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Abstract: We study in this paper the stability of a fluid queue with an infinite capacity
buffer. The input and service rates are governed by a general stochastic process and are allowed
to depend on the fluid level in the buffer. The variability of the traffic is modeled by a Brownian
motion and a local variance function which also depends on the fluid level in the buffer. The
behavior of this second order fluid flow model is described by a reflected stochastic differential
equation and, under stationarity and ergodicity assumptions, we obtain stability conditions for
this general fluid queue.
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Stability, Lindley’s equation.
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Analyse de la stabilité de modéles fluides du second ordre
avec parameétres dépendant de I’état

Résumé : Nous étudions dans cet article la stabilité d’une file d’attente fluide de capacité
infinie. Les taux d’entrée et de service sont controlés par un processus stochastique général et
peuvent dépendre du niveau de fluide dans la file. La variabilité du trafic est modélisée par un
mouvement brownien et une fonction de variance locale qui dépend aussi du niveau de fluide
dans la file. Le comportement de ce modéle fluide du second ordre est décrit par une équation
différentielle stochastique réfléchie et, sous des hypothéses de stationnarité et d’ergodicité, nous
obtenons des conditions de stabilité pour cette file d’attente générale.

Mots-clé : Files d’attente fluide, mouvement brownien, équations différentielles stochastiques
réfléchies, stabilité, équation de Lindley.
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1 Introduction

Fluid flow models are widely used in performance evaluation of high-speed communication
network. Typically, the fluid represents information stored in a buffer and waiting for trans-
mission in a network. The arrival and service processes are modulated by a random external
environment and the quantity of interest is the behavior of the buffer level. A lot of papers,
see among others [1], [10], [13], [7], [11], [12] and the references therein, considered the case
where the random external environment is a continuous time Markov chain (CTMC) with a
finite or infinite state space. In these papers, the input and output rates of the buffer are both
piecewise constant, depending on the state of the Markov process. Extensions of this model
can be found in [8] where the authors deal with the case where the input and output rates
of the buffer may also depend on the buffer level. More recently, in [4] and [2|, new models
(called second order models) were introduced by adding a “white noise” factor which represents
in practice the variability of the traffic during the transmission periods. The fluid level was thus
described by a reflected Brownian motion modulated by a CTMC X. When the CTMC X is
in state ¢, the fluid level is modeled by a reflected Brownian motion with drift b; and variance
parameter 2. In these two papers an expression for the tail distribution of the fluid level in
the buffer is explicitly obtained. In the state-of-the-art [7], the author mentioned as further
work the importance of the study of such models with arrivals and services depending on the
fluid level.

In this paper, we consider a fluid flow model driven by a general stochastic process (not
necessarily a Markov process) where the arrival and service rates are allowed to depend on the
fluid level in the buffer. The variability of the traffic is modeled by a Brownian motion and a
local variance function which also depends on the fluid level in the buffer. This generalization
leads in particular to the use of the [t6’s stochastic integral, and the well-known differential
equations used in [11] become stochastic differential equations with reflection at 0. The fluid
level process with these level-dependent drift and variance coefficients is, essentially, a reflected
Brownian motion which has been altered, at each instant, by changing its drift and its variance.
The main result of this paper is obtaining, under stationarity and ergodicity assumptions,
stability conditions for such models, i.e. conditions for the existence of the limiting behavior
for the fluid level in the buffer.

The remainder of the paper is organized as follows. The model and notation is introduced
in the next section. In Section 3, we solve the Lindley’s equation corresponding to that model.
The main results and concluding remarks, concerning the stability of the fluid queue, are proved
in Section 4.

2 Model and notation

Consider an infinite capacity buffer where fluid enters and exits according to the behavior of a
general stochastic process denoted by X = {X(¢), ¢t > 0}. Let Q(¢) denote the amount of fluid
in the buffer at time ¢t. The input and service rates in the buffer are denoted respectively by
AMX(t),Q(t)) and u(X(t),Q(t)). They are both nonnegative and depend on the environment
and the fluid level at time t. Their difference is called the local drift and is denoted by

b(X (1), Q1) = A(X (1), Q(t) — (X (1), Q(1)).
The variability of the traffic at time ¢ is represented by a Brownian motion {B;} and a local

variance function o (X (t),Q(t)). The behavior of the process {Q(¢)} is thus described by the
RR n"4133



4 L. Rabehasaina and B. Sericola

following reflected stochastic differential equation (RSDE)
4Q(t) = (X (1), Q1)) dt + o(X (1), Q1) dB, + dL(t), 1)

so-called because 0 is a reflecting barrier, where the stochastic process L = {L(t), t > 0} is
an increasing process introduced to prevent {Q(¢)} from being negative. Relation (1) is very
compact and covers a broad range of situations.

