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Une Méthode d’Eléments Finis Stabilisée
non-usuelle
pour un probléme de Stokes generalisé

Résumé : Une nouvelle méthode d’éléments finis stabilisée non-usuelle est
proposée et analysée pour un probléme de Stokes généralisé avec un terme d’
ordre zéro dominant. La méthode consiste a soustraire un terme dépendant
du maillage de la formulation sans comprometre la consistence de la méthode.
Pour construire ce nouveau terme et aussi pour la construction du paramétre
de stabilisation nous nous sommes basés sur la méthode de condensation de la
bulle. Nous démontrons la stabilité de la méthode et des estimations d’erreur
optimales. Finalement, des experiences numeériques confirmant nos résultats
théoriques sont montrés.

Mots-clés : fonctions bulle, probléme de Stokes généralisé, méthode stabili-
sée.
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4 G. Barrenechea and F. Valentin

1 Introduction

Numerical solution of Stokes-like systems presents a major difficulty, namely,
the need for a compatibility condition (the inf-sup condition, see [13], [5], and
the references therein) relating the discrete spaces used to approximate the
velocity field u and the pressure p. It is a well known fact that equal order
interpolation spaces for velocity and pressure, which are the most attractive
spaces from an implementational point of view, fail to satisfy this condition.
To overcome this difficulty, in the mid eighties Hughes et.al. [18], [17] and
Brezzi et. al. [7], [6] introduced a new formulation based on a Petrov-Galerkin
idea that consists in adding a mesh dependent term to the formulation in
order to make stable pairs of spaces that weren’t stable. This new formulation
received the name of Stabilized Finite Element Methods. An error analysis
was performed in all previous references based on a H!-type seminorm for the
pressure, analysis that was improved in [11] where optimal order approximation
results were obtained using the L?-norm of the pressure.

On the other hand, stabilized finite element methods for problems with
zeroth order terms have been derived in the last few years. In [15] a stabilized
finite element method was proposed for the advective-diffusive equation with a
production term. In [21] a Streamline Diffusion Finite Element Method (SD-
FEM) was proposed and analyzed for a Stokes problem with a zeroth order
term and under the presence of convection (and also the analysis of the method
was performed for the full Navier-Stokes equation). On the other hand, in [10]
the connection of Stabilized methods with Galerkin methods enriched with
bubble functions (connection first pointed out in [19], [3] and [4]) was used
to derive a new kind of stabilized finite element method, namely, the Unusual
Stabilized Finite Element Method (USFEM). The particularity of such meth-
ods is that the mesh-dependent term is now subtracted from the formulation
to reduce the impact of the zeroth order term without compromising the con-
sistency of the method. The method from [10] has been recently improved
in [12] where an advective-diffusive-reactive equation is treated (see also [16]
where the extension to the case of a negative zeroth order term is considered).

The purpose of this work is to derive, analyze and test a new unusual sta-
bilized finite element method, analogous to the one presented in [12|, for a
generalized Stokes problem, this is, a Stokes-like system with a dominating
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Unusual Stabilized Finite Element Method 5

zeroth order term. This kind of problems arise naturally in the time dis-
cretization of a non-steady Stokes problem, or the full Navier-Stokes equations
by means of an operator sppliting technique. The derivation of the method is
carried out in Section 2 using an idea from [2] to build a special bubble space
which reproduces the residual of the discrete equations and then to proceed
with the bubble condensation procedure. This calculation suggests us the form
of the mesh dependent term to be subtracted from the formulation, as well as
the design of the stabilization parameter. The method is then introduced in
Section 3 where the stability of the method is proved and an error analysis
based on an H'-type seminorm for the pressure is performed. This estimate
is improved in Section 4, where a new stability result is given (based on an
inf-sup condition now) and an error estimate is given, this time using the L2
norm of the pressure. Finally, in Section 5 we report some numerical experi-
ments that confirm our approximation results and the absence of oscillations
for the pressure for a wide range of physical parameters.

RR n’ 4173



6 G. Barrenechea and F. Valentin

2 Preliminaries: The effect of bubbles

Let € be a bounded open subset of R2, f € L2(2)” and o a positive real number
(typically, o &~ 3; where At is the time step in a time discretization procedure).
Then, our generalized Stokes problem reads: Find (u,p) € H'(Q)? x L2(Q)
such that:

ou—vAu+ Vp = f in Q
Viu = 0 in Q (2.1)
u = 0 on 0f),

where LZ(Q) := {q € L?(Q) : (¢,1)q = 0}, and (-, )p denotes the L? inner
product in L?(D) (or in L?(D)?, L?(D)**%, when necessary). The weak form
of this problem reads: Find (u,p) € HL(Q)? x L2(Q) such that:

a(w,v) = (p, V-V)a + (¢, V-u)o = (£,v)a  V(v,q) € H}(Q)" x L3(Q),
(2.2)

where
a(u,v) := o(u,v)g + v(Vu,Vv)q. (2.3)

Let Vj, and @, be finite dimensional subspaces of H} (Q)2 and L3(12), respec-
tively. Then, the usual Galerkin scheme reads: Find (uy,pp) € V5, X Qp, such
that:

a(up, vp) — (Pr, Vevi)a + (g, Voup)a = (fa,vi)a YV (Vi qn) € Vi X Q.
(2.4)

This problem is well posed only if the interpolation spaces are compatible
in the sense of the inf-sup condition (see [13], [5]). The addition of bubble
functions to the velocity space has been proved to be a way of building stable
pairs of spaces (cf. [1], where the MINI-element is proposed), and this is why
we now introduce a suitable velocity space which contains bubbles. Let 7}
be a triangulation of 2 made up of triangles, and let us suppose that this
triangulation is shape regular (for the details, see [8]). We denote by By a
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Unusual Stabilized Finite Element Method 7

space of bubble functions to be specified later; let us just say for the moment
that this bubble space is a subspace of H;(K). We define the spaces

B:= @Bk c HQ), (2.5)

KeTy,

and

V, = [Vi + B, (2.6)

where V} := {v € Co(ﬁ)/v‘ € PYK),VK € T}, and we seek a solution of
K

(2.2)-(2.3) belonging to Vj, x V;. Hence, what we look for is a solution of the
form

u, =u; + Z uk, (2.7)

KeTy

where u; belongs to [V;]? and u¥ belongs to [Bg]?, for all K € Tj.

