A represents the size of the regulatory system. The concentration
variables @ are now defined as functions of both [ and ¢, and the reaction-diffusion equations become
partial differential equations (PDEs):

8.’1),' 82.’132'
If it is assumed that no diffusion occurs across the boundaries [ = 0 and [ = A, the boundary conditions

become

sP>0,0<1<A 1<i<n. (16)

0? 0?
W%’(O,t) =0 and Wxi()\’t) =0. (17)
Reaction-diffusion equations have been widely used in mathematical biology to study pattern for-
mation in development (see [47, 98, 122, 130, 149] for reviews). The equations are also referred to as
Turing systems, after the mathematician who suggested their applicability to developmental phenom-
ena [219]. Turing considered a special case of equations (15) and (16), with two concentration variables
z1 and z2 (also called morphogens). Most of the work on reaction-diffusion equations is concerned
with this special case, although higher-dimensional systems have been investigated as well (e.g., [47]).
In what follows, continuous equations (16) will be considered for the case n = 2. Not surprisingly,
direct analytical solution of this system of nonlinear PDEs is not possible in general. However, suppose
that there exists a unique, spatially homogeneous steady state (z}, z3), such that z7, 23 > 0 (figure 12).
The spatial homogeneity of the steady state ensures that it is consistent with boundary conditions (17).
By linearizing around (z7,z}), the behavior of the system in response to a small perturbation of the
steady state can be predicted. Let Ax; represent the deviation of z; from the homogeneous steady-state
concentration z on [0, A]. Given the above boundary conditions,

> k
Awil,t) = ail,t) — af = kz_ocik(ﬂ cos(~-1

), i=1,2, (18)

with cos(wkl/)\) the modes or eigenfunctions of the Laplacian operator 82/81% on [0, L], and c;(t)
the mode amplitudes [16, 149, 185] (figure 12). The steady state (z7,z3) is stable to perturbations,

RR n° 4032



aae ae Jong

if the mode amplitudes c¢;; all decay exponentially in response to a fluctuation decomposable into a
large number of weighted modes. However, if at least one mode amplitude c;, k& # 0, causes the
corresponding mode cos(mkl/A) to grow exponentially, then the steady state is unstable. In this case,
diffusion between adjacent cells does not have a homeogenizing influence, but instead entails spatially
heterogeneous gene expression patterns. Details on the mathematics of the stability analysis can be
found in the references listed above.
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Figure 12: (a) Homogeneous steady state of the reaction-diffusion system. (b)-(c)
solution of the linearized system around the steady state. In (b) £ =2 and in (c) &

T
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Gierer and Meinhardt have formulated constraints on the functions and parameters in (16) such
that an initial steady state can be destabilized by a small fluctuation [47, 48, 130]. Among other
things, the product of gene 1, the activator, must positively regulate itself, i.e. df1/0z1 > 0, while
the product of gene 2, the inhibitor, must negatively regulate gene 1, i.e. df1/0zs < 0. Further, the
inhibitory effect must be sufficiently strong and be relatively fast compared to the activating effect.
Both the activator and inhibitor diffuse through the system (61,62 > 0), but the latter has to do
so more rapidly than the former to achieve the necessary combination of short-range activation and
long-range inhibition (é2/61 > 1). Another prerequisite for diffusion-driven instability is that the size
A of the domain is larger than some minimum domain size (or, what comes to the same thing, the
diffusivity of the inhibitor is smaller than a certain minimum diffusion coefficient, or the reactions
proceed at a rate faster than a certain maximum reaction rate).

Activator-inhibitor systems have been extensively used to study the emergence of segmentation pat-
terns in the early Drosophila embryo. In the early stage of embryogenesis, the embryo forms a syncytial
blastoderm, a single cell with many nuclei. This permits spatial interactions to be conveniently treated
in terms of diffusion of gene products. Goodwin and Kauffman [64, 63, 98|, following earlier suggestions
n [99], have noted that the observed spatial and temporal expression patterns of genes involved in
the segmentation process much resemble the modes of the linearization of (16) around its equilibrium.
By taking parameters slowly time-varying to mimic developmental effects, sequences of sigmoids of
increasing frequency (increasing k, see figure 12) are generated that conform to the expression of the
pair-rule genes in the mid-embryo. Numerical simulation studies have demonstrated that some aspects
of stripe formation in Drosophila can indeed be reproduced in this way (e.g., [20, 109, 145]). Other
approaches towards modeling Drosophila embryogenesis by means of reaction-diffusion systems can be
found in [79, 80, 110, 129, 131, 132, 175] (see [98, 130] for reviews).