Suppose, for instance, that we do not take into account the random part of relation (1) by
taking o(X(t),Q(t)) = 0. In that case, we obtain the following classical differential equation
(see [11])

d (X (1),Q(t) if Q) >0
%Q(”—{ QU if Q) =0

by setting dL(t) = b(X(t), Q(t)) Ligu)=o0}dt, where 2+ = max(z,0) and 2~ = (—x)*.
Let us now establish more rlgorously the setting in which we will work from now on.

2.1 Mathematical framework

Let (Q,F, P) be a probabilistic space, endowed with a set of one-to-one measurable transfor-
mations {6; : (Q,F,P) — (Q,F, P)}icr forming a flow, i.e. such that 6, o 6, = 6, for all s
and t. We assume that the probability P is f;-invariant, i.e. P(6;'A) = P(A) for all t € R and
A € F. We denote by {X(¢), t € R} a stochastic process with values in X C R¢, cadlag, and
compatible with the flow, i.e. such that Vs,t € R and w € Q, X(s,6,w) = X(s+ t,w). Note
that the process X is deliberately dealt with as much generality as possible and is stationary
because of the invariance of P under {6;}. Let {B;, t € R} be a Brownian motion with real
values, and compatible with the flow and let (F;) be a right continuous filtration such that
{B:} and {X (¢t)} are (F;)-adapted. We assume that

o (Q,F,P,{6:}) is ergodic.

The function b : X x [0, +00) — R is lower bounded.

The function o : X x [0,+00) — R is bounded.

The functions b and ¢ are both Lipschitz in ¢ with respect to second variable, i.e. 3C > 0,
Vt € R such that Vz,z' > 0,

[b(X (1), z) = b(X (1), 2")| + |o(X(t), z) — o(X(2),2")| < Cla —|.

SUpP,> b(X (0),z) € L'. Note that this condition is always satisfied when the function b is
bounded.

Under these conditions, for a fixed v € R and for a fixed square integrable random variable
Y > 0, the following RSDE

dc(xg) = B(X(£), Q)dt + o(X(£), Q()dB, + dL(t) for t > u
Qu) =Y

Qi) > 0 fort>u (2)
L(t) = /ull{Q(s O}dL ) fortZu INRIA
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has a unique solution couple (Q(%), L(t))i>u, (Fi)-adapted, where {Q(¢)} and {L(t)} are both
continuous and nonnegative and {L(t¢)} is increasing. The proof of this result can be found
in [6]. We see that the process {L(t)} is linked to the process {Q(t)} interfering only when
Q(t) = 0 and “prodding it upward” whenever Q(t) has a tendency to go downwards while
approaching zero, i.e. whenever intuitively,“b(X (¢),0)dt + o(X (¢),0)dB; < 0”.

It is shown in [6, p. 118] that, for a fixed u € R, the couple (Q(t), L(t))>y is the unique
solution to the following system of equations in the unknown couple (z(t), k(t))

N
—

~~
N—r

|

/ut [b(X (s),Q(s))ds + (X (s),Q(s))dBs| + k(t) fort>u
z(t) > 0 fort>u

t
k(t) = / ﬂ{z(s)zo}dk(s) for ¢ Z u,

and, necessarily,

£t = sup (= [ BOX),QE)dw +o(X (), Q))dB,] ) (3)

s€u,t]
Roughly speaking, since L(t) is increasing only when Q(¢) = 0, we formally have the (non
rigorous) expression “dL(t) = [b(X (t), Q(t))dt + o (X (1), Q(t))dB;]™ Low=o"-
We suppose that the buffer is initially empty, i.e. that Q(0) = 0, and we define the stability
and the unstability of the fluid queue as follows.

Definition 2.1 The queue is said to be stable if there exists an almost surely finite random
variable W such that Q(t) converges in law to W when t tends to infinity. The queue is said
to be unstable if Vx > 0, lim; o P(Q(t) > z) = 1.

