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T!UWVXHY;X/Z�[]\_^XH`bacX�dcegfJach�aiXjd
Xjk�h�l�dmh�nodLprqbY
sDegdcamtSnoX

u'v e�wxXjk'y�XjYzY;X

{ lJ|o|}e v k!~bX v Xjh U X v h U X�`D� ��Zb�j��[]�gnbam`�Z��J�o�![0�}�,|ol�fJXjp

������H� � ������ `�| v ^XHprXH`Jk�X�amh�a�no`�~'^Xjs}nbk�~bX/��e v Yzl�dcacp�l�k�aieS`$~oX,dcl;f�^X�eJY�^Xjk v aiX�l�dcf�^XHs v act�nbX�Xj`7k U ^X�e v acX
~oXjp�k�q�|DXjp�l��gXHh/dcl$~�^X��D`backraceJ`�~bXHp�p�h U ^XHY;lJp�l��@`bXHp�� u eJn v h�Xjdcl�kreJ|DegdcegfJaiXJ Dlgdif VXjs v X/X�k�k U ^X�e v acX�~bXjp
�Qlgacp�h�XHlgn�¡¢eS`Jk£^Xjkb^XHp�~�^Xj�gXjdieS|o|�^XjXjp¤XH`3¥�¦H§� �`beSnop7~'^Xjh v ac�geS`op@dcXjn v p�p�|'^Xjh�a¨�5h�l�k�aieS`opj 'l�am`op�a,tSnoX8dcXjp
| v eSsbd VXjY;Xjp v Xj`oh�eJ`Sk v ^Xjp©die v p!~oX�h�X/k v l���l�acdª�
«�¬} ��®°¯g± ����²�>³ dcf VXHs v XJ µ´'e�t5  ´'k�h�ebt5 W��e v Yzl�dcacp�l�k�aieS`¶~bXHp�Yzl�k U ^XjYzlgkramtSnoXjpj ·�Ql�amp�h�Xjlgnb¡· Lp�h U ^XHYzlgpj 
k�eJ|DegdcegfJaiXJ Sk U ^Xje v aiX/~bXjp�k�q�|DXjp
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�	� � �
� ¯  ��� X�| v XHprXH`Jk�l¤��e v Y;lgdia��jlgkraceJ`7am` T qb|DX�k U X�e v q7e���l��@`bX
p�h U XHY�XHp� }� v prk*p�krXH|�kre�� l v ~
Y;eb~bX v `_lgdifJXjs v l�amh,fJX�eJY;Xjk v qg� T eS|}eJdieJfgacXg ·l�dcfgXHs v l} 5lJ`o~¶p U XHl��gXjp*k U Xje v aiXHp U l��gX�sDX�XH`¶~bXj�gXjdieS|}XH~
am` ¥�¦j§� ���X/~oXjp�h v acsDX,k U Xja v p�|DXjh�ai�Dhjl�kraceJ`}p!lg`o~7k U X�| v eSsbdcXjYzp��'X U l��JX�XH`oh�eSno`SkrX v XH~W�

� ���·®�� ¬�
� �g� ³ dcfgXjs v l} o´'ebt5 5´'k�h�ebt5 ���e v Y;lgdia��jlgkraceJ`W bp U Xjl��JXjpj bp�h U XHY;Xjpj bkreJ|DegdcegfJqg bk�qb|DX,k U Xje v q
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, eJnopL| v ^XHprXH`SkreJ`}pW`beJpWp�|�^XHh�ai�Dh�lgkraceJ`op·XjkL| v XHnb�gXHpWXj`�k U ^X�e v acX�~bXjpLk�q�|DXjpµ~bXjp�`begk�aieS`opWYzl�k U ^XjYzl�k�act�nbXHp
`�^Xjh�Xjp�p�lga v Xjp Vl�dcl ~�^X��D`backraceJ`�~bXHp�p�h U ^XjYzlgp@l��@`bXjpj 'd.- no` ~oXjp7| v XHY;aiX v p$eJs�wxXjk�p7~bX�dcl�f�^XjeJY ^X�k v acX
lgdif�^Xjs v amt�nbX�Y;eb~bX v `bXJ�

´'X�k v l���lgaid�Xjp�k*solJpb^X�p�n v dcl¤��e v Y;lgdiamp�l�kraceJ`�~bX�d�- l�dcf VXjs v X,X�/·Xjh�k�n�^XjX
|ol v yµe10 2mh u egkrk�aiX v43 u � T65�587  
t�nba·h�eSYz| v XH`o~op©diXHp©`beJkraceJ`op�~bX�hjl�kb^X�fJe v aiXJ �~9- XH`op�XjY
sodiXJ gf v eJn}|}XJ Jlg`}`bXjlJnW JXjk'h�e v |op� gX�k�Xjp�k�X�/·Xjh�k�n�^X
l��JXjh¤dml��JX v praceJ` �}� Zo� )_~}n dieJfgamh�acX�d ~9- l�am~bX Vl¶dcl_~�^XjY;eJ`}prk v lgkraceJ` ¥�¦j§ 3 ´ ��: 5�587<; X�kz~beJ`oh$l��gXHh¤diX
¥=��>���? ��� �@¥�¦ � �����
�@�����Q¦ � �6A ��� �@�B���C( � � h�eJYzY;X/k U ^X�e v acX�~bXHp k�qb|}XHp�D��

´'X v lg|}|}e v k!pB- l v k�achjnbdiX�lJnbkreSn v ~bX
p�ai¡7|ol v k�aiXHp��by l¤| v XHY;a VX v X,~�^Xjh v ack�dml v Xj| v ^Xjp�Xj`Sk�l�kraceJ`$~bXjp�Xj`FE
p�XjY�sbdcXjp�tSnoX/`oeJnop�nbkracdcacp�eJ`opj �X�k!| v ^Xjp�Xj`Sk�X*h�X v k�l�am`bXjp |DeJp�pramsbacdiackb^XHp'~oX$¥�¦H§�h�eSYzY�X�dcXjp h�e�X v h�aceJ`}p©eSn
dml*p�qb`Sk UWVXHprX�lgnbk�eJYzl�k�act�nbX�~9- l v fJnoY;Xj`Sk�pµamYz|bdiamh�ackrXHp�� � `
h�eJ`Sk�ac`�nbX�Xj`op�nbackrX l��gXHh©~baG/*^X v Xj`SkrXHpµ`beJkraceJ`op
~oX*kreS|}eJdieJfgacX�h�eSY;Y;X�h�X�dcdcXjp©~H- am`Skb^X v acXjn v  g~9- lg~ U ^X v Xj`}h�Xg J~bX*k�eJ|DegdcegfgacX�XH`bfgXH`o~ v ^X�X!eSn¤~bX�h�eJ`Skram`�nbaikb^Xg�
u nbamp,l��gXjh�d.- lgdif VXjs v X�ILac~�^XjlJn�¡¶| v XjY;aiX v pj LYzl�¡bamY;lJn�¡W WdiX v lg~bamh�lgd�~9- n}`8am~�^XHl�d  WdiXHp,lg`o`oXjlgnb¡¶diebhjlgn�¡
Xjk
dml�dce�hjl�dcacp�l�k�aieS`²~9- lJ`o`bXHlgn�¡���eJ`Sk�|}l v kracX�~bXjp�`begk�aieS`op
`�^Xjh·^Xjp�p�lga v Xjp/|DeJn v h�eSY;Y;XH`oh�X v$Vl���e v Yzl�E
dcamprX v diXHp
p�h U ^XHY;lJp,l��@`bXHp���y�l�t�nol�k v a VXHY�X@|}l v kracXg µdml�|bdmnop�acYz|De v k�lg`Sk�X@~bX�h�X�k v l���lgaid  �~�^Xjh v ack,`beJp
p�|�^XHh�ai�Dh�lgkraceJ`op ~bX!dml�k U ^Xje v aiX ~bXHpF�Ql�amp�h�XjlJn�¡
X�k�p�X!krX v Y;am`bX!|ol v dml,h�eS`oprk v n}h�kraceJ`�~on��Ql�amp�h�XjlJn�lJp�p�ebh�a�^X
Vl¶no` | v ^X��Qlgacp�h�XHlgnW� � ` pB- q8XHprk
��e v krXjY;XH`Jk
ac`op�|ba v ^X@~on dcai� v XJ- ³ difJXjs v l�amh$\�XjeJY;X�k v q&- 3 K ³ {<L�L17 ~bX
{ � K l v k�p U e v `bXJ� T eJ|DegdcegfJaiXJ �l�dcf VXHs v XJ µXjk;k U ^Xje v aiX7~bXjp;�Qlgacp�h�XHlgn�¡ p�eJ`SkzXj`op�nbackrX v ^Xjno`bamp;|}eSn v |}X v E
Y;Xjkrk v X*dml
~�^X��D`oaik�aieS`¤~bXjp�p�h U ^XjYzlgp©l��@`bXjpj�NM'`��D`@eJ`¤~�^XHh v aik'~olg`op'dml
~bX v `ba VX v X�|ol v k�aiX*diXHp'~baG/*^X v Xj`Sk�p
| v eSsbd VXjY;Xjp t�nbX,`beJn}p!l��geJ`}p v Xj`}h�eJ`Sk v ^XHp©dce v p ~bX�h�X,k v l���lgaid �

yO- am`SkrX v �Qlgh�X�f v lJ| U amt�nbX�¥P��¥�¦H§ 3 ´ { � 5 � 7 |}eSn v ¥�¦H§�l ^Xjkb^X�nbkracdiampb^X�X�|}eSn v pramYz|bdiai�}X v dml;h v ^XjlgkraceJ`
~oXjp/| v Xjnb�JXjp ; l��gXHhQ- | v e�e��CE�sJqNE�|}eJac`Sk�ac`bfR- 3 SUT�T65 � 7 D!X�k/|}eSn v lgnbfSY�XH`SkrX v dml$dcampramsbacdiackb^X;~bXjp¶^XH`beJ`}h·^XHp; t�nbX�`beJnop;�JeJnbdceJ`op;lgn}p�p�a!| v ebh U X�t�nbX�|}eSp�p�acsodiX�~on dclJ`bfJlgfgX$Yzlgk U ^XHYzl�kramt�nbX�D��WV�lJ`op;dcl�Y;Xjp�n v X
e Vn�h�Xjdcl@`oX�`�nba v l@|}lgp Vl@dcl@h�eJYz| v ^X U Xj`op�aieS`�~bX
`beSp*p�|'^Xjh�a¨�5h�l�k�aieS`opj }h�- Xjp�k�~9- l�acdcdiXHn v p*d�- l��@h U lgfgX�~bX
¥P��¥�¦j§;t�nbX,`beJn}p!nbkracdiamp�X v eJ`op!|DeJn v dcXjp*| v ^Xjp�Xj`SkrX v �

X Y "��*��?�"����=�+�,�F���F"�	[Z]\_^ �!�=���	��*6�	_(��� �*�;� ������;� ����� �*�Q`
�����ba������

� `�| v ^XHprXH`Jk�X/ach�a�t�nbX�dmt�nbXjp�lgp�|}XHh�k�p�~bX�dmlz��e v Yzl�dcacp�l�k�aieS`$~oX�d�- l�dcf VXjs v X/Xj` ¥�¦j§znokracdiampb^X�X�h�eSYzY�X
s}lgp�X�~bX�`beJk v X�k v l���l�acdª�gyµX�dcXjh�krXjn v am`Jk�X v Xjp�pb^X�|}eSn v�v l,p�X v XH|}e v k�X v*Vl 3 u � T65�587 |DeJn v |bdmnop�~bX*~�^Xjk�lgaidmp��

cedgf hji_k�lnmpo_q%lrksl9tvuxwl9tzyn{ |%}!lrk
y l�Y;lJ`ba VX v X;~oX v XH| v ^Xjp�Xj`SkrX v dcXjp�Xj`op�XjY�sbdiXHp�h�eS`o~backraceJ`o`oX;k�eJnbk
diX¤k v l���l�acd�X�k
dcl$��e v Yzl�dcacp�l�k�aieS`

�Qnok�n v Xg bacdWXjp�k�~oeJ`oh�Xjp�p�Xj`SkracX�dWt�nbX,h�X/h U egai¡�h�lJ|bk�n v X Vl
dml���egamp�kreJn}p diXHp'XH`op�XjY
sodiXHp�Yzlgk U ^XHYzl�kramt�nbXjp
Xjk�t�n9- acdLp�egack�p�n��@p�lgY;Xj`Ske~}X�¡�amsbdcX�|}eSn v `bX�|olJp k v eJ|7p�-r^XjdieJaifS`bX v ~olg`}p diXHn v nbkracdcacp�l�k�aieS`7~oXjp!Yzl�k U ^X�E
YzlgkramtSnoXjp!p�k�lg`}~ol v ~opj�

�n�����?���B�%�
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y lz`begk�aieS`$~bX,k�qb|DX�prXHY
sbdcX,l¤| v aie v aWh�eS`S�gXj`oa v |DeJn v�v Xj| v ^XHprXH`SkrX v dcXjp Xj`}prXHY
sbdcXjp9I}eJ`�|}XHnbk!�geJa v n}`
k�qb|DX�h�eSY;Y;X!d.- XH`op�XjY
sodiX�~bXHp�krX v Y;XHp�tSnoaod�- eJ`Sk�|DeJn v k�q�|DXg JY;lgacp�aid}`H- X�¡�amp�krX�Yzl�d U Xjn v XHnoprXHY;Xj`Sk�|olgp
XH`oh�e v X,~bX,`beJkraceJ`�~bX,k�qb|DX�tSnoegkracXj`Sk�t�nbaLp�egack�p�nb�¤p�lgY;XH`Jk X�¡b| v XHp�p�a¨�F|}eSn v XH`bfgdceJsDX v dcXjp!t�nbeJkracXj`Sk�p
Yzlgk U ^XHYzl�kramt�nbXjp�Xjk!diXHn v p!| v eS| v a�^Xjkb^XHp��

� ` nokracdiamprX7~beJ`}h@dml¶p�k v noh�k�n v X$~bX7po^Xjkre10 2c~bX ; �gega v |}l v X�¡W� 3 � ³�� 5��17 D�|DeJn v;v Xj| v ^Xjp�Xj`Sk�X v dcXjp�Xj`FE
p�XjY�sbdcXjpj����`�pb^Xjkre10 2c~oX*Xjp�k dclz~beS`o`�^XjX�~H- no`$k�qb|}X�p�no|o|De v k� ot�nbaLp�X v l�ac`SkrX v | v ^Xjkb^X�h�eSY;Y;X/dcX�k�qb|DX,~bXjp
^Xjd�^XjY;Xj`Sk�p�~bX©d.- Xj`op�XjY�sbdiXJ jXjk ~H- no`oX v X�dml�kraceJ`
~9-x^Xjt�nbac��lgdiXH`oh�XJ jt�nba�prX v ��a v l!~H-x^XjfJlgdiackb^X�p�n v h�XjkµXj`}prXHY
sbdcXg�
� `�|DXjnok�l�am`op�a�lJ|o| v ^X U XH`o~bX v ~bX
Yzlg`ba VX v X,k�egk�lgdiXHY;Xj`Sk U eSY�eJf VXH`bX/diXHp�XH`oprXHY
sbdcXjp*tSnoegkracXj`Sk�pHI}d.- Xj`FE
p�XjY�sbdcX
	����`9- Xjp�k v acXj`7~9- lgnbk v X,t�nbX,dcX,pb^Xjkre10 2c~oX�l�qJlJ`Sk'dcX�Y��XjY;X�k�q�|DX�p�no|o|De v k t�nbX�	 Yzl�amp e Vn$dcl
v X�dml�k�aieS`@am`backraml�dcX�l ^X�kb^X�h U lJ`bf�^X�X�|}l v { �

Definition. 
a set is a structure with the following components:
Carrier: a type (coercion)
Equal: a type relation on Carrier
Prf_equiv: a proof that Equal is an equivalence (coercion)

− 1 −

yO- amYzl�fgX�| v ^Xjh·^Xj~oXj`SkrX@h�e v�v XHp�|DeJ`o~ Vl�h�X�t�nba!lg|o|}l v l�ack�p�eJnop8¥P�r¥�¦H§ l��JXjh$no` - | v X�krk�qNE�| v ac`SkrX v -
lJ|o| v eJ| v a�^Xg SX�dcdiX,h�e v�v XHp�|DeJ`o~�Xj`$�Ql�ack�lgn7h�eb~bX�¥�¦H§;p�nbac��lg`Sk9I
�������������������! "�$#&%�'�(��)#+*-,
.0/ ���1 ����$#324%�'�(��65
708�9 /0: #4;<�0� :�/ �= >��? .�/ ���1 >���1@A5
B0��C�D���8�9E "FG#H2I;J��8�9E "F /0: ��?=���K708�9 /�: @MLON

��`@Y;egk©l��JXjh h�Xjk�X�¡bXjYz|bdcX*p�n v dml�p�q�`Sk�l�¡bX�~bX@¥�¦H§��Sy�l,Yzlgh v eQP=RTSVU�WYX�h v ^X�X amh�aDdiX�k�qb|DX�am`o~onoh�krai�
�������! "� l�qSlg`Sk'|DeJn v n}`bact�nbX,h�eJ`op�k v noh�k�Xjn v dml���eS`oh�k�aieS`QZ 9E : � �������� �� t�nbaL~bXHYzlg`o~bX/k v eJacp l v fJnzE
Y;XH`Jk�p/~bXjp�k�qb|}XHp/p�|�^Xjh�ai�!^XHp*~olJ`op�diXHp/~ba>/�^X v XH`Jk�p�h U lgYz|opj��M'didcX�~�^X��D`oaik/lgnop�p�a dcXjp�k v eJacp�| v e�wxXjh�kraceJ`op
.0/ ���1 �����[\708�9 /0: [�B0��C ��8�9E ]F tSnoaFlJp�p�ebh�acX v eJ`Sk Vl7no`¶pb^X�k�e80 2m~bX v Xjp�|}XHh�k�ai�JXjY;Xj`Sk�p�eJ`¶k�qb|}XJ ·p�l v X�E
dml�k�aieS`W bX�k!dmlz| v Xjnb�JX/t�n9- acdµp�- l�fJaik!sbacXj`7~9- no`bX v X�dml�k�aieS`$~9-r^XHtSnoai��l�dcXj`}h�Xg�

y�X�p�qbY
sDegdcX 2 | v ^Xjp�Xj`Sk©XH`Sk v X .0/ ���1 >��� X�k %�'�(�� |DX v Y;X�k ~bX/~'^Xjh�dcl v X v dml�| v e�wxXHh�k�aieS` .0/ ���1 >���
h�eJYzY;X�h�eSX v h�aieS`�Xj`Sk v X;diX;k�qb|}X �����0�! �� X�k�dcX�k�qb|DX %�'�(�� I·~bXzh�XjkrkrXzYzlg`ba VX v X
n}`8p�X�k�e80 2m~bX
|DeJn v�v l
�Xjk v X��bnW  Vl�k v l��gX v p .0/ ���! >���  �h�eJYzY;X*no`@k�q�|DXg� u dmnop'| v ^Xjh�ampb^XjY;Xj`Skj �praRM Xjp�k©no`@p�X�k�e80 2m~bXJ �eJ`¤|DeJn v�v l
lgdie v p�h�eS`opram~�^X v X v no` ^X�d�^XHY�XH`Sk�¡ 0�~oX�k�qb|DX�04M ; l�dce v p*t�nbX"M `9- Xjp�k,|olgp�no`8k�qb|}X�D� L|ol v h�X�t�nbX�¥�¦H§
d.- ac`op�k�lJ`oh�acX v l;lgnbk�eJYzl�k�act�nbXHY�XH`Sk |}l vG^ #>; .0/ ���1 ����M7=@_N

ced c uUyO`!k�a8t>bdcfe_g=lpl9t4che_izt�jglrk�}lkm`!i lni!kNlrmpo<qgl
n ����o ��
HTp �S��¯ ¬ � �²�qo 
F�� �rp ¯ �b

sut��vsxw
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y�X Y;e�qJXj`,dcX!|bdcn}p�`ol�k�n v Xjdb~bX v Xj| v ^XHprXH`SkrX v no`bX!|ol v k�aiX ³ ~9- n}`
XH`oprXHY
sbdcXeM8XHprk�~bX prX!~beS`o`bX v n}`
| v ^XH~bamh�l�k u p�n v M�~oX�k�qb|}X 7���2�B0����( ; ³ p�X v l�d.- Xj`op�XjY�sbdiX�~bXjp7^X�d�^XjY;Xj`Sk�p!~bX#M��'^X v ai�Dlg`Sk u D�� � lgacp
|}nbacp�t�n9- eJ`,k v l���l�acdcdiX©l��JXjh�dcXjp pb^X�k�e80 2m~bXjpj  acdJ�QlJnbkµXH`
|bdmnop ~bXjYzlJ`o~bX v lgnb¡/| v ^XH~bachjl�k�pµt�nbX©d.- eJ`�h�eJ`op�ac~ VX v X
~H- �Xjk v X�h�eJYz|ol�k�acsodiXHp'l��JXjh�d.-x^X�fSl�dcaikb^X�~bX<M*� � egack ~beJ`oh�dml,��eJ`}h�kraceJ` (������ ������( / �= �� : � t�nbaWlgp�prebh�aiX Vl
n}`7| v ^XH~bamh�l�k u ; ~bX,k�qb|DX 7���2�B0�0��( D dclz| v eJ|DeJp�ackraceJ`��
	�� �� 	������ ;�� 	rD���� ; ���	rD���� ��!"� ;�� �D?I
#���C1 ]?= "�= >��? (��0���0D�������( / �= �� : � # ; 7���2�B��0��(E@$��2�B0�0��( #+*

% BG#+7&��2�B��0��((' ; ^ [ '$#+7=@I; B ^ @���2 ; 7�8�9 /0: ' ^ @)��2 ; B�'=@_N
� `�|DXjnbk�lgdie v p ~�^X��D`ba v h�X,t�n9- Xjp�k�no`�| v ^Xj~bamh�lgk�~olJ`op dcX�h�lg~ v X/~bXjp*pb^Xjkre 0 ac~bXHp&I