The use of reaction-diffusion equations in modeling spatially-distributed gene expression is compro-
mised by the observation that the predictions are quite sensitive to the shape of the spatial domain, the
initial and boundary conditions, and the chosen parameter values [11, 20]. This affects the credibility
of the models, as biological variation among individual members of a species, or small fluctuations in
environmental conditions, do not generally lead to large deviations of developmental trajectories.

Even more seriously, the activator-inhibitor models commonly used suffer from the fact that scarce
experimental evidence has been found for the hypothesis that two reacting and diffusing morphogens
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underlie pattern formation. From what is known from experimental studies of Drosophila development,
it appears that the situation is much more complex. The regulatory system consists of layered networks
of tens or hundreds of developmental genes that mutually interact and whose products diffuse through
the embryo. It seems therefore preferable to work with instances of the reaction-diffusion equations
(15) and (16) that reflect the underlying regulatory networks more directly.

The gene circuit method proposed by Mjolsness and colleagues ([142, 167, 168, 169]|, reviewed in
[170]) is an example of such an approach (see [21, 35, 69, 106, 107, 108, 180, 224, 230] for related work).
The method employs a variant of (15):

dz{V - -
ek piri(Y Nijag + wpud + ki) —pizl? + (k)@Y — 22 + 2, 19)
j=1

2V >0 1<i<n 1<i<p.

where () is a state vector of protein concentrations in nucleus [, and u(ll) an input variable. The
parameters A;; and p; describe the contribution of the state and input variables, respectively, to the

expression rate of wgl). The sum of the regulatory influences, including a basal expression term &;, is
modulated by a sigmoid regulation function r; and a constant p; indicating the maximum expression
rate of gene . The diffusion parameter is the same for every protein, but depends on the number & of
nuclear divisions that have taken place.?

Model (19) has been used to model the formation of striped patterns of the products of gap
genes and pair-rule genes in the middle region of the Drosophila blastoderm (see [124, 123] for other
applications). State variables are introduced for the gap genes Kruppel, knirps, giant, and hunchback,
and for the pair-rule gene even-skipped (n = 5). The input variable represents the maternal Bicoid
concentration. Given that the sign of a A;; specifies the nature of the interaction between two genes
i and j (positive, negative, or no interaction), the parameter values thus obtained give an indication
of the regulatory network underlying the formation of the striped Eve pattern. On the basis of a
least-square fit to expression data, Reinitz and Sharp demonstrate that each border in the stripes 2 to
5 is controlled by one of the four gap genes, and that for the pattern to emerge, the diffusivity of Eve
should be orders of magnitude lower than the diffusivity of the gap gene proteins [168, 169]. Using the
estimated parameter values, mutant patterns have also been predicted [186].

The fact that parameters of the model may represent interactions in the regulatory network, like
the \;js in equation (19), deserves special mention. As noted above, it implies that an estimation of
parameter values simultaneously fixes the regulatory structure of the system. Models of the system
could thus be induced from expression data, without relying on prior knowledge on the existence
of regulatory interactions between the genes. This idea has already been encountered in section 3,
of course, but is here generalized to the case of dynamical models. Similar work taking ordinary
differential equations and difference equations as their point of departure has been presented recently
[24, 34, 150, 227, 233].

The induction of models from measurements of & at a sequence of time-points is made attractive by
the growing availability of gene expression data. However, precise measurements of absolute expression
levels are currently difficult to achieve. In addition, as a consequence of the dimensionality problem
referred to in section 3, the models need to be simple and are usually strong abstractions of biological
processes [38]. For larger and more complex models, the computational costs of finding an optimal fit
between the parameter values and the data may be prohibitively high.

3The definition of §;(k) reveals a particularity of equation (19), namely that it only holds in interphase, the period
between two nuclear divisions in which the gene products are synthesized. Mjolsness, Reinitz, and Sharp supplement the
model by a transition rule that describes how the model and its parameters need to be changed after division (see [142]
for details).
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8 Boolean networks

The use of discontinuous step functions in piecewise-linear reaction-rate equations suggests a more
radical idealization of the elements of a genetic regulatory network and their interactions. The state
of a gene can be described by a Boolean variable, expressing that it is active (on, 1) or inactive
(off, 0), and hence that its products are present or absent. Moreover, interactions between elements
can be represented by Boolean functions which calculate the state of a gene from the activation of
other genes. The result is a Boolean network, an example of which is shown in figure 13. Modeling
regulatory networks by means of Boolean networks has followed in the wake of a groundbreaking study
by Kauffman [93] (see [197, 198] for early use of the Boolean approximation). Recent reviews of the use
of Boolean network models are Kauffman’s book [98] and an article by Somogyi and Sniegoski [193].