3 Lindley’s stationarity equation

As usual, a key to state a stability criterion is to solve an equation of the Lindley-type (see
[9]). The unique solution to the RSDE (2) is in fact a function of the real number u and the
nonnegative random variable Y. We consider the solution when Y = 0 and we denote it by
(Qu(t), Ly(t))i>y to make visible the dependence on u. @Q,(t) is thus the amount of fluid in
the buffer at time ¢t when the buffer is empty at time u. We set by convention @, (t) = 0 and
L,(t) =0 for t < u. We then have the following results.

Proposition 3.1 Let (V' k})i>u and (Y2, k?)i>u be two solutions to the following RSDE

dY; = b(X(t),Yy)dt+ o(X(t),Y:)dB;+dky fort>u
Y, > 0 t>

¢ 2 0 fort>u (4)
b= [ lygdk,  fort>u

where (ki)i>y @S an increasing continuous process.
If V! > Y2 then we have, for all t > u,

1) V' > Y2,

2) Vh >0,0<kl, — kb <K%, — k2
RR n~°4133



6 L. Rabehasaina and B. Sericola

Proof. See Appendix A. [ |

This proposition is used to prove the following lemma.

Lemma 3.2 Let u, t, and t' be arbitrary real numbers with v < t < t'. For every h > 0, we
have

1) 0< Qu(t) < Qu-n(?).

2) 0 < Ly p(t") — Ly n(t) < Ly(t") — Ly(t).
Proof. Consider the RSDE (4) with Y, = 0. From equation (2), the unique solution to this
equation is given by Y2 = Q,(t) and k? = L,(t).

Let h > 0 and consider again the RSDE (4) with Y,, = Qu_n(u). From equation (2), the
unique solution to this equation is given by Y;! = Qy_1(¢) and k} = L, _p(t) — Ly_n(u).

We have Y2 =0 < Q,_x(u) =Y}, so we can apply proposition 3.1 which leads to

Qu-n(t) =Y} > ¥ = Qu(t),
and, since t' > t,
Lu-n(t') = Lu-n(t) = ky — ky < ki — ki = Lu(t') — Lu(2),
which completes the proof. [ |
The stationary equation of the Lindley-type is given in the following proposition.

Proposition 3.3 There exists a nonnegative random variable W which is either finite a.s. or
infinite a.s., and a process {L(t,v)}i>y, increasing in t and decreasing in v, satisfying, whenever
W is finite, Vt > v,

Wof,=Wod, +/ ), W o6,) ds+/ s),W 08,)dB, + L(t,v) Pas  (5)

Proof. Consider again the solution (Qy(s), Ly(s))s>y to equation (2) with Y = 0 and Q,(s) =0
and L,(s) = 0 for s < u. Since (Qy(s), Ly(s)) is the solution to (2) then, for every t € R,
(Qu(s) 00, Ly(s) 0 6;)s>y is the solution to

dQ(s)
Q(u)
Q(s)

L(s)

b(X(s) o0, Q(s))ds + a(X(s) 0 b, Q(s))d(Bs o b;) + dL(s)

o

(6)

AV
o

/u H{Q(Z)ZO}dL(x)

The processes {X(¢)} and {B;} being compatible with the flow {6;}, we have that, for
we Q, X(s,0w) = X(s+t,w) and By o ;(w) = Bsyy(w). It thus follows that, system (6) is
equal to

dc(g ;) = b(X(s+1),Q(s))ds + o(X(s + 1), Q(s))dBy sy + dL(s)
Qu) = 0

Qs) >

L(s) = /H{Q oy dL(x) INRIA
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By the uniqueness of their solution, we have

Vi, s € R (Qu(s) o8y, Ly(s) 06;) = (Quas(s +1), Lyrs(s+1)) P as. (7)

Let u, t and ¢ be real numbers such that « < ¢ < ¢/. From Lemma 3.2, Q,(0) increases
when u decreases and the difference L, (t") — L,(t) decreases when u decreases. We thus define
the following limits

W= lim 7 Qu0) and L(Y. 1) = lim_ N\ (L(t) = Lu(0).
Intuitively, W is the level of fluid in the buffer at time ¢ = 0 when the buffer is empty at time
—0Q.

The rest of the proof is divided in two steps.

Step 1: We show that the event {W = +oo} is 6;-invariant for every t € R. We detail the
proof only for nonnegative values of ¢, the opposite case being similar.

