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Abstract: The present paper proposes to compensate displacements and dis-
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We develop a multi-model, parametric method based on sub-voxelic inter-
polation of the known marker geometry and analyse the performances, limits
and perspectives of the method.
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Utilisation de marqueurs pour compenser le
déplacement dans une séquence d’images
volumiques d’IRM.

Résumé : Dans ce papier on se propose de compenser les déplacements et les
distorsions observées au sein de séquences d’images IRM a I’aide de marqueurs
fixés sur le crane du sujet.

On développe une méthode multi-modéles, basée sur une interpolation sous-
voxélique de la géométrie, connue, du marqueur utilisé. On analyse les perfor-
mances, limites et perspectives de la méthode.

Mots-clés : Imagerie IRM, Compensation de Mouvement, Estimation para-
métrique.
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1 Introduction

Monkey’s aMRI/fMRI registration.

The analysis of Magnetic Resonance Imagery (MRI) [31, 17] helps to determine
cortical regions responsive to different type of stimuli, attempting to provide
neuro-scientists with a better understanding of the central nervous system.

From one MRI acquisition to another, the subject head may have moved |7],
depending on the perceptual task performed or simply because of the subject
breath or residual muscular activity. The worst case to tackle seems to be
experiments on monkeys (which this study is dedicated to) mainly because of
(i) the smaller size of the brain and body and (ii) sucking movements related
to the fluid reward used to motivate the subject during the experiment.

Furthermore, the brain activity is evaluated though several so called “func-
tional” MRI (fMRI) and has to be related to the brain anatomy obtained
using “anatomical” MRI, say aMRI. The obtained data volumes have thus to
be aligned with a fMRI and/or aMRI reference.

In this last case, the transformation between two data volumes is not a
simple rigid displacement, whereas variations in scale or even relative defor-
mations occur [8]. Such a multi-modal image registration [24, 11] is not easily
feasible for two very different reasons:

(i) the data in fMRI and aMRI acquisitions may be totally different (see
Fig'. 1), with no common structural information to relate them (e.g. the
head skull is not visible in fMRI) but even worst,

(ii) scientists precisely want to analyse the spatial relationships between both
modalities and not cancel them;

as a consequence, any, even powerful, method which compensate deformations
between both data volumes may also cancel or bias what is to be measured.

It is thus fundamental to register such pairs of data using an independent
source of measure.

This is the reason why, in some approach, small conic cylinders filled with
a paramagnetic substance (e.g. vitamin E) are rigidly fixed upon the skull

Images Shown By Courtesy Of Pr. G. Orban, Laboratorium Voor Neuro- En Psychofy-
siologie, Leuven.
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4 T. Viéewlle

Figure 1: Schematic representation of a fiducial marker on anatomic MRI (left)
or functional MRI (right) for a typical experiment on a monkey.

of the observed monkeys. Such fiducial markers should easily be detected as
illustrated in Fig. 1.

From monkey to human aMRI/fMRI registration.

The adaptation of this approach to human MRI has also to be investigated.
In such a case, the fiducial markers will not be attached (but only stick) to the
skull. As a consequence, they may slip and this is taken into account by our
method.

However, the present method could also be applied to a human non-invasive
head-reference system? such as the one? illustrated in Fig* 3 or multi-modal
radiographic markers, as illustrated in Fig 2.

Research software for auto image alignment with this “anatomark” frame
is available for a research license through Brigham and Women’s Hospital.

The present developments appears as software module which may improve
the performances of the current software.

2We are thankful to Jean-Baptiste Poline poline@shfj.cea.fr and Jean-Francois Mangin
mangin@shfj.cea.fr for their precious advices regarding this extension of the study.

3This device is realized by http://www.anatomark.com/

4 Tmages shown by courtesy of AnatoMark, from Interneuron Pharmaceuticals, Inc.
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Figure 2: Multi-modal radiographic markers in human, using head locations
with a minimal skin slip.

Figure 3: A human head reference system. Left view: the mechanic of the
system. Right view: an example of aMRI with the markers visible as white
blobs.

What is the paper about.

Following this track, in the present paper, we propose a robust and precise
method to:

RR n° 4054



6 T. Viéuville

1. interactively locate such a fiducial marker in MRI data volumes and track
them in a fMRI volumes sequence,

2. compute from these markers the transformation from a data volume to
another,
- taking into account sub-voxel accuracy and the fact that some markers
may have slipped and
- using a local affine model of transformation.

2 Setting the equations.

2.1 Models of transformation.
Parameterisation by affine transformations.

We consider that an affine transformation relates the two data volumes. This,
roughly speaking, corresponds to a rigid displacement, variation in scales and
some linear distortions or “shearing”.
More precisely®, two corresponding points M and M’ in the data volumes
are related by:
M =[S(\,s)R(r)| M+t (1)
N
A

where R(r) is a 3D-rotation (i.e. an orthogonal matrix) while S(A,s) is a
symmetric matrix written:

1—)\0—)\1—>\2 52 S1
S(A, S) = 52 1= =XM1+ X 50 (2)
s1 S0 1—Xo+ M

with A = (X, A1, A2)?. Here we have chosen, because of the MRI technology,
to differentiate a global scale A\, a differential scale A; in the “slice” direction
(here the Z axis) and a differential scale Ay in the slice plane. Furthermore,
s = (s, 51, 82)" represents the shearing (i.e. linear distortions) parameters.

SNotations: We write vectors and matrices in bold letters, matrices being written with
capital letters. The duals of vectors are represented as the transpose of a vector and scalars
in italic, the dot-product being written as x”y and the cross-product x x y or [x]x y. The
identity matrix is written I.

INRIA
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This decomposition A = SR is in direct relation with the singular value
decomposition A = UD V7 [10] of the matrix A (here U and V are orthogonal
matrices and D a diagonal matrix) writing S = UDU” and R =U V.

As a consequence, the affine transformation is parameterised by a vector
q:

q=[t,r,\s] (3)

Parameterising 3D rotations.

Here, we represent a 3D-rotation R(r) (and also S(s)) of angle 6 € [0, 7[ around
an axis of direction u by the vector r = 2 tan(%) mar =0 Tay 0(63).
Hence, the rotation matrix is given by a variant® of the Cayley [12] and

Rodriguez [25] formulas, as a rational function of r:

_ _& - & _ [r]x‘i‘%[r]i: r lrQ ofllel3
R = (1- 1) (1 B ) e BB rg Do)
()

4
with the notation” [r]x x = r x x, while on the reverse, given a rotation matrix
R the related rotation vector is easily obtain:

4 R - R’
r=——v with [v], = ——— and t = trace(R) =1+ 2 cos(f) > —1 (5)
141 2
This is well-defined for all rotations 6 # II. For rotations with 6 = II, i.e.
u 2 . .
symmetries, the limit of this formula R =1+ 2l ]§ is valid.

|ul]

First and second order expansion of the rotation matrix are directly given
by the previous formula, thanks to our choice of representation, while we can
write:

i\

5 = O]« +o([[r[[*)  (6)

6This representation is equivalent of using unary quaternion of the form q =
[cos(%) | sin(g)ﬁ ]¥, writing r in homogeneous coordinates.