What we do now is to give an expression of the bubble part of the solution
uX in terms of its linear part uy, pressure p, and f, and then plug this represen-
tation into the equations to build a new method. This process is called bubble
condensation procedure. To this end, we first test (2.4) against a function
(vE,0) in each K, with vE € [Bk]?, and we arrive to

a(uy, v g + a(ull,vE)x — (0, V-vE)k = (£,vE)x Vv € [Bk]*, (2.8)

for all K € 7, where the subscript K indicates integration over K. Now,
we note that, integrating by parts and using the fact that u; € P'(K)? and
vE € Hy(K)? we have

(Vu,Vvi)x = 0, (2.9)
»,V-vi)k = —(Vp,vh)k- (2.10)

Hence, (2.8) reduces to

a(uf, vi)x = (f—ow — Vp,vh)x W € [Bg]?, (2.11)
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8 G. Barrenechea and F. Valentin

or, written in another way
a(ul vE)x = (PE(f —ou, — Vp),vE)k vvE ¢ [Bk]?, (2.12)

where PJ is the L?-projection from P!'(K)? onto [Bx]®>. Now, to set our
problem in the notations used in [2| we define the operator Sg : [Bk]* — [Bk]|?
as Sg(¢) = b, where b is the (unique) solution of

ab,vE)xk = (V,vE)xk  YE € [Bx] (2.13)
With this notation we see that the bubble part of uy, is given by
ulf = SpPf(f—ou, —Vp) VK €T, (2.14)

What we want is to give an expression for u¥ in terms of uy,p and f
simpler than the one given in (2.14). For simplicity of the presentation, we
will restrict ourselves to the case f € P'(K)? VK € Ty, and hence our residual
f — ou; — Vp belongs to P*(K)?. Moreover, we will consider the construction
of each component of the bubble part uX separately. To this end, we denote
SePy = (SpPy, SEPE) and ufy = (up, up).

We are interested in proving that there exists a bubble space Bx reproduc-
ing the linear operator u[Ipi]* (where Ip: is the identity operator on P'(K)
and g > 0 will be specified later); this is, a bubble space Bg such that
PXSpPE = plIp]?, P being the L?-projection from [Bk|? onto [P'(K)]*.
This is done in [2], Sect. 3.1, for a scalar advection diffusion problem. We will
show that the same construction works in our case, and hence we will use it
to build an alternative formulation for our problem.

We first build an auxiliary space of bubble functions, space that we will
use to build explicit bounds for u. This space is built by decoupling triangle
K into four subtriangles generated by joining the midpoints of the edges of
K, and denoted by K;,i =0,...,3, K, being the central triangle (see Figure 1
below).

INRIA



Unusual Stabilized Finite Element Method 9

Figure 1: Subdivisions of K.

This auxiliary bubble space is denoted by Bx, and we propose the following
base for it: BE = {bk,b%,b%}, where b is the cubic bubble on the element
K;. The fact that this is a well suited base for our computations has been
proved in [2], § 3.1. Moreover, we observe that B is an orthogonal base.
With this base, we define the set {s1, 55,53} C By, built by solving the local
problems

Q(Si,b? )K = O'(Sz',bj )K—FV(VSZ',VI)JI.()K = (Zz,br7 )K jE {1,2,3}, (215)

where {z; : i = 1,2, 3} is the orthonormal base of P!(K) (for the L?(K) inner
product) given by

_ 801'\/3

Z; = W = ]_,2,3, (216)

where the ¢;’s are the only P! functions such as ¢;(M;) = 6;;, M;,j =1,2,3,
being the midpoints of the edges of K. Then, we define the matrix S := (S;;)
by

S, = a(si,sj)K—i-l/(VSi,VSj)K- (2-17)

In [2] is proved that, for all u less or equal than the smallest eigenvalue of S,
there exists a virtual bubble space (Bx) reproducing u[Ip1]?. This is why we
now detail matrix S. By setting s; = ¥2_,a/b} ,7 = 1,2, 3, we have that, for
1=1,2,3, o] satisfies

o (Eizlazrb?}O byK)K + I/(V (Eizlazrb?}() ’Vb]K)K = (ziv b]II()Ka

RR n° 4173



10 G. Barrenechea and F. Valentin

or

ool ||il[o,x; + val [IVOillG x; = (23, b )xc - (2.18)

Assume now that we have numbered the triangles K; and the midpoints M;
such that M; ¢ K; j = 1,2,3. If 7; denotes the barycenter of K;(i = 1,2, 3),
then

; if i #
0i(T;) = (2.19)

1
LT
3 Hi=y,

which we write as ¢;(T;) = 5(2 — 35;;). We get then

. 9
(2, b5 )k = %|Kj\2i(fj)bjx(@)

9 K| V3 1
= %TW %‘(5’3]‘)2_7
|K|1/2\/§
= —————(2-30;) . 2.2
o (2= 38,) (2:20)
Hence, from (2.20), (2.18) becomes

: C|K|*?
I = K] (2 —30;5) . (2.21)

' ‘7||bJKH(2),Kj +V||VbJK||%,Kj

Moreover, if we denote by [y, [5, l3 the length of the three sides of a triangle K,
and dg := [2 + 12 + I2, we have, using the regularity of the triangulation,

/Kj VLl = 72372@ B 72§I|{K| =G (2:22)

and
K| = Chi, (2.23)
i, = CHy = < H (224

INRIA



Unusual Stabilized Finite Element Method 11

where hyx denotes the usual element diameter, and C,C* and C, are real
positive constants depending only on the shape of triangle K. Hence, from
(2.22) and (2.24), (2.21) becomes

B C|K|1/2
P oC*h%k +v 0,

(2= 36) . (2.25)

We are now ready to calculate S;; more explicitly. Indeed, applying (2.17),
(2.15), (2.20) and (2.21) we get