Let u, v, and t be real numbers such that v < v <t with v <0 and t > 0. We have

Qu(o)ogt - Qu+t(t)

= Qi)+ [ HX(9), Quussds + [ (X (), Quecls))dB
+ Lut4(t) = Lusa(v)

= Quara(0)0 00+ [ DX, Quias(0) 0 8)ds + [ a(X(5), Quur-o(0) o 6,)dB,
+ Lut(t) — Lute(v), (8)

where the first and third equalities are due to relation (7), and the second one is obtained by
using relation (2).
If v =0, we obtain © < 0 <t and

Qu(0)ob;, = Qu(0 +/ 5), Quit—s(0) 0 O, d5+/ 5), Quit—s(0) 0 05)d B,
+ Luwi(t) — Lu—l—t(o)- (9)
Consider separately the three terms of the right hand side of (9).

b(X(s), Quit—s(0) o Bs)ds is uniformly lower bounded with respect to u because b is lower

0
bounded.
From Lemma 3.2, we have for v+t < 0,

Luss(t) — Loss(0) < Lo(t) — Lo(0) = Lo(t) < 00 aus.

Thus, Ly44(t) — Ly44(0) is uniformly bounded with respect to u a.s., for v + ¢ < 0.
The function o is bounded, so there exists a sequence of random variables {uy }ren tending
to —oo as k — +o00, and an (F;)-adapted process {I(s)}s<:, such that

O'(X(S), Quk—l—t—s(o) o 95) Ic—>—o>o l(S) a.s.

By using the dominated convergence theorem, we get

t

t
/ag@gwﬂwo@mfe I(s)dB, in L?
RR n°4133 0 koo /0



8 L. Rabehasaina and B. Sericola

where L? denotes the set of square integrable processes on (Q, F, P). We may suppose that
this convergence occurs almost surely, by extracting a subsequence from the sequence {uy}ren-

t
Hence, we may suppose that the sequence {/ (X (s), Quu+t—s(0) 0 Hs)st} is bounded
0 kEN

almost surely.
Suppose that for a fixed w we have W (w) = +o0o. We thus have, by definition of W,

Jm Quy)+4(0,w) = W(w) = +oo.
By writing the relation (9) with u; instead of v and by taking the limit when k& — oo, we get
kli_r)noo Quy(w) (0, Oyw) = +o0.

By definition of W, we obtain that W (6,w) = +o00. This means that the event {WW = +o0} is
f;-invariant and thus, by ergodicity, we have

P(W =400)=0 or P(W=+0c0)=1.

Step 2: Suppose that W is finite a.s. and consider the relation (8). As the function b is
continuous with respect to the second variable, and since Q¢ s(0) o f; converges increasingly
to W o 6, when u tends to —oo, we get

/v b(X(5), Quer-(0) 0 B)ds = / b(X(s), W o 6,)ds.

As the function ¢ is continuous with respect to the second variable and bounded, we get

/ta(X(s),Qu+t_s(0)o@s)st - /ta(X(s),Wo()s)st in I2.

As seen previously, we may consider, by taking a subsequence, that this convergence holds
almost surely.

Finally, by definition, we have L, (t) — Ly4+(v) — L(t,v) a.s. when u — —oo and so, by
taking the limit when u — —oo in relation (8), we obtain the desired relation (5). |

Proposition 3.4 The amount of fluid {Qo(t)}i>0 converges in law to W, that is

Qolt) = W

t—+o00

Proof. Since the process X is stationary, and as Qy(0) = 0, we have that
Vi <0, Qu(0) £ Qo(—u).

Then by letting u — —o0, we get Qo(t) £ow. [ |

t—+oc
Note that in the case where W = +o00 a.s., we have

Ve >0, P(Qo(t) >z)=P(Q_+(0)>x) = 1.

INRIA
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4 Stability of the queue
In order to establish the main result of this paper, we need the two following technical lemmas.

Lemma 4.1 Let V be a nonnegative, a.s. finite random variable such that, for every t € R,
Vob;—V &L Then E(Vof;—V)=0 for every t € R.

Proof. The proof is fairly standard (see for instance [3, p. 77]). For all M > 0, the random
variables (V o 6;) A M and V A M are both in L' and, since the probability P is §;-invariant,
we have

E(Vob)ANM—-V ANM)=0.

Moreover,
(Vo )AM -V AM|<|Vob—V]elL!

and (Vo) AM —V A M converges to V o0, —V as M tends to infinity. By the dominated
convergence theorem, we obtain that

EVodAM-VAM) — EVob —V),

M—oo

and so we conclude that E(V o, — V) = 0. u

Lemma 4.2 For all t,u € R such that u < t, we have

1) sup |b(X(0),z)| € L .

z>0

¢
2) [ sup|b(X(v),z)|dv € L.

u >0

3) L,(t)e L.