����������� B0�0���1 �� / ��� #+* , B0�0����D�C�9�?d# 7*��2�B��0��( 5
B0�0����D0������( / �= �� : ��D�(���CO# ;3(��0���0D�������( / �= �� : �KB��0����D�C�9�?E@�LON

n ����o ��
HTp �S��¯ ¬ � �²���,+��H��� � ±Q�

� lgacp�|DeJn v �Ql�a v X�~bX�dcl�|ol v kracX�~bX
	�~�^X��D`bacX�|}l v no`@k�X v Y�X � ~bX�k�q�|DX B��0���1 �� / ��� no`�pb^X�k�e80 2m~bXJ 
acd!�QlJnbk@|}eSnb�geJa v ~beS`o`bX v no` k�q�|DX Vl²prXHp�^X�d�^XHY�XH`Sk�pj��´'eSYzY�X�acd*`9- X�¡bamprk�X_|olgpzXH` ¥�¦H§¶~oX_`begk�aieS`
| v amY;aik�ai�JX/~oX�preSnopgE k�qb|ol�fJXg SeJ`�| v ebh VXH~bX�lgac`op�a�I

M'k�lg`Sk!~beS`o`�^X,no`7k�qb|}X.-�X�k�no`bX/��eS`oh�k�aieS`/�©~bX,k�qb|}X10 ��2�7  beS`$~�^X��D`oaik dcX�prXjkre10 2c~bX
;32"9,�0��'�(�� 2�����7 0  �@ |ol v dcX�k�qb|DX4- Xjk
dml v X�dml�kraceJ` ~H-x^XHt�nbai��lgdiXH`oh�X�	15²p�p�a�� ; 	rD6�7� ; RD���´'X
po^Xjkre10 2c~bX�Xjp�k!Xj`7sba wxXjh�k�aieS`�l��gXjh �  od.- amYzl�fJX/~oX.�� bXjk�|}XHnbk�~beS`oh �X�k v X/�bn�h�eJYzY;X,no`bX�|ol v k�aiX,~bX�M��

u eSn v acYz|bd�^XjY;XH`Jk�X v dml�|ol v k�aiX/~bX�M ~�^X��D`bacX�|ol v diX,| v ^Xj~oachjl�k u  SacdLp�n��¤k�l�dce v p'~bX,| v Xj`}~ v X/|DeJn v
- diX/k�qb|DX 2]9,�0��'�(�� p�nbac��lg`Sk9I
�����������82"9,�0��'�(��)# *�,(2]9,�0��'�(��0D�� : � #�7

2"9,�0��'�(��0D>(0��C # ; B0�0���0D�C�9�?MB92"9,����'�(��0D�� : �=@�L
; diXHp�krX v Y;Xjp/t�nbaFd�- U lJsbaik�Xj`Sk,preS`Sk�dcXjp/h�eSno|bdcXjp/h�eS`op�krack�n�^X;~9- no`¶k�X v Y;X;~bX;k�qb|}X"M X�k/~9- no`bX¤| v Xjnb�JX
t�n9- acd©�©^X v ai�}X¤diX7| v ^Xj~bamh�lgk u D� µX�k;|}eSn v a�dml_| v e�wxXjh�kraceJ` 2"9,�0��'�(�� � : �\#:2"9,����'�(�����2�7GN yµX@k�X v Y�X
;32"9,�0��'�(�� 2�����7;2]9,�0��'�(��&2"9,�0��'�(�� � : �=@ p�X v lzl�am`opraWdcX�pb^X�k�e80 2m~bX�~�^X��D`oaik!|ol v diX�| v ^XH~bachjl�k u �

� `�Y�Xjk�XH`�|bdmlgh�X©dcXjpFh�e�X v h�aceJ`}pµ`�^XHh�XHp�p�l�a v XHpL|DeJn v |}eSnb�geJa v �geJa v no`
| v ^XH~bachjl�kµh�eJYzY;X�n}`bX'|ol v k�aiX
Xjk�ac`S�JX v prXHY�XH`Sk���y�- lg|}|ol v krXH`olg`oh�X Vl,no`bX�|ol v k�aiX�|DXjnbk'l�dce v p�prX�~�^X��D`ba v h�eSYzY�X!dml���eJ`}h�kraceJ`  ]? ( / ���
t�nba Vl$no`¶pb^X�k�e80 2m~bX�M� ·n}`_krX v Y;X
¡¶~bX�k�qb|DX4M� DXjk Vl$no`¶| v ^XH~bamh�l�k ³ p�n v M lJp�p�ebh�acX
dml�| v eJ|DeJp�aik�aieS`
; B0�0��� C�9�?=< ^ @ I

#���C1 ]?= "�= >��?  ]?!D>( / ��� # * % 7G#H�������! ��>' % ^ # 7�' % <G#>; B��0���1 �� / ���K7=@?'6; B��0����D�C�9�?@< ^ @_N

�n�����?���B�%�
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n�� ��+��j�b� � ±�� � ����o ��
HTp �S�
y�X*pb^X�kre10 2m~bX�~�^X��D`oacp�p�lJ`Sk�d.- XH`op�XjY
sodiX*~oXjp�|ol v k�aiXHp�~bX6M l,|DeJn v k�q�|DX�dcX!k�qb|}X B0�0���1 �� / ��� X�k�|DeJn v

^XjfJlgdiackb^X�dml;~oeJnosbdcX/ac`}h�dmnopraceJ` I

#���C1 ]?= "�= >��? ��8�D>( / ���G# ;3B0�0���1 �� / ��� 71@���2 ; B��0���1 �� / ��� 7=@)��2�B��0��( # *
% <G#>; B0�����1 �� / ��� 71@?' % Z #>; B��0���1 �� / ���K7=@?' ; ^ #+7=@
;�;T ]?!D>( / ��� ^ <=@@��2 ;T T?!D>( / ��� ^ Z @�@���� ;�;T ]?!D>( / ��� ^ Z @)��2 ;T ]?�D>( / ��� ^ <1@�@_N

�0���,� / ��8�D>( / ����D���8�9= "FG# ;J��8�9E ]F /0: ��?1���M��80D>( / ���1@_N
M'k!eJ`7|}XHnbk�l�dce v p!~�^X��D`ba v d.- Xj`op�XjY�sbdiX,~bXHp�|ol v k�aiXHp!~bX 	 |}l v I

#���C1 ]?= "�= >��? ( / ����D(2����G#&�������! "� # *); Z 9E : �0D��������� ��M��8�D>( / ����D���8�9= "F=@_N

V/lg`op�dml�~�^X��D`backraceJ`¶~bX ( / ��� 2>��� h�a>E�~bXHp�p�nop�eJ`¶`oX�~beS`o`bX Vl ¥�¦j§�t�n9- n}`¶p�Xjnbd�~bXHp�k v eJacp�l v fJnzE
Y;XH`Jk�p,`�^XHh�Xjp�p�l�a v XHp Vl7dml���eS`oh�k�aieS` Z 9E : � �������! "� ��M'`8X�/·X�kj µdcXjp,~bXHn�¡8l v fJn}Y�XH`Sk�p,Yzlg`ot�nolJ`Sk ; diX
k�qb|DX ;3B0�0���1 �� / ��� 7=@ X�kzdcl v X�dml�k�aieS` ��8 ( / ��� D�p�eJ`SkzacYz|bdcamh�ackrXjY;XH`Jk¤h�eJ`SkrXH`Sn ~olJ`op;diX�k�qb|}X�~bX
��8 ( / ��� ��8�9E ]FO[ Xjk�preS`Jk!lJnbkreSY;lgkramt�nbXjY;Xj`Sk!p�q�`Sk U ^X�k�acpo^XHp'|ol v ¥�¦j§��

{ XHYzl v tSnoeJ`op!t�nbX,dml;��eJ`oh�kraceJ` 2"9,����'�(�� � : � `beSnop!|DX v Y�Xjk*~bX,�Jega v n}`£^X�d�^XjY;XH`Jk ~9- no`bX�|ol v k�aiX
h�eJYzY;X,no`�^X�d�^XjY;XH`Jk ~bX/d.- XH`oprXHY
sbdcX�lgn7~bXHp�p�nop9I}p�a <G#>;3( / ��� 2�����7=@ Xjk�pra ^ # < lgdie v p
;32"9,�0��'�(�� � : � ^ @_#+7$N � l�d U Xjn v XHnoprXHY;Xj`Sk ¥�¦H§ `bX�|DX v Y;X�kµ|olJpL~bX�~�^Xjh�dml v X v h�X�krk�X���eJ`}h�kraceJ`/h�eJYzY;X
h�e�X v h�aceJ` ; X�dcdiX�p�X v l�ack!|ol v lgY�^Xjk v ^X�X�|ol v dcX,prXjkre10 2c~bX<M* Dh�X,t�nbaµ`9- Xjp�k�|olgp!lJh�h�Xj|bkb^X�|}l v ¥�¦j§�D��

� ` h U eJacp�aik�~9- l��@h U X v p�eJnop ¥P��¥�¦H§ 	 ��� |DeJn v diX k�X v Y�X ;T ]? ( / ��� ^ <=@  
	 ; 	"D�|DeJn v
;3( / ��� 2�����7=@  bX�k�~bX�hjlgh U X v dml���eJ`oh�kraceJ` 2"9,����'�(�� � : � |DeJn v |odcnop*~bX/diampramsbacdiackb^Xg�

� ���;6������ �����

�6dgf  y�c�yOqgy�gOj%l��!lni!kNlrmpo<qglrksy `���lvi?tzk��&y�m m]l t>bdc�l
��`bX�kreS|}eJdieJfgacX�p�n v n}`�XH`op�XjY
sodiX6M²Xjp�k�no`bX�|}l v kracX�~bX!d�- Xj`}prXHY
sbdcX!~bXjp�|}l v kracXjp�~bX6M� gh�eS`Jk�Xj`olJ`Sk

M X�kzd.- XH`oprXHY
sbdcX���am~bXg �Xjk��'^X v ai�DlJ`Jk�~bXjn�¡�| v eS| v a�^Xjkb^XHp@I�p�k�lJsbaidcackb^X7|ol v no`baceJ` tSnoX�dmh�eJ`}tSnoXg  X�k¤|ol v
am`SkrX v p�Xjh�kraceJ`��D`oaiXJ� � `¶h�eSYzY�XH`oh�Xz~beS`oh�|}l v ~�^X��D`ba v h�X;t�n9- Xjp�k,|}eSn v no`_XH`oprXHY
sbdcXz~bX¤|ol v kracXjp�dcl
p�k�lJsbacdiackb^X7|ol v no`oaieS`�t�nbX�dmh�eS`ot�nbX ; dml8| v eJ| v a�^X�kb^X 9�?E >�>?  ]? ���>( h�aGE ~bXHp�p�eJn}p�D�X�k¤|ol v am`SkrX v p�Xjh�k�aieS`
�5`baiX ;  ]?������  T? ����( D��

sut��vsxw
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Let E be a set.
Definition.

union_part:℘(℘(E)) ⇒ ℘(℘(E))
1: Intros P. 1: Apply (!Build_Predicate   ?   x:E , ∃ A:℘(E) , (A ∈ P) ∧ (x ∈ A)).