Sy = a(si,s))k

3
= Z o a(sq, b ) k
r=1

3
= > o (z, bk
r=1

3

ClK]|
o C*h% +v C, ;( 30ir) (2 = 305r)
ClK]|
- 57 ) 9.2
oC*h3% +vC, ¥ (2.26)
and hence S is a scalar matrix. Indeed, using (2.23) we get
Cihk 3
= ———1d 2.27
O'h%{ -+ Cgl/ ’ ( )

where Id?® is now the 3 x 3 identity matrix, and C;, C, are positive constants
that depend only on the shape of triangle K.
Now we are ready to apply Theorem 1 (and Remark 4) from [2|. In-
deed, since S is a scalar matrix, we see that its smallest eigenvalue is pg =
Chh2
O'h%( + 021/
(Bk) such that P S4Pp = pulpr,i = 1,2, the constant being the same for
both components of PX SpPk. In particular, for u = po we have that there

, and hence, for every u < o there exists a (virtual) bubble space

RR n° 4173



12 G. Barrenechea and F. Valentin

: i Qi pi Clh2 .
exists a bubble space such that P, S5 Py = mlpl, 1 = 1,2. Hence,
with this choice (2.14) leads to
C1h2 op
P11 1 — 1K _ =
P (Up) ohZ + Cov (fi —ou 63}1)
Cth ap
p2 L S RN/
p1(up) Uh%—i—ng(fz oUg 83:2)’
and then the bubble part of u, satisfies
K = (Pp1(ulf _ Gk ¢ \% 2.28
(up,vi)xk = (Ppi(up),vi)x = Uh%(—FCQV( —ou — Vp,vi)k, (2.28)

for all v, € P!(K).

Remark 2.1 The virtual space whose ezistence we just proved is not neces-
sarily related to the space spanned by BE. In fact, Bx was just used to build
matriz S and to find an explicit bound for py. O

Finally, we rewrite (2.4) with this choice of bubble part and using (2.9) we
get, for all v; € [V;]?

a(up, vi) = a(u,vi) + Za(ufé,vl)x
KETy,

= a(uy,vy) + Za(ug,vl)K
KeTy,

C1h2
= (1,(111,V1) + Ié; ﬁ(f —ou; — Vp, JVl)K,(Q.Qg)
3

and, analogously

(@, V-w)e = (¢, V-w)a + Y (¢, V-up)x

KeTy,
= (¢, V-we = ) (Va,up)x
KeTh
CLh2
= (q7 v'ul)ﬂ - Z m(f —ouy — Vp, VC])K(23O)
KeT, K

INRIA
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Hence, adding (2.29) and (2.30) we arrive to the following “bubble con-
densed” Galerkin scheme: Find (u;,p) € [V1]* x V4 such that:

a(ur,vi) — (p,V-vi)a + (¢, V-m)q

E Crhic (ocuy + Vp,ov, — Vq) (2.31)
- 19 1 3 1 — K .
o ohy + Cov
C1h3%
= (f,v — E ———(f,ovi =V
( 1)9 Kefrh(’h?(JFCZ’/( 1 Q)K

RR n° 4173



14 G. Barrenechea and F. Valentin

3 The stabilized finite element method

In this section we present the stabilized finite element method that we are
going to use, and state stability and approximation results.

First, based on the calculations made in previous section, we introduce the
following unusual stabilized finite element method: Find (up,pn) € Vi X Q4
such that:

B((us, pn), (v,q)) = F(v,9) V(v,q) € Vi, X Qn, (3.1)
where V;, := [V, N Hj(Q)]? and Qp, := V; N L3(Q), k,I > 1, and where, for
k>1,V,:={ve CO(Q)/U‘ € P¥(K),VK € T;}, B and F are given by

K

B((uh’ph)’ (v,q)) = U(uhav)ﬂ + I/(Vuh,VV)Q - (ph,V‘V)Q

+ (C], V- uh)g - Z TK (Uuh - Z/Auh + Vph, ov — VAV — VC])K s (32)
KeT

F(v,q) := (f,v)q — ZTK (f,ov —vAvV —Vq)k . (3.3)
KeTy

Here, the stabilization parameter 7x is given by

h2

TK ‘= ) K A (34)
Uth()\K) + Ek
where

4y
Ag = ————— 3.5
K myoh%’ (3.5)

1
my = min{g,Ck}, (3.6)
Cehk |Avlox < IIVUllgx  VYveVi, (3.7)
&(A) = max{\1}. (3.8)

INRIA
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Remark 3.1 The design of the stabilization parameter has been done in order
to have no free constants to set, which is a common fact in Stokes flow stabi-
lization (see, for example [18], and [21]). Indeed, the only non explicit constant
in the design of the parameter is my, which varies from one kind of element to
another one, but these constants have been tabulated in [14]. Also we remark
that the method may be implemented using triangle and quadrilateral elements.
We also remark that, even if the derivation of the method has been done using
equal order interpolation spaces for the velocity and pressure, the method can
be used for different order interpolation spaces, as long as we use continuous
interpolations for the pressure. []

Remark 3.2 If k = 1 (i.e., in the case in which we use piecewise linear

elements for the wvelocity), then our method is much simpler, with m; = %

In fact, it reduces to the formulation (2.31) from § 2, with Tk instead of the
quotient used there. On the other hand, in the case of a diffusive dominated
flow (ﬁl—‘; > oh% ), and of course for the Stokes flow as a limit when o — 0, we
recover the GLS method from [17], with the following stabilization parameter

8v
Remark 3.3 We recall the formulation of the SDFEM method from [21]: Find
(up,pn) € Vi, X Qp, such that:

Bs((un,pn), Vi, @) = Fs(Vi,an)  Y(Va,qn) € Vi X Qs (3.9)

where

TK —

Bs((un,pn); (Vh,qn)) = o (up,vp)a + v (Vug, Vvy)a
—(pn, V-vr)a + (gn, V-up)q

Sh2
+ Z TK(Uuh — I/Auh -+ Vph, v(]h)K ’
KeTy,

Sh?
Fs(vh,an) == (£, va)a + ZTK(faVQh)Ka
KeT,

and 9 is a positive real constant. There are two major differences between
the SDFEM method and our method. First, the design of the stabilization