1 2 3 t
Z1(t+ 1) = 2o(t) or Z3(¢)
Zo(t+ 1) = £1(¢) nor £3(t)
#(t + 1) = 1 (t) nand a5 (2) 12 3w
or nor nand

(a) (b) (c)

Figure 13: (a) Example Boolean network and (b) the corresponding equations. In this case, n = 3 and
k = 2. (c) Wiring diagram of the Boolean network.

Let the n-vector & of variables in a Boolean network represent the state of a regulatory system of n
elements. Each Z; has the value 1 or 0, so that the state space of the system consists of 2" states. The
state Z; of an element at time-point ¢ 4+ 1 is computed by means of a Boolean function or rule b; from
the state of k of the n elements at the previous time-point ¢. (Notice that k£ may be different for each
%;). The variable #; is also referred to as the output of the element and the k variables from which it
is calculated the inputs. For k inputs the total number of possible Boolean functions bi mapping the
inputs to the output is 22 This means that for k = 2 there are 16 possible functions, including the
nand, or, and nor in figure 13. In summary, the dynamics of a Boolean network describing a regulatory
system is given by

Zi(t+1) = b(&(t)), 1 <i<n, (20)

where l;z maps k inputs to an output value.

The structure of a Boolean network can be recast in the form of a wiring diagram (figure 13(c)).
The upper row lists the state at ¢ and the lower row the state at ¢ + 1, while the Boolean function
calculating the output from the input is shown below each element. The wiring diagram is a convenient
representation for computing transitions between states. The transition from one state to the next is
usually determined in a parallel fashion, applying the Boolean function of each element to its inputs.
For instance, given a state vector 000 at ¢ = 0, the system in the example will move to a state 011
at the next time-point ¢ = 1. That is, if all three genes are inactive at ¢ = 0, the second and the
third gene will become active at the next time-point. Hence, transitions between states in a network
are deterministic, with a single output state for a given input, and synchronous, in the sense that the
outputs of the elements are updated simultaneously.

A sequence of states connected by transitions forms a trajectory of the system. Because the
number of states in the state space is finite, the number of states in a trajectory will be finite as
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well. More specifically, all initial states of a trajectory will eventually reach a steady state or a state
cycle, also referred to as point attractor or dynamic attractor, respectively. The states that are not
part of an attractor are called transient states. The attractor states and the transient states leading
to the attractor together constitute the basin of attraction. In the example, both attractors have a
basin of attraction consisting of four states. For simple networks the attractors and their basins of
attraction in the state space can be calculated by hand, but for larger systems computer programs
become inevitable. An example of such a program is DDLab, developed by Wuensche [236]. Given
sufficient memory, DDLab allows the basins of attraction of a network to be calculated up to n = 31.
Individual basins of attraction can be determined for much larger networks.

Boolean networks were among the first formalisms for which model induction methods were pro-
posed, the REVEAL algorithm developed by Liang and colleagues being an example ([117]; see
[1, 2, 3, 81, 91, 150] for other examples and [209] for seminal ideas). In outline, this algorithm uses
information theory to establish how given elements are connected in the network, and then determines
the functions that specify the logic of the interactions from the data. For each of the n elements, all
possible combinations of k inputs are considered (1 < k < n), until a set of inputs is found which fully
determines the output of the element. In information-theoretic terms, this means that the mutual
information of the output of the element and its inputs equals the information value of the output of
the element alone. The function for the element is then found by comparing the state transitions in
the observed trajectory with the Boolean function definitions. An implementation of the algorithm
proved to be able to reliably reproduce networks with n = 50 and & = 3 given 100 state transition
pairs (out of the 10'® possible pairs).

Examples of Boolean network models of simple regulatory systems can be found in [94]. An
interesting application of Boolean networks is their use in the study of global properties of large-scale
regulatory systems (see [97, 98, 193, 234| for reviews). The basic idea is to generate random Boolean
networks with local properties that hold for all members of a class of systems. Properties of interest
are for example the number k of regulators of a gene and the type of functions b; through which the
regulators influence gene expression. By locating the attractors, trajectories, and basins of attraction
in the state space, one can systematically investigate the implications of the local properties for the
global dynamics of the networks. Similar ideas have been explored by means of continuous formalisms
[9, 54, 92, 147].