Proof. Let m be the lower bound of function b. For the first point, we have

B (sup bx(0.)]) < E (sup bX(0). )= ml) +

>0 >0

- B <Sup b(X(O),x)) —m+ |m)

>0
< 400 by hypothesis.

For the second point, by Fubini’s theorem and by the stationarity of {X ()}, we get

E (/t sup \b(X(v),:v)\dv) - /utE (sup \b(X(v),:c)\) dv

>0 >0

= (t= 0 (supl0Cx(0).)]

< oo from point 1).

RR n~"4133
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For the third point, recall that in view of (3),
Luft) = sp (= [0, Qu)do + o (X (), Qule)dB)
Hence, as Ly(f) > 0, we have
02 BL0) = B (s (- ["BOC Q0+ 000 Quei5) )

s€u,t]

/u " o(X(0), Qu(v))dB,

< E(sup

s€[u,t]

/us b(X (v), Qu(v))dv + o (X (v), Qyu(v))dB,)]

) + FE < sup
S€[u,t]

) < 2w [ B0t Q0]

).

< E(sup

s€[u,t]

/u B(X (0), Qu(v))dv

Consider these two terms separately. We have

| X @), Qu))an

E(sup

s€u,t]

= B ([ X, Queldv)
E (/ut sup \b(X(v),a:)\dv)

x>0

IN

< +oo from point 2).

Let M denote the bound of the function o. By the Burkholder-Davis-Gundy inequality |5,
p. 166], there exists a constant C' such that

s t 1/2
E X(v),Q,(v))dB,||] < CE X(v),Q, 2d
(s, | otxon.uonan]) < cr(([xw.aurm) )
< Ct—u)’M < 4o,
which completes the proof. [ |

The main contribution of this paper is the following theorem. It establishes that the buffer
does not fill indefinitely as long as, on average, the drift is negative when the level of fluid in
the buffer is high. The second assertion means that, since the drift is in average positive, the
fluid builds up in the buffer. It can also be noted that the random component in the equation
does not affect the stability condition.

Theorem 4.3

1) If E(limsup b(X(0),z)) < 0 then the queue is stable.

T—00

2) If E(iI;% b(X(0),x)) > 0 then the queue is unstable.

INRIA



oLavLIly Anatysis of oecona Uraer riuta r£iow Moaets ...

Proof. The assumption sup b(X(0),z) € L' implies that lim sup b(X (0),x)) € L'. To prove
>0 T—00
the first assertion it suffices to prove that if W = 400 a.s. then E(limsup b(X(0),x)) > 0.
T—00

So, suppose that W = +o00 a.s. and let w < 0 and ¢t > 0. Since P is f;-invariant we have

E(Qu(o) © Gt) = E(Qu(o))

From Lemma 3.2, ,(0) is decreasing in u, thus we have E(Q,(0) — Qy++(0)) > 0. Combining
these two relations, we obtain that

E(Qu(0) 0 0 — Qu41(0)) = E(Qu(0) — Qu4(0)) = 0.

Replacing the value of Q,(0) o 8; — Q,+(0) by its expression in relation (9), we get, since the
martingale part has a null expectation,

o<E ([ DX (), Quar—s(0) 0 0)ds ) + E(Lusa(t) = Lusa(0). (10)

Observing that Q,;s(0) 0§, increases from Qy1 4 5(0) 0 65 to +00 when v decreases from u to
—00, we obtain that

b(X(S), Qu+t—s(0) © 95) S sup b(X(S), Qv+t—s (0) © 95)

v<u
= sup  b(X(s),2)
$2Qu+t—s(0)003

< supb(X(s), ),

z>0

¢
and [ supb(X(s),z)ds € L' from the point 2) of Lemma 4.2. By definition of W, we have
0 z>0

lim,\, 0o /" Qu(0) = W = +o00, thus using the dominated convergence theorem, we get

E(/Ot sup b(X(s),x)ds) N E( tlimsupb(X(s),$)ds).