Definition (union_in_top).
given top of type ℘(℘(E)) ,
we define the proposition union_in_top(top) by

∀ open_family:℘(℘(E)) , open_family ⊂ top ⇒ union_part(open_family) ∈ top

Definition (inter_in_top).
given top of type ℘(℘(E)) ,
we define the proposition inter_in_top(top) by

∀ open1,open2:℘(E) , open1 ∈ top ⇒ open2 ∈ top ⇒ open1 ∩ open2 ∈ top

��`bX,kreS|}eJdieJfgacX�p�n v 	 Xjp�k�l�dce v p&I

Definition. 
a Topology is a structure with the following components:
top: of type Predicate(℘(E)) (coercion)
union_in_top_prf: a proof of union_in_top(top)
inter_in_top_prf: a proof of inter_in_top(top)
total_prf: a proof of full(E) ∈ top
empty_prf: a proof of ∅ ∈ top

Xjk�no`7Xjp�|olgh�X�k�eJ|DegdcegfJact�nbX/Xjp�k!no`7Xj`op�XjY�sbdcX�~beJ`o`�^X�l��JXjh�no`bX,k�eJ|DegdcegfgacX�I

Definition. 
a topological space is a structure with the following components:
et_setoid: a set (coercion)
open: of type Topology(et_setoid)

� `,~�^Xjh�dml v XFno`bX©h�eSX v h�aieS`*XH`Sk v X�diX�k�qb|DX ��� XjkWdiX�k�qb|DX 2����0�! �� � ³ am`opraSpra�� #H��� XHprkµn}`/Xjp�|olgh�X k�e�E
|DegdcegfJact�nbX�lgdie v p�n}`¤krX v Y;X ^ # � ; lJnbkreSYzl�kramt�nbXjY;XH`Jk'h�e�X v h·^X �JX v p ^ #�; .0/ ���! >��� ;J��� 2������� �� � @�@ D
p�X v l�no` ^X�d�^XHY�XH`Sk�~on�p�X�k�e80 2m~bX*p�eJnop%Ecwrlgh�XH`Sk�X�k no`@k�X v Y;X�� #>;<��(���? � @ no` ^X�d�^XjY;Xj`Sk©~oX�dml�k�eJ|DegdcegfgacXg 
~oeJ`oh/no`7eJno�gX v k� oh�eJYzY;X/Xj`7dclJ`bfJlgfgX�Y;lgk U ^XjYzl�k�act�nbX,h�eSn v lg`Sk��

�6d c �v}�� wlvi@lri �&l�� j i�t<wlvi!jglA`fi �!o�y�iR}
y�Xjp/`begk�aieS`op�~bX���X v Y�^XHp� ·lg~ U ^X v Xj`oh�Xjpj oam`Jkb^X v acXjn v p� 5s}e v ~}p� ·l�am`op�a t�nbX;kreSnbk*dcXjp�dcXjYzY;Xjp�lgp�prebh�a�^XHp

pB- X�¡o| v acY;Xj`Sk�h�dml�a v XHY�XH`Sk�� u l v X�¡bXjYz|bdcXg b|DeJn v ~�^X��D`ba v d.- lg~ U ^X v Xj`oh�X*~9- no`bX/|ol v kracX ³ ~bX<M* �eJ`$h�eSY'E

�n�����?���B�%�
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Y;XH`oh�X |ol v h�eS`op�k v nba v X©d.- Xj`op�XjY�sbdiX � : �(2���� �>��?0� /  T?E ]?�� ~bXHpµ��X v Y�^XHp�h�eJ`SkrXH`olg`Sk ³  �|onbamp eJ`�| v XH`o~op
d.- ac`SkrX v p�Xjh�kraceJ`7~bX,h�XHp ��X v Y ^Xjp&I

Let E be a topological space.
Let A be of type ℘(E).
Definition.

closed_containing:℘(℘(E))
1: Apply (!Build_Predicate   ?   F:℘(E) , A ⊂ F ∧ F is closed).

 
Definition.

let adh be intersection_part(closed_containing)
 (its type is ℘(E)).

� `$Y;eJ`Sk v X�lgdie v p©diXHp diXHYzY�XHp h�dmlgp�pramt�nbXjp�l�am`op�a·t�nbX�dml�| v eJ| v a�^X�kb^X*hjl v lgh�kb^X v amprk�act�nbX�~bX/d.- lJ~ U ^X v XH`oh�XWI
h�- XHprk dcX�|bdmnop�|DX�krack ��X v Y ^X,t�nbaµh�eS`SkracXj`o`bX ³ �

Lemma (included_adh).
A ⊂ adh.

 
Lemma (adh_closed).

∀ A:℘(E) , adh(A) is closed.
 
Lemma (closed_containing_adh).

∀ F,G:℘(E) , F is closed ⇒ G ⊂ F ⇒ adh(G) ⊂ F.
 

yO- am`Skb^X v acXjn v ~9- no`bX�|ol v kracX ³ p�- X�¡o| v acY;X�~bX/�Ql��h�eS`$p�acY;acdclga v XPI}h�- XHprk!d.- n}`baieS`�~bX,kreSnop!dcXjp eJno�gX v k�p
am`oh�dcnop!~}lg`op ³ �

Definition.
open_included:℘(℘(E))

1: Apply (!Build_Predicate   ℘(E)   U:℘(E) , U ⊂ A ∧ U is open).
Definition.

let int be union_part(open_included)
 (its type is ℘(E)).

M'k� oh�eJYzY;X�|}eSn v d�- lg~ U ^X v Xj`}h�XWI

sut��vsxw
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Lemma (int_included).
∀ A,B:℘(E) , A ⊂ B ⇒ int(A) ⊂ int(B).

 
Lemma (int_open).

∀ A:℘(E) , int(A) is open.
 
Lemma (eq_set_int).

∀ A:℘(E) , A is open ⇒ A = int(A).
 
Lemma (open_included_int).

∀ A,B:℘(E) , B is open ⇒ B ⊂ A ⇒ B ⊂ int(A).
 

� `�|DXjnbk�lgdie v p ~�^X��D`ba v diX,sDe v ~�~9- n}`bX�|ol v kracX/X�k dml¤| v eS| v a�^Xjkb^X�~bX�~bXj`}prackb^XPI

Definition.
let border be the function defined by , for all A:Predicate(E) , adh(A) ∩ ¬int(A)
 (its type is ℘(E) ⇒ ℘(E)).

Definition.
let is_dense be the function defined by , for all A,B:℘(E) , B ⊂ adh(A)
 (its type is ℘(E) ⇒ ℘(E) ⇒ Prop).
Xjk�Y�eS`Sk v X v dcXjp dcXjYzY;Xjp!f�^Xj`�^X v lgn�¡¤h�eS`oh�X v `olJ`Sk�h�Xjp!`beJkraceJ`opj�

�6d � �4` t0j q%k c�yO`fi �&y�i!k�t0i�`fj3i?l `_i l tzy�c�y�q%y�gOjgl
� ` h�eJ`}prk v nback�|}l v ��egamp�dcXjp�Xjp�|olgh�Xjp�kreJ|DegdcegfJact�nbXHp
t�nbX$d�- eJ` h�eJ`op�am~ VX v X@XH` p�|�^Xjh�a¨�DlJ`Sk
`beJ`�|olgp

d.- Xj`op�XjY�sbdiX;~bXjp�eJno�gX v k�p*Y;lgacp�h�Xjdcnoa ~bXHp���X v Y�^XHp� DeJn�XH`_h�eS`op�ac~�^X v lg`Sk!dcl�kreS|}eJdieJfgacX�Xj`bfJXj`o~ v ^XjX�|ol v
n}`bX;s}lgp�X�~9- eJnb�JX v k�� � `_~�^XHh v aik�~olg`}p�h�X�krk�X;p�Xjh�kraceJ`¶diXHp*dcacs v lga v aiXHp�t�nbaF`beSnop/|}X v Y;X�k�krXH`Jk/~bX;krXjdidcXjp
h�eJ`op�k v noh�kraceJ`opj�

��������� � ¬ o ¬ ± ¬	�!p � �;���
 + p � o ��
 ± � ��+��j�b� � ±�� � ���� � 
 � ����
� aWM Xjp�k�no`8pb^X�kre10 2m~bX�X�k5-�no`¶Xj`op�XjY�sbdiX;~bXz|ol v kracXjp�~bX M h�lJ`o~bam~ol�k Vl@��e v Y;X v d.- XH`op�XjY
sodiX;~bXjp

��X v Y�^XHpF~9- n}`bX kreJ|DegdcegfJaiX p�n v M* �acdb�Qlgnbk�t�n9- aidb�'^X v ai�}X�diXHp�t�nol�k v XHp | v eS| v a�^Xjkb^XHpµp�nbai��lJ`Jk�Xjp9I�dcX ��ac~bX Xjk�	
lJ|o|ol v k�aiXH`o`bXj`Sk Vl��z Hprk�lgsbacdcaikb^X©~bX -�|ol v am`Jk�X v prXHh�k�aieS`�t�nbXjdch�eJ`ot�nbX©X�kµno`oaieS`/�D`bacXg� � `,prX©~oeJ`o`bX'~beJ`oh
XH`$|}l v lgY VX�k v X�dcXjp!| v Xjnb�JXjp 0 ����(���'O[ 0 C�9 :�: [ 0 (��0��(��=[ Xjk 0 (�����(�� ~bX�h�Xjp!| v eJ|DeJp�aik�aieS`op9I
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Definition (infinite_inter_closed).
given close of type ℘(℘(E)) ,
we define the proposition infinite_inter_closed(close) by

∀ closed_family:℘(℘(E)) ,
closed_family ⊂ close ⇒ intersection_part(closed_family) ∈ close

Definition (finite_union_closed).
given close of type ℘(℘(E)) ,
we define the proposition finite_union_closed(close) by

∀ closed1,closed2:℘(E) ,
closed1 ∈ close ⇒ closed2 ∈ close ⇒ (closed1 ∪ closed2) ∈ close

Let F_empty be of type ∅ ∈ F.
Let F_full be of type full(E) ∈ F.
Let F_prop1 be of type infinite_inter_closed(F).
Let F_prop2 be of type finite_union_closed(F).� egack �>����( : ���=��?0� / ��' dcl���eS`oh�k�aieS`,tSnoa Vl!no`/Xj`}prXHY
sbdcX�~bX�|ol v k�aiXHpLlgp�prebh�aiXFd.- XH`oprXHY
sbdcX�~bXHpµh�eSYz|bd�^XjY;Xj`Sk�lga v Xjp
~oX/h�Xjp�|}l v kracXjp9I

Definition.
complementary:℘(℘(E)) ⇒ ℘(℘(E))

1: Intros F. 1: Apply (!Build_Predicate   ?   C:℘(E) , ¬C ∈ F).
� `7|DXjnbk*lgdie v p ~�^XjY;eJ`Sk v X v dcXjp!t�nol�k v XHp diXHYzY�XHp�p�nbai��lJ`Jk9I

Lemma (topology_by_closed_1).
union_in_top(complementary(F)).

 
Lemma (topology_by_closed_2).

inter_in_top(complementary(F)).
 
Lemma (topology_by_closed_3).

full(E) ∈ complementary(F).
 
Lemma (topology_by_closed_4).