The above approach has been explored by Kauffman ([93]; see [92, 94, 95, 96] for later work,
summarized in [97, 98]. He randomly connected each of the n elements in the network to k inputs,
and randomly selected the Boolean function b computing the output of the element from among the
22" possible functions. Analysis of networks of up to 10,000 elements showed that for low k£ and
certain choices of regulatory functions, the systems exhibited highly-ordered dynamics. For example,
the expected median number of attractors was found to be about /n, the square root of the number
of elements. This means that a network of 10,000 elements would be expected to have only 100 state
cycles and steady states. Moreover, the length of the attractors was found to be restricted as well, also
proportional to y/n. Interpreting an attractor of the Boolean network as a pattern of gene expression
corresponding to a cell type, Kauffman argued that the square root dependence on n of the number
of attractors is in accordance with the observation that the number of cell types seems to grow with
the square root of the number of genes. The high degree of order observed in large, random Boolean
networks has led Kauffman to venture that, once living systems with certain local properties have
evolved under the pressure of natural selection, ordered global dynamics necessarily follows [98].

Boolean networks allow large regulatory networks to be analyzed in an efficient way, by making
strong simplifying assumptions on the structure and dynamics of a genetic regulatory system. In the
Boolean network formalism a gene is considered to be either on or off, and intermediate expression
levels are neglected. Also, transitions between the activation states of the genes are assumed to occur
synchronously. When transitions do not take place simultaneously, as is usually the case, certain
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behaviors may not be predicted by the simulation algorithm. There are situations in which these
idealizations are not appropriate, and more general methods are required.

9 Generalized logical formalisms

In this section, a generalized logical method developed by Thomas and colleagues will be discussed.
The method is based on a formalism taking a middle ground between Boolean networks and differential
equations. The formalism is discrete in that it abstracts from the continuous description of differential
equations. But at the same time it generalizes upon Boolean networks in that it allows variables to
have more than two values and transitions between states to occur asynchronously. Since its original
conception, the method has underwent several extensions. The version that will be presented here in
outline is more extensively described in [212, 214, 216] (see [209, 210] for earlier formulations). Related
ideas have been developed in a series of papers by Glass and colleagues [51, 52, 53, 115], using hybrid
models with logical and continuous aspects.

The formalism of Thomas and colleagues uses discrete variables Z;, so-called logical variables, that
are abstractions of real concentrations variables z;. The possible values of £; are defined by comparing
the concentrations z; with the thresholds of the influence of ¢ on other elements of the regulatory
system. If an element ¢ influences p other elements of the regulatory system, it may have as many as
p distinct thresholds [225]:

oM <o <. <o

Given these thresholds, #; has the possible values {0,... ,p}, and is defined as follows:

1)

z; =0, if.’l)i<0'i

;= 1,if 01(1) <z < 01(2)

z; =p, if z; > Poy.

The vector & denotes the logical state of the regulatory system.
The pattern of regulatory interactions in the system is described by logical equations of the form

Xi(t) = b(&(t)), 1 <i <, (21)

where X; is called the image of Z;. The image is the value towards which #; tends when the logical state
of the system is & at ¢. It should be distinguished from the time derivative z; in (2) and the successor
value (¢ +1) in (20).% The logical function b; is a generalization of the Boolean function in (20), since
the logical variables now have more than two possible values. The logical function computes the image
of z; from the logical state of the system, more specifically from the value of k of its n elements.

In figure 14, an example regulatory network is shown. Gene 1 regulates genes 2 and 3, so that it
has two thresholds and the corresponding logical variable #; takes its value from {0,1,2}. Similarly,
%9 and £3 have one and two thresholds, respectively, and hence possible values {0,1} and {0,1,2}.
Each edge in the graph has been labeled with the rank number of the threshold as well as the sign
of the regulatory influence. For instance, the label —2 from gene 1 to gene 3 means that 1 inhibits 3
above its second threshold, that is, when z; = 2.

*In fact, the image of #; can be shown to correspond to the focal state in the PLDEs of section 5 [190, 214].

INRIA



Moaeling ana Stmulation of Genetic riequtatory Systems

e
1

0"

Z3 Z3
bo(d1,33) |0 1 2 by(d1,33) |0 1 2
0 T 1 1 0 2 2 1
i 1 1 0 0 & 1 2 2 1
2 1 0 0 2 0 0 0

Figure 14: (a) Example regulatory network in graph notation, where the edges are labeled to express
the rank number of the threshold as well as the sign of the influence [216]. (b) Logical equations
corresponding to the graph, and (c) possible definitions of the logical functions.