OR(r) = (1— MX)_I O[r]x (I—

0 —T2 1
"Thus [r]x = [ 72 0 —7o | withr=(rg,71,72)7.
—T1 To 0

RR n° 4054



8 T. Viéville

R(r)

In other words =5 3" = ¢, +0(0) where ¢;;;, is the Eddington (or Levi-Civita)

X . . 0 if t=7 or ji=k or i=k
symbol is defined by the following relations: «;;; = 1 if i<j<k or j<k<i or k<i<j
—1 if j<i<k or i<k<j or k<j<i

Given a set of N vector couples {(p1,q1), (pP2,d2),- - -, (Pn,an)} such that
a; ~ R(r)p;, with ||p;|| = ||a;|| = 1, we may estimate the related rotation
vector using (e.g. [6]) the criterion:

Lo = TL |RE)pi — qil]? =L, 2 (1 - cos(a)) = TiLy of + o(af)
(7)

with o; = qu( )pz, which may be written:

T
Lo = (° Z Ipi + @il *T—2(piaf +aip}) 2(piAai) | (s
' ¢ ; 2(pi Aa)” |Ipi — ail? c

=

/

M
(8)
while ¢ = cos(§) = \/ﬁ and s =sin(%) 2 may = 3 ¥ so that r = Zs.

We thus can estimate the rotation vector r though (s, ¢) as a“linear quadratic
problem” since the optimal value for (s, c) corresponds to the eigen-vector of
M associated with the smallest eigen-value.

Using a hierarchy of models.

The key point here is that we can explicit a hierarchy of transformations cor-
responding to different practical situations, i.e.:

Parameter | Dimension
No displacement 0
Pure translation t 3
Rigid displacement t,r 6
Scaled translation t, A 6
Scaled displacement | t,r, A 9
Affine transformation | t,r, A, s 12

and attempt to estimate a model with a minimal number of significant
parameters, i.e. of “degrees of freedom”, using a more “general” model (as
schematized in Fig. 4) if and only if its statistical significance is higher.

INRIA
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No displacement )
Scaled translation

Pure trandlation Scaled displacement

N /

Rigid displacement ] ]
Affine transformation

Figure 4: The model hierarchy to estimate a global displacement.

A specific model is simply specified by the fact that some components of
the displacement parameter q defined in (3) vanishes, which is very easy to
manage. A step further, we also consider for of numerical stability reasons, 1st
and 2nd order expansions of the rotation matrix as defined in (4). Furthermore,
for each 3D-vector (t,r,)\,s) we also check if some its components could be
zero. This is due to the fact that MRI data is made of “slices” and that the
X and Y are not homogeneous with respect to the Z direction. This finally
defines up to 322 = 12288 models although, of course, we will only use a
realistic sub-set of 27 models made explicit in table 2. As discussed in [27]
for another estimation problem and at a more theoretical level in [28], such
an estimation module can easily be generated without explictly testing all
configurations, assuming a certain monotonicity for the estimation criterion.
This is discussed in section 3.

This methodology could also be generalised to non-affine transformations
involving, say, quadratic terms relating two points, but the MRI physics [4]
suggests that such a correction is not necessary.

In our case we will rather provide a local affine description, as defined in
the sequel.

Designing the marker geometry.

Such markers may have different forms as illustrated in Fig. 5. Obviously,
the form of the marker has an influence on the number of effective measures
provided to estimate a given displacement model. For instance a spherical
marker does not constrain the rotational part of the displacement whereas a
cylindrical one partially does.

RR n°® 4054



10 T. Viéwlle

From a theoretical point of view [21]|, the number of equations obtained
from a given marker for a given displacement is related to its invariant with
respect to the considered displacement.

R
= ]
r ]
X '
v
Point Sphera Cylinder Cone Cube Number of measures

3 3 5 5 6 Rigid displacement
3 6 8 8 9 Scaled displacement
3 9 11 11 12 Affine displacement

Figure 5: A few examples of marker geometric forms (see text for details).

In Fig. 5 we have reported (derivations, done in maple are not reported
here, but left to the reader) the different numbers of measures we can expect
in the general case, from a given marker geometry, given a transformation.
This small set of numbers clearly shows that we better do not use (or do
not model) markers as neither punctual nor spherical elements but should use
cubic, cylindric or conic ones.

In particular, we will experiment the method with conic markers. This
geometry is imposed by the available hardware.

2.2 Measurement of the marker in the data volume.
Model of the marker occurrence in the data.

As illustrated in Fig. 1 the markers are characterised by the occurrence of a
small volume of constant high (but unknown) intensity. As a consequence,
the information inside the volume is almost constant, while the information
outside is random (with respect to the marker itself), in both cases not very
informative. As a consequence, we have to consider cues related to the border
of fiducial marker where the intensity variation is expected to be mazrimal, as

INRIA
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illustrated in Fig. 6.A. Such an idea has already been used in another context
(e.g. [23, 9]).

More precisely, let us consider:
(i) a given displacement parameter q and
(ii) a marker oriented surface distance function d(V’) = 0 which corresponds
to the predefined marker surface geometry, as detailed in appendix A for our
conic markers.

From (1) and (3) a point is inside the marker if and only if:

d(V') <0 with V' = A(q) V + t(q) (9

~—

For a given voxel, we can thus determine whether:
(i) all voxel points are inside the fiducial marker, if and only if® d(V') < —¥%2
(i) all voxel points are outside the fiducial marker, if and only if v/3 > d(V’) >
V3

or
(izii) otherwise, the voxel contains a part of the marker border.

In class (ii) we only consider voxel points outside the marker but at a
distance of less than 2 voxels to the surface border.

These three classes define a neighbourhood of the marker.

Implicitly, here, we assume that the marker border corresponds to data point
which intensity variation is maximal, as illustrated in Fig. 6.A. We could have
designed a method based on finding a displacement parameter for which the
intensity gradient is maximal at the marker border. Such a mechanism would
require (i) the explicit computation of the intensity gradient magnitude which
must be done after a given and somehow arbitrary smoothing because of the
noise in the data, (ii) a sampling of the marker border model in function of
the data, both problems being avoided by what is proposed now.

8The quantity dy = V3 ~ (.866 is the maximal “diagonal” distance from the voxel centre

2
to the vertices.

RR n° 4054



12 T. Viéwlle

border
A * B
inside

Eight vertices

Volume Intensity

Intensity Variation Eight sampling points

Figure 6: A Illustrating the cue used to locate markers. B Tessellation of a
voxel.

Using a simple voxel intensity formation.

