
HAL Id: inria-00072424
https://inria.hal.science/inria-00072424

Submitted on 24 May 2006

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Lyapunov Exponents: When the Top joins the Bottom
Dohy Hong

To cite this version:
Dohy Hong. Lyapunov Exponents: When the Top joins the Bottom. [Research Report] RR-4198,
INRIA. 2001. �inria-00072424�

https://inria.hal.science/inria-00072424
https://hal.archives-ouvertes.fr


IS
S

N
 0

24
9-

63
99

   
   

 IS
R

N
 IN

R
IA

/R
R

--
41

98
--

F
R

+
E

N
G

ap por t  


de  r ech er ch e 


THÈME 1

INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE

Lyapunov Exponents: When the Top joins the
Bottom

Dohy HONG

N° 4198

June, 2001





Unité de recherche INRIA Rocquencourt
Domaine de Voluceau, Rocquencourt, BP 105, 78153 Le Chesnay Cedex (France)

Téléphone : +33 1 39 63 55 11 — Télécopie : +33 1 39 63 53 30

���������
	���
���������	
��	��������  
��	!�� ��#"$���&%'��()	��*�� ��,+-�.�/����0

1�243'576�8:9�;=<

>.?'@BA=C=D�EGF�HJI)CLKNMPO$CBQ�ISRPISQ)@BA=CJI
T�U)VNWXCBQ�>�F�Y[Z

F�KN\]\^V_USQ�`]C�U)CJab?'CBU)a)?'Cdc�egf'DLhjikEGljM]c'Cjm/njojoPDpEqh�\/KNrsCJI

t�ugvJwLxNy]zjwj{,| c}QS?]~�Ig\/KN\^CBULmN�[C�aJV_c'IS~�`]CBU���R�KN\]M]c'VL��C�O4\^V_c'CBc�Q)I�K_I)I)V4aB~�KNQ)CJ`���~�QS?�~�Q)CBUbKNQ)CJI�VN�'UbKNc'`]V_A
��M]c'aBQS~�V_c'IL����?'CBc�QS?'CJI)C���M]c'aBQS~�V_c'IpKNU)C�QbKN�sCBc���U)V_A&KNc������S�)�_�P�J��������I)CBQLm]��C}IS?'V���QS?/KNQ�QS?'C�Q)V_\ KNc'`
QS?'C�¡^V_QSQ)V_A¢��R�KN\]M]c'V���C�O4\^V_c'CBc�Q)I�KNU)C}CJ£�M/KN¤¥�
¦k§�¨^©)ª
« xN¬�vj{ ��R�KN\]M]c'VL��C�OP\­V_c'CBc®Q)ILm'ISQ)V4a)?/K_I)QS~�a�U)CJaBM]USU)CBc'aJCj�.¯±°�²7³_´s´®³=µ¶�'��·L�S�J¸��B��¹Nµbµ�� º��)¹j¸���»_¼]µ}½
T�US~�A¾KNUSR¿DLÀ_Á±ÀjnPm/ÂNfsÃ�ojiPÄ�Å4CJaJV_c'`'KNUSRÇÆji_ÈÉnjoPm'ojÀsZ.ÀjoP�

Ê�Ë'Ì�ÍJÎ�Ï�Ì�ÐÑÏ�Ò�ÓJÔ�ÏÕÓ�ÖB×�Ø¥ÙNÚ�ÛsÜ ÝgÞàß±Ó_á¶×�âbã�ä�å]æbØ¥çàè�é­ÚSÛêÚÕëpä�×LÓ_ìêØíæ¶îêïXÚ�ð�Ë'Î�ß�æbçñÞ]ò/Ô�ó¶ôLõJð ögó�îN÷Bø�ÚXîNèXð ùúØ



������������	��������d����������	
��
:��� �
��	����)� "$�����­�P%'��()	��	�)� +-���'����0


�� v�
�� � { Ã�KNc'I�aJCBQ}KNUSQS~�aB¤�Cjm V_c¿aJV_c'IS~�`]@BU)C:¤�CJI�C�OP\­VjI¶KNc�Q)I�`]C:��R�KN\]M]c'V��¿K_IbI)V®aB~�HJI�KNMPO�~�Q)HBU)HJCJI�`]C
��V_c'aBQS~�V_c'I�KN¤�HLKNQ)V_~�U)CJIL�ê� V_U)I)£®M'C�¤�C�I)M]\]\­V_USQÑ`]C[aJCJI���V_c'aBQS~�V_c'IgCJI)Q��������S�_�]�J¸����B���BmNc'V_M'IÑA=V_c�QSU)V_c'I�¤�� HBr�KN¤�~�Q)H
`]CJI�C�OP\­VjI¶KNc�Q)I�`]C�� R�KN\]M]c'VL�kQ)V_\ÇCBQ�¡^V_QSQ)V_A��
� « wLv © z�� � v*{ C�OP\­VjI¶KNc�Q$`]CÉ� R�KN\­V_M]c'V��­m.U)HJaBM]USU)CBc'aJC�ISQ)V4a)?/K_ISQS~�£®M'Cj���B��¹Nµbµ�� º[�b¹j¸���»j¼�¯p°�² ³_´�´®³ ½
T�US~�A¾KN~�U)C�DLÀ_ÁpÀjnPm/ÂNfsÃ�ojiPÄ�Å4CJaJV_c'`'KN~�U)C�Æji_ÈÉnjoPm�ojÀsZ.ÀjoP�



���s¹��­�®¼�»����
	��P»_¼­�B¼/¸�µ���
��P�B¼É¸��P����»��:·B»_��¼]µ�¸��P����»s¸�¸¥»�� Â

� � 	�� �^� �
��� �­()��	
| Q�~�I���CB¤�¤��®c'V���ckU)CJISM]¤�Q.QS?/KNQ�Q)V_\kKNc'`�¡^V_QSQ)V_A ��R�KN\]M]c'VL�kC�OP\­V_c'CBc®Q)I�K_I)I)V4aB~�KNQ)CJ`�Q)V
QS?'C±~�Q)CBUbKNQ)CJI�VN�
A=V_c'V_Q)V_c'C�?'V_A=V_rsCBc'CJV_M'I���M]c'aBQS~�V_c'I�C�O4~�I)Q�M]c'`]CBUpK�£®M]~�Q)C±rsCBc'CBUbKN¤gI)CBQSQS~�c]r���a��S����DBf��� ��
>.?'C���V®aBM'I�VN��QS?'C�\]U)CJI)CBc�Q}\/KN\­CBU�~�I±Q)V�!'c'` rsCBc'CBUbKN¤�aJV_c'`P~�QS~�V_c'I�M]c'`]CBU���?]~�ab?7QS?'C�Qí��V�C�OP\­V_c'CBc®Q)I
KNU)C}CJ£®M/KN¤¥��>.?'C}V_c]¤�Rk�4c'VL��cÉaJV_c'`P~�QS~�V_c'I���V_U�QS?]~�IpCJ£®M/KN¤�~�QíRÇKNU)C�U)V_M]rj?]¤�RÇ¡/K_I)CJ`ÇV_U�V_c ¡­V_M]c'`]CJ`Pc'CJIbI
aJV_c'`P~�QS~�V_c VN����M]c'aBQS~�V_c'I�V_U�V_c I)V_A=C"!]O]CJ`�ISQSUSM'aBQSM]U)C�VN��QS?'C�A¾KNQSUS~�aJCJI���?'CBcÇQS?'CJIbC±��M]c'aBQS~�V_c'IpK_`PA:~�Q
A¾KNQSUS~ O U)CB\]U)CJI)CBc�QbKNQS~�V_c#��a��X�$��Djm�DLÂ%�� ��,>.?'C¿ISM'&¾aB~�CBc�QÇaJV_c'`P~�QS~�V_c'IÇ�[C�rj~��sC�~�c)(¶Â C�OPQ)CBc'` QS?'VjI)C
aJV_c'`P~�QS~�V_c'I�¡/K_IbCJ`�V_c�QS?'C±rsCBc'CBUbKN¤�~+*LCJ`�c'V_QS~�V_cÉVN��~�USU)CJ`PM'aB~�¡]~�¤�~�QÕR�`]C,!'c'CJ`�~�c-(¶nP��T�U)CB¤�~�A:~�c/KNUSRkU)CJISM]¤�Q)I
QS?/KNQ���C�c'CJCJ`$��V_U�QS?'C�\]U)V®VN��VN��>.?'CJV_U)CBA D}KNU)C±\]U)CJI)CBc®Q)CJ`�~�c.()f¾KNc'`kQS?'C�\]U)V®VN��~�I�~�c-(¶ÀP�

/ 0 �^� �)(b0 (b	
� �^()���

� C�IbKLR�QS?/KNQ2143�5
68795;:�~�I"�=»_¼�»j¸¥»_¼^��~ �g��V_U�KN¤�¤=<?>A@CBD5;6�m'<FEG@IHKJ 1;L�<.MNEO1;LP@QM�mP��?'CBU)C
E*`]CBc'V_Q)CJI.QS?'CpM'ISM/KN¤^\]U)V®`PM'aBQ�V_U)`]CBUS~�c]r:VN�R5;S�m���V_U�KN¤�¤UT���� C±IbKLR=QS?/KNQV1�~�IW�4»��=»AX®��¼­�S»_�®µ[~ �Ñ��V_U�KN¤�¤
Y B-5 KNc'`?<ZB.5�6�mU1;L Y8[ <-M�H Y8[ 1;L�<.M�m/��?'CBU)C}��V_UpKN¤�¤\<]B.5 S KNc'` Y B.5�m YQ[ <!`]CBc'V_Q)CJI
QS?'C��sCJaBQ)V_U���~�QS? CBc�QSUS~�CJI Y�[ L�<.M_^)�

� CBQa` 6 L�5bM�¡^C�QS?'C:I)CBQ�VN��A=V_c®Q)V_c'C�KNc'`�?'V_A=V_rsCBc'CJV_M'I}��M]c'aBQS~�V_c'I�5 6 7c5 6 �:�ÑCBQdLfeg>ih'Mp¡^C=K
\]U)V_¡/KN¡]~�¤�~�QíRkIS\/K_aJC�KNc'`�j�QS?'C±IS?]~ ��Q�V_\^CBUbKNQ)V_U�V_cke�m®c/KNA=CB¤�R$K
A=CLK_ISM]UbKN¡]¤�C±A¾KN\?eG7le \]U)CJI)CBUS�4~�c]r
QS?'C�A=CLK_ISM]U)C�h��±� CBQ"1m3neo7p` 6 L�5bM}¡^C�K�A=CLK_ISM]UbKN¡]¤�C
��M]c'aBQS~�V_c �±� C
`]CBc'V_Q)Cq1;LPjrS�sNM�¡®R�1;LtsV>iTuMV_U�A=V_U)C�IS~�A:\]¤�RD1 S ��V_U�KN¤�¤=T.B?v��Ñ>.?'C�ISM]\]\­V_USQ�I)CBQ�VN�;1 S ~�I�`]CBc'V_Q)CJ`Dw[�� CBQ�xy< SnzyS|{%} ¡­C�K:IbCJ£�M'CBc'aJC�VN���sCJaBQ)V_U)I�~�cD5 6 `]C,!'c'CJ`k¡�R$QS?'C�ISQ)V4a)?/K_I)QS~�a�U)CJaBM]USU)CBc'aJCj½

< S�~u� H�1 S L�< S M
��~�QS? KNck~�c]~�QS~�KN¤�aJV_c'`P~�QS~�V_cD<q�gBD5
6'�

| ckQS?'C±��V_¤�¤�VL��~�c]r¾��C�`]CBc'V_Q)C�¡®R��ÇQS?'C��sCJaBQ)V_UaLP�'>������u>A��M_�
BD5 6 ��� C�`]C,!'c'C���>��a3�5 6 795�¡�R
� <�B?5 6 >V��L�<-M
H���<�H��q���^ L�<-M_^ KNc'` �'L�<-M
H��%<�H��q���^ L�<-M_^

| ��h$~�IpISQbKNQS~�V_c/KNUSRÇCBUSrsV4`P~�a
KNc'` ~ �b1�~�I�~�c®Q)CBrjUbKN¡]¤�Cjm^QS?/KNQ�~�Ig1;L���M�Lf��M2B.� � m�QS?'CBc ~�Q�~�I�\]U)V��sCJ` ~�cm��DBf��
QS?/KNQ�QS?'C=¸¥»,�U�%���s¹��­�®¼�»��:�i	,�P»_¼­��¼�¸

� ���S��� 
��< ST HO¡|¢ �XD£ 

KNc'`kQS?'C¾�S»s¸�¸¥»��Q�%���s¹����4¼�»����A	��P»_¼­�B¼/¸
� ���S��� 

�£< ST H�¡¥¤
C�OP~�ISQ±KP� I��pKNc'` ~�c4�V����>.?]~�IpU)CJISM]¤�Qp~�Ip¡/K_I)CJ`ÉV_c QS?'C8¦±~�c]rjA¾KNc � I±QS?'CJV_U)CBA ��V_U±ISM]¡/K_`]`P~�QS~��sC�\]U)V4aJCJI)I
��DLn]m]i%�í� | Q)I�aJV_A:\]M]QbKNQS~�V_cÇ~�I)ISM'Cp~�I�KNc�V_\^CBcÇKNc'`k`P~§&¾aBM]¤�Q�\]U)V_¡]¤�CBA QS?/KNQ�?/K_I�¡^CJCBckISQSM'`P~�CJ`$~�ckA¾KNc�R
\/KN\^CBU)Id�¨�àn��ím
�àÂ%�ímb� f��ím
�àÆ��ím
�ª©£�ímb��DjD,�� ��Q«�CJI)~�`]CJILm ~�c®Q)CBU)CJISQS~�c]rÇU)CJISM]¤�Q)I}V_c¿QS?'C=ISQSM'`PR VN�.QS?'C=aBRPaB¤�C,¬¥QS~�A=C
�sCJaBQ)V_U�~�cÇ`]CBQ)CBUSA:~�c]~�I)QS~�a}aLK_I)Cq�f1 S aJV_c'ISQbKNc�Q� �aLKNck¡­Cp��V_M]c'`k~�c­��DLo��í�

® ¯ ��()	��^���/���X�

� CBQ"°±H²x�³�>�´�´�´u>Aµ z ��� CBQ·¶5�H¸5º¹.xr»�¼ z �±� C�`]CBc'V_Q)C�¡�R4w ~ QS?'C�I)CBA:~§¬¥rjU)V_M]\¿rsCBc'CBUbKNQ)CJ`�¡®R?w��� C�`]CBc'V_Q)C�¡�R�½y^�QS?'C
�sCJaBQ)V_U�VN��`P~�A=CBc'IS~�V_c­µ$��~�QS? KN¤�¤�aJV_A:\^V_c'CBc�Q)I�CJ£®M/KN¤�Q)V?»g¼ C�O]aJCB\]Q���V_UpQS?'C
¾ ¬¥QS?ÇaJV_A:\^V_c'CBc�QpCJ£�M/KN¤ÑQ)VQ�]�

ÐÑÐ&î�¿]Ö£ÀiÁ�Â



f �}»��|���������

�
	 w §�� v�
 «�� «�� ¶5 � CBQ��4B ` 6 L�5bMJ����~�I�C�OPQ)CBc'`]CJ`ÉV_c ¶5 K_I���V_¤�¤�VL��½p~ � < ~�I�K��sCJaBQ)V_U�VN� ¶5 6 m^��C
`]C,!'c'CW<��*K_I.K��sCJaBQ)V_U.V_¡]QbKN~�c'CJ`=��U)V_A²< U)CB\]¤�K_aB~�c]r=KN¤�¤/~�Q)I�aJV_A:\^V_c'CBc�Q)I�CJ£®M/KN¤/Q)V »�¼ ¡®RD»�� KNc'`
�[C�`]C,!'c'CJ`��UL�<.M�K_I�QS?'C�¤�~�A:~�Q � ��� � ��  �UL�< � M�� | c�Q)CBrjUbKN¡]~�¤�~�QíR�KNc'`:A=V_c'V_Q)V_c]~�aB~�QíR¾VN���
~�A:\]¤�~�CJI�QS?/KNQQS?]~�I�¤�~�A:~�Q�~�I�~�c ¶5 6 �
�k§���� 
�w�
 «������! yPw�"�#%$ 
:��µJ¹���¸��4¹j¸&� B?wu~Ç�S�)¹_�ú�('���µ�¹�\/KNQS?*)¶�S»�� ¾ B?°#¸¥»,+dB?° � )-�ULf½�^ M/.10o»�¼
¹_¼��32[������¼�»s¸í����¸���� ¾5476+�7Q�R�P������¼ Xj¸��Ç»!)}¸��P� �P¹j¸��k��µ��®��º�¼­�S�k�,�98 �:8rH��d���Ux�;=<o³>8?��BDwA@ z 7
�k§���� 
�w�
 «��CBD� 
�xNx § ¬�
gzE
�u=
 �/
�w ¨ #%$ w���µ¾µB¹_����¸¥» �)��~�USU)CJ`PM'aB~�¡]¤�C � ) � ¾ >F+ B�°�G
H��ºB�w ~ µ��P�,� ¸��4¹j¸
¾ 47I+&G
�k§���� 
�w�
 «��KJL� x «4ª�© y � � «4ª y]uM
 �/
�w ¨ #%$ w ��µ}µB¹j���k¸¥»É�)��U)VL� ¬ÕKN¤�¤�VL�.KN¡]¤�C�� ) � �4B w�G � ¾ B °�GNHO+�Bm°
µ¶�]�,��¸��4¹j¸:+ 47 ¾ 7

PpCBU)C�~�I.QS?'C�A¾KN~�c�U)CJI)M]¤�QL½
Q " §�« x § � � $ ¯±µbµ¶� �¾��¸��P¹j¸�¸��P�$µJ�SRB�'��¼��¶�?x%1 S z ��µ��T7��U7��E7WVX)�w���µ������S�)�_�P�J��������¹_¼��¿�X»Y2�ZX¹_��� »Y2�¹®�����
¸��P��¼�¡|¢RH�¡¥¤VHO¡ ¹j¼��¾¸��]���S�/)B»_�)�N)J»_�}¹_��� ¾ G

� ���S��� 
L�< S M_^T HO¡-¹E7�µ[7p¹_¼��¾��¼�� � ´


�§ � y]x]\ � $ >.?'C�U)CJISM]¤�Q�VN��>.?'CJV_U)CBA!D�aLKNc¿¡^C�CLK_IS~�¤�RÇrsCBc'CBUbKN¤�~+*LCJ`�Q)V$QS?'C�I)CJ£®M'CBc'aJC:VN����M]c'aBQS~�V_c'I
��~�QS?¿ÈÉKNUS�sV�� `]CB\^CBc'`]CBc'aJCj�*^'V_U�ISQbKNQS~�V_c/KNUSRÉCBUSrsV®`P~�a�aLK_I)Cjm­QS?'C�~�USU)CJ`PM'aB~�¡]~�¤�~�QíR�`]V®CJIpc'V�A=V_U)C�rjM/KNU¨¬
KNc�Q)CJC}QS?'C�CJ£�M/KN¤�~�QÕR�¡ ¢ HO¡ ¤_�
�
	 y �  � §_� $ PpCBU)C�KNU)C�QÕ�[V
A¾KN~�c�C�O'KNA:\]¤�CJI�VN� A=V_c'V_Q)V_c'C�?'V_A=V_rsCBc'CJV_M'I.A¾KN\ ��>.?'CV!'U)ISQ[C�O'KNA:\]¤�C
~�I

� 3�5 6 795 6 > �UL�<.M H �(`Oa L/bdc��feuL�<.MiM-> ��nr 
��?'CBU)C�c��fe\L�<-M?HcLgc��fe�L�< � M�>�´�´�´R>Sc��&euL�< 6 MiM_�bm �h`Oa L�<-M4H L �(`Oa L�< � M�>�´�´�´R> �(`Oa L�< 6 MiM_�)m�KNc'`ib ~�IkK
µ�j µ�c'V_c]c'CBr�KNQS~��sC�A¾KNQSUS~ O���~�QS?�KNQ.¤�CLK_ISQ�V_c'CpI)QSUS~�aBQS¤�R¾\^VjIS~�QS~��sC�CBc®QSUSR�\^CBU�U)VL� ��QS?'Cp¤�KNQ)CBU�aJV_c'`P~�QS~�V_c
~�I.U)VL� ¬ÕKN¤�¤�V���KN¡]~�¤�~�QÕRÉKNc'`kQS?]~�I�CBc'ISM]U)CJI�QS?/KNQW1;L�5 6 MNk 5 6  �� | �gCLK_ab?�A¾KN\�1 : ~�I�VN��QS?'Cp��V_USA 1 : L�<.M
H�h`Oa L/b : c��fe\L�<-MiM�mÑ��V_U}IbV_A=C�b : m QS?'CBc�QS?'C=��R�KN\]M]c'VL� C�OP\^V_c'CBc�Q��XD£ �aJV_~�c'aB~�`]CJI���~�QS? QS?'C�aB¤�K_I)IS~�aLKN¤Q)V_\Ç��R�KN\]M]c'V���C�O4\^V_c'CBc�Qa�àÀ��ÑVN��QS?'C�UbKNc'`]V_A¢\]U)V4`PM'aBQ�VN��c'V_c]c'CBr�KNQS~��sC
A¾KNQSUS~�aJCJI�b S ´�´�´lb � m]��?]~�ab?~�I�`]C,!'c'CJ`k¡®R­½

¡kH��'´nm�´ � � �S��� 
³
T �(`Oa1o b S �����pb � o >

��V_U¾KNc�R c'V_USA o � o � | c QS?]~�I=aLK_IbCjm�~ �±�[Ck`]CBc'V_Q)C ¶w QS?'CkISM]\]\­V_USQ=IbCBQ=VN��b : mbw ~�I�~�USU)CJ`PM'aB~�¡]¤�C�~ �� ¾ >F+dB?°�m�H&b BG¶w ~ ISM'a)?�QS?/KNQ
b·^q.10O�]�
>.?'C�IbCJaJV_c'`�C�O]KNA:\]¤�C�~�I

