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Une classe d’équations différentielles linéaires par
morceaux provenant de modeles biologiques

Résumé : Nous étudions une classe de systeémes différentiels linéaires par morceaux, qui
interviennent notamment quand les interactions entre éléments d’un réseau biologique sont
du type “a seuil”. Ces modeles sont tres fréquemment utilisés dans les domaines des réseaux
enzymatiques ou génétiques, et ont fait 'objet de nombreux travaux. Notre analyse utilise
le concept de solutions de Filippov pour des équations & second membre discontinu. Nous
montrons que 1’étude des solutions singuliéres, sur les surfaces de discontinuité, est clarifiée,
et nous étudions plusieurs exemples de réseaux génétiques.

Mots-clés : Equations différentielles discontinues, équilibres, solutions de Filippov, stabi-
lité, systemes biologiques, réseaux génétiques.
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4 Gouzé & Sari

1 Introduction

Complex biological systems are often modelled with switch-like interactions between the
variables, involving step functions. For example, such a behaviour involving thresholds
has been shown from an experimental point of view in enzymatic or genetic networks: in
the model, the rate of production of the enzyme (or gene) is often described by a sigmoid
function, such that the Hill function X(§,0,p) = £7/(£” + 67), where the threshold is 6. If p
is large, the function is similar to a step function. The general equations of the model can
be written as (cf. [7]):

xizfl(x)_’ylx’t lz]—aan (1)
where the relative degradation rate -; of the component x; is constant positive, and the
production rate function f; depends on the n components z = (z1,- - ,z,). We assume

that f; are piecewise constant positive functions whose values change as the variables x;
crosses certain thresholds (cf. the more precise description below). This system has been
widely studied in the literature, mainly in the framework of genetic networks (cf. [4, 11]).
In fact, it is a piecewise linear differential system of a particular kind, and the dynamical
behaviour of the variables in each of the boxes between thresholds is simple: therefore,
the description of the behaviour can be linked to Boolean automata, involving Boolean
variables (corresponding to the continuous variable below or above the threshold). Many
other problems arise and a lot of interesting work has been done in this domain (for more
details see [7, 11]).

From a mathematical point of view, these systems are differential systems with discon-
tinuous dynamics, and one of our goals in this paper is to show that the concept of Filippov
solutions ([3]) can clarify and make easier the study of such systems, in particular of the
behaviour on the threshold planes.

Let us introduce some notations: we assume that, for each variable z;, i = 1,--- ,n there

are INV; thresholds
0<l < <8N < 400

which divide the positive cone C = {z :2; > 0,5 =1,--- ,n}into N = (N; +1)--- (N, +1)
boxes, of dimension n, separated by the (n—1)-dimensional hyperplanes z; = 6. We assume
that the f; are constant positive on each box. The values of f; differ from box to box, so
that system (1) is a piecewise linear (PL) system. In vector notation (1) rewrites as

.’I,'l:f(.’L')—’)/ZL’, ZL’EC, f:C_)Rna (2)

where f = (f1,---, fn) and v = diag(v1,- - ,7vn), where diag is the diagonal matrix built
on the vector.

In practice (2) often involve step functions and is given as

INRIA



Piecewise linear differential equations 5

where F : RM++Ne _ R™ s of class C!, and

2@) = (oo b 2, 2 = S, 80).

n?

Here S(&, 6) is the step function

o if &<,
5(5’9)—{1 i £>0.

In the interior of each box, the behaviour is linear and simple; the problems arise on the
separating hyperplanes. In particular, a definition is needed for the singular steady points
located on the thresholds (because the vector field is not defined on these surfaces).

Two different methods were developed for the study of the stationary points which are
located on threshold hyperplanes. The first method [10] uses logical variables, while the
second method [7, 8] uses a continuous homologous system of the PL system (see Section 4
for some details). For example, the Hill function (&,6,p) = £P/(£P + 6P) approaches the
step function when p — +o00. It was often used to define continuous homologues of the
PL system [1, 2, 4]. Other functions may be used, like the logoid function [7]. The system
becomes now an ordinary differential equations with continuous right hand side, and the
steady points are defined in the usual way. But when one comes to the limit of the step
functions, it is not so simple to obtain rigorous results on the steady points and their nature.