Here, we work at sub-voxel accuracy. In order to do so, we consider the
intensity inside a voxel, as being of the form:

I; inside the marker
N(M,,V,) outside the marker
(10)

assuming a constant intensity /; inside a marker and a normal random intensity
N (M,,V,) of mean M, and variance V,, which represents the MRI data around
the marker.

Given a neighbourhood around a marker we can thus easily estimate:
- the constant intensity I; by averaging the intensity of all voxel of class (i)
and ,
- the mean M, and variance V, by computing 1st and 2nd order momentum
of the intensity for each voxel outside the marker.

From this estimation, we can predict from (9) and (10) the voxel intensity
for points of the border, i.e. of class (iii). Here, we use a sub-voxel sampling

I(M) = /V (V) dV with (V') = {

INRIA
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and define the measurement error :

WM =IM) ¢ ¥ I(V) (1)

i€VoxzelSamples

on 8 points inside the voxel as shown in Fig. 6.B.

Quantifying the precision of a measure.

How can we relate this measurement error on the intensity to the marker
displacement error we want to correct ?

Very simply, as schematized in Fig. 7.B, up to the first order, the intensity
variation is related to this displacement in proportion of the intensity slope or
gradient in the normal direction, written with g(M)T = 2

A B

marker normal

Intensity - Intensity/Displacement slope

n(M)

marker border Displacement

cM)=0 ;
* marker border

Figure 7: Quantifying the precision of a local measure. A Local geometry of
the marker border. B Intensity profile at the marker border.

Furthermore, as illustrated in Fig. 7.A, it appears that, for a given point
M, this local measurement error corresponds to displacements in a direction
normal to the local surface of the marker border, written n(M) = 8eV)

oV V=M
with |[n(M)|| =1, i.e.:

because N = n(M) n(M)T is the projection on the axis of direction n(M)
(since v|ln = N v = v) in an orthogonal direction (since v.L n= Nv =0).

In other words, 6(M) is estimated in the direction n(M) in proportion of
the intensity variation (n(M)T g(M)).

RR n° 4054



14 T. Viéwlle

In practice, we may simplify this general model, because the marker ap-
pears as a “white” blob inside a “darker” volume. We thus may assume that
the gradient is approximately parallel to the surface normal and estimate its
average magnitude as ||g|| = I; — M, with a variance V,, thus more or less
constant since the variation of the intensity outside the marker appears to be
negligible with respect to the intensity difference between inside and outside
the marker.

As a consequence, we simply write &, = ||g|| n(M)” dp.

A step further, from (1), we easily relate dp to the displacement parameter
variation dq, since :

9A(q) 0t(a)
oM = M )
M l dq + aq q
We thus can compute, up to the first order, the information matrix (e.g.
[16]), i.e. the inverse of the covariance® :
|2

A-1_ L]

q Vi

Js vIM) v(M)" dM
with (12)
V(M) = n(M)” [2A0 M 4 ]

where V7 is the intensity variance. In practice V; =~ 1 since related to the
quantification (thus with an error of +1).

With such an approach the covariance matrix is, up to the scale factor %,
only a function of the marker geometry. It is thus very easy to pre-compute
this matrix. For the conic marker used in our experimental paradigm, for
instance, the corresponding covariance matrix is given, in (23), in appendix A.

We thus have for each marker, a quantitative estimation of its influence on

the parameter to estimate.

9We make use of the following [15] simple relation, in which V7 is the intensity variance :
y = fTx = A;l = fA;lfT

INRIA
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3 Optimising with respect to “physical”’ parame-
ters.

Position of the problem.

We have to tackle, as for many other estimation problems, the problem of
non-linear implicit and approximate equations local resolution. We implement
such a local estimation problem as the minimisation of a criterion.

It appears that an apparently naive, but specific method based on a precise
specification of the physical parameters involved in the process may be much
more efficient than general sophisticated minimisation algorithms.

As introduced in [9], the key point is to represent a parameterised object
though a vector of parameters which variation is to be done step by step,
which is a suitable strategy for local estimations, adaptations to limited range
variations from a default value, interactive estimation where a user given initial
estimate is to be refined, tracking tasks, ...

More precisely, we propose that, at the specification level, each numerical
value z; of the parameter to estimate
(i) is bounded i.e. ™" < x; < x7** and
(ii) has a finite precision zt << " — " i.e. Ve;, 6| < 8,7 = x; + €.

Aside these specifications, we will attach to such a “physical” parameter:
(iii) a default value x° plus a (iv) name and a (v) physical unit (second, pixel,
...). A natural default value is:

o a™n 4 gmar

T = (13)

More precisely :

e two numerical values of a parameter x; and z’ can be considered distinct
only if:
|z, — xt| > 25 (14)
We have to double the value of the bound because each value may vary
in a +zf range thus their difference may vary in twice this range.

RR n° 4054



16 T. Viéville

e if, on the contrary, |z; — z}| < 2z we cannot decide whether (i) these
values are the same or (ii) differ by a quantity too small to be measurable.
We thus may not say that they are equal, but only indistinguishable.

As a consequence two vectorial parameters will be said indistinguishable if
and only each of their components are indistinguishable, i.e.:

|z — ]
€

Z;

<1 (15)

xzx'@maxil

~

~
[1x %[0

that is if and only if for each component their values are indistinguishable.

Therefore, we define the notion of "physical" parameters for which each
numerical value of the parameter to estimate is bounded, has a finite precision,
a default value, a name and a physical unit.

Quasi-static minimisation method.

With such specifications, and rather than using standard minimisation tech-
niques which usually require a gradient evaluation at each iteration, we can
design a much more specific and effective randomised algorithm.

The problem is now reformalised as'?:

minkez-L£(qo + k © dq)

where qo € R" is an initial default value, d4 a fixed step vector.

At each instant we consider:
- a given value of the parameter q, and its corresponding criterion value
E' = ‘C(q')a
- an estimation of the local descent direction d,, which computation is dis-
cussed in the sequel.

In our case we calculate the gradient by finite differences.

As an initial value,

- (0) 4o = qp and d, is equal to a set of huge equal values.

10We write: w = u ® v the component by component product of a vector i.e. with
Wt = i

INRIA
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At each step,
- (a) a parameter component i € {1..n} is randomly selected with a prob-
ability equal to: '
@l
' Z?:l ‘d’t.‘
(0---1---0)
and writing e; = ~————
- (b) the criterion £ = £(q") is recomputed at

Y

q+:qo:|:ei®5q

the sign of F depending of the descent direction ith component sign,

- (¢) if L < L,, q* is taken as new q, value, with the corresponding
criterion value and the minimisation continues from step (a);

- (d) else the criterion L~ = L£(q~) is recomputed at

q_:q-iei®5q

the sign of + depending of the descent direction ith component sign.

- (e) if L= < L., q~ is taken as new q, value, with the corresponding
criterion value and the minimisation continues from step (a);

- (f) else we set d° = 0 and the minimisation continues from step (a) if
d: # 0 for at least one component i

- (g) if q¢ # qo the algorithm is reinitialised at step (o) with qo = q.