>Qu+t—s(0)obs uN—00 0 z—=4oco

On the other hand, we have using the second assertion of Lemma 3.2, that dL,:(s) < dLgy(s),
for u < —t. Thus

] i
0 < Luyy(t) — Lutt(0) = /O 14Qusi(s)=0y A Lue(s) < /0 14 Qu4(s)=0y @ Lo (s)- (11)
We have seen in the previous section that the difference L, +(t) — L,1+(0) converges decreas-

ingly to a limit L(¢,0) when u \, —oco. Since W = 400, we obtain by using the dominated
convergence theorem that

Lu+t(t) - Lu+t(0) u\——>oo L(t7 0) =0.
Thanks to Lemma 4.2, L, 4(t) — Ly.+(0) € L', and thus

E(Lys(t) — Luss(0)) — B(L(t,0)) = 0.

uN\—00

RR n"4133
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Using these results, the relation (10), at point ¢ = 1, leads to

0<E ( Jim sup b(X(s),a:)ds) _F (lim sup b(X(O),a:)> ,

0 z—+oo r—+00

by Fubini’s theorem and the stationarity of the process {X(¢)}. This completes the proof of
the first assertion.
To prove the second assertion, let us suppose that W < +o0 a.s., and let ¢ > 0.

t
In that case, / o(X(s), W o6,)dB; is integrable since ¢ is bounded. Concerning function
0
b, we have, from point 2) of Lemma 4.2

dl

/Otb(X(S), W o 0,)ds ) < E (/Ot (X (5), W 0 8,)| ds)

< E(/Otig%\b(X(s),xﬂds) < 4o

Moreover, L(t,0) is also integrable since

0<L(t,0) = _lm N [Lu(t) = Lu(0)] < Lo(t) — Lo(0) = Lo(t),

uN\—oo, u<0

and from point 3) of Lemma 4.2, Ly(t) € L. Tt thus follows from relation (5), for v = 0, that
W o6, — W is integrable and, from Lemma 4.1, we obtain E(W o 6; — W) = 0. This leads, by
using again Fubini’s Theorem and the stationarity of the process {X (¢)}, to

0= E(Wob—W) = E (/Ot B(X(s), W o 95)d5> + B(L(t,0))
_ /Ot B (b(X(s), W 08,)) ds + E(L(t, 0))
— tE(b(X(0),W)) + E(L(t,0)). (12)

Now, since, L(¢,0) > 0, we obtain at point ¢ = 1,

0> E(b(X(0),W))>F (inf b(X(0), 1‘)) ;

x>0

which completes the proof. [ |

Corollary 4.4 If E(limsup b(X(0),x)) < 0 then for every t > 0, we have

T—00

E(L(t,0)) = —tE(b(X(0), W)).

Proof. If E(limsup b(X(0),z)) < 0, we have from Theorem 4.3 that the queue is stable, which
T—>00
means that W is a.s. finite. We thus get immediately the result from relation (12). |

This corollary leads to the following interesting remarks in the case where the condition
E(lim sup b(X(0),z)) < 0 is satisfied, which implies in particular, from Theorem 4.3, that the
—00

queue is stable.
INRIA
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1) E(b(X(0),W)) <0, since L(t,0) is nonnegative.

2) If E(b(X(0),W)) < 0 then L(¢,0) > 0 on a non negligible set. This means that we are
sure that the buffer empties in stationary regime, i.e. P(W = 0) > 0. Indeed, if W > 0
a.s. then from relation (11) with u \, —oo, we obtain L(¢,0) = 0.

3) If E(b(X(0),W)) = 0 then L(¢,0) = 0, since L(¢,0) is nonnegative. This means that
the buffer may or may not be emptied in stationary regime, i.e. we can have either
P(W =0) = 0or P(W = 0) > 0. To illustrate these situations, let us consider the
following deterministic cases:

e 0(X(t),z) = 0 and b(X(t),x) = 0. In that case, we have dQ(¢) = 0 which means
that Q(t) = 0 and so W = 0. We thus get E(b(X(0),W)) = 0 and the buffer is
always empty.

e 0(X(t),z) =0 and b(X(t),xz) = cos(x). In that case, we have dQ(t) = cos(Q(t))dt
which means that Q(¢) = 2arctan(e’) — 7/2 and so W = 7/2. We thus have
E(b(X(0),W)) = cos(m/2) = 0, and the buffer is never empty in stationary regime.

Besides, we may note, from relation (5) that, since L(¢,0) = 0, {W o 6,}, satisfies a
conventional (non reflected) SDE [5].