Moreover, one remaining problem is that of the behaviour of the system on the threshold
hyperplanes (and far from a steady state). In fact, the literature on system (2) is concerned
mainly with the non-singular solutions (we call non-singular solutions x(t) of (2) solutions
in which for each 4, 2;(t) = 67 only at isolated values of ¢). The problem of the behaviour on
the threshold hyperplanes (called walls in [7]) is not clearly elucidated; this problem appears
if the trajectories approach the wall from both sides (black wall). Even if the trajectory is
well defined and crosses the wall at a point where one variable only is at the threshold (e.g.
transparent walls in [7]), a more complex behaviour can occur in the intersection of two or
more threshold hyperplanes, and the solution can be singular in this case also.

The aim of this paper is to study system (2) and to describe its singular solutions. Our
approach will be to use the Filippov solutions of a discontinuous differential equations; the
definition of these solutions enables to define afterwards, in a clear and easy way, the singular
steady points and solutions.

The paper is organised as follows. In Section 2, we describe the transition graph associ-
ated to the PL system (2). In Section 3 we define the PL system on the threshold planes and
we consider its solutions in the sense of Filippov. In Section 4 we discuss the regular and
singular stationary points and we clarify some results in the literature. Section 5 illustrates
our approach on some examples which were considered by several authors; we show the
applicability of the approach and its simplicity to solve unresolved problems.

RR n° 4207



6 Gouzé & Sari

2 The state transition graph
Let g; € [0,N;], 4 =1,--- ,n be integers. Consider the (open) n-box
B=B"" ={ze€C:0f <z; <0t i=1,-- ,n}, (4)

with the special cases 0 < z; < 6} when ¢; = 0 and va" < x; < 400 when ¢; = N;. The
value of f in this box is denoted by fZ or fa-n,

Theorem 1 In the box (4), the solution x(t) of (2) satisfying x(ty) € B, is
z(t) = &8 + (x(ty) — ®F)er (00, (5)

where ®B =71 B, If 8P € B then x = ®% is an asymptotically stable stationary point of

(2).

Proof In the box B, (2) reduces to the linear system 2’ = fB — yz. Thus, the solutions are
given by (5). When t — 400, x(t) — ®5, until z() encounters the boundary of the box B.
When &% € B, then z = % is a stable node of (2). g

The solutions given by (5) are curves originated at z(ty) and converging toward &%,
called the focal point of box B [1, 2]. We only consider throughout the paper the generic
case where the focal point &7 does not lie on the threshold hyperplanes which constitute
the boundary of B. The face separating two adjacent n-boxes will be called a (n — 1)-box
or a wall.

Theorem 2 If fB < 0%, all trajectories in B that are encountering the wall x; = 0% are
leaving the box B. Similarly, if f2 > 'yz-03"+1, all trajectories in B that are encountering the

wall x; = 03"“ are leaving the box B.

Proof Suppose that P < ;07 and the trajectory z(t) belongs to the wall z; = 6 at time
to. Then z;(ty) — ®2 > 0 and, according to (5), the component z;(t) of z(t) is decreasing.
Thus z;(t) < 6 for t > to, that is, the solution z(t) leaves the box. The proof is similar in
the other case. g

If 09 < fB/v; < 0% all trajectories in B that are encountering the walls z; = 8% or
z; = 0%t" enter the box B from these walls. However, the trajectories can leave the box B
from another wall.

Following Plahte et al. [7], a wall separating two boxes will be called a black wall (resp.
a white wall) if trajectories leave (resp. enter) both boxes from the wall. It will be called a
transparent wall if trajectories enter one box from the wall and leave the other box.

One can construct the state transition graph [1, 2] for system (2), which is a directed
graph representing the passage of the trajectories from one box to the adjacent boxes. To
each box is associated a vertex. To each wall W separating two adjacent boxes B; and Bs
is associated a directed edge connecting the vertices corresponding to the boxes B; and Bs.