The graph in (a) can be transformed into logical equations, as shown in (b). The functions b1, ... , b3
need to be specified such as to be consistent with the threshold restrictions in the graph. Examples
of logical functions allowed by the method are shown in (c), in a notation that emphasizes the corre-
spondence with the Boolean functions in the previous section (see [214, 216] for a full account of the
specification of logical functions). Consider the case of 52. If ;1 > 0 and Z3 > 0, so that z; and x3
have values above their first threshold, the inhibitory influences of genes 1 and 3 on gene 2 become
operative. The table indicates that £5 will tend to 0, that is, below the first threshold of the protein
produced by gene 2. If either £; = 0 or Z3 = 0, that is, if only one of the inhibitory influences is oper-
ative, then gene 2 is moderately expressed. This is here represented by the value 1 for the image of Z».
In general, several logical functions will be consistent with the threshold restrictions. Exactly which
logical function is chosen may be motivated by biological considerations or may be a guess reflecting
uncertainty about the structure of the system being studied.

The logical equations form the input for the analysis of the regulatory system, in particular the
determination of its logical steady states. A logical steady state occurs when the logical state of the
system equals its image, i.e.,

~

X =3z (22)

Since the number of logical states is finite, due the discretization achieved by the introduction of logical
variables, one can exhaustively test for logical steady states. In the case of the logical equations in
figure 14, the logical state [2 0 1)’ is the only steady state among the 18 possible logical states. The
other states are transient logical states.

If the regulatory system is in a transient logical state, it will make a transition to another logical
state [212, 214]. Since a logical value will move into the direction of its image, the possible successor
states of a logical state can be deduced by comparing the value of a logical variable with that of its
image. Assuming that two logical variables will not change their value simultaneously, a maximum
of n successor states can be reached from a current state. Of course, if a logical state is steady,
it has no successor states, since the logical variables equal their image. The logical states and the
transitions among them can be organized in a state transition graph. In more advanced analyses of
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state transitions, time delays occasioned by transcription, translation, and transport can be taken into
account [214].

The generalized logical method outlined above has been generalized in several ways, notably by the
introduction of logical parameters and threshold values for the logical variables. Logical parameters
[190, 214] allow classes of logical functions, as compared with individual logical functions, to be conve-
niently characterized. This facilitates the identification of logical steady states. By introducing logical
values that correspond to threshold values in the continuous description [192, 214], it becomes possible
to detect logical steady states that are located on the thresholds, related to the singular steady states
in the continuous formalism (section 5).

The logical method of Thomas has been implemented [205] and proven its effectiveness in the study
of a number of genetic regulatory systems of limited scale, like A phage infection in E. coli 208, 214, 215]
and dorso-ventral pattern formation in Drosophila [180]. Another examples is a study of the regulatory
network controlling flower morphogenesis in Arabidopsis thaliana ([135], see also [134]). A regulatory
network involving ten genes has been derived from published genetic and molecular data, and reduced
to two subnetworks of two and four genes, respectively. After choosing appropriate logical functions, the
system can be shown to have six logical steady states. Four steady states correspond to the patterns of
gene expression found in the floral organs of the plant (sepals, petals, stamens, carpels), whereas a fifth
accounts for a non-floral state. The sixth steady state has not been characterized experimentally thus
far. Consideration of the state transition graph, and constraints on the logical parameters, leads to the
prediction that the gene LF'Y must have at least one more regulator to account for the transition from
the non-floral steady state to one of the four flowering states. More generally, the results support the
claim, referred to above, that positive feedback loops play a dominant role in developmental processes,
and they point at the modularity of genetic regulatory networks involved in development.

10 Qualitative differential equations

Snoussi [190] has demonstrated that the generalized logical formalism of the previous section can
be seen as an abstraction of a special case of (9), allowing additions but not multiplications of step
functions. In addition, the logical steady states can be shown to correspond to the steady states of the
piecewise-linear differential equations. In some cases, cycles in the state transition graph correspond to
limit cycles in the phase space. The idea of abstracting a discrete description from a continuous model,
and analyzing the discrete instead of continuous equations to draw conclusions about the dynamics of
the system, is central to work on qualitative reasoning in artificial intelligence.

One of the best known formalisms used for this purpose are the qualitative differential equations
(QDEs) used in the simulation method QSIM [104, 105]. QDEs are abstractions of ODEs of the form

% = fi(x), £; >0, 1 <i<mn, (23)
where f; can be any linear or nonlinear function. The variables « take a qualitative value composed
of a qualitative magnitude and direction. The qualitative magnitude of a variable x; is a discrete
abstraction of its real value, while the qualitative direction is the sign of its derivative. The function
fi is abstracted into a set of qualitative constraints which restrict the possible qualitative values of
the variables. Given an initial qualitative state, consisting of the qualitative values for & at the initial
time-point, the QSIM algorithm generates a tree of qualitative behaviors. Each behavior in the tree
describes a possible sequence of state transitions from the initial state. It has been proven that every
qualitatively distinct behavior of the ODE corresponds to a behavior in the tree generated from the
QDE, although the reverse may not be true.