Appendix A. Proof of Proposition 3.1

The proof of the first point of Proposition 3.1 can be found in [6]. Roughly speaking, the second

point states that, since Y! is above Y2, then Y hits 0 less often than Y2.

Formally, let ¢ > u, h > 0. The process {k;} being increasing, we have ki , — k; > 0. It

remains to prove that (k;,, — k}) — (k7,, — ki) <0.
By definition of k;, we have

t+h t+h
(ktl-i—h - ktl) - (kg—f—h - kt2) = /t I].{y;lzo}dk; — /t :H‘{Y?:O}dkz
t+h t+h
= /t ]].{y;lz()}d(kl —_ k2)s +/t' (]].{Yslzo} —_ I]_{Y;QZ()}) dk?
t+h L )
< /t Tgya=oyd(k™ — k%)s,

where we have used the result of the first point, that is V! > Y2, to get Lyya—oy < Liyz—gy-
t+h

In order to complete the proof, it suffices to show that / ]].{Yslzo}d(kl — k%), =0.

t

Let us define
7 = inf{v > t|Y,} = 0}.

7 is a stopping time taking its values in [t, +00]. Since Y} > 0 for s € [t,T), we have

TA(t+h)
[ tyagdk' — K, =0,
t

and thus,
/Hh gy, = [ d(k* — k?)
Tyyi—nd(k™ — k%), —/ - —k%),.
o L=y ) nny =0
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Finally, we have to show that

t+h L

Tiyi—yd(k™ — k%), = 0. 13

/‘T/\(t+h) (=0} ( ) (13)

By definition of 7, we have Y = 0. Since, from the first point of the proposition, we have

0 < Y2 <Y] it follows that Y, = Y,' = 0. So the idea is to show that since at time 7 both

processes are equal, they are also equal for s > 7, when 7 is finite, that is Y? = Y! for s > 7.
We will then obtain dk! = dk? for s > 7, which leads to relation (13)

For that purpose, let us introduce a sequence (¢,), of functions of C2(R,R) such that

¢n(0) = ¢, (0) = 0 and

— ()"

o
A
S
3
&
S
1
+
3

0 Z (ID’IIL('/L‘) n—-+o00 22"
0 > ¢hla) \-I—‘ — 21 {z<0}-
This can be done by taking for instance
0 if >0
na? " 1 0
g T 1 .
-z = ——— if < ——.
n  3n? n
Let us define Z; = Y2 - Y} and Z, = Zy,, = Y2, — Y],,. We set for convenience Z,, = 0, so

that Z, = 0. Applying Ito’s formula to ¢, (Z;), we get
dpn(Zs) = ¢ (Zs)dZ, + sD n(Zs)d <Z>,

and if ; and 75 are uniformly bounded stopping times such that 7, < 75, we obtain

on(Zy) — on(Zs,) = / " enZ)az,+ 5 / Z)d <Z>, . (14)

Let T € [t,t+ h] and consider the stopping times 7y = (tVT)A(t+h) and 7o = (T'V 1) A(t+h).
Note that, in fact 7y = 7A(t+h), since by definition of 7, we have t < 7. We have r; < 7, < {t+h
and ¢n(Z;,) — on(Zr) = 0u(Z1) — on(Zt). Indeed,

[ ] 1f7'2t+h, 7'2:71:t+hand?T:ZTVT:ZT:ZtVT:Zg

e if 7 < t+ h, , = TV, which gives Z,, = Zpy, = Zr and 7, = 7, which gives

ZTl = ZT = 7t-
Relation (14) can thus be written as
— — (TVT)A(t+h) (TvT) /\(t—|—h)
on(ZT) — ¢n(Zt) =/ O (Zs)dZs + = / "(Z)d <Z>, .
TA(t+h) A(t+h)

By distinguishing again the cases 7 >t + h and 7 < ¢ + h, we have

Tis<ry Lisepratn),(@vnae+n)y = 0 and Tiss>n Liseiran),@vo)ac+n)y = Lis>r} Lise,m))s
INRIA
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thus we get

_ _ T 1 T
(pn(ZT) - (pn(Zt) = /t IL{SZT}QD;L(ZS)dZs + é/t l{szT}wg(Zs)d <Z>s -

Recalling that Z, = Y? — Y, and using relation (4), we obtain

onZr) = 0nZ) = [ Lz eh(Z)[H(X(5),Y2) = b(X(5), ¥, s
[ L (200 (X(5).¥2) — (X (), ;)] aB,
+ tT Lis>ryn(Zs)d(k? = k'),
+ 5 [ Lenl(2) [o(X(5),Y2) = 0(X(5), V)] ds.