INRIA



Piecewise linear differential equations 7

If W is black, then there is two edges between B; and Bs in the transition graph. If W is
transparent (resp. white), then there is one edge (resp. no edge) between B; and Bs in the
transition graph (Figs. 3, 4, and 5).

If W is transparent, trajectories in By and By can be joined in a single continuous
trajectory satisfying the PL system. In the other case, when W is black or white, there is
no indication of how a solution can be continued. If W is black, then near the wall all the
solutions are approaching it from both sides as ¢ increases, and none of them can leave W.
A solution which passes through a point of the wall W at t = to will therefore remain on W
for ¢ > to until it reaches the boundary of W. If W is white, then a solution which passes
through a point of the wall W at ¢t = ¢, may either go off the wall W into the box B; or
By, or remain on W for ¢t > ty. In the later case the solution may go off W at any moment.
On white wall the motion is therefore unstable.

3 Filippov solutions of the PL system

In this section we describe the classical concept of Filippov solutions in two cases, describing
a motion along a wall (first case) or along the intersection of two walls (second case).

To provide the existence and the possibility for solutions to be continued on both black
or white walls, it is necessary to define the right-hand side of system (1) at these point of
discontinuity. The simplest way to achieve this is the convex definition of Filippov [3]. Let
x € W, where W is a black (or white) wall separating the boxes B; and By. Consider the
linear segment joining the endpoints of the vectors f%* — vz and fP2 — yz. This segment
intersect the hyperplane containing the wall W (Fig. 1), the intersection is the end point of
the vector f" — vz which determines the velocity of motion

o' =~z (6)

on the wall W. Such a solution is called a sliding motion. ‘

On each black or white wall W lying in the hyperplane C} = {x € C : z; = 6!}, equation
(6) defines a sliding motion. Since the constant vector f* in (6) depends on W, the resulting
system on C is a (n — 1)-dimensional PL system of the form

x':gf(x)—'ya:, a:EC’f, gf:CfeR"_l,

where the mapping gf is piecewise constant. This PL system is similar to system (2), and
can be studied by the same methods, however it is only defined on black or white walls. The
threshold hyperplanes z; = 0{,’, where i/ # 4 and j' = 1,---, Ny separate the cone Cf into
N/(N; +1) boxes of dimension n — 1. These (n — 1)-boxes are the walls separating adjacent

n-boxes of system (2). The solutions of (6) are curves converging toward the focal point
W — "y_lfW.

RR n° 4207



8 Gouzé & Sari

Theorem 3 Assume that W is in the hyperplane C’f and W is black or white, that is,
(fP2 — 70 (fPr — 4:67) < 0. The constant vector fV in (6) is given by

Bz _ ~.97
Moot -t as g ™)

The focal point ®W s the intersection of the linear segment ®B1®B2 with the hyperplane
Cl:

3" = C7 N conv(dPr, ®52).
Proof The segment joining the endpoints of the vectors fB1 —~x and fP2 —~yz is expressed

by
affr +(1-a)f? —yz, 0<a<l

The value of v in (7) is found from de condition af”* + (1 —a)fP? — ;67 = 0 which means

that the vector fW — 4z is in the hyperplane z; = 67. Since (f* —v:6?)(f7* — v:67) < 0,

one has that 0 < o < 1. From (7) one has that
oW = adPr 4+ (1-a)®%, O<a<l.
Thus, " is the intersection of the linear segment ®51&P2 with the hyperplane C7. g

Let us now describe the velocity of motion along a (n— 2)-box P which is the intersection
of two threshold hyperplanes. This box is the common face of four n-boxes B;, By, B3 and
B, (Fig. 2). Let z € P. Following [3], we consider the smallest convex set

K(z) = conv(fP* — v, fP* — vz, {7 — yz, {4 — y2)

containing the vectors fBi — vz, i = 1 to 4. In general the intersection of K(x) and the
(n — 2)-hyperplane containing P does not consist of only one point. In generic cases, this
intersection is a linear segment or is empty. If it is empty then there are no solutions lying
on P. If it is nonempty then one obtains a differential inclusion

a'(t) € ¥ —~a(t), (8)
which determines the velocity of motion along P.