∅ ∈ complementary(F).
 
t�nba·��eS`Sk�~bX ;V�>����( : ���=��?0� / ��' 0 @ no`bX,kreS|}eJdieJfgacX,p�n v M_I

Definition.
let Build_topology_by_closed be

(!Build_Topology
E complementary(F) topology_by_closed_1 topology_by_closed_2
topology_by_closed_3 topology_by_closed_4).

sut��vsxw
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��������� � ¬ o ¬ ± ¬	�!p ����+ � ��+ � 
F����qo ��
 � +µ� � � �H� � �i¬ ���5� 
H �
V/lg`op/`beJk v X�~bXj�gXjdieS|o|}XHY;Xj`Sk� ·no`bX;solgp�X�~9- eJno�gX v k�p S Xjp�k� ·h�eSY;Y;Xzno`bX�kreJ|DegdcegfJaiXJ 5n}`bX�|ol v k�aiX

~oX7d.- Xj`op�XjY�sbdiX_~oXjp¤|ol v k�aiXHp;~oXjM* �h�eS`SkrXj`}lg`Sk"M Xjkzd�- Xj`op�XjY�sbdcX7��am~bXg 'Y;lgacp¤`oX7�'^X v ai�DlJ`Jkzt�nbX�dcl
p�k�lJsbacdiackb^X,|ol v!v lJ|o|De v k�lJn�¡$am`SkrX v p�Xjh�k�aieS`op'�D`bacXjpj�5´_- Xjp�kFwrnoprk�XjY;Xj`Sk!XH`7h�eJ`op�am~'^X v lg`Sk�d�- Xj`}prXHY
sbdcX,~bXjp
|}l v kracXjp Xj`ofgXj`}~ v ^X�Xjp |ol v no`baceJ`�t�nbX�dmh�eS`ot�nbX,~9-x^X�d�^XjY;XH`Jk�p ~bX S t�nbX,d.- eS`$��lzeSsbkrXH`ba v n}`bX,kreS|}eJdieJfgacX
~oaik�X�- XH`bfgXH`o~ v ^X�X/|ol veS -c�

Definition. 
a open_base is a structure with the following components:
open_base_setoid: of type Predicate(℘(E)) (coercion)
base_inter_in_top_prf: a proof of inter_in_top(open_base_setoid)
base_total_prf: a proof of full(E) ∈ open_base_setoid
base_empty_prf: a proof of ∅ ∈ open_base_setoid

M'k eJ`�~�^X��D`back9I

Let B be of type open_base.
Definition.

generated_part_by_union:℘(℘(E))
1: Apply (!Build_Predicate   ?   x:℘(E) , ∃ Y:℘(℘(E)) , Y ⊂ B ∧ (x = union_part(Y))).
� dL`oX v XHprk�X/|odcnop*tSnH- Vlz~�^XHY;eJ`Sk v X v t�nbX ���>?���� / �0��� ( / ��� ��' 9�?E >��? Xjp�k!sbaiXH`�no`bX,kreS|}eJdieJfgacXWI

Lemma (full_in_top_for_bases).
full(E) ∈ generated_part_by_union.

 
Lemma (empty_set_in_top_for_bases).

∅ ∈ generated_part_by_union.
 
Lemma (union_in_top_for_bases).

union_in_top(generated_part_by_union).
 
Lemma (inter_in_top_for_bases).

inter_in_top(generated_part_by_union).
 
|DeJn v |}eSnb�geJa v ~�^X��D`ba v dcl;k�eJ|DegdcegfgacX/Xj`bfJXj`o~ v ^XjXnI
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Definition.

let generated_topology_o be
(!Build_Topology

E generated_part_by_union(B) union_in_top_for_bases inter_in_top_for_bases
full_in_top_for_bases emptyset_in_top_for_bases)

 (its type is Topology(E)).

�6d�� � y�iOt0j iG`fj t<wl
� ` fSl v ~bX@dml¶~�^X��D`backraceJ` dcl8|bdcn}p�f�^Xj`�^X v l�dcX;~oX$dml¶h�eJ`Skram`�nbaikb^XPIFno`bX$��eJ`oh�kraceJ`�� I�	�� �-XHprk

h�eJ`Skram`�nbX/Xj`7no`�|}eJac`Sk �@p�aLt�nbX�dmt�nbX�p�egack���eJno�gX v k!~bX1- h�eJ`SkrXH`olg`Sk�� ; �RD� 	��
� ; �4D�Xjp�k!no`7eJnb�JX v k
~oX<M��

Definition (cont_in_pt).
given f of type (Map   E   F) and a of type E ,
we define the proposition (cont_in_pt f a) by

∀ W:open of F , f(a) ∈ W ⇒ f−1(W) is open
M'k!no`bX,lg|o|odiamh�lgkraceJ`$Xjp�k h�eJ`Skram`�nbX,praWXjdidcX/Xjp�k!h�eJ`Sk�ac`�nbX/Xj`7h U lJh�no`7~bXjp!|Degam`Sk�p!~bX,p�eJ`7~beJYzlgac`bX,~bX
~�^X��D`oaik�aieS`9I

Definition (cont).
given f of type (Map   E   F) ,
we define the proposition cont(f) by ∀ W:open of F , f−1(W) is open

Lemma (cont_then_conteverywhere).
∀ f:(Map   E   F) , f is continuous ↔ ∀ a:E , (cont_in_pt   f   a).

 
� `8�Qlgaik
soaiXH` p>�n v diX@dcacXj` l��gXHh;diXHp�lgnbk v XHp�`beJkraceJ`opj /^XHtSnoai��l�dcXj`Sk�Xjpj L~bX�h�eS`Skram`Snoaikb^X ; amY;lgfgX¤am`S�gX v p�X
~H- no`$��X v Y�^XJ �hjl v lgh�kb^X v amp�lgkraceJ`¤|ol v d�- lg~ U ^X v Xj`}h�X�D I

Lemma (cont_with_closed).
∀ f:(Map   E   F) , f is continuous ⇒ ∀ C:closed(F) , f−1(C) is closed.

 
Lemma (im_of_adh).

∀ f:(Map   E   F) , f is continuous ⇒ ∀ C:℘(E) , f(adh(C)) ⊂ adh(f(C)).
 
Lemma (cont_with_adh_inv).

∀ f:(Map   E   F) , (∀ C:℘(F) , f−1(adh(C)) = adh(f−1(C))) ⇒ f is continuous.
 

sut��vsxw
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� � ������!a�	��

´'eSY;Y;X�p�eJ`/`beSY£d.- am`o~bamt�nbXg �dcl f�^X�eSY ^X�k v acX lgdif�^Xjs v amtSnoX Vl!|DeJn v eJs�wxXjkL~bX�~bamp�hjnbkrX v - lgdif�^Xjs v amt�nbXjY;Xj`SkB-
~oX/t�nbXHprk�aieS`op�f�^XjeJY�^Xjk v act�nbXHp�� � dWXjp�k ~oeJ`oh/`�^XHh�XHp�p�l�a v X�~bX,~�^Xj�gX�dcdceJ|DX v ~bXjp dcacs v lga v aiXHp ~9- lgdif VXjs v X�lgnop�pra
h�eJYz|bd VX�k�XjpFt�nbX�|DeJp�pramsbdcXg��M�`�|ol v k�achjnbdcaiX v diXHp�lg`o`oXjlgnb¡· �dcXjp�ac~�^Xjlgnb¡· �Xjk�h�X v k�l�am`bXjp�~bX!dcXjn v | v eS| v a�^Xjkb^XHp
�JeJ`SkbwxeSnbX v no` v �egdcX©| v amY�e v ~oaclgdª� � `�~�^XHh v aikµ~}lg`op h�X�h U lg|back v X�dcXjpF`beJkraceJ`op�~9- am~�^XHlgn�¡,| v XjY;acX v p� �Yzl�¡ba>E
YzlJn�¡W jdcXjp v lg~bamh�lJn�¡/|}l v v lJ|o|}e v k Vl�no`oX�|ol v k�aiX�Y
nbdckram|bdcachjl�k�ai�JX't�nbX�dmh�eS`ot�nbXg HX�kF`beJk v X���e v Yzl�dcacp�l�k�aieS`
~oX�dmlzdce�hjl�dcacp�l�k�aieS`�~9- lg`}`bXjlJn�¡�X�k�~H- lJ`o`bXjlJn�¡�dcebh�lgnb¡·�

�!dgf �N} wlve6`�� ��j } wlve6`�� cfi?lnm j%lvi@k � mIe���j%m e6`��
������ � �
	 o 
 ��� p � 
 � � ��`$ac~�^Xjl�dW| v XjY;acX v�� Xjp�k!no`$ac~�^Xjl�d·| v eJ| v X��©^X v a¨�DlJ`Sk©dml�| v eJ| v a�^X�kb^X*p�nbac��lJ`SkrX=I
p�a 	���lJ|o|ol v k�aiXH`Jk Vl � lgdie v p 	�eJn/�lJ|o|ol v k�aiXH`Jk Vl � �

Let R be a commutative ring.
Definition.

let is_prime be
the function defined by , for all I:ideal(R) , ∀ x,y:R , x*y ∈ I ⇒ (x ∈ I) ∨ (y ∈ I).

Definition.
let propre be the function defined by , for all I:℘(R) , I ≠ full(R).

Definition. 
a prime_ideal is a structure with the following components:
prime_ideal_ideal: of type ideal(R) (coercion)
prime_ideal_prop: a proof of prime_ideal_ideal is a prime ideal
prime_ideal_propre: a proof of prime_ideal_ideal is a proper ideal 

Lemma (prime_ideal_propre2).
∀ p:prime_ideal , 1R ∉ p.

 
Lemma (is_prime_reverse).

∀ p:prime_ideal , ∀ x,y:R , y ∉ p ∧ x ∉ p ⇒ x*y ∉ p.
 

V - lJnbk v Xjp�diXHY;Y;XHp9I

Lemma (inter_included_prime).
∀ p:prime ideal of R , ∀ I,J:ideal(R) , (I ∩ J) ⊂ p ⇒ (I ⊂ p) ∨ (J ⊂ p).

 
u nbacp@diXHp¤diXHYzY�XHp�t�nba*hjl v lgh�kb^X v amprXH`Sk�dcXjp¤am~�^XHlgn�¡ | v XHY;aiX v pzXH` krX v Y;Xjp@~H- lJ`o`bXjlJn�¡ t�nbeJkracXj`Sk�p; l�k�krXj`Sk�aieS` IJamh�a5dcl
| v eS|}eSprackraceJ`��  >2 / (��1 �=�- ���� /0: h�e v�v Xjp�|DeJ`o~¤p�acYz|bdcXjY;XH`Jk Vl,dml
| v eJ|DeJp�aik�aieS`

;T >2 (��! �=� � @ D��
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Definition.
let idomain_proposition be

the function defined by , for all R:CRING , ∀ x,y:R , x ≠ 0R ⇒ y ≠ 0R ⇒ x*y ≠ 0R.

Lemma (prime_integral).
I is a prime ideal ⇒ R/I is an integral domain.

 
Lemma (integral_prime).

R/I is an integral domain ⇒ I is a prime ideal.
 

������ � �
	�� � 	 p � � �
	 � ��`²am~�^XHl�d�Yzl�¡bacYzlgd�Xjp�k�no`�ac~�^Xjlgd�| v eS| v X�Xjk�Y;l�¡bacYzl�d'|}eSn v dcl v X�dml�k�aieS`
~H- am`oh�dmnop�aieS`�XH`Sk v X�am~�^XHlgn�¡<I

Definition.
let is_maximal be

the function defined by , for all I:ideal(R) , ∀ J:ideal(R) , I ⊂ J ⇒ I=J ∨ (J = full(R)).