Now, since the conditions s > 7 and s € [¢,T") imply that (s V 7) A (¢t + h) = s, we have

T
on(Z1) — pn(Zy) = /t H{SZT}W;(ZS) [b(X(s), Y—(.2SVT)/\(t+h)) —b(X(s), Y(ivf)/\(t+h))]d5

T
+ /t ﬂ{szf}ﬁp;(zs)[U(X(S),Y(zw)/\(mh))_U(X(S),Yévf)/\(mh))]st

2
+ 2/, H{SZT}@Z(ZS) [U(X(S)a }/i?svT)A(t+h)> —o(X(s), Y(iw)/\(t-kh))] ds.

Moreover, we have

Z
]]-{SZT}(IQ'I[L(ZS) + ]l{s<7'}99’n(0)
= ]l{sZT}(fQ;z(ZS)’ since QDLL(O) =

and the same result holds for ¢!, so we get

T
en(Z1) = on(Zs) = /t @n(Zs) [b(X(S)a Yivmaweny) — (X (s), }/(}sVT)/\(t—‘rh))}ds
T _
+ /t Pn(Zs) [U(Sa Yivnnasny) — (5, Yévf)A(thh))}st
T _
+ [ e @dw -k,
t
L, 2 1 2
+ B /t ©n(Zs) [U(X(S)a Y(sw)/\(t+h)> —o(X(s), Y(svr)/\(H—h))] ds.
Taking the expectation, and since the martingale part has a null expectation, we obtain
_ _ T _
Elpa(Zr)) = Elea(Z0) = [ E(AZ X ), Yumnen) = B (), Vivmneen)] ) ds
T _
w5 ([ @i - 1),)
t

T 1, = 2
+ [ B (56020 [r(X (), Yumnn) — 0(X (). Vivmnean)] ) ds
RR n~"4133
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Taking now the limit when n — 400, we get
— —— T —_—
B(Z7P) ~ B(Z)) = [ E(=2Z: b0 Y mnean) = X3 Vimnean)] ) ds
T —_—
4+ E (/ o7 d(k? — k1)5>
t

T 2
[ B (L [70X6) YEumm) = 0(X(3), Yivmen)] ) s

Note that since t < 7, we have Z;, = Z, = 0, so E((Z, )?) = 0. We treat the first and the third
term of this last relation together and the second one separately.

e Consider the first and the third term. Let s € [¢t,T). If s > 7, we have Zsyrja(t+n) =

Zy=Zsand if s < 7, we have Z, = Z, = 0. So, since the functions b and ¢ are Lipschitz
we get

27,

b(X(s), Yéw)/\(t-kh)) — b(X(s), Y(iw)/\(t—kh))‘ < 207;|7S|
= 20(Z,),
and
2 1 2 2 = |2
1{73<0} [U(X(S)a Y(svT)/\(Hh)) —o(X(s), Y(er)/\(Hh))] < C Il{75<0}|Z5|
= oz
e Consider now the second term. We have 7, = Z_ 1 (Z,<o0y» and
0 S ]].{73<0}dki S ]]-{YS2—Y31<O}dk51 S ]1{ysl>0}dk; = O,
by definition of the process (k!). It thus follows that
T—_
/ Z-dk!l =0,
t

which leads to . .
/ 27 d(k? — kY), = —2/ 7. dk? < 0.
t t

E (/tT 97 d(k? — kl)s) <.

Putting together these results, we obtain

In particular, we get

—_— T —_—
B(Z7)?) < C(C+2) [ B((Z,))ds.
t
According to Gronwall’s lemma, we obtain that E((Z7)?) = 0, for every T € [t,t + h], which
means that Z7 > 0, that is YA, > Y], for every T € [t,t + h], whenever 7 is finite. Now,
since the first point of the lemma states that Y,! > Y2 for every s > u, we conclude that

Y}, = YA, for every T € [t,t + h].
INRIA
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So, for 7 < s <t + h, we have Y! = Y2, and thus
dk! = dY} —b(X(s), Y ds — o(X(s),Y})dB,
dY? —b(X(s),Y)ds — 0(X(s),Y?)dB,
= dk,
which means that

e 1 d(kt — k? 0
/T/\(H—h) =0y d(k” = k%), =0,

and this completes the proof.
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