The incomplete understanding of many genetic regulatory mechanisms on the molecular level, and
the general absence of quantitative knowledge, has stimulated an interest in qualitative simulation
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techniques. An example of their application is given by Heidtke and Schulze-Kremer [73]|. Their case-
study concerns A phage growth control in E. coli. The model consists of seven QDEs, representing
the different stages of A phage growth as it follows either the lytic or lysogenic pathway. Each QDE
describes in detail the infected bacterium, including explicit representation of A phages inside and
outside the cell, viral DNA, ribosomes, mRNA, and proteins, and the way in which they interact to
control major cellular events. For other examples of the application of qualitative reasoning concepts
to gene regulation, see [4, 101, 218|

A problem with qualitative simulation approaches is their limited upscalability. As a consequence
of the weak nature of qualitative constraints, and the difficulty to identify implicit constraints, behavior
trees quickly grow out of bounds. This causes the range of application of the methods to be limited to
regulatory systems of modest size and complexity. Systems of even a few genes related by positive and
negative feedback loops cannot be handled, unless these systems have been so well-studied already that
behavior predictions can be tightly constrained. An attractive feature of the class of PLDEs discussed
in section 5 is that they put strong constraints on local behavior in the phase space. By reframing
the mathematical analysis of these models in a qualitative simulation framework, using a simulation
algorithm tailored to the equations, it has been shown possible to treat regulatory networks of up to
18 genes involved in complex feedback loops [31].

Extensions of qualitative simulation methods allow weak numerical information in the form of
interval bounds on the qualitative magnitude and direction of the variables, and numerical envelopes
around the functions f;, to be integrated in the simulation process [14]|. This presents another way to
restrict the number of behaviors, while it may also refine the predictions of the remaining behaviors.
Heidtke and Schulze-Kremer show how the conclusions of their model can be made more precise by
adding semi-quantitative information |73]. The integration of numerical information is more difficult
to achieve in the logical approach of the previous section, in which the relation between the discrete
and the underlying continuous models is less direct.

Much work in qualitative reasoning has focused on the automated composition of an appropriate
model of a system, given a user query, from a situation description and a domain knowledge base [146].
One of the basic approaches towards automated modeling, qualitative process theory [41], has been
used by Karp in his method for the construction and revision of gene regulation models [87, 88, 89].
From a taxonomic knowledge base describing biological objects like strains of bacteria, genes, enzymes,
and amino acids, and a process knowledge base comprising a theory about biochemical reactions, the
program GENSIM predicts the outcome of a proposed experiment. If the predictions do not match
with the observations made while actually carrying out the experiment, then the program HYPGENE
generates hypotheses to explain the discrepancies. In particular, it revises assumptions about the
experimental conditions that GENSIM used to derive its predictions. The programs have been able to
partially reproduce the experimental reasoning underlying the discovery of the attenuation mechanism
regulating the synthesis of tryptophan in E. coli. Other examples of the use of automated modeling
techniques in the context of gene regulation can be found in [72, 101] (see also [32]).

11 Rule-based formalisms

The discrete formalisms discussed in sections 8 to 10 allow one to deal with situations in which not much
is known about the numerical value of the parameters and conditions. Although the resulting models
are weaker than their continuous counterparts, they preserve the basic form of the latter. Whereas
DEs model the elements of a regulatory system by continuous variables, and regulatory interactions
by functions relating the variables, the logical formalisms and their generalizations employ discrete
variables and finite relations defined over their domains. Knowledge-based or rule-based simulation
formalisms, developed in the field of artificial intelligence, present another approach to make up for the
lack of quantitative knowledge. They permit a rich variety of knowledge about the regulatory system
to be expressed in an intuitively appealing way. The logical and physical structure of a gene — such
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as the position of the regulatory sites at which transcription is initiated, prevented, and aborted — can
be conveniently represented in the rule-based approach.