Definition. 
a maximal_ideal is a structure with the following components:
maximal_ideal_ideal: of type ideal(R) (coercion)
maximal_ideal_prop: of type maximal_ideal_ideal is a maximal ideal
maximal_ideal_propre: of type maximal_ideal_ideal is a proper ideal 

��`bX¤lgnbk v X��Ql �h�eJ`¶~H- X�¡b| v amY;X v t�n9- n}`¶am~�^XHl�d � Xjp�k/Yzl�¡�amYzl�dFXjp�k,~bXz~ba v X¤t�nbX�d.- ac~�^Xjl�dFXH`bfgXH`o~ v ^X
|}l v � X�k�n}`�^X�d�^XjY;Xj`Sk t�nbX�dmh�eS`ot�nbX1	_~bX��`9- lg|o|}l v krXj`}lg`Sk�|}lgp Vl � Xjp�k!d.- lJ`o`bXjlJn��kreJnok!Xj`SkracX v I

Lemma (maximal_prop1).
I is a maximal ideal ⇒ ∀ x:R , x ∉ I ⇒ full(R) = I+<{x}>.

 
Lemma (maximal_prop1_rev).

(∀ x:R , x ∉ I ⇒ full(R) = I+<{x}>) ⇒ I is a maximal ideal.
 

� `@~�^X��D`oaik�XH`op�nbaik�X*dml�| v eJ|DeJp�aik�aieS` C! >� : � (0�0��( I�£XHprk�no`¤h�e v |}p©p�a}kreSnbk¤^X�d�^XjY;Xj`Sk�`beS`¤`�nbdDXHprk
am`S�gX v p�acsodiXWI

Definition.
invertible:Predicate(R)

1: Apply (!Build_Predicate   ?   x:R , ∃ z:R , (x*z = 1R) ∧ (z*x = 1R)).
Definition.

let field_prop be
the function defined by , for all R:ring , ∀ x:R , x ≠ 0R ⇒ x ∈ invertible(R).

sut��vsxw
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M'k Vl,d.- lgac~bX�~bXjp©diXHY;Y;XHp'| v ^XHh·^XH~bXj`Sk�p eS`¤|}XHnbk'~�^XjY;eJ`Sk v X v dml�hjl v lgh�kb^X v amp�lgkraceJ`
~oXjp�am~�^XHlgn�¡zYzl�¡ba>E
YzlJn�¡�Xj`7k�X v Y�XHp!~9- lg`o`bXHlgn�¡7tSnoegkracXj`Sk�p9I

Lemma (maximal_field_prop).
I is a maximal ideal ⇒ R/I is a field.

 

�!d c � cswlvi�e�t�jgy�i_k k�`�i qglrk4j%} wlAe_`��
´'eS`opram~�^X v eS`opFno`¤lg`}`bXjlJn;h�eJYzY
nok�l�k�a¨�v; �eS`;h�eJYzY;Xj`oh�X�|ol v h�eJ`}prk v nba v X�dcX*pb^X�k�e80 2m~bX ����� � �0� /�:

~oXjp am~'^XjlJn�¡�~bX� ; d�-r^XjfJl�dcackb^X�q@Xjp�k7^Xj�Sam~bXHY;Y;XH`Jk!h�X�dcdiX,~bXHp�|ol v kracXjp ~bX�4D@I

Let R be a commutative ring.
Definition.

Set_Ideal:set
1: Apply (!Build_Setoid   ideal(R)   !Equal(℘(R))).

� ¬ � �²� � � p ���� � �
	
� eJaik  ��0� /0: C / �r : ' no`oX/�QlgY;aidcdcX�~9- am~�^XHlgn�¡�~oeJ`Sk!eJ`$�gXHnbk�~�^X��D`ba v dmlzpreSYzY�X�I

Let ideal_family be of type ℘(Set_Ideal).
y l p�eJYzY;X ~bXjp_ac~�^Xjlgnb¡£~bX  ���� /0: C / �r : ' Xjp�k7d.- ac`SkrX v p�Xjh�kraceJ` ~bX kreSnop�dcXjp�am~'^XjlJn�¡ t�nba,dcXjp

h�eJ`SkracXj`}`bXj`Sk!kreSnopj� � `�h�eS`op�k v nbaik�~oeJ`oh�~H- lJs}e v ~7d.- XH`oprXHY
sbdcX  ��0� /�: ����?�� /  ]?E T?�� ~bXHp!ac~�^XjlJn�¡7t�nba
h�eJ`SkracXj`}`bXj`Sk kreSnop diXHp ac~�^XjlJn�¡�~bX  ��0� /0: C / �r : '  S|onoacp!eS`�XH`�| v XH`o~op d.- am`SkrX v p�Xjh�kraceJ`W� , eJkreS`op!t�n9- Vl
h�X@`bac�gXjlJn�eJ` `bX�|DXjnok
|olgp
nbkracdiamp�X v dml7��eJ`}h�kraceJ`  ]?0������2������= ���? ( / ��� t�nba'h�eJ`op�k v nback wrnoprk�XjY;Xj`Sk
d.- ac`SkrX v p�Xjh�kraceJ` ~bX�|ol v kracXjpz~bXq�I�n}`bX��QlgY;acdidcX�~9- am~�^XHlgn�¡ `9- Xjp�k¤|olgpz�bn h�eJYzY;X�no` Xj`op�XjY�sbdiX�~bX
|}l v kracXjp!~bX ;�

Definition.
ideals_containing:℘(Set_Ideal)

1: Apply (!Build_Predicate   Set_Ideal   a:ideal(R) , ∀ i:ideal_family , i ⊂ a).
Definition.

sum_ideals:ideal(R)
1: Vinyl2 x:R , ∀ a:ideals_containing , x ∈ a.
� `/Y;eJ`Sk v X�Xj`}p�nbackrX©diXHpL~bXjnb¡�| v eJ| v a�^X�kb^Xjp5h�l v lJh�kb^X v acp�kramt�nbXjp·~bX�dml!preSYzY�X�~H- am~�^XHlgn�¡W� y�l!| v XHY�a VX v XWI

k�eJnop dcXjp am~�^XHlgn�¡7~beJ`Sk eJ`7l;�Ql�ack!dclzp�eJYzY;X,preS`Jk am`oh�dmnop�~}lg`op dmlzpreSY;Y;XPI

Lemma (sum_ideals_prop1).
∀ a:ideal_family , a ⊂ sum_ideals.

 

�n�����?���B�%�
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y l$p�Xjh�eJ`o~bXPI·dml�p�eJYzY;X;~oXjp�ac~�^Xjlgnb¡�XHprk/sbacXj`¶diXz|bdmnop/|}Xjkrack�am~�^XHl�dFh�eJ`Sk�Xj`olJ`Jk�kreSnop�diXHp*am~�^XHlgn�¡
~oeJ`Sk eJ`7l;�Ql�ack!dclzp�eJYzY;Xg�

Lemma (sum_ideals_prop2).
∀ I:ideal(R) , (∀ J:ideal_family , J ⊂ I) ⇒ sum_ideals ⊂ I.

 

�!d � � eP}fj �=e6`��
�� ± �� � �b]p�¬ +��� ± � oF� p �j� � +�¯g� � � +��@� + � + +�� � �

y l7��eJ`oh�kraceJ` �1 T?�� (�������� h�a>E�~bXHp�p�eJnop¶^Xjd VX��gX;d.-x^Xjd�^XjY;Xj`Sk1! Vl�dml�|onbamp�p�lJ`oh�X�� ; eS`�|DeJp�X@h�eSYzY�X
h�dclJp�p�amtSnoXjY;Xj`Sk Xj`7Yzl�k U ^XjYzl�k�act�nbX1!	� � ��
=DRI

Let R be a ring.
Let r be of type R.
Definition: 
Let ring_power be the recursive function, with value into R,
mapping n:nat to:
Cases of n :

O=>1R

(S n’)=>ring_power(n’)*r

: nbXjdct�nbXHp diXHYzY�XHpHI

Lemma (ring_power_comp).
∀ R:ring , ∀ n1,n2:nat , ∀ x,y:R , x = y ⇒ <nat> n1 = n2 ⇒ x ^ n1 = y ^ n2.

 

Lemma (ring_one_power).
∀ R:ring , ∀ n:nat , 1R ^ n = 1R.

 
Lemma (ring_zero_power).

∀ R:ring , ∀ n:nat , n >= 1 ⇒ 0R ^ n = 0R.
 
u eSn v no`�lg`o`oXjlgn7h�eSYzY
nbk�l�krai��eS`�l;~oX�|bdcn}pHI

sut��vsxw
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Lemma (cring_power_morphism).
∀ R:cring , ∀ n:nat , ∀ x,y:R , x*y ^ n = x ^ n*y ^ n.

 
M�`��D`7no`7ac~�^Xjlgd��¤| v XHY�acX v �'^X v ai�}XWI

Lemma (prime_power).
∀ R:cring , ∀ x:R , ∀ p:prime ideal of R , ∀ n:nat , x ^ n ∈ p ⇒ x ∈ p.

 �
��
HTp �����8�µ± Tp o ± p ¯ �bTp �5���
��`bX
|ol v k�aiX,Y
nodik�ac|bdcamh�l�k�ai�JX�~9- no`�lg`o`oXjlgn �XHprk�n}`bX
|ol v k�aiX,h�eS`SkrXj`}lg`Sk d�- no`backb^X,Xjk�prk�lgsbdcX�|DeJn v

dmlzY
nbdckram|bdcachjl�k�aieS` I

Let R be a ring.
Definition. 
a multiplicative_part is a structure with the following components:
multi_part: of type Predicate(R) (coercion)
multi_part_one: of type 1R ∈ multi_part
multi_part_prop: of type ∀ x,y:R , x ∈ multi_part ⇒ y ∈ multi_part ⇒ x*y ∈ multi_part

� a��%Xjp�k�n}`bX
k�X�dcdiX;|ol v kracX�Y�nbdik�ac|odiamh�lgkrac�gXg 5eJ`7��eSn v `baik�diXHp���eS`oh�k�aieS`op�tSnoa |DX v Y;X�krk�Xj`Sk�~oX
�geJa v
v Xjp�|DXjh�k�ai�JXjY;Xj`Sk dcX/| v eb~onback�~bX�~bXHn�¡¢^Xjd�^XjY;Xj`Sk�p ~bX�� X�k!d.- n}`baikb^X,h�eSY;Y;X/krX v Y;X�~bX,k�qb|DX � �

Let M be of type multiplicative_part.
Definition.

let build_elt_mp_prod be the function defined by , for all m1,m2:M , (m1*m2[in M]).
Definition.

let multi_part_unit be Build_subtype(multi_part_one(M)).
M'k�eS`�h�eJ`op�k v nback ��9 : �= ( / ��� �r ]? dml�|}l v kracX/Y�nbdckram|bdiamh�lgkrac�gX/Y;ac`bamYzl�dcX=Ioh�XjdidcX,t�nbaW`bX,h�eJ`Sk�aiXH`Jk

t�nbXz� 
 �

Definition.
multi_part_min:multiplicative_part

1: Apply !Build_multiplicative_part({1R}). 1: Abstract ( Auto with algebra ).

� ��� p ¯ � ±
� `@|DXjnok�Yzl�am`SkrXH`olg`Sk'~�^X��D`oa v dcX v lJ~bachjl�d}~H- no`�ac~�^Xjlgd v X�dml�krac�gXHY;Xj`Sk Vl�no`oX�|ol v k�aiX�Y
nbdckram|bdcachjl�krac�gX

� t�nbX�dmh�eS`ot�nbXPI

�n�����?���B�%�
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Definition.
radical:℘(R)

1: Apply (!Build_Predicate   ?   x:R , ∃ m:M , ∃ n:nat , m*x ^ n ∈ I).
� `�|DXjnbk�~�^XjY;eJ`Sk v X v dcXjp dcXjYzY;Xjp�p�nbac��lg`Sk�p9I

Lemma (included_radical).
I ⊂ radical.