Theorem 4 Assume that P is in the (n — 2)-dimensional hyperplane CJ\ = {z € C : z; =
07,z = 0%}, The set fF in (8) consists of all points ar fB' + as fB2 + az fB + ayfPs,
where the a; are the positive solutions of the linear system

art+astaz+ag=1, ,
OflfiBl + CsziB2 + (X3fiB3 + a4fiB4 = ’)/1‘01]-, (9)
arfO + ao i + s fP + auft = bl

The focal set ®F = =1 fP is the intersection of the smallest convexr containing the focal
points B, ®B2 B3 and &5+, with the hyperplane C7.

3" = ¢7 N conv(®Pr, 852, P2 §P1),

INRIA



Piecewise linear differential equations 9

Proof For z € P, the smallest convex set K (z) containing the vectors fB —~yz, i =1 to 4,
is the set of all vectors of the form

arfP o fP + asfP +aufP — vz, @ >0, zai:l' (10)

This vector belongs to the hyperplane Ci’“]-l if and only if the «; are the positive solutions of
the linear system (9). From (10) one has that

7 = 0181 + 0,872 + 0385 + 0, 3P4, o >0, Zai =1.

Thus, & is the intersection of C7; with conv(®51, 52 B3 §B1). 4

The differential inclusion means that the motion is not determined in a unique way by
this concept of Filippov solutions. To choose between theses different trajectories, we would
need a more specific concept of solutions.

This construction may be continued on all intersection of threshold planes. It will be
achieved in Section 5 on some illustrative examples.

4 Regular and singular stationary points

We show now the utility of this concept of solutions in the study of the singular steady states.

Snoussi and Thomas [10] introduced the concepts of regular stationary points (RSP) and
singular stationary points (SSP) in models comprising step functions. A RSP is a stationary
point where none of the variables lie on their thresholds. A SSP is a stationary point where
one or more variables lie on their thresholds. The RSP are simply defined by putting 2’ =0
in (2), that is, by equation vz = f(z). This equation has a solution if an only if for some box
B, the focal point ®2 belongs to B. According to Theorem 1, z = ®% is an asymptotically
stable RSP. Since the PL system is not defined on the threshold planes, SSP cannot be
defined by 2’ = 0. Their definition is not so obvious (see [10], p. 984).

In the present paper, we used the concept of solutions of (2) in the sense of Filippov,
so we have no problem with the definition of stationary points. Indeed the point z = ¢ is
called a stationary point for the PL system (2) if it is a solution, that is, if z(t) = cis a
solution (in the sense of Filippov) of (2). A SSP is a stationary point which belongs to some
threshold plane.

Theorem 5 If a SSP belongs to a black wall, then it is an asymptotically stable solution of

(2).

Proof Let x = p be a SSP which belongs to the black wall W. Then, one has p = ®V € W.
Thus ®" is a stable node of (6) and hence, an asymptotically stable solution of (2). g

To avoid the difficulties of [10] in the definition of SSP, Plahte et al. [7, 8] suggested to
define a stationary point of the PL system as the limit of stationary points of homologous

RR n° 4207



10 Gouzé & Sari

continuous systems, when the steepness of the sigmoid functions increases. The stationary
point is said to be singular if this limit lies in some threshold plane. With this definition,
it is not so obvious to handle the concept of SSP at the limit. For instance, these authors
wrote that “Asymptotically stable steady point of the PL system can only be located in
transparent walls. If a PL trajectory encounters a black wall, it simply come to a dead stop
in a stable, but not asymptotically stable singular point.”(see [7], p. 284). This claim is
contradicted by the previous theorem (cf. the first example of the next section).

