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Abstract: Flat-rate charging of telecommunication networks does not seem
relevant anymore as it creates congestion (like in the Internet). Among usage-
based charging schemes, auctionning for bandwidth looks very promising. We
review here the tremendous work called progressive second price auction and
give a modification in the allocation rule in order to prove and improve the
results published in the literature.
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Une reformulation des enchéres progressives de
second prix pour la tarification des réseaux de
télécommunication

Résumé : Le mode actuel de tarification des réseaux de télécommunication,
basé sur une utilisation illimitée, ne semble plus pertinent car il engendre de la
congestion (comme dans I'Internet). Parmi les méthodes de tarification basées
sur I'utilisation, les enchéres pour la bande passante semble trés prometteuses.
Nous rappelons ici le travail imposant appelé progressive second price auction
et nous donnons une modification dans la régle d’allocation afin de corriger et
ameéliorer les résultats de la littérature.

Mots-clé : FEconomie de I'Internet, Enchéres, Equité, Optimisation, Tarifi-
cation
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1 Introduction

Pricing is one of the big challenges of the new ATM or IPv6 networks. Indeed,
the current charging mode of the Internet, mainly based on a subscription
fee and an unlimited connection time, is not viable if we wish to give different
quality of services for different kinds of applications, like video, telephony, htm-
l... Charging becomes tricky due to this large range of applications, whereas
in the previous networks, we had only one or very few different applications.
Moreover, as some of these applications require a big amount of bandwidth
with respect to the others, it seems natural to charge them more, especially in
case of congestion.

The new trend is then to introduce a usage-based charging scheme. In the
literature, telecommunication network pricing is the subject of a tremendous
work. Pricing with bandwidth reservation has been studied for instance in
[3, 12]. Pricing without bandwidth reservation has been studied in several
directions. A proposal called Paris Metro Pricing (PMP) [11] suggests to
decompose the network in several separate networks with different connection
fees and such that each network works like the current one. It is expected that
the most expensive networks will be less congested. In another proposition
[1, 2, 4, 10], the user chooses a priority class (with a given price), and paquets
are served according to this priority. Also, transfer rates can be adjusted
according to the willingness to pay of the user and according to the network
congestion |5, 6, 8]. Finally, auctioning for priority in a model called "smart
market" has also proved to be an interesting solution [9].

In [7, 13, 14, 15], the costly auctions for individual packets are replaced
by auctions for bandwidth during intervals of time. A good analysis of this
scheme based on game theory is provided, including fairness properties. The
behavior of the system is essentially real-time, and not model-based. The work
made in [7, 13, 14, 15| is tremendous, ranging from mathematical theory for a
single resource and, more impressive, a whole network, to the implementation,
resulting in two patents.

Nevertheless, we argue that a technical mistake is included in the theory.
In the present paper, we point out this problem, we modify the allocation rule
in order to remove it, and show that the results are not altered by the changes.
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4 Bruno Tuffin

2 Auctions for a single resource

2.1 Allocation rule

To explain how the auction works, consider a single ressource of capacity @
and [ players competing for it. Player i’s bid is s; = (g;, p;) where ¢; is the
capacity player i is asking and p; is the unit price he is proposing. A bid
profile is s = (s1,---,s7). Let s ; = (s1,---,8; 1,841, -, Sr) be the profile
where player i’s bid is excluded from the game. We will sometimes write s as
s = (s;;5_;) in order to emphasize player i’s bid. For y > 0 define

Qi(y;s—i)ZlQ— Z Qk] .

k#i wpr>y

The progressive second price allocation rule |7, 13| gives to player i a bandwidth

a;(s) = min(g;, Qi(pi; $-i)) (1)

and set the total cost to

ci(s) = Y pila;(055-3) — a;(si; s-3)]- (2)
J#i
Thus the highest bids are allocated the desired quantity and the cost is given
by the declared willingness to pay (bids) of the users who are excluded by i’s
presence.

We are going to modify the allocation rule (1) based on two purposes:
efficiency and, more important, mathematical accuracy.