1?3�5 6 795 6 > 1�^iLgr M H]�q����Ss . s 6 L/b·^q. [ rf.£M4> ��Âr 
��?'CBU)CtbG~�I�Kaµ*jQµ�A¾KNQSUS~ O=��~�QS?$CBc�QSUS~�CJI.~�cd5d¹dxr»�¼ z m­I)M'a)?�QS?/KNQ�CLK_ab?�U)V���aJV_c®QbKN~�c'I�KNQ[¤�CLK_ISQ�V_c'C!'c]~�Q)C�CBc®QSUSRs� | ��CLK_ab?¾A¾KN\�1 : ~�I[VN��QS?'C���V_USA$��Âr ���V_U[IbV_A=C�A¾KNQSUS~ O3b : m®QS?'C���R�KN\]M]c'V��¾C�O4\^V_c'CBc�Qg�XD£ aJV_~�c'aB~�`]CJI
��~�QS? QS?'C=��R�KN\]M]c'V�� C�O4\^V_c'CBc�Q�VN��QS?'C:UbKNc'`]V_A \]U)V®`PM'aBQ
VN�.A¾KNQSUS~�aJCJI>b S ´�´�´lb � ~�c¿QS?'CA¾KêO ¬¥\]¤�M'I�I)CBA:~�US~�c]r?��Djm'Æ��í��P�CBU)C"wk~�I�~�USU)CJ`PM'aB~�¡]¤�C�~ � � ¾ >F+dB?°¾m�Hub B?w ~ ISM'ab?�QS?/KNQ�b ^q.10 »�¼*�

Ï�Ì�ÐÑÏ�Ò



���s¹��­�®¼�»����
	��P»_¼­�B¼/¸�µ���
��P�B¼É¸��P����»��:·B»_��¼]µ�¸��P����»s¸�¸¥»�� À

� + �V�����-� � �p�g���
� �)()	���� �b���/�
| c QS?]~�I}I)CJaBQS~�V_c7�[C=��~�¤�¤.K_I)ISM]A=C:QS?/KNQaw¿~�I�~�USU)CJ`PM'aB~�¡]¤�C¾��V_U�KNc�KNUS¡]~�QSUbKN¤�R¿rj~��sCBc7\/KNQS? U)CB¤�KNQS~�V_c KNc'`
QS?/KNQpQS?]~�I�U)CB¤�KNQS~�V_c�~�IpQSUbKNc'IS~�QS~��sCjm­c/KNA=CB¤�RÇ~ � ¾ 47 +�KNc'` + 4��7
	�QS?'CBc ¾ 4���� 47 	^� | c QS?'C}c'C�OPQ±I)CJaBQS~�V_c m
�[C}IS?'VL� QS?/KNQ�ÃpC,!'c]~�QS~�V_c D�`]C,!'c'CJI�K�QSUbKNc'IS~�QS~��sC�U)CB¤�KNQS~�V_c �

k« wLyPw�
 «�� v ^'V_U�� kG°�mP�[C�~�c®QSU)V®`PM'aJC}QS?'C±��V_¤�¤�VL��~�c]r=c'V_QbKNQS~�V_c'IL½
Dj���Ñ»_� 2�¹_�X�$¹_¼­���S¹�����2�¹_�S�a�P¹j¸��Ç�)»j¼'¼­�S�J¸���»_¼]µ����*� B�wR~Ñ½

���¥L��'>!�¥M H x ¾ B?° 8OH�+qB�����´���´ ¾ 476+ z > ����L��¥>!�'M H x ¾ B?° 8EHO+QB�����´��,´�+ 47 ¾ z ´
nP�� �¹_¼��s»��¸�P¹j¸��Ç�)»_¼'¼^�S�J¸���»_¼]µ�½ � T-B?v�m

��LtsV>!�¥>iTuMpH ����L��¥> 1;LtsV>�»�³£M�������1;LtsV>iTuMiM���V_U�T.Eo»�³�>
H ���¥L��¥> 1;LtsV>iTuM�������1;LtsV>A��MiM���V_U2T�<O�'´

ÂP�� ��S�B�4�¶�)��¼/¸�µB¸¥¹j¸í�¶µ
»!)"��LtsV>!�¥>iTuMp��¼��S¹�����2�¹_�S�j½
# ��LtsV>!�uM
H x$�&%:kG° 8jZ.KNU)`(' T.E »�³ 8$��LtsV>!�¥>iTuM
H)�&%+*UH ¼ z ´

f'�±°�¹y	_����� � µ��h'ê�}»S)N�P¹j¸��Ç�)»_¼'¼^�S�J¸���»_¼]µ�½
�,��H��d����xNZ.KNU)`(' ���nLh+�>!�'M-*�8 +qB�°q>���B?w ~ z > ���;H��q����xNZ.KNU)`.' ����Lh+�>!�'M-*�8[+QB�°q>���B?w ~ z ´

ÀP�±°�¹y	_����� � µ��h'ê�}»S)��X¹_¼­�s»��)�P¹s¸����b»_¼'¼­�S�L¸���»_¼'µ}��¼¿�S¹s���?2�¹_�X�s½
���yLtsV>F+|MbHC�q���S�s&/=� Z.KNU)`0' ��LtsV>F+�>iTuM-* ´

>.?'C±��V_¤�¤�VL��~�c]r�¤�CBA:A¾K���~�¤�¤ ¡^C�aBUSM'aB~�KN¤ Q)V:a)?/KNUbK_aBQ)CBUS~+*LC
QS?'C�¡/K_a)�4��KNU)` aJV_M]\]¤�~�c]r�aB¤�K_I)I��
1�§ � �7y � $ �Ñ�B¸

2 LtsV>F+�> ¾ >�3qMNH54�T.Eo»�³ 8 ¾ B6�ULtsV>F+�>iTuM�¹_¼���1 S7/=�(8 ����� 8 1 S9/(: ;<: H=3?>¥´
� ¾ >F+dB?°�G � 3CBDw ~ G�Z.KNU)`(' 2mLtsV>F+r> ¾ >�3qM-*KHo¼A@�´B�r´
C��S»L»!)%7�>.?]~�I�~�I�KNc$~�A:A=CJ`P~�KNQ)C�aJV_c'I)CJ£®M'CBc'aJC�VN�gQS?'C±~�USU)CJ`PM'aB~�¡]~�¤�~�QÕR�VN�\wkKNc'`kVN��QS?'C��¥K_aBQ�QS?/KNQ�aJV_c'`P~§¬
QS~�V_c]c/KN¤�¤�R$Q)V:QS?'C�CB�sCBc�Q ¾ BD�ULtsV>F+�>iTuM�m'��C�?/KJ�sCFE G�Lf1 S9/=�H8 ����� 8 1 S9/(: ;<: HI3qMN0G�]�
1�§ � �7y B $ �Ñ�B¸ ¾ �kBO°!¹_¼�� b BGwR~�µ%7�¸F7�Z.KNU)`H' ����L ¾ ��>nb)M-*VH �J��7G�R�P��)B»_����»Y2���¼ X ¹_� �=»Nµ�¸�µ¶�4�)�
�SRB�]¹_� ��¸��¥�¶µ��P»_� �k�
³�7 � +qB?°�GA�J��LtsV>F+ M H ���lG
K 7 � +qB?°�G # ��LtsV>F+|MbH # �
H ¹ ;\{MLON ����L ¾ ��>nb 8 3qMpG,2��P���)�±Z.KNU)`(' ���yL ¾ ��>nb¸M-* H ���%7

ÐÑÐ&î�¿]Ö£ÀiÁ�Â



Æ �}»��|���������

C��S»L»!)%7�� Cg!'U)ISQ�\]U)VL�sC}QS?'C�!'U)ISQ�KP� IL��CJ£®M/KN¤�~�QíRs�

M

0

Backward

j ����Lh+r>nb)M ���¾ �

T Tk» 8 b 8
^g~�rjM]U)C¾Dj½;T.BD2mLtsV>F+r> ¾ �r>nb¸M

� C�?/KL�sC ��I)CJC1^�~�r'��D£ �½ � T.B62mLtsV>F+r> ¾ �r>nb¸M�m ����L ¾ ��>nb¸M k ��LtsV>F+�>iT?»i8 b 8 M���>.?'CBU)C���V_U)C ���yL ¾ ��>nb¸M
H
��LtsV>F+r>iTD»i8 b 8 M���Å®~�c'aJC 2 LtsV>F+�> ¾ ��>nb)M.~�I�KP� IL��c'V_cÇCBA:\]QÕRsm'QS?]~�I�~�A:\]¤�~�CJI�QS?/KNQ��J��LtsV>F+ M H ����KP� IL�

� C c'C�OPQ�I)?'VL��QS?'C I)CJaJV_c'` CJ£®M/KN¤�~�QíRs�!� C ?/KL�sC � T]E �]m # ��LtsV>F+ M�k ¹ : � S ��LtsV>F+r> 	 M�´ | �T±B 2 LtsV>F+�> ¾ ��>nb)M�m � 	�E�T�m�H 3 B²w ~ IL� QL�)��LtsV>F+�> 	 M4H ����L ¾ ��>nb 8 3QM�� P�CBc'aJC # ��LtsV>F+|M5k
¹ ;\{ML N �UL ¾ ��>nb 8 3qM����pVL� � 3 B?w\~Ñm/Z.KNU)`H' 2mLtsV>F+r> ¾ ��>nb 8 3qM-*UH ¼
@�´B�r´ PpCBc'aJC���L ¾ ��>nb 8 3qM�KNU)CU)CJaBM]USU)CBc�QpISQbKNQ)CJIL�
�k§���� 
�w�
 «����K���	��© z���y]vLvY#%$ ¾ >F+�B4° ¹_�S�
��¼¿¸��P�}µB¹��=�:�)¹s� 2�¹_�S���)»_�£��� ��¼ X��B��¹Nµbµ	
P���=ZX�B��¹Nµbµ�
¾� )�¸��]�
���S»��]���B¸P����H&�mLtsNM�B * »G¼�>A� '�µ¶�]�,� ¸��4¹j¸ ��LtsV> ¾ >n�.M"H ��LtsV>F+�>n�.Mq�4»_���Nµ=¹E7 µ%7�¹_¼­� 2[��2�����������¼�»s¸í�
¸�����µN���X»,�]���B¸P�k�,� ¾�� +�7
1�§ � �7y J $ 
����4¹��N�
¸��P��)B»_����»Y2���¼ Xg���S»��]�B��¸��¥�¶µ��
³�7 � ��µ�¹j¼¿�SRJ�®���ê¹_����¼��b�:�S�B� ¹j¸���»_¼�7
K 7
VX) E GWLTH'T.E »�³�>���LtsV> ¾ >iTuM�� �ULtsV>F+�>iTuM��H��rMbH)³]G�¸��P��¼ ¾�� +�7
� 7
VX)
H 3 B?w\~ G=H ¾ ��B?° µ[7�¸F7 x ¾ >F+ z k ����L ¾ ��>�3qMpG�¸��P��¼ ¾�� +�7

C��S»L»!)%7
D£ | Q�~�I.~�A:A=CJ`P~�KNQ)C}QS?/KNQ ¾���¾ KNc'`$QS?/KNQ ¾�� +=~�A:\]¤�~�CJI + ��¾ � | � ¾�� +�KNc'`�+ � 	^mPQS?'CBck��V_U
KN¤�A=VjISQ�KN¤�¤\s�m:H&��>n� %�� �$IL� QL� ��LtsV> ¾ >n�.MVH �ULtsV>F+�>n�.M±KNc'` �ULtsV>F+�>n� % M�H ��LtsV> 	U>n� % M��±>.?'CBc m���C
?/KJ�sCF��LtsV> ¾ >A�q� �RL/�?>n� % MiM
HI�ULtsV> 	U>A�q���RL/��>n� % MiM��

nr | �&E GWLTH T.Eo»�³�>���LtsV> ¾ >iTuM����ULtsV>F+�>iTuM��H��rM
H)³jm®QS?'CBc���V_U.KN¤�A=VjISQ.KN¤�¤ns�m&H'T.E�»�³pKNc'` r?B�°
IL� QL�Mr�B6��LtsV> ¾ >iTuM�� ��LtsV>F+r>iTuM��

m

x

n

¾

+
�J�

^g~�rjM]U)C
nP½�r?B6�ULtsV> ¾ >iTuM�� �ULtsV>F+�>iTuM��
| ��� � T ~�I�QS?'C}QS~�A=C�KNQ���?]~�a)?7Z.KNU)`(' �ULPj�SrsV>Sru>�� »·TuM-*uH ����� � ~�IpKP� IL� !'c]~�Q)C
¡�R�� CBA:A¾K�nPm�a��S�
^�~�r'�ànr �m]QS?'CBc6�ULtsV>F+�>���M H=��LPj S sV>SrR>��±»­TuM;HI�ULtsV> ¾ >���M���>.?'CBU)C���V_U)C ¾�� +'�

Ï�Ì�ÐÑÏ�Ò



���s¹��­�®¼�»����
	��P»_¼­�B¼/¸�µ���
��P�B¼É¸��P����»��:·B»_��¼]µ�¸��P����»s¸�¸¥»�� ©

Âr .�ÑCBQpZ.KNU)`0' ���yL ¾ >nb¸M-*=H ���B� | �\T.B62 LtsV> ¾ > ¾ >nb¸M�m ��LtsV> ¾ >iT?»i8 b 8 M
HI����L ¾ >nb¸M��

j

i
���

¾ �

^g~�rjM]U)C
ÂP½ x ¾ >F+ z k ���yL ¾ ��>�3qM��
«�M]Q��[C�KN¤�I)V±?/KL�sC ��LtsV>F+r>iT�» 8 b 8 M k ����L ¾ >nb)M�����QS?'CBUS��~�I)CtHfrDB6�ULtsV>F+�>iTg» 8 b 8 M�IL� QL�Ar��B6����L ¾ >nb¸M��
Å®~�c'aJC�x ¾ >F+ z k ����L ¾ ��>�3qM�mPQS?/KNQ���V_M]¤�`$~�A:\]¤�R�QS?/KNQ�Z.KNU)`(' ����L ¾ ��>�3 8 1 /=�&8 ´+´ 8 1 / S 8 b¸M-*A0K���[��?]~�ab?
~�I�~�A:\­VjI)I)~�¡]¤�Cj��>.?'CBU)C���V_U)CQ¹ S � ��L �ULtsV>F+�>iTuM�� ��LtsV> ¾ >iTuMiM�~�I±KP� IL�.c'V_c'¬íCBA:\]QíR KNc'`Ç��U)V_A¢QS?'C�\^V_~�c�Q�nPm
¾�� +'�

1�§ � �7y � $ ° ¹�������¸�µ=¹k�4¼'�URB�]�g�P¹_�B¸���¸���»_¼���¼��c���=ZX�B� ¹_µbµJ��µqL�� � >�´+´+>��
	"M�2���������»_¼'� �Ç��� �'��¼��É»_¼w ¹_¼��32����������P¹Nµ�¸��P��)B»_����»Y2���¼ X����S»��]���B¸��¥�¶µ��
³�7 � ¾ B.x�³�>������\>�� z G�� ^ �b¹_¼É�)�}�)»_¼]µB¸��¶�]�J¸í�S�=�S�S�J�®�¶µ¶���N��� ��¹Nµ=)B»_����»Y2b��� � HI3
�qL¨³£M 
Õ¸��P��� �=Z �B��¹Nµbµ
2��®���,�:�)»_¼/¸¥¹j��¼]µ ³ 
�G����VHI3
�qLP�d����x ¾ B?°?»�� ��z MpGT7g7 G��
	�HI3
�qLP�d��� x ¾ BD°D»�� � ´+´f»��
	 /=�,z M[7