- (h) else the algorithm stops.

The chosen probability allows, in average, to decrease the criterion in pro-
portion of the descent direction , since the probability is proportional to the
gradient magnitude in each direction.

Furthermore, if for a parameter component 7, in both directions, the crite-
rion does not decrease (we have a “valley” in this direction) the gradient is set
to zero and the component is no more selected.

A step ahead, since it might happen that the criterion has the form of a
valley for a given parameter position q, but not after a modification of q, at
step (g), the algorithm is re-initialised if something has been changed. As a
consequence, we are sure to be at a local minimum when the algorithm stops.

RR n° 4054



18 T. Viéwlle

If, for a given parameter a bound (minimal/maximal value) is attained the
algorithm is stopped and an exception occurs.

Contrary to the original method proposed in 9] the occurrence of “valleys”
as discussed before is managed in a more rudimentary way, simplifying and
thus increasing the speed of the algorithm, but the general performances are
similar.

Performances of the algorithm.

Obviously, this algorithm:

(i) always induces minimal magnitude variations of the parameter vector,
since it modifies only one parameter at a time and only to a minimal value; this
is very useful to find the closest local minimum when several minima occur;
this may be written:

Qe = ATGMIN{q=qg+kos,kezn} L£(a) + |[d — qoe (16)

where ||q — qo|| denotes the semi-norm induced by the step-by step sampling
of the parameter on each component, from a application point of view such a
method is meaningful is each parameter component g; has a physical mean-
ing and is to be treated as such, whereas other methods tends to consider a
parameter vector as a monolithic quantity;

(i) stops after a finite time since a given parameter (1) is bounded and
thus can not be modified indefinitely (2) is modified if and only if the criterion
strictly decreases; as a consequence, the parameter evolutes in a finite space
and never comes back to the same position it must then follow a finite path,

(iii) avoid computing the gradient at each step (but only one component of
it) or avoid having to provide a analytic value of the gradient (although would
be compatible with the method). As a consequence, each iteration is very fast
and such algorithm should be very reactive.

This algorithm requires more specifications than usual methods of minimi-
sation but thanks to these, no threshold and no internal parameter is to be
tuned.

It is expected to be faster, as experimentally verified in a non trivial per-
ceptual task [9], because it tries to find the best value only at the precision

INRIA
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(defined by d4) required whereas other methods may attempt to keep going
even for negligible level of precisions;

Furthermore, each time the criterion is evaluated, the algorithm takes ad-
vantage of any observed decrease; this might be suitable if very close to the
minima or when the criterion is very flat, in comparison to much heavier meth-
ods which compute 1st or 2nd order derivatives [22] at each step and may be
slow down at this stage.

A step ahead, concurrent methods might have some oscillatory behaviours
around the minimum [22], especially if the criterion is irregular, which is the
case when considering real data that this trivial algorithm is not subject to.

From a theoretical point of view the proposed method is sub-optimal since
it is more or less a 1-st order method (contrary to better formalised analyti-
cal methods such as described in [28|), while the gradient estimation is very
approximate (since not recomputed at each step some components of the gra-
dient may slightly differ from their actual value). It is deliberately “slow” in the
sense that it modifies the parameter values step by step and does not attempt
to predict the minimum value in one shot.

It is thus not to be used when large magnitudes of variation are expected
but is to be dedicated to local minimisation problems. In such cases (e.g. [9])
it is much faster in terms of computation and also in terms of number of steps.

Applications of such an algorithm include the implementation of tracking
tasks in clustered environments (e.g. [32, 14, 3]) especially when such a recur-
sive dynamic estimation involves the control of actuators (e.g. [5, 26]) or to
refine a value provided by a user interaction.

On the other hand it might be of great interest for continuation methods
[20, 30] implementation.

Multi-model implementation.

In order to obtain an estimation with a minimal number of parameters, we not
only want to minimise a given criterion with respect to a given parameter but
also to verify if we could not:

- assume that a given parameter component vanishes,

- use a simpler model (e.g. a 1st or 2nd order expansion of a formula as in (4))
defined a by a qualitative variable.
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Such a methodology is now of common use in some very huge problems of
parameter estimation [29, 27, 18] but contrary to a very general formulation
such as done in [28] here the software implementation will be much simpler
and in fact much effective.

This is due to the fact that a model is not characterised by a set of implicit
constraints [28] or that complex inter-dependent relations must be taken into
account to avoid equivalent or incoherent models (this being undetectable at
a numerical level) [18].

Here, the model hierarchy is static and has been defined “by hand”. It is
given in table 2. Obviously there is somehow a “combinatory explosion” when
different alternatives are combined. However, the user can (and has to!) filter
among all possibilities those which are going to be really useful in practice.
Following this track we have, for instance, only used the 2nd order expansion
of the rotation matrix, as an intermediate computation of the general form.

0 M = M

t M = M+t

f M = (I+[r]x) M+t

s M = (I+[r]x+1/2[r]2)M+t

r M = R(Er)M+t

I M = SO\0M+t

If M = SA\O)I+[r]x)M+t

Is M = S\0)I+[r]x +1/2[r]Z) M+t
Ir M = SOM\OR(E)M+t

a M = S(\s)M+t

af M = S\s)T+[r]x) M+t

as M' = SO\s)I+[r]x+1/2[r]3)M+t
ar M' = S(\s)Rr)M+t

Table 1: Equations used in the model hierarchy, these different equations allow
to (a) use 1st and 2nd order expansions and to (b) avoid computing useless
parts of the equation.

With such specification, the multi-model implementation is rather simple.
We may use a very simple test discussed in [28]. A model defined by a criterion
L'(q) with d = NumberOfMeasure — ParameterDimension degrees of freedom
is to be preferred with respect to a model
L(q) with d = NumberOfMeasure — ParameterDimension degrees of freedom
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Label t r A s = | Alternatives Name

0 000 000 000 O0O0O 0 T No displacement

T xxx 000 000 000 t R1,Ts Pure translation

R1 xxxXx xxx 000 000 f | R2,Dsl Rigid 1st-order displacement
R2 xxx xxx 000 000 | s | Rx Rigid 2nd-order displacement
Rx xxxXx xxx 000 000 r Dsx Rigid displacement
Ts xxx 000 x00 000 1 Tz,Ds1 Scaled Translation