RR n° 4173



16 G. Barrenechea and F. Valentin

parameter which has a constant to set in the SDFEM method. Moreover, the
constant § for the SDFEM method must depend on o to have stability. Indeed,
in [21] stability is proved under the assumption % < % and § < % The
other difference with our method is the absence of ov, — vAvy on the test
function term, which is not present in (3.9). O

Remark 3.4 From now on, |- ||i,p and |- |;,p will denote the norm and semi-
norm on HYD) (or in H'(D)? when necessary), respectively, with the usual
convention H(D) = L?(D). Also, the following seminorm will be useful later:

Pl == {ZTKHVPII?),K} : (3.10)

KeTy

Now, since we are looking for continuous approzimations of the pressure (since
we demand | > 1), the space in which we are looking the discrete pressure for
is a subspace of H'(Q)/R, space in which |- |, is a norm. Further, we state
two wnverse inequalities which will be useful later on. First, using an inverse
estimate analogous to (3.7) (see [8]) we obtain

1/2
h 2
pln = Z Ty ||Vp||o,K
KeThoh2E(g) + —
mg
1/2
mg
< { Z Ehﬁ( IVp |3K}
KEeT;,
1/2
< { X gt |
{KeThéll/C’(l)
1
< C— . 3.11
< CoE [pllo,0 (3.11)

INRIA
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Secondly, by the definition of Tx, the inverse inequality (3.7) and the fact that
73—5 <1, we obtain

272
vehy

Sovmlaviie = Y — IAVIE
KE€T, KeT,oh%&(Ak) + —
k
myvh2 h 2
< DT VIR
KeT, k
< D> vV (3.12)
KeTy,

Finally, we point out the fact that, since we are interested in an error estimate
for k and [ fized, C(l) (a constant depending only on 1) and my, are treated as
simple constants. Moreover, we have my, < % Il

3.1 The stability of the method

The main result concerning numerical stability of our method is stated as
follows.

Lemma 3.1 There exists a constant Cq > 0 (depending only on Q) such that
B((v,q), (v,q)) > Cav|lvliq + lals,
for all (v,q) € Vi, X Q.

Proof: Let us first remark that, since £(Ax) > 1, we have the following bound
for T

< ——————. 3.13
K= mgoh?, + 4v (3:13)

Also, by the definition of my (cf. (3.6)) we have my < Ci. Now, using
Schwarz’s inequality and (3.7) we see that (denoting with the subscript K the
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integration over K)

B((v,9), (v.9))x

ollvlgx + vIIVviis«

Tk (0v — VAV + Vq,0v — vVAv — V()

ollvlgx + vIIVviis«

A |VI5 x — IVallg x — 20v (v, Av) i + V2| AV][§ & }
ollvlgx + vIIVviiox + m=lIValls x

ok ||V||(2)’K + 20vTK (V,AV) g — TV? ||Av||g’K

g,K + TK“VQHS,K

V27 h?
2007k |[V][ox | AV]ox — — A IVVI[} x -

C

(o —o’mi) [vllox + v [VV]

1

Now, since 2ab < —a*+~b? with v > 0, we see that (taking a = \/ovTk||v||o,x
¢

and b = \/ovTk||Av|o k), applying once more (3.7)

B((v.0),(v.0))x > (0—o’k)[Ivlgk + I Vallo &

Virgh,
(v ) i
k

—2
OVUTK yovTih
- (P R+ 2 i )
Y k

) IvIlex + I Vallg

V1rhy yovtich’
+ - - V|«
(V Ck Ck; ) | | v | | 0,K

OVTK

= (00—’ —

Using (3.13) and the fact that % <1 we arrive to

B((Va (]), (V: Q))K

k

o’mph’ ovmyh% V]2
o — v
meoh? +4v  y(myoh? + 4v) 0.K

meV? myovy T
v — — v
Cx(mgoh? +4v)  Cr(myoh? + 4v) 0.K

TV all6 i
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yoimyh3 + dyov — yo?myh3, — ovmygh3, vl
- y(mygoh% + 4v) 0.K

mgovhi + 4 — v — yov 1792
v
(myoh? + 4v) 0.K

+ 7 [ Valls x

3v? + ov(mgh3 — )
mioh? + 4v

_ [ov(4y — mh%)
|y (myohi + 4v)

+ i | Vald k]

Vv

||V||(2),K + |gK

m 2 .
Finally, it suffices to take v = % to obtain

3v
B((v,q), (v;a))x > - IVvligx + lIValls «

on each K, and the proof is finished by adding over K € 7, and applying
Poincaré’s inequality. [

Remark 3.5 From the proof of Lemma 3.1, we note that we have not used
the fact that q € L(S)), and therefore this lower bound for B is valid also in
V, x V. This fact will be exploited in the proof of the error below, in which
we will use an interpolate of p which does not necessarilly belong to L3(Q). O

3.2 Error Analysis

Let k,l be integers with k,1 > 1. We suppose the existence of interpolation
operators I¥ : (C°(Q))? — [Vi]? and I} : C°(Q) — V} (the Lagrange interpolate,
see [8]) such that the approximation of u by 1 := I¥(u) and p by py, := I (p)
can be estimated as follows

Ui = U=l < Ch™|ulsx Yue HY(K)?, (3.14)
Pl = |p—Palng < Chic™plox Vp € HY(K), (3.15)
for all K € Ty, with 0 < m <2 and max{m,1} < s<k+1l,and0<n <1
and max{n,1} <t¢ <1+ 1. Further, we define h := max{hx : K € T3}, and
from now on, we will suppose that h < 1.