 1: Red.

Lemma (radical_increasing).
I ⊂ J ⇒ (radical   I   M) ⊂ (radical   J   M).

 
M'k�pra { Xjp�k�h�eSYzY
nbk�l�krai�zI

Lemma (radical_multiplicative).
∀ R:cring ,
∀ M:multiplicative part of R ,
∀ I:ideal(R) , ∀ x:(radical   I   M) , ∀ y:R , x*y ∈ (radical   I   M).

 
u eSn v dcX v lJ~bachjl�d v Xjdclgkrai� Vl�dml�|}l v kracX�Y
nodik�ac|bdcamh�l�k�ai�JX�Y;am`bamY;lgdiX ;<� / �1 �� /0: � ; ��9 : �= ( / ��� �A ]?

�=@�@ Xjk�tSnoX�d.- eJ`�`begk�X�� � preSnopz¥P�.�°¦H§� oeS`$l¤lJnop�pra�I

Lemma (radical_propre).
√I = full(R) ⇒ I = full(R).

 
Lemma (radical_to_natural_def).

∀ x:R , x ∈ √I ⇒ ∃ n:nat , x ^ n ∈ I.
 
Lemma (natural_def_to_radical).

∀ x:R , (∃ n:nat , x ^ n ∈ I) ⇒ x ∈ √I.
 

�!d�� �4y��=eWq j%k�e�t�jgy�i
�!d�� �vi_i lve6`�� q%y
�=e6`��
� ��� ��� � ���
 + p�Tp�¬ + �  �]o ��S¯ p 
F¯ �b]p�¬ +

��`�lg`o`bXHlgn$diebhjl�dLXHprk�no`�lJ`o`bXjlJn$t�nba�`bX�h�eS`Jk�aiXH`Sk�tSnH- no`7am~�^XHl�dLYzl�¡bamY;lgdª DtSnoX,d�- eJ`7l¤preSnb�gXH`Sk
d.- U lgsback�n}~bX!Xj`;Yzl�k U ^XjYzl�k�act�nbX!~bX!h�eJ`op�ac~�^X v X v � u eSn v Y;acY;X v h�Xjh�abeJ`;|}XHnbk©~�^X��D`ba v no`bX�lg`}`bXjlJn
dcebh�l�d
h�eJYzY;X/dcl¤~beS`o`�^XjX ; kreSn�wxeJn v p ��aml�dml¤Yzlgh v e �����>����� D ~9- no`�lJ`o`bXjlJn�; }~H- no`7am~�^XHl�dLYzl�¡bamY;lgd
	 ~bX
; JX�k©~9- no`bX�| v Xjnb�JX�~9- n}`bach�aikb^X*~bXHp�am~�^XHlgn�¡zY;l�¡bacYzlgnb¡_I�pra�	 � X�k�	��p�eJ`Sk©~oXjn�¡zac~�^XjlJn�¡;Yzl�¡bamYzlgn�¡

sut��vsxw
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~oX
; }lgdie v p 	 � � 	 ��

Definition.
let is_local be

the function defined by , for all R:cring , ∀ m1,m2:maximal ideal of R , m1=m2.
Definition. 
a local_ring is a structure with the following components:
lr_ring: a commutative ring (coercion)
lr_maximal_ideal: a maximal ideal of R
lr_prop: of type is_local(lr_ring)

´'XH|}XH`o~olg`Sk�|bdmnopFk�l v ~�~olJ`op�`beJk v X�~bXj�gXjdieS|o|}XHY;Xj`Sk ; dce v p�~bX dcl/~�^X��D`backraceJ`;~bXjpFXHp�|}lgh�XHpFlg`o`bXjd�^Xjp�D
eS`�l@sDXjp�egam`�~9-x^Xjh v a v X,no`�k�X v Y;X
t�nba,^XH`beJ`}h�X�t�nbX � krXjd�lg`}`bXjlJn  XHprk�dcebh�lgd��} oX�k�pra ;V >2 : ��� /0: �=@
p�XjY�sbdcX�h�e v�v XHp�|DeJ`o~ v XJ Jh�Xjdcl;`bX/p�nb�zk!h�Xj|DXj`o~olJ`Sk�|olJp |}eSn v �gega v d�- lg`o`oXjlgn@Xj`7tSnoXjp�kraceJ`�h�eJYzY;X�n}`
lJ`o`bXHlgn²dce�hjl�d ; |onbamp�tSnH- acd�YzlJ`ot�nbX@dml¶~beS`o`�^XjX@~bX�d.- am~�^XHl�d©Yzl�¡�amYzl�d�D�� � ` ~begack�~oeJ`oh v Xj`}`beJ`oh�X v�Vl
am`oh�dcn v X/dclz~beS`o`�^XjX,~bX/d�- ac~�^XjlgdLY;l�¡bacYzl�dL~}lg`op dmlz~'^X��5`baik�aieS`$~oXjp�lJ`o`bXjlJn�¡�dcebh�lgnb¡_I

Definition. 
a local_ring is a structure with the following components:
lr_ring: a commutative ring (coercion)
lr_prop: of type is_local(lr_ring)

M�` h�eS`Jk v XH|ol v kracXg µeJ` `bX7|}eSn v�v l_|}lgp
|}l v diX v ~bX$d�- ac~�^Xjlgd©Yzl�¡bacYzlgd�~9- no` lJ`o`bXHlgn dcebh�l�d  µXjk
dcXjp
dcXjYzY;Xjp
X�k;| v eS| v a�^Xjkb^XHp/~bX�d.- n}`bact�nbX$ac~�^Xjlgd©Yzl�¡bacYzlgd'~9- no` lJ`o`bXjlJn�diebh�lgd �~bX�� v eJ`Sk�XH`²�Ql�ackQ�Xjk v X
t�nolJ`Skrai� ^Xjp�p�n v k�eJnop�diXHp
am~�^XHlgn�¡ Yzl�¡bamY;lJn�¡ ~bX �� u l v X�¡bXjYz|bdcXg  dcX$k U ^X�e v�VXjY;X¤tSnoa�^Xj`beS`oh�X�t�nbX
d.- Xj`op�XjY�sbdiX/~bXHp'am`S�gX v p�acsodiXHp©~9- no`7lg`o`bXHlgn¤dcebh�lgd5XHprk�dcX�h�eJYz|bd�^XjY;Xj`Sk�l�a v X*~oX�p�eJ`�ac~�^Xjl�d5Yzl�¡bacYzlgd5XHprk
��e v Yzlgdiampb^X�l�am`op�a�I

Lemma (local_ring_invertibles).
∀ R:local_ring , ∀ M:maximal ideal of R , invertible(R) = ¬M.

 
� `zp�X�~beJ`o`oX�tSn}lg`o~;Y��XjY;X dcl,|DeJp�p�acsbacdcaikb^X!~bX�h U egamp�a v no`;am~�^XHl�doYzl�¡bamY;lgdo~olg`}p�no`zlg`o`oXjlgn;|DeJn v

~�^XjY;eJ`Sk v X v ~bXHp�| v eJ|DeJp�aik�aieS`opj �l��JXjh�d�- l�¡baceJY;X,p�noai��lg`SkHI

Axiom ex_maximal_ideal:
∀ R:cring , ∀ I:ideal(R) , I is a proper ideal ⇒ ∃ M:maximal ideal of R , I ⊂ M.

Vl � ��lgdiXHn v ��~olJ`op B0�0�>( ; acdµ|}X v Y;Xjk�~9-x^Xj`beS`oh�X v d.- X�¡bacp�krXH`oh�X,~bX,d.- ac~�^Xjl�d  o|olJp!~bX/diX�h�eJ`op�k v nba v X�D��

�n�����?���B�%�
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� ��� ��� n �_± ¬ ¯ � ± p � ��8��+ � + p ���� � ±Go 
 �b� p � 
 ¯ ¬ � �²� � + +µ� � ��± ¬ ¯ � ±

� `$|}XHnbk�lgdie v p'~�^X��D`ba v dcX�dcebh�l�dcampb^X�~H- no`$lg`o`oXjlgn@Xj`�n}`¤ac~�^Xjlgd5| v XjY;acX v �zh�eJYzY;X�lg`}`bXjlJn¤diebhjl�d�I
eS`$h�eJYzY;Xj`oh�X,|ol v h�eJ`op�k v nba v X/dcX/h�eJYz|bd�^XjY;XH`Jk�l�a v X/~bX ��h�eSYzY�X,|ol v k�aiX,Y�nbdik�ac|odiamh�lgkrac�gX=I

Let R be a commutative ring.
Let p be a prime ideal of R.
Definition.

mp_compl_prime:multiplicative part of R
1: Apply (!Build_multiplicative_part   R   ¬p).
yO- am~�^XHl�dLYzl�¡bamY;lgdL~on7diebhjl�dcacpb^X*XHprk!XH`$�Ql�ack�d.- Xj`op�XjY�sbdiX�~oXjp�� v lgh�k�aieS`op����

���
krX�dmp!t�nbX.	 � � � I

Definition.
localize_prime_maximal:maximal ideal of localize(mp_compl_prime)

1: Vinyl x:localize(mp_compl_prime) , x1 ∈ p.
� `�Y;eJ`Sk v X,l�dce v p tSnH- acdWXjp�k!diX�p�XjnodWac~�^Xjl�dWYzl�¡bamYzl�dL~on7dce�hjl�dcacpo^XWI

Lemma (local_prime_proof1).
∀ m1:maximal ideal of localize(mp_compl_prime) , m1=localize_prime_maximal.

 
h�X,tSnoaW�Ql�ack�~on7diebhjl�dcacpb^X�n}`7lJ`o`bXHlgn$diebh�lgd�I

Definition.
localize_prime:local_ring

1: Apply !Build_local_ring(localize(mp_compl_prime)).