K 7 � +qB.x�³�>�´+´+>�� z G � 3 B�wR~AG�� )�� ^ � ��� L�� . >�3qM �H���G�¸��]��¼�� ^ � ���¥LP° »m¹ :��� . � : >�3qM
H�� 7
� 7 ¾�� +É� )�¹j¼��$»_¼'� �:� )
H 3²B?w ~ µ[7�¸F7 ����L ¾ >�3qM��?����Lh+r>�3qM��H�� 7

� 7
VX) ¾ �HD+&G�¸��]��¼ � T-B?vtG � s B�etG0�ULtsV>��b^�>iTuM�� ��LtsV>��M.r>iTuM;H�� ´
� 7 � T.BDvtG � s B?etG � ¾ G=HO+aH�� S L ¾ MpG.��LtsV>��b^¨>iTuM k��M.$¹_¼��J��LtsV>��b^¨>iTuM���µ�¼�»j¸.�,�W�­¸P�E7VX)�T5<O�fG(��LtsV>��b^¨>iTuM
H����! �" ^$# 7
% 7gx �ULtsV> ¾ >iTuM zyS�s&/=� ��µ¾¹q�P»Nµ���¸����N���)�S�B�4�¶�)��¼/¸±°�¹_� �_»��Ç�,�4¹_��¼�7 V�¸�µg�]»Nµ¶��¸��t�_���S�S�J�®���S�B¼/¸±µ�¸¥¹s¸í�¶µ�¹_�)�# �[7
x �ULtsV>�� ^ >iTuM z S'& � ��µ¾¹q�P»Nµ���¸����N�¾�)�S�B�4�¶�)��¼/¸p°É¹j� �N»��Ç�,�4¹_��¼�79V�¸�µ��P»Nµ���¸����N�¾�S�)�B�®���)��¼/¸pµ�¸¥¹s¸í�¶µ�¹_�)�¸��]�(� ���=ZX�B� ¹_µbµJ��µ*2���¸���µ�¸¥¹j¸���»_¼�¹j���g�­�X»��)¹������ú��¸P��)K2������,����µ���¼­��� �]��¼­����¼/¸.»!) ¾ 7

C��S»L»!)%7
D£ p>.?'Cq«+*W¬íaB¤�K_I)I�aJV_c®QbKN~�c]~�c]r ¾ mH3,�dL ¾ M�m�?/K_I�QS?'C:��V_¤�¤�V���~�c]rÇa)?/KNUbK_aBQ)CBUS~+*�KNQS~�V_c �$ÃpM'C�Q)V$QS?'C
\^V_~�c�Q�Â�VN�Ñ� CBA:A¾K�ÂPm���C��4c'VL��QS?/KNQ�KN¤�¤^CB¤�CBA=CBc�Q)I.VN�(�ULtsV> ¾ >iTuM�KNU)C�~�c¾QS?'C�IbKNA=CpaB¤�K_I)I���V_U�KN¤�¤UT � �]�
>.?'CBU)C���V_U)Cjm

3
�dL ¾ M
H ¹ xl+ 8nx ¾ >F+ z k=�­B # � z >
��?]~�a)? ~�I�M]c]~�£®M'CB¤�R�`]C,!'c'CJ` `]CB\­CBc'`P~�c]r¾V_c]¤�R$V_c?w��

nr .�ÑCBQ r�B ���¥Lh+�>�3qM����b^ mE+dB-� @ KNc'`/.�B ���¥L 	U>�3qM��0�b^Xm 	�B1�32}m ; �H � �[Á�I)I)M]A=C±QS?/KNQ���~�QS?
\]U)V_¡/KN¡]~�¤�~�QíR(4 0G�]m�¹ S � �£x ��LtsV>F+�>iTuM � �ULtsV> 	U>iTuM z H��P�g>.?'CBc���~�QS?�\]U)V_¡/KN¡]~�¤�~�QíRsm$E GWLf1 /=� 8 ����� 8 1 /(: ; : H3qM j�4 0G�]m ��LtsV>SrR>iTuM��HI��LtsV>5.U>iTuM�mP��V_U�KN¤�¤KT � �]��>.?]~�I���V_M]¤�`k~�A:\]¤�R$QS?/KNQ r �� .­�

Âr  ÁpI)ISM]A=C QS?/KNQ ¾ �� + KNc'` ���yL ¾ >�3qM � ����Lh+�>�3qM �H �P�!ÃpM'C Q)V�QS?'C�\^V_~�c�Q7nPm�H 	U> 	 % IL� QL�
����L 3
�qL ¾ M�>�3qM�¹ ����L 3
�dLh+|M�>�3qM k6� : KNc'` ����LP°q>�3qM��7� : � H �P��>.?'CBc7KP� I��:Z.KNU)`0' �ULtsV>A°q>iTuM-*�8 �

ÐÑÐ&î�¿]Ö£ÀiÁ�Â



i �}»��|���������

��?'CBc-Tm7 »�¼*�"«[M]Q}Z.KNU)`(' �ULtsV>A°q>iTuM-* <²³j��>.?'C�aJV_c��sCBU)I)C�~�A:\]¤�~�aLKNQS~�V_c7~�IpV_¡®�®~�V_M'I���>.?]~�I±U)CJISM]¤�Q
IS?'V���I�QS?/KNQ�QS?'C"«�Z ¬íaB¤�K_I)I)CJI�KNU)C�`]CBQ)CBUSA:~�c]~�ISQS~�a�c'V_QS~�V_c'I�QS?/KNQ�V_c]¤�R$`]CB\­CBc'`�V_c�w��

f| | � ¾ �� +'m � 3²B�wR~K> � 	�B?°¾m x ¾ >F+ z �k ����L 	U>�3QMV��� CBA:A¾K�ÂPms\^V_~�c�Q�Âr �KNc'` ����L ¾ >�3QM � ���£Lh+r>�3qM
H
�D��\^V_~�c�Q�Âr ��

Àr �^'V_UgTºE »�³j½ � 	?B °¾m ��L 	U>��b^¨>iTuM�~�I�c'CB�sCBU�CBA:\]QÕRÇ¡^CJaLKNM'I)C�CB�sCBUSRÇaJV®V_U)`P~�c/KNQ)C�?/K_I�KNQ±¤�CLK_ISQ
V_c'C}KNc®Q)CJaJCJ`]CBc�Q±V_ck��?]~�a)?Ç~�Q�`]CB\^CBc'`]IL��>.?'C�~�c'aB¤�M'IS~�V_c�~�I�K�aJV_c'I)CJ£®M'CBc'aJC}VN��QS?'C±\^V_~�c�Q�nP�

^'V_UNT5<G�]½�QS?'C�c'V_c$CBA:\]QS~�c'CJI)I.KNc'`¾QS?'C�~�c'aB¤�M'IS~�V_ckKNU)CpK}aJV_c'I)CJ£�M'CBc'aJCpVN� QS?'C�\^V_~�c�Q�ÂP��>.?'C��¥K_aBQ
QS?/KNQ�CB�sCBUSR$aJV®V_U)`P~�c/KNQ)C}?/K_I�KNQ�¤�CLK_ISQ�V_c'C
KNc�Q)CJaJCJ`]CBc�Qp~�A:\]¤�~�CJI�QS?'C�CJ£®M/KN¤�~�QíRs�

Ær | Q�`P~�U)CJaBQS¤�R���V_¤�¤�V���I.��U)V_A QS?'C�\]U)CB�4~�V_M'I�U)CJISM]¤�Q)IL�

� 0 �^�����É���¿"  ���� �­��0 �
1�§ � �7y��:$ �R�P� �P¹j¸��Ç����º�¼^�S���,� ����º�¼'��¸���»_¼¿³=��µ�¸��S¹_¼]µ���¸����N�%7
C��S»L»!)%7 | � ¾ 47 + KNc'` + 4 �7 	^m�QS?'CBc ¡�RÉA=V_c'V_Q)V_c]~�aB~�QíR7KNc'`�?'V_A=V_rsCBc'CB~�QÕR ' � % 8 � Lf½ ^ M-* : < � % Lf½ . M : [�ULf½y^ M/. 0 »�¼*�
� CBQ
�b^¨L�TuM�H ���  " ^$# m � T�B�v���^'V_U:KN¤�¤ � kC°¾m��[C�`]CBc'V_Q)C¾¡®R ' � *[QS?'C=�sCJaBQ)V_U���~�QS? �ÇV_c 	 B �
KNc'`.»�¼ V_c 	 �B ���N^'V_U�KN¤�¤KT50��¾KNc'` �I0OT�mP�[C�`]C,!'c'C�< ^S H Lf1 S9/=�H8 ´+´ 8 1�� 8 ' �b^ *�M . {���� " S # KNc'`< ^2 S H¸Lf1 2 8 ´+´ 8 1 S 8 ' �b^iL�TuM-*�M . {���� " 2 ~u� # �

	 x «�«�
�«�
 Q " §®« x § � � $�| Q�~�I}aB¤�CLKNU�QS?/KNQ���< ^2 S ~�I�ISM]¡/K_`]`P~�QS~��sCj� | �b<�
�~�I
K$ISQbKNQS~�V_c/KNUSR��sCBU)IS~�V_cVN��< ^ ��~¥� Cj� �b^}ab?'VjI)CBc M]c'`]CBU�I)QbKNQS~�V_c/KNUSR \]U)V_¡/KN¡]~�¤�~�QíR�)R �m�QS?'CBc��_< 
2 S ~�I�K�ISQbKNQS~�V_c/KNUSR-CBUSrsV4`P~�aISM]¡/K_`]`P~�QS~��sC}\]U)V®aJCJI)I�KNc'`���U)V_A ¦±~�c]rjA¾KNc � I�QS?'CJV_U)CBA�½
� ���S��� 

��<�
ST C�OP~�ISQ)I�KP� IL��KNc'`k~�c�� � ´

«�M]Qp��U)V_A ~�USU)CJ`PM'aB~�¡]~�¤�~�QíR � ¾ B °�m � ��� S��� 
¢���� 
S H � ��� S��� 

¢�� � 
S H)¡ ¢ ��>.?'C:IbKNA=C�U)CJISM]¤�Q�?'V_¤�`]Ip��V_U

¡¥¤j�
Z[?'V4VjI)C�+�IL� QL��Z.KNU)`(' T.3���< ^S H¸L�<

^
S M/.!*UH [ ¼!KP� IL��Å®M'ab?�K +�C�OP~�ISQ)ILmsIS~�c'aJC2° ~�I;!'c]~�Q)Cj��� CBQNb B

w @ ISM'a)? QS?/KNQ
�,�aH Z.KNU)`0' ��� Lh+�>nb¸M-*í��� CBQ 2�H¸xyT·3|�_< ^S7/ @ H L�< S7/ @ M/.}KNc'`7�b^¨L�TuMNH=��� Lh+r>nb)M z � | Q~�I�aB¤�CLKNU�QS?/KNQ}Z.KNU)`(' 26*;HC¼ KP� I�� PpCBc'aJC:V_c'C�aLKNc aJV_c'I)QSUSM'aBQ}KNcÉ~�c'aBU)CLK_I)~�c]r�ISM]¡'I)CJ£®M'CBc'aJC�� S B 2��V_U���?]~�a)?Ç��C�?/KJ�sCj½
�qE �_< ^�  » �%< ^�  E �!b#Lf��M\» �]bCLf½l.%MNEG� b#Lf��M\»������^ {�� �?b#Lf½�^ M � ¼

>.?'CBU)C���V_U)C � ��� S��� 
¢�� ��  / ¤ � ��  �  H��¾KP� IL�

t�z]\ �Ñ«4ª � § ¬�� § � §�� w >.?'C�KNM]QS?'V_U��[V_M]¤�`k¤�~��sC±Q)V�QS?/KNc]� ^.� «�K_aJaJCB¤�¤�~¥m'l'� È�KN~�U)CJI)I)Cp��V_U�QS?'CB~�U�US~�rsV_U)V_M'I
U)CB�4~�CB�dV_c QS?'C:\]U)V4VN��KNc'` Å­� *�KNM]¡^CBUSQ���V_U�A¾KNc®R¿M'I)C���M]¤[ISM]rjrsCJISQS~�V_c'I�QS?/KNQ
?'CB¤�\­CJ` Q)V�~�A:\]U)VL�sC¾QS?'C
\]U)V4VN�X�

� ���J� �­��	��g���
��D,�a«�K_aJaJCB¤�¤�~¥m:^.��m­Z�V_?'CBc m *�����¤�I)`]CBULm *�� l'�^KNc'`���M/K_`PUbKNQLm^l'� T����XDLhjhjnr �Å®R4c'a)?]U)V_c]~+*�KNQS~�V_c7KNc'` ��~�c'¬

CLKNUS~�QÕRsm'��~�¤�CBRs�

Ï�Ì�ÐÑÏ�Ò



���s¹��­�®¼�»����
	��P»_¼­�B¼/¸�µ���
��P�B¼É¸��P����»��:·B»_��¼]µ�¸��P����»s¸�¸¥»�� h

�àn%�a«�K_aJaJCB¤�¤�~¥m ^.�/KNc'`9PpV_c]r'm'Ã��K�XDLhjhjir .Á�c/KN¤�R®QS~�a�Y�O4\/KNc'IS~�V_c'I�VN����A¾KêO�m��" .��R�KN\]M]c'V���Y�OP\­V_c'CBc®Q)IL�
�­�S�,��¼/���)¹j�� �� �P»j��¸�m'F�F�¬ÕÂNf�nr©4m]È�KJRsm | ��F | Á Å4V_\]?]~�K%¬íÁ�c®QS~�\­V_¤�~�ILm �/»�¹��r�]�)¹_�}��¼$¯�¼'¼­¹_�ñµ�»!)�¯b�����h7
C��S»��%7

�àÂ%�a«�K_aJaJCB¤�¤�~¥m ^.��m�*�KNM]¡^CBUSQLm�Å­��m PpV_c]r'm/Ã��K�XDLhjhjhr �F�CB\]U)CJI)CBc®QbKNQS~�V_cÉKNc'`�Y�OP\/KNc'IS~�V_cÉVN����È�KêO^m T�¤�M'I� ��
��R�KN\]M]c'V��ÉY�O4\^V_c'CBc�Q)IL�(C.�X»L�?7.»!) ��� ¸��$¯�¼'¼'�]¹_� ¯��������B¸¥»_¼ ��»_¼�)[7�»_¼ ��»��8���®¼/���)¹s¸���»_¼ G ��»_¼�¸��X»_�
¹_¼­� ��»��W���P¸���¼|Xjm/Å4CB\]Q)CBA}¡^CBULm/Á�¤�¤�CBUSQ)V_cÇT�KNUS�­�

� f��a«�¤�V_c'`]CB¤¥m���� Ã���m�*�KNM]¡^CBUSQLm�Å­�­KNc'`�>ÑIS~�Q)I)~��®¤�~�I�l'� �
�\�XDLhjhjhr �Á�\]\]U)VJOP~�A¾KNQS~�c]r�QS?'C}IS\­CJaBQSUbKN¤ÑUbK_`P~�M'I
VN��I)CBQ)I�VN�.A¾KNQSUS~�aJCJI�~�c¿QS?'C:A¾KêO ¬ÕKN¤�rsCB¡]UbK$~�I �pT�¬¥?/KNU)`��W��» ¹,�r�]�S¹_�¾��¼5Vi�
�
�$�]�S¹_¼]µJ¹s�J¸���»_¼]µ=»_¼
¯��P¸¥»��=¹j¸���� ��»j¼/¸��X»j� m]È�KJRs�

�àÀ%�a«.V_M]rsCBU)V_¤¥m�T��^KNc'`É�ÑK_aBU)V_~ O�m�l'���XDLhjijÀr �T�U)V®`PM'aBQ)I±VN�[FpKNc'`]V_A È�KNQSUS~�aJCJIp��~�QS?�Á�\]\]¤�~�aLKNQS~�V_c'I±Q)V
Å4ab?]U	�®`P~�c]rsCBUpV_\­CBUbKNQ)V_U)IL�U����� �£�4¹�
®µJ���Bm'�sV_¤giP�

�àÆ%�a«�US~�¤�A¾KNc mkÈ �
KNc'`���~�c'aJCBc®QLmkl'� È����XDLhjhr©� �ÃpR®c/KNA:~�aJI VN�ÇISR4c'a)?]U)V_c]~+*LCJ`,\/KNUbKN¤�¤�CB¤kISRPISQ)CBA=IL�
²�¸¥»��,�4¹NµB¸����}°É»L�®���ñµBm/ÂPm DLÂPmP\]\ �/ÆjojÀ%¬ÕÆPDLiP�

�ª©£��Z�V4a)?'CBQ¨¬í>gCBUSUbK_I)I)V_c m�l'��m�Z�V_?'CBc m+*���m�*�KNM]¡^CBUSQLm�Å­��m[ÈÉa�*±CBQSQSUS~�a)�^m.È���m ��M/K_`PUbKNQLm.l'� Tg���XDLhjhjir 
��M]A=CBUS~�aLKN¤�aJV_A:\]M]QbKNQS~�V_c VN��I)\­CJaBQSUbKN¤�CB¤�CBA=CBc�Q)I�~�c7A¾KêO ¬¥\]¤�M'I:KN¤�rsCB¡]UbKP�,V �]¯ � ��»_¼%)L���)��¼��b��»_¼
²n�NµB¸í�,� ²�¸����P�L¸��®�)��¹_¼�� ��»_¼/¸��S»_� �

�ài%��Z�V_?'CBc mgl'� Y��
�XDLhjijir �Å®M]¡/K_`]`P~�QS~��4~�QíRsmgrsCBc'CBUbKN¤�~+*LCJ`¿\]U)V®`PM'aBQ)I}VN�[UbKNc'`]V_A A¾KNQSUS~�aJCJI}KNc'` ��\^CBUbK%¬
QS~�V_c'I�F�CJI)CLKNU)ab? �^²&VS¯p°  ��,�]7�m/Âjo¥�XD£ �m]\]\ ��Æjh%¬ÕijÆP�'Y�USUbKNQSM]A¢~�c �àh%�í�

�àh%��Z�V_?'CBc m�l/� Y����XDLhjhjÂr }Y�USUbKNQSM]A�½�
êÅ®M]¡/K_`]`P~�QS~��®~�QÕRsm�rsCBc'CBUbKN¤�~+*LCJ` \]U)V4`PM'aBQ)I�VN��UbKNc'`]V_A A¾KNQSUS~�aJCJI
KNc'`�V_\^CBUbKNQS~�V_c'I�U)CJIbCLKNU)a)?��b��²uVS¯p°  ��,�]7�m/ÂjÀ¥�XD£ �m]\ � DLnNf'�

��DLo%��*�KNM]¡^CBUSQLm'Å­�]KNc'`/*±M]c/KJ��KNU)`]CBc/KPm�l'� �XDLhjhjhr �Y�O4~�I)Q)CBc'aJCpVN��Y�~�rsCBc��sCJaBQ)V_U)I���V_U.È V_c'V_Q)V_c'C�PpV_A=V�¬
rsCBc'CJV_M'I
^]M]c'aBQS~�V_c'IL�N�­�S�,�®¼'���b¹_�  ��_�P»_�B¸�m P�T�� ¬ «.F | È�Å�¬Õhjh%¬ÕojiPm'Á�M]rjM'ISQL�

��DjD,��*�KNM]¡^CBUSQLm4Å­�®KNc'`3PpV_c]r'm Ã����XDLhjhjhr �Å4CBUS~�CJI�Y�O4\/KNc'IS~�V_c'I[VN� ��R�KN\]M]c'VL�¾Y�O4\^V_c'CBc�Q)I�KNc'`3^'V_USrsCBQX��M]¤
ÈÉV_c'V_~�`]IL�b�­�S�,��¼/���)¹j�  �� �]»_��¸�m/F�F�¬ÕÂjhr©4Djm]lsM]¤�Rsm | ��F | Á F�V®aJ£®M'CBc'aJV_M]USQLm^²/�'�,����¸�¸í�S��¸¥» V��_¯ ���

��DLn%�a¦±~�c]rjA¾KNc m®l'� ^.�ñZp� �XDLhjÆjir �>.?'C�Y�USrsV®`P~�a�>.?'CJV_USR�VN�^Å®M]¡/K_`]`P~�QS~��sC�Å®Q)V4a)?/K_I)QS~�a�T�U)V4aJCJI)I)CJIL���f7  �»���7
²�¸¥¹s¸F7Ñ²­»L��7Ñ²^�B�[7�m]�sV_¤¥�'ÂjoD��Âr �m]\]\ �Pf�hjh%¬ÕÀPDLoP�

��DLÂ%�
È�KN~�U)CJI)I)Cjmsl/� �XDLhjhr©� �T�U)V4`PM'aBQ)I�VN��~�USU)CJ`PM'aB~�¡]¤�C�UbKNc'`]V_A A¾KNQSUS~�aJCJI�~�c:QS?'C���A¾KêO�m��" �KN¤�rsCB¡]UbKP�®¯����]7
¯N�r���(7&C��X»®�%7�m�njhPm]\]\ �]fjfjf�¬¥f|©�©4�

��DBf����p~�c'aJCBc�QLm'l/� È��K�XDLhjhr©� �Å4V_A=C�CBUSrsV4`P~�a±U)CJISM]¤�Q)I�V_c�I)Q)V®ab?/K_ISQS~�a±~�Q)CBUbKNQS~��sC�`P~�I)aBU)CBQ)C�CB�sCBc®Q�ISRPISQ)CBA=IL�
�4»_�®��¼�¹_��»!)
����µB�J�S�B¸í�"� �N��¼/¸��"�_¼�¹�������²n�Nµ�¸í�,��µ�mK� ©4mànr .\]\ �'njojh%¬ÕnjÂjnP�

ÐÑÐ&î�¿]Ö£ÀiÁ�Â



Unité de recherche INRIA Rocquencourt
Domaine de Voluceau - Rocquencourt - BP 105 - 78153 Le Chesnay Cedex (France)

Unité de recherche INRIA Lorraine : LORIA, Technopôle de Nancy-Brabois - Campus scientifique
615, rue du Jardin Botanique - BP 101 - 54602 Villers-lès-Nancy Cedex (France)

Unité de recherche INRIA Rennes : IRISA, Campus universitaire de Beaulieu - 35042 Rennes Cedex (France)
Unité de recherche INRIA Rhône-Alpes : 655, avenue de l’Europe - 38330 Montbonnot-St-Martin (France)

Unité de recherche INRIA Sophia Antipolis : 2004, route des Lucioles - BP 93 - 06902 Sophia Antipolis Cedex (France)

Éditeur
INRIA - Domaine de Voluceau - Rocquencourt, BP 105 - 78153 Le Chesnay Cedex (France)��������� �	��
�


���������� ��� ���

ISSN 0249-6399