Now we state the main result of this section, result analogous to the one
given in [12] for an advective-reactive-diffusive equation.

n
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20 G. Barrenechea and F. Valentin

Theorem 3.1 Let us suppose that the solution (u, p) of (2.1) belongs to (H**1(2)N
H}(Q)? x (HT(Q) N L3(Y)). Then, there exists C > 0, independent of h,
such that the error (€%, eP) := (u — up, p — pn) (where (up, pp) is the solution

of (3.1)) satisfies

le“[lie + [€"ln <

max{o + 1,v + 1, %}
min{Cqv, 1} Vi [hk \u\k+1,n + Rttt |p\l+1,9]_
Proof: Let e} := u, — 1y, and e} := p — p,. Then, from Lemma 3.1, the

definition of B and the consistency of the method we have

min{Cov, 1}(|le}l|7o + l€hl3)

Covlle;lli o + lehl

B((e}, ¢4), (eh, €p))

B((n",1"), (e}, €h))

o(n* ep)o +v(Vn",Vep)a — (0, V-ep)a + (€}, V-n")a

- Z T (on® — vAn* + VP, oey — vAe, — Ve )k ,
KeTy

VANVAN

but, since 7" vanishes on 99 (since u belongs to Hj(£2)?), we have after inte-
gration by parts

min{Cov, 1}(|le}|l7 o + [€h]7)
< a(n® ep)a+v(Vn", Vep)a — (0, V-ey)a — (Ve,,n")a
— Z K (on® — vAn* + VP, oep —vAep — Veb) g,

KETy,

IN

u u 1 u
 alntllsx + vIVRlIE« + P15 + — [EalF
KeT;, K

1
2

+7ic o = vAn® + VP

Y oleillsx + viIveillsx + IV-e}
KeTy

|g,K + Tk ||V62||3,K

1
+7ic o — vaes + VeI |’
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< C| ) (o+otm+- )Iln lo.x + v IVn"llox + viri 1AR"15 «

KeTy

1

2
+ Il i + T V7Pl k]

- [Z (0 +0°7i) lenllo e + v+ D) IVeRlls x + v*7i [ Aejllg «
KeTy,

i IVl (316)

D=

Now, we use (3.12), the fact that o7 < o and v?*7x < Cv h% and we obtain
from (3.16)

min{Cov, 1}(le}lliq + l€}]4)

Z(U+ K)

KeTy

IN

¢ ok T vIVHUI[ok + vhi |An"5 «

NN ST
+ Il x + x|
2

Y ollerlen + v +1) Vel x + 7 [IVehllF

KET,
Z (o + )

KeTy,

2,][

and hence, dividing by the last term we get

IN

C'v/max{o,v + 1}

™=

2

N|=

+ 177116,k

nlal” s

vmax{o,v + 1}
min{Cqv, 1}

u 1 u u
lenllie + lehln < C Y o+ ;) I7*l5.1 + v IV lI5

KeT,

u h2 1
+uhi A G + 176k + 3 IVPllok] - (3:17)
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22 G. Barrenechea and F. Valentin

Finally, since e" = n" — e} and e? = n? — e}, we have thanks to (3.17) and
triangular inequality

le*[lna + [€°]n < llenllia + \eﬁlh + 17"l + (77l

vmax{o,v + 1} 2
< E Anp"
< C min{C'Ql/,l} = (U-l- )”77 ||0K + V”VU ||0K + Vh || n ||0,K

B3 o
Pl + VP Ik]” + In"la + s

v/max{o, v + 1}
< 1
< Ymmn L K;( 741+ )R + 0+ D197
2 1
Y (3.18)

Now, we have to separate two cases:
i).- Ak < 1. In this case, we have 4v < myoh% and hence

1 h% + 4
- = —mko_ K2 v < 20,
TK mth

and then (3.18) becomes

e[l + €]
3

ymax{o,v + 1}

R I;f”” "k + 0+ D197
oI A+ max(L b + K 1971 )]
< Cmax{a—l—l,y—i—l}
- mln{CQV,]_} e
+ max{1, S 2 VIR )]
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max{o + 1,v + 1,
< C -
- min{Cqv, 1}
max{oc + 1,v+1, \/%}
min{Cqv, 1}

L} y
Vi [h% ‘u‘i+1,ﬂ + h2l+2‘p|l2+1,9] :

< [h* [ulkr,0 + A [plisel -

ii).- Ax > 1. In this case, we have 4v > myoh% and hence

1 myohi +4v 8v

TK mkh% - mkhﬁ( )

In this case, (3.18) becomes

le®|l1o + [€°|n

v/max{o,v + 1}
min{Cqv, 1}

C

VAN

3" max{o + 1,2 0
KeTy

u 1 :
+ vhi [|A7°5.,c + max{1, =} llox + Pl IV 116,10)

> e

KETy,

max{c + 1,v + 1}
min{Cqv, 1}

C

IN

ok + V0"

=

2

1
+ max{l, = H([I7llo,x + A IV llox)

max{oc + 1,v+1, -} 1
’ ' Vv 2k |12 20+21, |2 i
max{o + 1, v +1,—}
3 » Vi k 141
< h h .
- min{Cqv, 1} [P" [ulgy1,0 + Pli+1,0]

Both cases i) and ii) finish the proof. (]
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b + (v+1)||Vp®

|§,K + hk ||A77u||§,K

10,



24 G. Barrenechea and F. Valentin

4 An improved error estimate

The approximation result presented in previous section has two drawbacks.
First, it does not guarantee convergence for the case in which p € H'(),
which is an interesting case, specially when [ = 1. Segundo, it considers only
the error in the norm |- |, for the pressure, norm which is not the natural norm
for the pressure space L3(Q).

Based on these considerations, in this section we perform an improved error
analysis based no longer on the ellipticity of bilinear form B, but on an inf-sup
condition, which is valid for the L?-norm for the pressure.

4.1 A new stability result

Throughout all this section (and the following one), C' and Cj, 7 > 0 will denote
positive constants independent of h, but who may depend on the physical
parameters o and v. Moreover, the value of C' may vary whenever it is written
in two different places.

In the proof of the inf-sup condition below, we will use the following tech-
nical result, which is a slight variation of Lemma 3.2 in [11] (see also [20]).