First then, a drawback occurs with this allocation procedure (1) in case of
users betting the same amount per bandwidth unit and such that the desired
resources are not available for all of them. Consider the following example
from [13] as an illustration. If @ = 100, I = 2, s; = (60,4), sy = (70,4),
the allocation will be a;(s) = 30 and ay(s) = 40, leading to an under-use
of the bandwidth with respect to what was asked. It is stressed in [13]| that
not allocating the remaining bandwidth is just a technicallity since the users
will prefer to change their bids so that it will not happen at equilibrium.
Nevertheless, we believe that this allocation rule is not optimal because, in
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practical situations, players are steadily entering and leaving the game, leading
to frequent "transient" situations. A complete bandwidth allocation is then
desirable.

Second, an important problem occurs when using this allocation rule. Defin-
ing

4
Qi(y;s-i) = [Q - Z Qk]
k#i :pr>y
and
Pi(’z’ s*i) = lnf{y >0 : Qi(y’s*i) > Z}a

it is said in [13] that it is readily apparent that

q@%zémwfﬂzs4ﬂz 3)

This equality is then used in most of the proofs about efficiency, convergence
and stability of the allocation rule. However, we can point out that Equation
(3) is not true in the case of players bidding the same amount per bandwidth
unit. Indeed, considering the case @@ = 100, I = 4, s; = (60,4), so = (70,4),
s3 = (40, 2) and s, = (10, 1), we have (ai(s), c1(s)) = (30,180), (az(s), ca(s)) =
(40,200) and (a3(s),cs(s)) = (as(s), ca(s)) = (0,0). As

0 fo<y<?2
Qi(y,5.1) =1 30 if2<y<4

100 if4 <y,
we have
0 ifz=0
Pi(z,s 1)=< 2 if0<2<30
4 if 30 < z < 100.
Then

a1(s) 30
/ Pi(z,s_1)dz = / Pi(z,5_1)dz = 60 # c1(s).
0 0

In order to circumvent this problem (as well as the "transient" one), we
define a new allocation rule:

() = min (q Y )) (1)

2k :pr=p; Tk
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6 Bruno Tuffin

and we keep the total cost to

ci(s) = Y pila;(055-3) — aj(si 5-4)]-

JFi

By doing this, the remaining bandwidth is shared between users betting the
same unit price proportionally to their request. Moreover, we can remark
that in the case of players betting different amounts per bandwidth unit, this
allocation rule is equivalent to the one of Equation (1). We then have the
following result:

Lemma 1 Using Equation (4), we have

a;(s)
ci(s) = / Pi(z,5_;)dz.
0

Proof: the problem using allocation rule (1) occurs when several players
bet the same amount per bandwidth unit and the desired resources are not
available for all of them (otherwise, allocation rules (1) and (4) are identical).
The problem is that a player pays not only for the players betting less than
him that he is excluding (which is the meaning of the integral), but also for
the bandwidth that is not allocated anymore to equal bids.

Assume without loss of generality that players 1 to K (with K < I) are
betting the same unit price p and that these players are giving the highest
bid (removing higher bidders and diminishing @ to @; would set this last
assumption). For player k¥ (1 < k < K), let a2(s) be the amount that is
allocated to players betting less than p when player £ is excluded from the
game. Thus c;x(s) = foag(s) Pu(z, s_p)dz+pr(ar(s) —al(s)) = Ji*) P(z, s_p)dz
because Py(z,5_x) = pr when 2z lies between a(s) and ax(s). n

Remark: the lemma remains true whatever the allocation rule is among the
players betting the same amount (not necessarily proportionally as done, but
also equally...) provided that the remaining bandwidth is allocated to them.

It remains to show that the algorithm using this new allocation keeps the
convergence, stability and efficiency properties of |7, 13, 14, 15].

INRIA
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2.2 Algorithm and properties

Assume that player ¢ attemps to maximize his utility u;(s) = 6;(a;(s)) — ci(s)
where 6; is the valuation function that player i gives to his allocation.
We use the following smoothness assumptions for function 6;:

e 6;(0)=0

e ¢, is differentiable,

e 0! >0, is non-increasing and continuous,

e 3y, >0,Vz2>0, 6i(2) >0=Vn < z0(z) <0i(n) —vilz —n).