The analysis of SSP lying on a (n — 2)-box P which is the intersection of two threshold
planes is more delicate. Let p € P be a stationary point, then z(¢) = p is a solution of the
differential inclusion (8). Thus p € f¥ and ff NP # 0. If f¥ does not consist of only
point p, then p is unstable. If f¥ = {p}, then z = f¥ is an asymptotically stable stationary
point of (8). Hence it is a stationary point of (2). Further analyses are needed to study the
stability. We can study in the same manner the SSP which belong to the intersection of
more than two threshold hyperplanes.

5 Examples

This section is intended to illustrate the applicability of our approach in some typical ex-
amples which appeared in the literature.

In the following examples, we consider the form (3) of the PL system. If there is only one
threshold value #} for the variable z;, we denote it simply #; and we denote z; = S(x;,6;).
Whenever necessary, we specify 27 as /7 and we denote 2/~ =1 — 2/*

i -

5.1 Example of Plahte, Mestl and Ombholt [7]

In this first example we have the case of an asymptotically stable SSP in a black wall; we
obtain the unstability of the other SSP.
Consider a two dimensional system with one threshold value 6, for each variable x;. The
equations are
o = k(2] 25 + 27 28) —
xh =kozy — 2.

(11)

The positive cone is separated in four boxes B, B9 B° and B'! (Fig. 3). Assume
that k; > 0; and ko > 65. The focal points are f%° = (0,ks) € B, fO' = (ky, ko) € B!,
10 = (k1,0) € BY and f'* = (0,0) € B. Thus, f!° is an asymptotically stable RSP. The
wall Wy is white, Wy is black, W3 and Wy are transparent. The sliding motion on W is
given by xh = ko — 61ka/k1 — 2. The sliding motion on W is given by x5 = 61k2/k1 — z2.
Assume that ky < 20; and ka/ky > 62/601. Then, the focal point fV* = (0, ks — 61k2/k1)
belongs to Wy and the focal point fW2 = (0y,601k2/k1) belongs to Wo. Thus f"1 is is an
unstable SSP and f"? is an asymptotically stable SSP. Moreover, the point P = (6;,65)
belongs to the convex set conv(f°0, f01, f10 f11) thus P is a SSP; it is unstable.

INRIA



Piecewise linear differential equations 11

5.2 Example of Snoussi and Thomas [10]

Here we obtain the location (and not only the detection) of the SSP. This example was
proposed in [10] as an illustration of the method of detection of SSP. Consider a two di-
mensional system with two threshold values 6} < 6? for each variable x;. The equations are

J 1 2
2y =kiz; + kszs — 21,

.%‘IZ = k‘ng + k425 — Ta. (12)

The positive cone is separated in nine boxes B, i,j = 0,1,2 (Fig. 4). Assume that
0} < k1 < 0%, 0} < ks < 0? < ki + ks, and 0} < ky < 02, 05 < ky < 63 < ko + ky.
The focal points are f°° = (0,0) € B, f19 = (k,0) € BY, f20 = (ky,k2) € B!,
fOr = (0,ks) € B, f'' = (k1,ks) € BY, f?' = (k1. k2 + ka) € B, f°% = (ks, ks) € B,
F12 = (k1 + ks, ka) € B2 and f22 = (ks + kg, ks + ka) € B22. Thus, £, 10, 01 "f11 apq
f?? are asymptotically stable RSP. Let us determine the SSP. A wall W separating the boxes
B and B* is denoted by W = (B%, B*!). The walls W; = (B, B%), W, = (B%, B19),
W3 = (B?, B11) and W, = (W%, W!!) are white. All other walls are transparent. The
sliding motion on W is given by z) = —u;; its focal point is f"* = (0,61) € W;. The
sliding motion on W, is given by x, = —x; its focal point is f"2 = (6},0) € W,. The
sliding motion on W3 is given by 2} = k; — 21; its focal point is f"3 = (ky,03) € W5. The
sliding motion on Wy is given by x} = k4 — x; its focal point is f"+ = (0}, ks) € Wy. Thus
fWr, fWe fWs and fW+ are SSP; they are unstable. Consider now the intersections of the
threshold planes. One has

(61,63) € conv(f, fO1, F1O, f11), (67,63) € conv(fI, f21, F12, f72).