Tz xxx 000 =xx0 000 1 T1,Dz1 Scaled Translation

T1 xxx 000 =xxx 000 1 DIl Scaled Translation
Ds1 xxx xxx x00 000 | If | Ds2,Dzl,Asl | Scaled Displacement
Ds2 xxx xxx x00 000 | Is | Dsx Scaled Displacement
Dsx xxx xxx x00 000 | Ir | Dzs,Asx Scaled Displacement
Dzl xxx xxx xx0 000 | If | Dz2,DI1,Az1 | Scaled Displacement
Dz2 xxx xxx xx0 000 | 1s | Dzx Scaled Displacement
Dzx xxx xxx xx0 000 | Ir | Dlx,Azx Scaled Displacement
Dl11 XXX XxxXxx xxx 000 | If | DI2,All Scaled Displacement
D12 xxXx xxx xxx 000 | 1s | Dlx Scaled Displacement
Dlx XXX xxx xxx 000 | Ir | Alx Scaled Displacement
Asl xxx xxx x00 xxx | af | Azl ,As2 Affine Transformation
As2 xxx xxx x00 xxx | as | Asx Affine Transformation
Asx xxx xxx x00 xxx | ar | Azx Affine Transformation
Azl xxx xxx xx0 xxx | af | All,Az2 Affine Transformation
Az2 xxx xxx xx0 xxx | as | Azx Affine Transformation
Azx xxXx xxx xx0 xxx | ar | Alx Affine Transformation
All XXX XXX xxx xxx | af [ Al2 Affine Transformation
Al2 XXX XXX xxx xxx | as | Alx Affine Transformation
Alx XXX XXX XXX XXX | ar Affine Transformation

Table 2: The table of the model hierarchy implemented in the localisation
module. Parameter to be adjusted are denoted by a “x”. The model equation

in the “=" column is given in table 1. Alternatives refer to the label given on
the left.
only if:
L) _ L
d' d
for d' > d.

Here, the ratio % is called the cost of the model.

It corresponds to a Fisher test with a minimal probability error [28].

Another track [2] is to quantify how much the new degree of freedom, say
¢e may decrease the criterion £'(q,q.) around the optimum £(q) obtained
without considering it.

In order to avoid looking at all alternatives we assume that it is sufficient to
look for a a local minimum in the model hierarchy, i.e. that the cost decreases
from the null-model to the optimal model (because adding new parameters
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allow a better fit to the data) and then increase (because the gain in precision
is not balanced by the decrease in degrees of freedom) but never re-decrease
again.

Adapting the algorithm proposed in [28] to this simpler paradigm we obtain:

Initialisation Put the null-model, computing its cost, in a candidate list and
consider it as initial best model.

Iteration Taking the model of the candidate list with minimal cost :

e For each alternative :

— Estimate the model parameter and the related cost.

— Put alternatives which cost are lower than the model cost in
the candidate list, in cost increasing order.

e Remove the model from the candidate list.
Termination When the candidate list is empty.

The model of minimal cost is considered as the best model.
This algorithm has been implemented and used in this estimation module.

4 Designing the experimental paradigm.

From the previous developments, let us design an effective method to locate,
track and stabilise the data using the markers. The key-point, here, is that we
consider the need of having a user interaction. Let us discuss this point.

One may wish to design an automatic procedure, for instance considering
that markers correspond to “white parts” of the data volume. One may always
attempt to design a mechanism which detect the marker from such a cue, with
a robustness of, say 99%; except if the marker have slipped; except if another
unexpected reflection has occurred; except if yet another thing happened. Of
course, one may also use contextual information (e.g. the marker should be
on the monkey skin) to try to implement a way to avoid such artefacts.

On the other hand, anybody doing a MRI experiment must take a look a
the data at least one aMRI and one fMRI. It thus can easily also take a look
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at the few markers, check if they seems to be ok. This will be much safer and
much faster than a huge algorithm.

As a consequence, we propose to specify that a human operator has to
click on each marker in one slice of the data volume on the aMRI and on the
first fMRI of an acquisition sequence to validate their use. From this, initial
estimate we will easily design local mechanisms to locate and track these tokens
and compute the related transformations.

Since the design of the procedure itself is not based on a formal develop-
ment but some experience in similar mechanisms, let us simply describe the
paradigm.

4.1 Interactive designation of the markers

1. The user clicks on one of the marker voxel in any data slide.

2. Points inside the marker are roughly detected by indexing all voxels
connected to the chosen voxel and which intensity is similar (say +10%)
to the intensity of the voxel clicked.

3. First and second order momenta of the voxel are computed so that the
marker is implicitly modelised by a quadratic form of inertia of the form :

gM) = (M —uv)" Ty (M~ v)
with U1 = fVEMarkeT Vdv (17)
and TQ = fVEMarker(V - Ul) (V - vl)T av

4. From these quantities, an initial estimation of the affine transform M =
A M+t between (i) a point M of the marker identified in the data volume
and (i) the corresponding point M of the marker model is calculated.

Here we only estimate a rotation and translation. The other parameters
being close to zero in practice, do not need an initial estimation.

In this specific case, we compute the rotation which aligned the cone axis
z (detected as the axis which eigen value differs from the two others, as
made explicit in appendix A, eventually confirmed by an elementary
analysis of the volume asymmetry) with the model cone axis z. It is well
known that such a minimal rotation is of axis z A Z and of angle zz.
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More generally, from (17) we easily obtain:

{ v, = AD +t (18)

TQ == ATTQA

where U; and Y, are the first and second order momenta of the quadratic
form of inertia for the model.

Using the eigen-value decomposition of ¥y = R"DRand T = R"DR
we thus can propose, assuming D ~ D:

{A = R"R (19)

t = v — A’l_Jl
as an initial estimation of the affine transform.

From this we easily obtain the related displacement parameter qo (see
section 2.1).

. From this initial estimate of the transformation qq, the localisation of

this marker with respect to the model is refined, minimising, on the
measurement errors defined in (11), a criterion of the form:

Ll@= > p(vg(M))+|la—qoll (20)

MeVoxel Border

where p(v) is a positive “error function” (e.g. p(v) = v* or p(v) = |v|)
chosen to obtain a robust M-estimator [13] which tends to cancel the
influence of erroneous measurement errors. Here, such artefacts may be
related to the fact that a marker have slipped, but it is not expected to
obtain huge erroneous values in this case. As a consequence (see [19] for
details), such a criterion is expected to have good performances.

Here we use the profile discussed and develop in appendix B, for small
errors the criterion behaves as a least-square criterion. Since the stan-
dard deviation on the intensity is oy = 1 because the uncertainty is
only related to the quantification (thus it standard deviation is about 1
quantification level), the previous criterion corresponds to a Mahalanobis
distance, related up to the 1st order to the likehood of the estimate [1].
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The regularisation term ||q — qol¢ is defined by the minimisation mech-
anism which tends to maintain the estimate close to the initial estimate
(see appendix 3 for details).

Furthermore, the residual value of this criterion allows to evaluate the
quality of the estimation.

6. As a feedback to the user, the marker model impression is drawn in
the data volume to verify, at the graphic-user interface level, that the
estimation process has converged to a reasonable value.

4.2 Tracking along a data sequence.

Since we have to track these markers in several (up to a few hundred) data
volume in the sequence, we want to have this step fully automatic. This is
facilitated by the fact that (i) from one data volume to another the marker
displacement is relatively small (although it might be larger than the marker
sizes) (ii) this part of the computation may be done off-line. Furthermore, from
one frame to another, (iii) the displacement is expected to be random without
any correlation from one data volume to another. As illustrated in Fig. 8, this
leads to the following heavy but simple heuristic.