It is assumed that there is a bid fee € each time a player submit a bid and
that player ¢ has a budget constraint b; such that ¢;(s;,s_;) < b;. Let S;(s_;)
be the set of player ¢’s bids verifying this constraint. The stability issue which
is studied is e-Nash equilibrium, a more general notion than the usual Nash
equilibrium. Basically, define player i’s e-best replies as the set

Si(s i) ={si € Si(si) : ui(si,s4) > ui(sh,s;) —e,Vsh € Si(s4)}

An £-Nash equlibrium is a fixed point of §° = [T/_, S(s_;).

Define a truthful bid as a bid s; = (¢, p;) such that p; = 6.(¢;). The
key Proposition 1 of [7, 13| that we recall now remains true using our new
allocation rule.

Proposition 1 (Incentive compatibility) Let

Gi(s_;) = sup {z z < Qi(0:(2),5—;) and / _3)dn < b; }

Under the above assumptions on 0; and V1 < i < I ,Vs_; such that Q;(0,s_;) =
0, Ve > 0, there exists a truthful e-best reply

ti(s—i) = (vi = [Gi(s5-) — £/0}(0)]", w; = O(v3)).

As already remarked, the old and new allocation rules differ only when two
players bet the same amount per bandwidth unit and the required bandwidth
15 not available for both of them. Thus the proof of Proposition 1 is the one
given in [7, 13] if we are able to prove that the above situation does not occur.
Our key result is the following theorem.

RR n 4176



8 Bruno Tuffin

Theorem 1 If each player places his bid as described in Proposition 1, then
it 15 not possible that several players bid the same unit price and that the total
required bandwidth at this unit price s not available.

Proof: Assume that players 1 to I — 1 have already placed their bids (¢;,w;)
and that they are sorted such that w; > .-+ > wy_; (if an equal price is given
for several players, we just aggregate the bids and consider that we have less
players).

Let J = min{i : @ < ¥%_,¢;} be the number of players who are given
some bandwidth before player I places his bid. We then have

Q . if 07(2) > wy
Qr(0(z),s-1)={ Q- Xjm1 ¢ Hwi>0(z) 2wy (1<i <))
0 if 07(z) < wy.

From the assumptions given at the beginning of the section, ¢} is invertible
on the set [0, z}], z; being the point where 6; begins to flatten (if any). We
assume that w; < #(0) in order that 6, *(w;) is defined. If it is not the
case, just remove the players i such that w; > 67(0) and replace each time
Q@ by @ — g;, because these players are "untouchable" for player I. Hence,
Vz €0, 23],

Q if 2 < 607 (w)
Qr(0(2),5-1) =9 Q@ -}, ¢q; if 91_1(%) <z <O Hwin) 1 <i<J)
0 if 2> 607" (wy).

Let G%(s_ ;) =sup{z : 2 < Q(#)(z),s 1)} be defined as G;(s_;) but without
the budget constraint. Define also G/(s_;) as the maximum bandwidth that
player I can get with his budget constraint b;. We the have

Gr(s—r) = min(G(s-1), G7(s-1))-

Try to compute G’ (s_;) first. We have two cases shown in Figure 2.2, depend-
ing on whether Q7(67(z), s_;) meets the line y = z or not. Define k; as the
integer such that k; = 0 if 6, '(w;) > Q — ¢, and

k; = max {Z : 0’[_1(%’) <@ - Z%‘}
7=1

otherwise. The two cases of Figure 2.2 can be translated to
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Qr 09(2)55—1) Qr 0’1(2),5_1)
Q — Q —
Q-m Q-
Q1 —a» Q-p-ar |
0’1—1(“)1?]_1((02) 0’1—1(w3) Z 0']—1(wlf1_1(w2) 0’]_1((/.)3) z
case (i) case (ii)

Figure 1: Two situations when computing G (s_j)

kr
o case (i) : 0] (wi41) = Q — D @5
7=1

kr
o case (ii) : 0, (wk,41) <Q — g
=1

Then

!

07 (wk,11) in case (ii).