Lemma 4.1 There exist Ci,Cy € RY such that

Vv,
w lo,o — Covio +4v [p|y,

2> Cillp

sup
otvev, ||V

for all p € Q.

l1,0

Proof: Since p € L3(Q), there exists (cf. [13]) a nonvanishing w € H;(9)?
such that

(V-w,p)a > Cs||p|

o,0llwlie- (4.1)

Furthermore, there exists (cf. [13] pp.109-111) an interpolant (the Clément
interpolant, originally proposed in [9]) W € V, such that

1
2
{ZhKQIIW—VVII%,K} < Cullwlle, (4.2)

KeTy,
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and
IWl?q < Csllwlfiq- (4.3)

Hence, using the fact that p € @, C C°(Q) and (4.1) we can integrate by parts
to arrive to

> (V- (Ww=w),p)a + Csllplloallwlie
= - Z (W —w,Vp)k + Cs||pllo,allwlli,0
KeT,
1 1
1 2 2
- 2
> - (Z - [w — W”%,K) : (Z TK ||Vp||o,K>
KeTy, K KeTy

+Csllplloallwlh,o-

Now, we have that

4
4 — i >
L ohkEQw) + = Co h2. A 21
— = . UL (4.4)
TK
" Cs LQLLV if \g <1,
h’K

keeping in mind that we have supposed that hx < 1. Thus we arrive to

(V-w,pla 2 —Cs (Z (o + 4v)hi [[w — WII%,x) - (ZTK IIVpllﬁ,K)

KeTy, KeTy,
+ Cs || wll1,ellpllo,e
1
> Cg ¢ —CiVo+4v (Z TK ||VP||(2),K> + Cslplloe p IWllie
KeTs
= G {-Civa+ Wlpla+ Cillplloa} Iwlha-
Finally, using (4.3) we arrive to
(Vw:p)ﬂ (Vwap)ﬂ _0604 C’6613
= > > Vo +4vply+ —=lplloe, (4.5)
[%]]1,0 V0s||w]|10 Vs VCs
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26 G. Barrenechea and F. Valentin

which finishes the proof. [
Now we are ready to prove the second result on stability of the method,
namely, the inf-sup condition.

Lemma 4.2 There ezists a constant C = C(o,v) > 0 such that

B((u,p), (v,9))
%,Q + ||q||(2m)%

1
sup > C([lullf o+ lIplloe)? .

0£(v,0)eVaxQy ||V

for all (v,q) € Vi, X Q.

Proof: Let w € V}, be a function for which the supremum in Lemma 4.1 is
obtained, and let us assume that ||w||1,o = ||p|lo,o- Then, using the bilinearity
of B, Schwarz’s inequality and Lemma 4.1 we arrive to:

B((u’p)v (—W,O))
= —B((u,0),(w,0)) —B((0,p), (w,0))

= — {a(u, w)q + v(Vu, Vw)q — Z Tk (ou — vAu,ow — VAW)K}

KeTy,
+(p,V-w)q — Z Tk (Vp, —ow + vVAW) g
KeTy,
1
2
> —{olul, + vIVulia + D ricllow — vAul? .}
KeTy,
1
2
Aolwlda + vIVwlda + 3 relow = vAw2 |
KeTy,

+ C1 [plloellwllLe — Covo +4v |plp]|w|li 0
3 3
- { > 7wl Vpl S,K} {ZTk[02||W||(2),K + V2||AW||§,K]} . (4.6)
KeTy, KeTy,

Now, applying (3.12), the fact that ||w|1o = ||plloq and orx < 1, (4.6)
becomes

B((uap)a (_Wa 0))
> —Cr{olullq + viIVulia}

1

2
A{olwlie + v IVwiia )

B[ =
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+Cilpllse — Cavo +4v [plallplloe

—Cs Ip|h{ Y lolwliix + v IIVW||§,K]}

KETy,

> —Cr max{o, v} ||ulliollWlle + Cillplse — C2vo +4v [plallp|

0,9
3
— Cs |p|h{ > lolwlitx + v ||VW||3,K]}
KeTh
> —C7 max{o, v} ||ul|iel|plloe + Ci ||p||gn — Covo +4v |plllpllo.c

1
— Cg max{o,v}? |p[4||ploe -

Now, using the inequality ab < %az + %bQ, v > 0, in all the terms which

involve a product of norms above, we arrive to

B((u,p), (_W’ 0))
Cr

2
— —max{o,v}||u
oot max{o ) [ull g
max{o, v Co(o+4v

R R L

¢, C
s (-2 - 2 ) ok

2y 27

> —Cymax{o,v}|ulliq + Cuollplloe — Culpli, (4.7)

with Cy, Cig, C11 > 0, if 71,7 and 73 are chosen small enough.
Finally, we denote (v, q) := (u— 6w, p),0 > 0. Combining Lemma 3.1 and
(4.7) we have

B((u,p), (v,9))
B((u,p), (u,p)) + (5B((u,p), (_W’ 0))

> Covullfg + Ipl;
+ 8 [-Comax{o, v}||ul|f 5 + Cullpllsq — Culpl7]
= (Cav — d6Cymax{o,v}) [lullf 5 + 6Ciollpll5q
+(1-6Cn) Ipl;
> C(lullfg + lIplEa)
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C 1
when choosing 0 < § < min {C’Q#{Va,l/}’ C—u}

On the other hand we have

lu—dw %Q + ||p| (2),9
2[|ullf g + (20°+1) l|pll3 o

C(lulfq + lpl

||V||%Q + llg |gQ

VARVAN

(2),9)7
which shows that

B((u,p), (v,q)) > C(o,v)([ulliq + lp|

> C(o,v) (Iullig + lpl

and the proof is finished. [

0,0)

1
00)2(llv

1
1o + llallge)?

4.2 Error Analysis

Let k,l be integers with k,/ > 1. We use the interpolation operator I¥ :
(C°(Q))2 — [Vi]? used in previous section, whose interpolation error satisfies
(3.14). We will denote again 1, := If(u). Now, for the pressure we define p
as being the Clément interpolate of p. Denoting now by 7* := p — p, we have
(cf. [13])

170 < CR™" bl Vp € H' (), (4.8)
with 0 <n <1 and max{n,1} <t <l +1.

Remark 4.1 The Clément interpolate of p does not necessarily belong to L2(9),
and that poses a problem in the proof of our error estimate below. This is why
we consider a modified interpolate to p given by

1
p::ﬁ__ﬁalﬂa
o 2 Y

which belongs to L3(SY), and which satisfies also

lg—qlloe < llg—dlloa,
IVieg=Dllox = IIV(@—dllox YK € T,
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for all ¢ € H'(Q), and thus the interpolation error nP := p — D associated to
this interpolate satisfies the same approximation properties than 7 (cf. (4.8)).
.

The main result concerning approximation is now stated.