Basically, rule-based formalisms consist of two components, a set of facts and a set of rules, that
are stored in a knowledge base [70]. Facts express knowledge about the objects of a regulatory system.
Each object is described by properties that take their value from well-defined domains. The objects
are usually structured in a hierarchy of classes. For example, the class DNA-Sequence could be defined
as consisting of objects with properties that include topology and strandedness. A specific DNA
sequence might have the value circular for topology and single-stranded for strandedness. The
class DNA-Sequence could be defined as a subclass of the class Sequences. Other objects of interest in
a regulatory system include RNAs, proteins, cells and cell boundaries, but also experimental conditions
and processes like transcription, splicing, and translation. The rules in the knowledge base consist of
two parts, a condition part and an action part. The condition part expresses conditions in terms of
properties of objects, while the action part operates upon the objects, e.g., by changing a property
of an existing object. An example of a rule describing the conditions under which conditions DNA
polymerase I will bind to bacterial DNA, adapted from [19, 44], is

IF (AND (temperature-range of Exp-conditions is 0-to-45)
(ionic-strength-range of Exp-conditions is 0.001-to-.3)
(pH-range of Exp-conditions is 6.0-t0-9.5))

THEN (activity of DNA-polymerase-I is DNA-binding)

Rule-based simulation consists of the repeated process of matching the facts in the knowledge base
against the condition parts of the rules and carrying out the action part of the rules whose conditions
are satisfied. A control strategy determines the order in which the rules are evaluated and resolves the
conflicts that arise when several rules match at the same time. Control strategies vary from random
selection to complicated priority schemes, for instance procedures that take into account estimates of
the a priori probability that a rule will fire. Rule-based simulation can be used in a forward-chaining or
backward-chaining mode. In the case of forward chaining, sketched above, one deduces all facts implied
by the set of rules and the initial facts in the knowledge base. In the case of backward chaining, the
facts are conclusions to be explained and simulation proceeds in the reverse direction. The facts are
recursively matched against the action parts of the rules in order to find all possible combinations of
facts that can lead to the conclusions.

Meyers and Friedland have applied rule-based simulation techniques to model A phage growth con-
trol [140]. They have performed simulations to study the decision between the lytic and lysogenic
pathway for wild-type A phage and several single and double mutants. Their simulations produced
correct results, except in two cases in which the assumption of deterministic behavior proved deleteri-
ous. The X phage example is also used by Shimada and colleagues [188], a novel aspect of their work
being that the regulation process is considered on two levels of abstraction. The system uses rule-based
simulation for the “non-critical” parts of the decision between the lytic and lysogenic pathway, and a
qualitative phase-space analysis of reaction-rate equations for the “critical” parts.

The major advantage of rule-based formalisms, their capability to deal with a richer variety of bio-
logical knowledge, is counteracted by difficulties in maintaining the consistency of a (revised) knowledge
base and the problem to incorporate quantitative information. Although attempts have been made
to integrate symbolic and numerical knowledge into a single formalism, for instance in the genetic
grammar underlying the Metabolica system developed by Hofestadt and colleagues ([75, 76, 77], it
remains true that in this respect rule-based formalisms cannot compete with DE formalisms.

12 Outlook

Figure 3 shows the integration of experimental and computational methods in the analysis of genetic
regulatory systems. Until recently, modeling and simulation studies have been mostly constrained
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to regulatory systems of modest size and complexity that have been well-characterized already by
experimental means. The analysis of larger systems, falling outside the restricted canon of model
systems, is hampered by difficulties in obtaining the necessary information to build models and test
predictions.

In the first place, the biochemical reaction mechanisms underlying regulatory interactions are usu-
ally not or incompletely known. This means that detailed kinetic models cannot be built and more
approximate models are needed, such as the PLDEs of section 5 and the Boolean networks and their
generalizations in sections 8 and 9. The price being paid for the simplifying assumptions embodied in
the formalisms is a potential loss of biological relevance of the predictions derived from the models.
In the second place, quantitative information about the regulatory system is only seldom available.
This means so that simulation methods have to be able to deal with qualitative models. Sections 8 to
11 discuss different ways to formalize genetic regulatory systems in a qualitative way. Unfortunately,
except when introducing strong simplifying assumptions, qualitative approaches experience upscaling
problems due to the weak nature of qualitative information. In addition, their predictions are less
precise than those obtained with numerical models.

The emergence of new experimental techniques, as well as the development of databases and other
infrastructural provisions to give access to experimental data, promise to relieve the data bottleneck.
Together with ever-increasing computer power, this allows new approaches to modeling and simulation
to be tried.

First of all, one can expect models of gene regulation to become more quantitative in the future
(see [103, 121] for more general statements on the quantification of cellular dynamics). The ability to
engineer regulatory networks in vivo, as described in [37, 45], might facilitate the direct measurement
of model parameters. In addition, if the expected improvements in the quantification of gene expression
data materialize, reliable numerical estimates of parameter values can be obtained by means of the
techniques described in section 7. The use of quantitative models would allow larger systems to be
studied at higher precision. More attention to the quantitative aspects of gene regulation does not
mean that qualitative models lose their value. On the contrary, they may guide the application of
numerical methods and the interpretation of their results (see [156] for an example).