Thus Py = (61,0) and P, = (6%,63) are SSP; they are unstable. Moreover

(61,63) ¢ conv(fOL, f11, f12,f%2),  (67,67) ¢ conv(f10, f20, f21, f11).

Thus, P; = (0},02) and P, = (6%,03) are not stationary points. Hence (12) has eleven
stationary points, five of them are regular, 6 are singular. Notice that in our approach, the
SSP belonging to white walls are not only detected but also located (compare with [10], p.
981-982).

5.3 Example of Thomas [7]

We consider a gene regulatory model investigated by Thomas ([11]) and studied by Plahte
et al. ([7]). These authors use for their study a continuous approximation of the system
by logoids. We recall briefly their approach and results afterwards. We obtain a complete
analysis of the example.

Consider the three dimensional system with one threshold value 8; for each variable z;.

I -+
21 = k125 23 — Y121,

xh = kng'zé" — Y23, (13)
xh = ka(zy + 28 — 27 25) — 33,

RR n° 4207



12 Gouzé & Sari

The positive cone is separated in eight boxes BY* 4, j k =0,1. Assume that 0 < g; < 1,
where g; = v:0;/ki, i = 1,2,3. The focal points are %0 = 010 = 011 — 110 —
(0,0,k3/’)/3) c 30017 @100 — (070’0) c _BOOO7 (DOOI — (k1/71,07k3/’)/3) c BlOl’ (I)IOI —
(kl/’)’l,kz/’yQ,O) € BHO7 and finally ol = (0,]62/’)’2,]63/’)/3) € B, Thus, (13) has no
RSP. Let us determine the SSP. All walls are transparent. Hence there is no sliding motion
on the walls. The SSP must lie on the intersection of two or more threshold planes. Let
Cij:{xEC:xizei,xj:@}. LetPlz{x6023:x1 >91} P2:{$601310§$2<
02} and P; = {z € Ci2 : x5 > 03}. The sliding motion on P; is given by the differential
inclusion

l‘;(t) e k;A; — 'yixi(t), .’El(t) e b

where
Ay = [min(0, g2 — g3), max(gs, 1 — g3)],

Ay = [min(0, g1 — g3), max(g1,1 — g3)],
Az = [min(1 — g1,1 — ga), max(1,2 — g1 — g2)]-

One has a SSP on P; if and only if the corresponding focal set intersects P;, that is,
kiAi/’yiﬂPi ?é@ (14)

For ¢ = 1, condition (14) is equivalent to g1 < max(g2,1 — g3). For i = 2, condition (14) is
equivalent to g3 > g1 — g2. For i = 3, condition (14) is equivalent to g3 < 2 —g; — g2. Hence
the cube 0 < ¢g; < 1,4 = 1,2,3 in parameter space, is separated into four different regions,
in which one, two or three SSP may exist on P;, ¢« = 1,2, 3 (Fig. 6).

The line P} = {z € C13 : 12 > 0} is the common edge of the boxes B0, B0 poil
and B!, One has Cy3 Nconv(®010, 10§01 H111) — () Hence, there is no sliding motion
on Pj. Also, one has

Cia M conv(®°°, $100 §010 G110) — oy conv(@000, 010, GOIL §001) — .

Thus, there is no sliding motions on the segments Py = {z € C15 : 0 < 23 < 03} and
P{:{$602320S$1<61}.

Let us consider now the intersection of the three threshold planes. The point P =
(61,6-,63) is a SSP if and only if it belongs to the convex set containing all focal points ®7*,
1,7,k = 0,1. This case arises if and only if g1 + g3 > ¢2, g2 + 93 > g1 and g1 + g2 + g3 < 2
(see Fig. 6 which represent the domain in parameter space in which P is a SSP).