Theorem 4.1 Let us suppose that the solution (u,p) of (2.1) belongs to (H**1(2)N
H} ()2 x (H(Q)NL3(Q2)). Then, there exists C > 0, independent of h, such
that the error (e“,eP) := (u — up,p — pp) Satisfies

1
lell0 + le”lloe < Cmax{o,v+1, —} (B [ulerr0 + 2 [Ipflo) -

Proof: Let e} := u, — Uy and €} := p, — p. Since €} belongs to L3(Q2), we
can use the stability result given by Lemma 4.2 to conclude the existence of
(v,q) € Vi, x Qp such that

”V”%Q + ||CI||(2)Q <C,

and

o0 < B((eh, €,), (v,9)) - (4.9)

lLa + llenl

leh
Using now the consistency of the scheme we obtain
B((eh, ¢4), (v,9)) = B((n",7"), (v, 9)) - (4.10)
Now, for the right hand side of (4.10) we have
B((n* "), (v,q)) =
o™, v)a + v(Vn",Vv)ae — (1", V-V)a + (¢, V- 1")a

_ ZTK (on" —vAR" + VP ov — vAv — Vq)k
KeTy,
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< C { Y @lntlox + vIVa llox + lPllox + V-5 4
KeTy
1
u u 2
+7rc [o” In"l6 & + v 11A7°lg x + IIVnpllﬁ,K])}
{Z (@ IVII6x + v VYl ke + IV-vilex + llallg«
KeTy
1
2
+7x [0 IVIIG e + v* IAVIG « + IIVQ||§,K])}
<

C { Y lo+ o) 5k + v+ DIVRIG ke + V27 [ An* 5«

KETy,
1

2}
-{§]w+#www

KeTy

+n'l5x + =V

ok + WEDIVYIEc + V7 [AVIE

1
2
gl + il Valld ]}

But, since, (v,q) € V}; X @, we can use (3.11) and (3.12), which, together
with the definition of 7, lead to

B((n",7"), (v,q))

< C { Y olntlign + @+ DIV + vhic |An*E
KeTh
1

9 2
|M}

{ Yoolvlitx + w+DIVVIE L + v IVVG«
KeTy

1

h2
I

+ 17?15« +

1
i + ol
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< C { > max{o, v + 1} 7"} & + b 1A7"([5 ]
KeTy

1
1 2
+ ) max{l, ot I lew + Pk IIVnpllﬁ,K]}
KeTy,
1
2
)
0,92
1

< Cmax{o,v+1, -} { DRk + A 1 ATE ]
KeT

1
{max{o, v+ 1} VIR + max{1, - o

+ D Pl + h IV

KeTy

|§,K]} ) (4.11)

where we have also used the fact that ||v||1q0 + ||¢lloo < C.
Finally, we have, since e" = " —e}! and e” = 7? — €}, and thanks to (4.11)
and the triangular inequality

Lo + 77|

e + lIeflloe < lleplle + llepllon + (17"

1 " "
< Cmax{o,v+1,—} { DRk + A A5 4]

4y
KeTy,

le" 0,Q

-

+ > lIPlex + bk ||V77”||3,K]}

KeTy

Nl |

+C { >l Iﬁ,K]}
KeTy

1 u u
< Cmax{ov+1,,} { ST s + B AT ]
KeTy,

1
2
+ > Pl + B IV |§,K]}
KeTy
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1 1
< C max{o,v +1, E} {h% ‘u‘iﬂ,n + K ||P||l2n}2
1
< C max{o,v+1, E} [h’c lulpr10 + % Iplliel »

which finishes the proof. [
We end this section by making two remarks concerning the choice of the
interpolation for p and a possible improvement on the error estimate.

Remark 4.2 The choice of the Clément interpolation has been made to con-
sider the case | =1 and p € H'(Q). Indeed, in this case, the pressure is not
necessarily continuous, and then we can not take its Lagrange interpolate as
wn the proof of Theorem 3.1. [

Remark 4.3 The error estimate given by Theorem 4.1 may be improved if we
have a more regular pressure. Indeed, if we suppose that p € H*1(Q), we can
apply (4.8) differently and obtain

> lnPllox + P IV

KeTy

|gK] < Ch*** ||p||12+1,9:

which leads to the following improved error estimate

le®

1
lLa + [|€’llo,e < Cmax{o, v+ 1’@} (h*1ales1,0 + A7 |pllis,e) O

4.3 An alternative symmetric formulation

The purpose of this short section is to propose an alternative method which
is symmetric, but in which we loose the positiveness of the associated matrix.
More precisely, we look for solutions (up,py) € Vi, X Qp, of the weak (discrete)
problem:

Bs((un, pn), (v,q)) = Fs(vig)  V(v,q) € Vi x Qn, (4.12)
where

B,((up, 1), (v, q)) = o(up, v)a + v(Vup, Vv)a — (pn, V-v)q

— (q, V- uh)g - Z TK (O’Uh - I/Allh + Vph, ov — VAV + VC])K, (413)
KeTy,
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Fs(va Q) = (fa V)Q - Z Tk (fa ov — VAV + VQ)Ka (414)
KeT

and where the stabilization parameter 7, is again given by (3.4) and (3.5)-
(3.8).

We remark that this method can be obtained in the same way as the one
proposed in previous section simply by subtracting instead of adding (2.29)
and (2.30). We also remark that this method is stable. Indeed, what we have
the analogue of the stability result presented in § 4.1 by simply noting that

B((V,q), (V7 q)) = Bs((vaq)’ (V7 _Q)) V(V, Q) € Vh X Qha (415)

and hence all Lemmata presented in previous section is valid, and with the
same constants. Moreover, the error estimate given in § 4.2 is also valid, again
with the same constants.

The reason why we prefer to use in practice the non-symmetric method pre-
sented in § 3 is that the positive-definiteness of the matrix involved, which is no
longer valid for this symmetric version, allows us to use conjugate gradient-type
methods (such as BICG or BICGSTAB) which are faster that the minimum
residual methods available for non-definite problems.
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5 Numerical experiments

In this section we report two series of numerical results with the unusual sta-
bilized finite element introduced in Section 3. We illustrate the applicability of
the method for different values of the physical coefficients, mainly for problems

2
o hy

in which the quotient is large.