Increasing knowledge on the molecular mechanisms underlying gene regulation will eventually allow
regulatory systems to be modeled on a finer level of granularity than is currently possible. In the limit,
this may result in detailed models breaking regulatory processes down to individual reaction steps,
like in the A phage model mentioned in section 6. It should be remarked, though, that testing the
validity of such models requires measurements of a wider range of biological parameters than usually
available [199, 200]. In order to get a grasp on the biochemical details of post-transcriptional regulation,
for example, measurements of mRNA expression levels need to be supplemented by measurements
of cellular protein concentrations, preferably distinguishing between the different forms in which a
protein occurs. The measurement of protein concentrations is currently much more difficult to achieve,
although recent advances in proteomics promise to improve this situation [83, 158].

Even a cursory look at the examples of eukaryotic transcriptional regulation in a review paper by
Arnone and Davidson [8] cannot fail to make clear that models of gene regulation may need to take
into account tens of transcription factors for a single gene, interacting in complex ways (see also [239]).
The scale and complexity of realistic regulatory systems will impose limits on modeling and simulation,
even if the increasing quantification of experimental data is taken into account. Computer power has
grown enormously in the past decades, but the inherent complexity of optimization problems like the
estimation of model parameters is sure to drain computational resources rapidly for even relatively
small networks.

Interestingly, the biological systems being studied may impose constraints that considerably relieve
upscaling problems in practice. For instance, in a simulation study of the segment polarity network in
Drosophila, it was found that the behavior of the system was quite robust to variations in parameter
values and initial conditions over sometimes several orders of magnitude [230] (see also [12]). This sug-
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gests that it is the network structure rather than the strength of the interactions that confers stability
to the system. Moreover, there are indications that regulatory networks are organized in a modular
fashion. The above-mentioned study suggested that Drosophila segmentation genes constitute a rela-
tively autonomous module responding to varying inputs (see also [135, 206]). Modular organization of
regulatory networks would make it possible to consider smaller subsystems, loosely connected through
regulatory interactions or acting on different time-scales, in relative isolation from each other. Of
course, this reductionist strategy needs to be complemented by an investigation of interactions among
the modules, possibly on a more abstract and hence computationally less demanding level.

Within the broader context of a cell, gene regulation is interacting with metabolism, signal trans-
duction, replication, recombination and repair, and a variety of other processes. In figure 15 an example
of a self-regulatory mechanism is displayed, in which gene a regulates its own expression by encod-
ing an enzyme that catalyzes a reaction step in a metabolic pathway. The resulting metabolite K
induces the regulatory action of protein C on a by modifying C’s conformation. This simple example
of end-product inhibition illustrates that in order to understand the functioning of cells, and by exten-
sions organisms, the scope of current models needs to be enlarged by integrating gene regulation with
other cellular processes. Some initiatives towards modeling and simulating entire prokaryote and even
eukaryote systems have gone into this direction [86, 90, 100, 217].
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Figure 15: An example of a genetic regulatory systems intersecting with a metabolic pathway. A and
C denote proteins and F and K metabolites. For the notation, see figure 2.

As remarked in the introductory section, computer support for the construction of models of reg-
ulatory systems is attracting increasing attention. Two different approaches can be distinguished,
corresponding to the two arrows entering the modeling box in figure 3. On the one hand, models can
be composed from knowledge on regulatory interactions stored in databases and knowledge bases, as
illustrated in section 10. On the other hand, models can be induced from expression data by methods
like those discussed in sections 2, 5, and 8. Each of these approaches has its merits, but neither of them
is sufficient in itself. Model composition is thwarted by the fact that current knowledge of regulatory
mechanisms is incomplete at best, whereas model induction struggles with the problem that models
are underdetermined by available expression data.

It seems that a combination of the two approaches would be most effective, in that knowledge on
regulatory mechanisms may guide the search for a fit between model and data, and play a role in
the validation of the networks proposed by induction algorithms. Because of the problems mentioned
at the end of section 5, spurious interactions are bound to occur in these models and independent
validation will be necessary. Apart from designing further experiments to test the models [2, 81],
validation could be achieved by mapping the genetic interactions supposed to underlie gene expression
patterns to biochemical pathways in the cell, assigning a pathway function to each of the genes in the
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network [86, 240]. In addition, it might involve the analysis of DNA sequences to check whether a
regulated gene has upstream targets for the hypothesized regulatory proteins [201]. These strategies
are illustrative of a more general tendency to integrate different experimental and computational tools
in the analysis of genetic regulatory networks [204].
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