Let us consider now the continuous approach of [7]. When the step functions z(z) in (3)
are replaced by continuous approximations Z(z, ), the resulting system

' = F(Z(z,6)) — vz, (15)
is a continuous analogue of (3). Here

Z(x,6) = (2}, ,ZN .. ZL .z, 77 = %(x,,07,6),

INRIA
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and X(&,0,0) is a sigmoid function, such that the steepness increases when § — 0, that is,
lim $(¢,0,6) = S(&,0)-

Plahte et al. [7] considered the SSP of (13) as the limits of the corresponding continuous
analogue
¥y = ki1 Z; Z5 = ma,
.’L‘l2 = kQZiI—Z:;I— — Y2Z2, (16)
.’L'I3 = k3(Z1_ + Z;— - Zl_Z;_) — Y3T3.
of (13).
They detected a steady state (z3(8),x3(8),3(6)) satisfying

lim f(6) = 61, lim 23(8) = ka(1 — gs)gn /72, lim 23(8) = 6,

This limit belongs to P if and only if g3 > 1 — g2/g1. They also detected a steady state
(23(8), 23(6), 23(8)) satisfying

lim 23(6) = 61, lim a3(6) = 05, lim 23(6) = ks(1 — g192)/ 5.

This limit belongs to Ps if and only if g3 < 1 — g192. Notice that the domains of existence
in parameter space of these two SSP are included in our domains (Fig. 6).

It is claimed in [7] that steady points may only exist on P, and Ps which correspond to
circuits in the transition graph (Fig. 5). In fact, it is easily seen that (16) also has a third
steady state (z](8),z3(6),z1(8)) satisfying

}i_{%xi(é) = ki(1 - g3)92/m, }ii%x%(&) =05, }i_{%xé(é) =0s.

This limit belongs to Py if and only if g3 < 1 — ¢1/¢2 and the corresponding domain of
existence is included in our domain (Fig. 6). Another continuous approximation of the
system (13) would have give SSP localised elsewhere, but always in the focal sets given by
our analysis of the PL system.

6 Conclusion

The concept of Filippov solutions enables a rigorous and clear treatment of the problem of
singular solutions. It can provide new tools for exploring the interesting problems arising
from these threshold biological models. Of course, the problem of the ambiguity of the
dynamical behaviour in the case of the differential inclusion (8) stays open: it should be
solved by some method of regularization ([12]), either by continuous homologous systems,
or by the way of a stochastic process.

Acknowledgements: The authors thank the GAR CNRS Automatique and the French
COREYV group for their support.
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Figure 1: The velocity of motion along a threshold hyperplane.
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Figure 2: The velocity of motion along the intersection of two threshold hyperplanes.
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Figure 3: The flow and transition graph of (11)
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Figure 4: The flow and transition graph of (12)

INRIA



Piecewise linear differential equations 19

B - Bl

I Bl()l

BOOI

B110

Boooé BlOO

Figure 5: The transition graph of (13)
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Figure 6: The domains of existence of SSP of (13 and 16), shown in the g2-g3 plane for an
arbitrary value of g;.

RR n° 4207



/<

Unité de recherche INRIA Sophia Antipolis
2004, route des Lucioles - BP 93 - 06902 Sophia Antipolis Cedex (France)

Unité de recherche INRIA Lorraine : LORIA, Technop6le de Nancy-Brabois - Campus scientifique
615, rue du Jardin Botanique - BP 101 - 54602 Villers-lés-Nancy Cedex (France)
Unité de recherche INRIA Rennes : IRISA, Campus universitaire de Beaulieu - 35042 Rennes Cedex (France)
Unité de recherche INRIA Rhone-Alpes : 655, avenue de I’Europe - 38330 Montbonnot-St-Martin (France)
Unité de recherche INRIA Rocquencourt : Domaine de Voluceau - Rocquencourt - BP 105 - 78153 Le Chesnay Cedex (France)

Editeur
INRIA - Domaine de Voluceau - Rocquencourt, BP 105 - 78153 Le Chesnay Cedex (France)
http:/ /www.inria.fr

ISSN 0249-6399