Gi(s_r) = { Q- z:;?1:1 ¢; in case (i)

Assume first that G7(s_;) > G%(s_;) so that G;(s_;) = G%(s_r). In case (i),
Gr(s_1) = Q — X4, j, s0

vr=Q—Y ¢ —¢/07(0) and wr = 6} (Q — i:qj — 5/9'1(0))

j=1

(the case v; = 0 does not need to be considered for our problem). If there
exists 7, 1 < j < I such that w; = wj, then necessarily j < k7, but then the
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10 Bruno Tuffin

total required bandwidth at price w; = w; or higher is vH—Z{Zl ¢ < Q, so that
the situation of concern (not enough bandwidth for all users betting the same
unit price) does not occur. Consider now case (ii), i.e., Gr(s 1) = 8; *(wr;41)-
Then

!

vr = 07 H(Wiy1) — €/07(0) and wr = 07(07 Wiy 1) = /07(0)) > w41

In this case also, if there exists j, 1 < 7 < I, such that w; = wj, then
necessarily 5 < k; and the total required bandwidth at price w; or higher
verifies vy + Z{Zl ¢ < Q.

If the budget constraint is used, i.e., G7(s_;) < G’ (s_y), then

v = GY(s1) = £/64(0) < Gi(s_1) — £/6(0).

The bandwidth allocated to player I is then less than the one allocated in the
previous case, hence the total required bandwidth at price w; or higher is less
than @), which completes the proof. It is impossible that two players bid the
same unit price and the aggregated required bandwidth exceeds the remaining
capacity. [

Remark: According to Theorem 1, Proposition 1 is also true with the
previous allocation rule. Nevertheless, the proof was not correct because of
the misuse of Equation (3).

Introduce an additional player, labelled 0, which represents the minimal
price that the seller is willing to buy the bandwidth from himself. His bid is
so = (@, po), meaning that he is not going to sell the bandwidth for less than
the reserve price py. Then, by the same arguments than the one in [13], we
have the following result:

Proposition 2 (c-Nash equilibrium) Under the above assumptions there ezists
an e-Nash equilibrium.

Moreover, the procedure is efficient in the following way (written differently
from |7, 13| for the definition of A below)

Proposition 3 (Efficiency)Let s* be an e-Nash equilibrium and a* = a(s*).
Let A = {aI(S*) = (all((hapl)a e aa'II(QIapI)) : VZ7 a;(quz) < ¢ and a;(%) = ¢

INRIA
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if 3¢ < Q and Y al(qi,pi) = Q if Xiai Q} If b = o0, 0 < 00 and Ik
such that ¥, z,2',z > 2 >0, 0;(z) — 9() (z—z),wehcwe

e (Ze 4o pr)) — ;&(@‘)) — O(eR)

Proof: See |7, 13]. From our new formulation, it can be easily checked that
Ek ) >aj (a;c - al:) = Zk :al <aj (az - a;c) u

The game is played dynamically. Each player makes his bid asynchronously
each 1 every second for instance and submits a new bid if and only if he in-
creases his utility by more than £. The following result from [7, 13] is preserved
using our allocation rule.

Proposition 4 The dynamic game is converging to a truthful e-Nash equilib-
TIUm.

Note as a last remark that when a player is allocated a bandwidth for the
next one second time interval, he is not sure to keep it during that interval.
Indeed, as the game is is played asynchronously, another player can bet during
that interval and take all or a part of his bandwidth. The way the bandwidth
is taken from the previous players has not been specified in |7, 13, 14, 15] in
the dynamic game but we can expect that it is done by removing the smallest
bids.

3 Networked auctions

The game is extended in [13, 15] to networked auctions and the same properties
are obtained. In this networked game, players can be raw bandwidth sellers,
end-users or service providers buying and selling bandwidth to each others.
Each player is acting like in the single node case, trying to optimize his utility
u; = 0; o ej(a) — > ¢! where e; is a function called the ezpected bottleneck
depending on the type of player and cg is the total cost charged to player i by
seller j.

By the same kind of argument than the one used in Theorem 1, the results
remain true when switching to our allocation rule, the main differences being
at the beginning of the proof of Proposition 4 of [15] (which is also Proposition
7 of [13]).
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