1. Given a maximal displacement in voxel from the original location, we
randomly select a new location.

2. With this location, we apply step 2 to 5 of the previous procedure, as if
the new location was clicked by a user.

3. If the residual value of minimised criterion is below a given threshold we
consider that the new marker location has been identified, otherwise we
repeat step 1 of this procedure with a new sample.

In practice, such random a mechanism is usually more efficient than sam-
pling all around the locations of the 3D volume.

4.3 Computation of a local affine transformation.

Thanks to the previous steps we have a localisation of each marker in each
data volume.
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e T e

N - N - Etc...
Initial localization Random seach + relocalization

Figure 8: Trivial tracking along a fMRI sequence.

In other words, for each marker we have estimated a separate affine trans-
formation.

This is useful either to avoid to bias all transformation estimates because
of the slip of a marker and to help other modules to analyse the non-linear
deformations in the data volume.

At the next stage, we want to compute the relative transformation between
two data volumes. As illustrated in Fig. 9 each marker is put in correspondence
(either interactively between aMRI and fMRI or automatically by tracking in
fMRI image sequences).

Data B Data A
s ™ ql e ™
B e Sl
o S
> %“-———9;_1*, 777777 “_f:x::?v‘\ffl M odel
SR I A
N<----______ 7”4__——q3"”7v‘\\\ \‘“Z-q,:;—/?7 A
q IRES=TAN b -0 7
A<“—-——4—__ _________ -7 \\\\\ qv ///
N Y, _ \)\\>444,/

Figure 9: Combining local transformations.
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We thus define the transformations between the model and the markers in
one view ) and the relative transformations q; between the markers in one
view and the corresponding marker in the other view.

The transformations q” between the model and the markers in this last
view is given by:

MII — A(ql) MI +t(ql)

M = A(@M+t(q)  with {A(q") = Ald) Ala)

{ MII — A(qll) M + t(ql)
t(q") = A(d)t(q)+t(q)

written q” = q*q’ and easily computed from the formulas given in section 2.1.
In order to have the relative estimations q; in coherence we propose to
minimise the Mahalanobis distance between each pairs, i.e. :

d(qkl’ qk2) = (qkl_qkz)T (Ale +A¢1k2)71 (qkl_qkz) =2 (qkl_qkz)T A(;l qkl_qkz)

since in our formalism covariance matrices are the same, because they are esti-
mated only from the model, not the data. Furthermore, since we only estimate
here relative displacements which are expected to be of small amplitude, we
compute the information matrix A;l at q ~ 0 in order to make use of a fixed,
sparse, thus easy and fast to compute quadratic form made explicit in (23).
With these notations, our estimates can easily be combined minimising:

Data A Data B
oo Lulay)+ YD Lelaexdi)+2 D (qe —aw,)” A" (ak, —ax,) (21)
keMarkers keMarkers ki1,k2

This allows to:

e maintain the idea that each marker provides an estimate of the local
affine transformation of the data volume in its neighbourhood, while

e all these estimations are put in coherence, depending on the metric in-
duced by the Mahalanobis distance defined on the measures in (12).

It would have been however very easy to consider a unique global affine
transform by simply defining only one parameter q.
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5 Experimental results.

In order to evaluate the method we have considered a true MRI sequence in
which we have artificially introduced the marker-print, as made visible in Fig 1.
Indeed, the synthetical displacement of the marker has nothing to do with the
real data, but it provides a set of measure:

- which contents is entirely similar to what is to be expected in practice,

- which displacement in entirely controllable in order to evaluate the method.

We have considered a set of 4 markers (expect for the 2st simulation) put
on the monkey skull, and have generated rigid displacements with or without
distortions. We also also simulate the fact that one or two markers may have
slipped.

The conic marker height is twice the radius in our case. We really need to
have a marker form which is NOT symmetric to properly recover its orienta-
tion.

We have simulated the user click by randomly selecting a point inside (or
sometimes outside, simulating a mistake) the marker and have located, tracked
and evaluate the markers displacement.

In Fig. 10 we verify that the method offers a sub-voxelic precision. More
precisely, in the case of a pure translation, the precision is directly function of
the number of markers and their size, with two aspects:

e It seems we need about four markers to obtain optimal performances,
whereas much more is not necessary (additional simulations have con-
firmed this point).

e The higher the marker size, the better the performances. It seems that
we always gain by increasing the marker size.

e Globally, we may obtain a precision up to 0.1 voxel but the “effective”
precision is really 0.3 voxel in our experiment.

This means that, with a 3mm voxel size fMRI:

ustng four markers with 1cm size, yields a precision better than Imm

A step ahead, we have studied errors in orientation for a unique marker. In
Fig. 11, for different rotation angles, using the definition of the rotation vector
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Marker Marker size (voxel)
number | 1 4 8 | 16 | 32
1 1.8114|1.1/08]0.6
161130904 ]0.5
14111]0603]0.3
1.21091]0.7|04 0.1
1.1/0.8]0.603]0.2

| | W N

Figure 10: Precision in voxel for the localisation, given different marker sizes
and numbers, for a pure translation.

r in (4), we have computed, given an estimated rotation vector T and a true

rotation vector r :
_ 180

|* — 1|
€ = — 2 arctan(
T

)

which capture errors in both orientation (although in our case, this was not
really observed) and magnitude and is written in degree, to ease its interpre-
tation. It is, up to 1st order, the angle of a rotation which could “correct”
between the estimated and true value.

Remember that we always have true values here, since we simulate the
displacements within the real data.

Remember that we estimate the values “step-by-step” (in this case a step
is 0.05 deg) which explains the fact we always obtain fixed precision results.

This part of the experiment shows the limit of our “sub-voxelic” method,
because our interpolation rather sensitive with respect to the marker sampling,
i.e. for angles which preserves the symmetry of the conic pattern the precision
is very high, whereas at other orientations the estimation is really biased.

True rotation angle | 0 10 30 45 60 90
Error in rotation magnitude | 0.05 | 2.90 | 3.20 | 0.15 | 4.30 | 0.05

Figure 11: Comparing true and estimated rotation magnitudes, for a unique
conic marker of size 16, quantities are normalised in degree.
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This is a serious drawback : it means that we can only make a limited use
of the marker “deformation” to estimate the local displacement, although we
would have expect so. Such a bias disappears if we increase the size of the
marker to (unrealistic !) dimensions.

This may suggest to think of using a huge marker (i.e. a kind of “crown”)
instead of several small ones, at least recommend to:

use markers with mazimal sizes.