5.1 An analytical solution

We use as domain the square (0,1) x (0,1), and we set f to be such as the
exact solution of our problem (2.1) is given by

uy (71, 29) = —2562% (21 — 1) 9(22 — 1) (225 — 1)
ug(r1,T2) = —uy(T2,T1) (5.1)
p(z1,22) = 150 (21 — 0.5)(z2 — 0.5).

Since all numerical experiences have been performed using conforming P! finite
elements for velocity and pressure, we have measured the relative finite element
errors

_ |lu—up

eu(h) - Lo : (5.2)

and

ep(h) = 2= Prllos f’z oo (5.3)

First, we report the case in which we have considered the case 0 = 10%, v =
1073, In this case, the results are contained in Tables 1 and 2, and they agree
with the theoretical results.
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h mesh | fp—pilloa | e(h) | Tslee
0.05 x /2 20 x 20 | 6.510442 x 1072 | 0.920715 | 13.020885
0.025 x v/2 | 40 x 40 | 1.588075 x 1072 | 0.449175 | 12.704600
0.016 x v2 | 60 x 60 |6.713846 x 103 | 0.284844 | 12.084924

0.0125 x v/2 | 80 x 80 | 3.560257 x 1073 | 0.201398 | 11.392822
0.01 x v/2 | 100 x 100 | 2.131222 x 1073 | 0.1507001 | 10.656112
Table 1: Convergence history of p — p,
Now, we show the convergence history of ||u — uyl|1 -
h mesh lu— |10 eu(h)
0.05 x V2 20 x 20 1.026323 | 14.514407
0.025 x /2 40 x 40 0.512346 14.491358
0.016 x v/2 | 60x60 | 0.341159 | 14.474150
0.0125 x v/2 | 80x 80 | 0.255665 | 14.462634
0.01 x v/2 | 100 x 100 | 0.204416 | 14.454439

Now, we show an evolution of the finite element errors when o grows. The
interest is to show that the errors are not too much affected by the presence
of the zeroth order term. To do this, we consider the solution from (5.1) and
a viscosity ¥ = 1073. We use uniform meshes of 40 x 40 and 60 x 60 nodes

Table 2: Convergence history of u — uy

(~ 3200 and ~ 7200 P'/P*! elements, respectively).
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40 x 40 mesh 60 x 60 mesh
[u—upfi0 [P — pallo,0 [u —upfli0 [P — pallo,0
0.1 | 0.540997 | 9.884753 x 1072 | 0.344096 | 4.402761 x 10

1 0.539317 | 9.972938 x 1073 | 0.344045 | 4.427834 x 103
10 0.527048 | 1.233970 x 1072 | 0.343225 | 4.719979 x 1073
100 | 0.512346 | 1.588075 x 10=2 | 0.341159 | 6.712846 x 103
103 | 0.511944 | 1.669916 x 1072 | 0.340951 | 7.412121 x 1073
10 | 0.511943 | 1.743532 x 1072 | 0.340952 | 7.622682 x 1073

Table 3: Behavior of the Finite Element error when o grows.

We observe that the error in the velocity remains bounded while o grows
and that the pressure error presents a good behavior even in the very large o
case.

Remark 5.1 Similar results could be obtained by using SDFEM method, but
after a very accurate selection of 6. To illustrate this fact, we consider the
viscosity v = 1073, use a mesh of 7200 P'/P' elements; we use two values
for 8: first, the (inappropriate for this mesh and viscosity) 6 = o (in order
to recover the same stabilization parameter used in Stokes flow stabilization),
and secondly, the value § = 10™*, correct for this mesh and viscosity. We have
the following behavior of the error:

5= 5=10"
o [llu—wmlie| llp—pulloe | llu—unllie | [p—prlloe
0.1 0.344192 4.402777 x 1073 0.347883 5.55026 x 103
1 0.344380 4.427963 x 1073 0.348078 5.53989 x 1073
10 0.344339 4732228 x 103 0.347782 5.640657 x 1073
100 0.342894 1.444502 x 102 0.345776 5.960951 x 1073
103 0.341392 0.125989 0.343405 1.040834 x 102
10* 0.341022 2.658054 0.342287 2.976455 x 1072

Table 4: SDFEM method Finite Element error when o grows.
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We remark that a bad choice of § in SDFEM method has a direct impact on the
behavior of the finite element error, as is shown in Table 4, where the error on
the pressure explodes dramatically with o for the inappropriate case (the error

on the velocity remains bounded). We see then that the restriction § < 25000

given by Remark 3.8 ( in order fit the stablity condition for all the range of
tested values for o) is not only a theoretical restriction, but a real numerical
restriction. [

5.2 The lid-driven cavity problem

In this section we treat the lid driven cavity problem and compare the results
from present method with the solution obtained by the SDFEM method. The
problem statement is as in Figure 2, using f = 0. First, in Figure 3, we
plot pressure contours obtained for the case ¢ = 10%,v = 1072. Pressure
contours for o = 103, v = 1073 and o = 10%, v = 10~* are plotted in Figures 4
and 5, respectively. We see that no 2oscillations appear on the pressure, even

o i . In all the calculations a uniform mesh

considering a very high quotient
of 441 P'/P? elements was used.

X,

& e
nu
or

u=0 X

Figure 2: Statement of the problem
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PRESSURE CONTOURS

= &

Figure 3: Pressure contours for o = 10%,v = 1072

PRESSURE CONTOURS

7 &

Figure 4: Pressure contours for o = 103, v = 1073
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PRESSURE CONTOURS

7 T

Figure 5: Pressure contours for o = 10*,v = 10™*

Finally, in Figure 6 we show a vertical cut of the tangential velocity of
the lid driven cavity problem with ¢ = 10® and v = 1073, comparing the
solutions of present method and SDFEM method. We observe the presence
of a boundary layer on the velocity that is well recovered by our method, and
that the SDFEM method fails to capture. The calculation has been made
using 6 = 0.0001 for the SDFEM method.
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— PRESENT METHOD

- - - . SDFEM
125 7

081 —

037

-0.077

-0.52 I I I 1
0.0 0.25 05 075 1

Figure 6: Vertical cut of tangential velocity at z; = 0.5
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