But we have followed another track and see, whether, in practice using an-
other marker form could not be a better alternative (although neuro-scientists
actually seem not to have this easily available, because “conic” markers cor-
respond to the “screw” pattern plugged in the crane). The answer is
yes :

using cubic markers limits interpolation errors,

True rotation angle | 0 10 30 45 60 90
Error in rotation magnitude | 0.00 | 0.15 | 1.15 | 0.10 | 1.15 | 0.05

Figure 12: Comparing true and estimated rotation magnitudes, for a unique
cubic marker of size 16, quantities are normalised in degree.

as illustrated in Fig. 12 for the same simulation. Of course, the problem is
still there but with a much smaller magnitude.

From a theoretical point of view, and aside the interpolation effects, we
have tried to understand why such a result. A way to interpret this effect is to
compute the covariance matrix with respect to the displacement parameters,
as it was done for a conic marker, in (23). For a cubic marker, we obtain the
formula given in Fig. 13 using the same assumptions as those discussed in this
paper.

The key point here is that sub-matrices related to translation parameters,
rotation parameters or skew parameters are diagonal, thus invariant by rota-
tion. In other words, if we change the orientation, up to the 1st order, we do
not modify the estimation precision. This is not the case for scales because
we have intentionally distinguished inhomogeneous scales, considering slices of
fMRI acquisitions. So that:

using cubic markers would have been better.
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[k, 0 0 0O OO O 0O 0 0 0 O
0O kk OO0 00O O O O O 0 O
0 0 kk O 00O 0O O 0 0 0 0
0 0 0 kk OO 0O O 0 0 0 0
Lo 00 0kKmoO 0 0 0 00 0
. legl"lo o 0 0 0 k O O 0 0 0 O .
Aq = with
Vi 00 00 0 0 3k ks 0 0 0 0
00 00 0 0 ks 3k 0 0 0 0
0000 00O 0 0 2k 0 0 0
000000 0 0 0 k 0 0
00 00 0O 0O O 0 0 k O
0000 0O 0 0O 0 0 0 kK
' (22)

Figure 13: Information matrix for a cubic marker and a small displacement.

However, since a cube has symmetries ambiguities in orientation must be
carrefully taken into account and such a marker is only suitable to correct for
small rotations (below 45 deg).

If we combine several markers, the precision in orientation is directly related
to relative positioning of the different markers. More precisely, we have veri-
fied that the order of magnitude error in orientation €, (given now in radian)
is related to the error in positioning €; and the average distance d between
markers by the expected rule: €, ~ <.

We thus indeed can recommend to:

install markers on the front/back and top/bottom of the head.

Further on, we have evaluated the robustness of our method, by assum-
ing that one among the four markers have slipped (i.e. perform a displace-
ment which is not coherent with the other three). We have calibrated the
M-estimator to saturate errors higher that 4 voxels. Doing so, is only possible
if we have already a relevant initial estimation of the positioning, which is our
case here.

As reported in Fig. 14, the behaviour of the estimator is “robust” in the
sense that it “saturates” the error around 1 voxel, and limit the “influence”
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Marker slip (in voxels) | 0 | 0.1 [0.2]05| 1 21415
Localisation precision (in voxels) | 0.3 0305|0411 1413 ]1.2

Figure 14: Precision in voxel for the localisation, given different slip of 1 marker
among 4, for pure translations.

of the outlier (a linear estimator would have introduce an additional error of
about 25 % whereas we obtain a bit less here). However, no miracle here, and
methods which compare the residual error using either all markers or only a
subset of them to decide whether they better eliminate a marker or not should
be investigated when considering human experimentations.

Finally we have investigated the capability of the method to estimate, not
only translations or exact rotations, but also other kind of displacements.

On one hand, we have evaluated when it was numerically a good deal to use
1st or 2nd order approximations of the rotation. This is qualitatively reported
in Fig. 15. Here we verify that, in this paradigm:

- rotations smaller that 1 degree are negligible and are not detected,
- rotations below 5/10 degrees are easily estimated using a 1st order model,
- 2nd order approximation of the rotation is more or less not used.

Displacement | Pure translation | Tiny rotation | Small rotation | True rotation
0 =0 deg 8 =1 deg 8 =15 deg 0 =10 deg
Model Pure Pure First order Rigid
chosen translation translation rotation displacement

Figure 15: Behaviour of the model selection mechanism.

This suggests in fact to avoid using a very complex hierarchy of models in
this case, but only either the subset we have proposed, or even a smaller one.
For instance (sorry ! but it was to be verified ..), 2nd order approximation of
rotations matrices may be forgotten.

From a computational point of view, this allows to deal with a few pre-
determined models, contrary to what was proposed in [18] for a more complex
study.
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On the other hand, we have evaluated how affine deformations could be
corrected by our method. From a “theoretical” point of view (i.e. using a lot
of big markers !) we are always able to correct for scale or skew deformations
and it was “fun” to numerically verify that but : if it is realistic to consider
only 4 markers of 3/4 vozels size the conclusions are rather pessimistic :

- only a global affine transformation may be estimated

- models considering scale deformations versus skew deformations are not dif-
ferentiated

- local affine deformations is not captured by this approach.

We however have verified a very nice property: if we assume that scales are
known whereas skew deformations occurs, i.e. in (2), we only write

1 S9  S1
S(s)=1]s2 1 s
S1 So 1

these three parameters can easily be recovered in addition to the rotation
and translation. In our numerical simulations we have obtained a qualitative
precision of about 5 / 10 %.

This may be a track to use these markers to not only correct for motion
displacements but also pre-estimate inter-modalities deformations.

But, at the present stage, since we do not have “real data” available but
only simulations, we have no chance to really study these aspects.

6 Conclusion

We have experimented how suitable a rather “sophisticated” method of locali-
sation of known small markers in a data volume may help to correct for rigid
displacements and some deformations.

The present method had three goals :

Demonstrate that it is worth using such markers. We did it: contrary
to other methods based on data comparisons, we have here a true, ground
based, way of correcting these displacements and a very precise evalua-
tion of the method precision: say, 0.3 voxel.

Experiment which kind of markers should be used. This is done: we
have shown that using 4 markers (more is better for deformations estima-
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tion but not for motion correction) seems ok, while we must recommend
to have them as big as possible.

We also have seen that cubic markers would simplify and improve the
numerical estimation process, which has to be discussed with neuro-
scientists.

Evaluate how sophisticated such a mechanism could be. Not that much:

if rotation and translation is easily and accurately estimated, only global
deformations, function of a very small (say 2/3/4) number of parameters
could have been evaluated. However, our methodology allows to use any
non-linear transformation, e.g. quadratic, inhomogeneous, only in the
slices planes or orthogonal to them, etc...

A perspective of this work is thus to experiment, on real data, several

non-linear transformations, proposed by MRI physicians, corrected by
the “non-rigid residual error” of our localisation process.

As a consequence, this study will be pursued in the scope of a cooperative,

inter-disciplinary project, as quoted in the acknowledgements.

i [®] spmview

B Eilz Show Exchange

352 3z, 32, 13 7

32127, 113, 54)

Figure 16: A view of the interactive software used for the experimentations.

Thanks to suitable software developments (see Fig.16) the small modules

developed here will be easily experimented, modified and upgraded within the
scope of this project.
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A Using conic markers.

Here, we consider conic markers of maximal radius R and height H, as illus-
trated in Fig. 17.A.

A
H
X L C
y d(M)>0
B r
2
//1 /// _ -7
: ! !/ //5/// P
A

Figure 17: Computing the Euclidean distance to the conic marker surface, see
text.

In order to compute the R?* — R signed Euclidean distance to the conic
marker surface, we consider for a given point (z,y,2) two of its cylindrical
coordinates (r = 2>+ y?> > 0,z), as represented in Fig. 17.B. The conic
surface now reduces to two line-segments d and 1 in shown half-plane.
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Then, analysing the orientation of the point with respect to the points A
and B, we obtain six areas shown in Fig. 17.B. Finding the distance to the
conic surface reduces to the calculation of the distance to either the two points
A and B or the two lines d and 1, depending on the area.

This leads to the function given in Fig. 18 the result being shown in
Fig. 17.C.

dM = (z,y,7)) =

—

9 = Az, AB = arctan(R/H);
r= Va2 +y%
if r tan(f) + 2z < 0

then d(M, A) = /1?2 + 22

else
¢ = Az, MB = — arctan(r — R, H — z);
if p<0—11/2

then d(M,B) = \/(r — R)? + (2 — H)?
else if ¢ > 0/2+11/4
then d(M,1) =2z —- H
else dM,d) = (Hr — Rz)/VR? + H?

Figure 18: Computing the Euclidean distance to the conic marker surface, see
text.

A step further, we have to compute the first and second order momenta of
the conic volume and easily obtain :

0 15 R* 0 0
U = 0 and TQ = m 0 R2 0
3/4H 0 0 H%/M

considering the frame of reference of Fig. 17.A.
These quantities are computed by integration, over the conic marker vol-
ume, of a function f(z,y, z) defined at a point M = (z,y, 2):

H 5% 13 )
If:/o /0 /0 f(r cos(@),r sin(),z) rdf drdz
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Similarly, by integration over the conic marker surface, of a function g(z, y, 2; Ny, ny, 1)
defined at a point M = (z,y, z) of the surface, n = (n,,n,,n.) being the nor-
mal at this point:

I, = f! f()% g(r cos(0),r sin(f), z; cos(A) cos(d),cos(A) sin(f), —sin(A)) rdfdz
+ S S g(r cos(B),r sin(8), H;0,0,1) rdb dr

with tan(A) = £, from (12) we easily calculate, the information matrix:

kk 0 0 0 ka 0 0 0 0 %k 0 0
0 k 0 —k 0 0 O 0 0 0 k3 O
0 0 ks O 0 0 ks ke O 0 0 0
0 —ky 0 k7 0 0 0 0 0 0 ks O
L,k 0 0 0 k0 0 0 0 —ks 0 0
A_1_||gH 0o 0 0 0 0 0 0 0 0 0 0 0
¢ " vy |0 0 ks 0O 0 0 kg —-k¢ O O 0 0
0 0 ke O 0 0 —k9 ko O O 0 O
0 0 0 0 0 0 0 0 k31 O 0 0
ks 0 0 O —k O O 0 O ka2 0 O
0 k3 0 ks 0 0 0 0 0 0 ki O
0 0 0 0 0 0 0O 0 0 0 0 Fky |
(23)
with ) .
ko= 1/2 58
k, = 1/37 RH?
2(_
ky = —1/37RH (Rfjézz)(H+R)
b — Rz (RH+R?+H?)
4 — RZ+H?
ks = —7mRH
7 R2H(4 RH+3 R2+43 H>
kr = 1/4 (R*+ R?’H + H®) Rr
ks = 1/4 (R®*+ R’H — H®) Rr
ky = =wR2*H?
T 2 172 2
ko = Mot
3 173
o= 1/l
m R(H®—2 R*H*+ R*H+R°+R*H?)
\]{)12 - 1/4 R2+H?
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In particular, the rank of this information matrix is 11 and ranks of re-
lated information matrices for sphere, cylinder, cube, considering the different
displacements, strictly correspond to what has been given in Fig. 5.

B Defining a M-robust semi-norm.

In this paper we have to design criteria of the form:

L(q) = ; p(ve(q))

where v(q) is a “measurement error” we want to minimised attempting to
combine robustness with respect to outliers and optimality with respect to
uncertainty.

Let us discuss how to choose such a p() function.

In practice (e.g. [13], see [33] for a recent review in the field) one class of
such methods (M-estimation) consist of using a function p():

(i) close to the square function for small errors, since this is optimal with re-
spect to Gaussian additive noise,

(ii) close to the absolute value function for higher errors, in order to derive an
estimation with a small bias in the presence of outliers,

(iii) with a saturation of large value, at, say, twice the level of (in)distinguishable
values, in order to cancel the influence of aberrant data with a large error.

It appears [33] that the precise profile of the function p() is not relevant
since it depends upon the (unknown) statistics of the errors. Here, we have
to choose a profile which eliminates influence of outliers and have adapted the
Welsh operator as follows.
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We consider a strictly increasing, symmetric, fully differentiable function,
with a unique minimum, p() having the following'! properties:

p(0) = 0  p(0) = 0 p'(0) = 2 p"0) = 0 p”(0) = 0
plu) = 5 pu) = u p'u) = 0 pu) = 0 p"(u) =~ 0
ploo) = K pM(c0) = 0 Vn > 0

for which, with x = 2 u?:

ole) = % (1 - (1 + %) e—2§> =+ 0

is a suitable candidate with p(u) = 0.48k and p'(u) = 1.47u, as shown in
figure 19.

Figure 19: The M-estimator profile used in the estimation process, for k = 2.

With this profile, if || > €mar With €4, ~ 4u the function is 99.9%
saturated and the term has no influence anymore. As a consequence, this
automatically eliminates the influence of “gross” errors.

' These properties state that :
(i) p() is close to € — € around zero,
(ii) p() is not far from e — |e| for intermediate errors (half of the saturation),
(iii) p() saturates for larger errors,
as required by the specifications.
In fact, more stronger constraints can easily be stated and the corresponding function can
always be numerically computed and hence tabulated to be used in the minimisation process
... but it appears that the practical gain is negligible, whereas the proposed function is a
nice compromise.
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This function is convex for |¢| < u as required for the minimisation process.
Its asymptotic efficiency'® on the standard distribution for |¢| < u is 97 % thus
better than usual M-estimators [33] since it is closed to a least-square criterion
for small values.

Here, for small residuals the criterion may be treated as a Z* criterion (i.e.
a Mahalanobis distance) providing that errors on the residuals are additive
and follow a standard Gaussian distribution.

2
12This efficiency is defined by the ratio: lim,_ oo % where s,, is an estimation

obtained from a Gaussian optimal operator and r,, obtained from the M-estimator.
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