� �>&)(���
	���� ������������ �!���"$#

�edgf � ent<wlvg�y�i�jgl ePkFk�y��Ej&wlHl��e `!i lrk�che �&l tzy�c�y�q%y�gOj
	$`!l
� ���	��� � ���
 + p�Tp�¬ +

� eJaik�� no`�Xjp�|olgh�X'k�eJ|Degdcegfgamt�nbXg� u eJn v ~�^X��D`ba v dcl�`begk�aieS`
~bX | v ^X��Qlgacp�h�XHlgn�p�n v �
 �eS`
~beJaik�~9- lgsDe v ~
~�^X��D`oa v dml,h�lgkb^Xjfge v acX�EU�� S����F~beS`Jk�dcXjp�eJs�wxXjk�p�p�eJ`Sk�dcXjp�eSnb�gX v k�p�~bX��
 JX�k�~beS`Sk�d�- Xj`}prXHY
sbdcX�~bXjp©Y�e v E
| U acp�Y;Xjp�� ��� ; � ���"D�Xj`Sk v X�~bXHn�¡$eSnb�gX v k�p Xjp�k*p�egack!diX�p�ac`ofgdcX�kreS`$h�eJ`SkrXH`olg`Sk!d.- am`�wxXHh�kraceJ`�hjlg`beS`bamtSnoX
��� ��� p�a �����¤ DpreJaik d.- XH`oprXHY
sbdcX,��ac~oXg�

� ���	���  +�� o 
 ��� p �� 
 � p �;����
-De v Y;lgdiamp�X v d.- XH`oprXHY
sbdcX�~bXHp!eJs�wxXjk�p�`oX�|}eSprX�|olJp�~bX�| v eJsod VXHY;Xjpj Sacd�pB- l�fgack!~bX,dmlzkreJ|DegdcegfJaiX/XjdidcX�E

Y �XHY;Xg� � l�amp
|DeJn v d�- Xj`op�XjY�sbdcX$~bXHp�Y;e v | U amp�Y�XHp� �dcl¶~bacp�h�nokraceJ` p�n v d.- ac`oh�dcn}praceJ` ^Xj�gXH`Jk�nbX�dcdcX�~bX\�
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~}lg`op�� Y ^X v ackrXzl�krk�Xj`SkraceJ`L�Wy�l�| v XjY;a VX v X
am~'^X�X;Xjp�k,~bX¤prX¤~beS`o`bX v Xj`�|ol v lgY VXjk v X
no`bXz��eS`oh�k�aieS`8~bX
~�^Xjh�acp�aieS`�p�n v d.- am`oh�dmnop�aieS` I

Parameter (incl_dec). ∀ U,V:open of X , { U ⊂ V }+{ ¬U ⊂ V }
V/lg`op�dcX$¥=��>���? ��� �;¥�¦ � �����
�@�����Q¦ � �UA ��� �@�B���C( � � d�- X�¡bamprk�Xj`oh�X�~9- no`bX�krXjdidcX���eJ`oh�kraceJ`�p�acfJ`bai�}X�t�nbX

d.- eJ`¶|DXjnok/~�^Xjh�ac~bX v h�eJ`op�k v noh�krac�gXjY;XH`Jk ; h�- XHprk%E Vl�E ~oa v X�p�lg`op/nbk�aidcamprX v dcXzkracX v p�X�¡oh�dmnop�eJn¶d�- l�¡baceJY;X;~}n
h U egai¡�D©~oX�d�- am`oh�dmnop�aieS`7~oX
~bXjnb¡7eSnb�gX v k�p X�k*|DX v Y;X�k*~bX�h�eJ`}prk v nba v X/~H- lJnbk v Xjp*eJs�wxXjk�p!XH` v lgacp�eJ`o`}lg`Sk
|}l v h�lJp�� � `�|DXjnbk�~beS`oh,pB- XH`$p�X v ��a v |DeJn v ~�^X��D`oa v � ��� ; � � ��D��

´'XjkrkrX7p�|�^Xjh�a¨�Dhjl�k�aieS`8l�~bXHn�¡ ~'^Xjp�l���lg`Sk�lgfgXHp��5yµX�| v XHY�acX v Xjp�k
t�nbX�h�Xjkrk�X¤��eJ`oh�kraceJ` ~bX@~�^Xjh�acp�aieS`
~oegackG�X�k v X!~olJ`op�dml,|bdcn}|ol v k�~bXjp©h�lgp�h�eJ`op�am~'^X v ^XjX'h�eSYzY�X�n}`¤l�¡baieSY;X hjl v d.- am`oh�dcnop�aceJ`;Xj`Sk v X�~bXHn�¡;|ol v E
k�aiXHp'~H- no`$Xj`}prXHY
sbdcX�`9- Xjp�k |olgp�~�^XHh�am~olgsbdcX�XH`@f�^Xj`�^X v lgdª��y�X�p�Xjh�eJ`o~@Xjp�k�t�n9- X�dcdiX�eJsbdcacfgX v ^XjfJnbdca VX v XjY;Xj`Sk
Vl�k v l���lgaidcdiX v l��gXHh¤~bXjp�hjlgp,��am~bXjp ; ~olJ`op,dcX�h�lJp,e Vn²acd'`H- q²l�|olgp�ac`oh�dcn}praceJ` � ��� ; � � �"D1���zD�  h�lgp
v ^XHpreJdcnosodiXHp�l�ampb^XjY;Xj`Sk�l��JXjh�¥�¦H§� LYzlgacp/|�^XH`bamsbdiXHp Vl�dcl$dceJ`bfSnbX
Xjk�t�nbX;d�- eJ`8`bXzh�eJ`}pram~ VX v X wrlJY;lgacp�XH`
Yzlgk U ^XHYzl�kramt�nbXjpj� u eJn v ~�^X��D`ba v dml²h�eSY;|DeJp�ackraceJ`�~oX�Y;e v | U acp�Y;Xjp � ��� ; � ���"D�� � ��� ; � ��� D �
� ��� ; � ��� DFeS`�~begack!|ol v X�¡�XHYz|bdiX,~bamp�kram`bfJnbX v t�nol�k v X,h�lJp!prXjdieS`�dcXjp!~oa>/*^X v Xj`Sk�Xjp |}eSp�p�amsbaidcackb^XHp!~9- am`FE
h�dcn}praceJ`7~bX � ~olg`op�� Xjk � ~olg`op�� �

� ���	��� � o ���¯ p 
F¯ �oTp�¬ +µ�
, egk v X�preJdcnokraceJ` ; ~onbX Vl ³ `o~ v ^X K a v p�h U e��!ack ��D/h�eJ`op�amprk�X Vl�h�eS`opram~�^X v X v � ��� ; � � ��D�h�eJYzY;X�diX

p�X�k�e80 2m~bX¤~beS`Jk,dcXjp�^X�d�^XjY;XH`Jk�p,preS`Sk,diXHp
| v Xjnb�JXjpj WkreSnbkrXHp8^X�fSl�dcXjpj Lt�nbX � � �@�F´'Xjh�a�Xjp�k�k�eJnbk Vl��Qlgaik
|DeJp�p�acsbdcX�~}lg`op�dcX$¥=��G���? ��� �z¥�¦ � �����
�@�����Q¦ � �UA ��� �@�B���C( � � e Vn@diXHp�| v XHnb�gXHp'p�eJ`Sk ~bXjp�eJsbwxX�k�p�h�eSYzY�X
dcXjp�lJnbk v Xjpj� ³ ac`op�a}t�nbXd��p�egack�eJn;`beJ`;am`oh�dmnop�~}lg`op��¢dml/p�|�^Xjh�a¨�Dhjl�k�aieS`�~bX�� ��� ; � ��� D�h�e v�v Xjp�|DeJ`o~ v l
soaiXH` Vl_p�l¶~'^X��5`baik�aieS` Yzl�k U ^XjYzl�k�act�nbX�Iµ~olJ`op�dcX$| v XjY;acX v h�lgp
h�X$p�X v l�no` p�am`bfgdcX�k�eJ`W µ~}lg`op
d�- lgnbk v X
d.- Xj`op�XjY�sbdiX/��am~bXg�

Let U, V be open of X .
Definition. 
a prf_included is a structure with the following components:
prf_included_prf: of type U ⊂ V (coercion)

Definition.
let eq_triv be the function defined by , for all t1,t2:prf_included , True
 (its type is prf_included ⇒ prf_included ⇒ Prop).

Lemma (eq_triv_equiv).
eq_triv is an equivalence.

 
 
Definition.

let HomTop be the set Build_Setoid(eq_triv_equiv).

�n�����?���B�%�
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´'XjkrkrX���egampgE�h�a  �lgn}h�no`/l�¡baceJY;X�`9- Xjp�kL`�^XHh�Xjp�p�l�a v XJ �Xjkµp�XjnbdmpWdcXjpLhjlgpWp�aifS`ba¨�5h�l�k�a¨�QpµY;lgk U ^XjYzl�k�act�nbXHY�XH`Sk� 
h�Xjn�¡8e Vn � XHprk,sbacXj`8am`oh�dmnop�~olJ`op��
 µ~oegac�gXj`Sk �X�k v X�^Xjk�no~ba�^XHp�� u l v X�¡bXHY;|odiXJ L|}eSn v ~�^X��D`ba v dml�h�eSY'E
|DeJp�ackraceJ`@~bX/~bXHn�¡�Y;e v | U amp�Y;Xjp'eJ`�~begack�h�eJ`op�k v nba v X�no` ^Xjd�^XjY;Xj`Sk©~bX ;������!%���( ��� @ Vl;|ol v kra v ~H- no`
^Xjd�^XjY;Xj`Skz~bX ;������!%��>( ��� @ X�k¤~9- no`)^X�d�^XHY�XH`Sk;~bX ;�������%���( ��� @  �h�- Xjp�k Vl�~oa v X7n}`bX_| v Xjnb�JX7~bX
��� �>preSnop diXHp U q�|Degk UWVXHprXHp ��� � X�k � � �  Dh�X,t�nbaLXjp�k!amY;Y�^XH~baml�k��

�ed c �!y�i ��tzlA`fi@k �&y�iOt0i�e �_e_i�jHePiOt?k l9t chi wl
	Je6j%k��&lve6`��
� `$l
h U eJacp�a5~oX*��e v Yzl�dcamprX v dcXjp�| v ^X��Ql�amp�h�XjlJn�¡zX�k'�Ql�amp�h�Xjlgnb¡ Vl���l�dcXjn v ~olg`}p©dml�hjl�kb^X�fJe v aiX*´ { � , \

~oXjp¶lJ`o`bXHlgn�¡ h�eSY;Y�nbk�lgkrai�Qp�� � `�`bX |}XHnbk Vl | v aie v a;|olgp¶f�^XH`'^X v l�dcamprX v ~olJ`op ¥�¦H§ dml�`beJkraceJ`�~bX
| v ^X��Ql�amp�h�XjlJn�¡ Vl k�eJnbk�X¶h�lgkb^Xjfge v acX���|ol v h�X¶t�n9- eJ` q nbkracdiamp�X¶d.-x^XjfJlgdiackb^X�~bXHp�p�X�kre10 2m~bXjpj� � d/p�n��¤k�h�X�E
|DXj`}~olg`Sk*~bX v XHY;|odclJh�X v ~olg`op*`begk v X
~oX��gXjdieS|o|DXjY;Xj`Sk!dcX
Y;egk*h�d�^X�´ { � , \ |ol v h�Xjdcnba `bX
`9- amY;|De v krX
t�nbXjdidcX¤lgnbk v Xzh�lgkb^Xjfge v acX
~beS`Jk/dcXjp/eSs�wxX�k�p,|}XHnb�gXH`Jk �Xjk v X;h�e�X v h·^X��gX v p�diXHp/prXjkre10 2c~bXHp/|}eSn v eJsbk�Xj`ba v dcl
`oegkraceJ` ~bX_| v ^X��Ql�amp�h�XjlJn�h�e v�v Xjp�|DeJ`o~olJ`SkrXg�Fy l prXHnbdiX v Xjp�k v amh�kraceJ` h�eS`oh�X v `oX�diXHp@p�|�^Xjh�a¨�Dhjl�k�aieS`opz~bXjp
p�k v noh�k�n v Xjp!~9- lg`}`bXjlJn�¡�am`o~onbackrXHp� }t�nbaL~oX�� v eS`Sk�^X���ac~oXjYzY;Xj`Sk �X�k v X/lg~olJ|bkb^Xjpj�

��`�| v ^X��Qlgacp�h�XHlgn ~9- lJ`o`bXHlgn�¡¢h�eSY;Y�nbk�lgkrai�Qp�p�n v n}`¢Xjp�|olgh�X�kreS|}eJdieJfgamtSnoX�]Xjp�k�no` ��eS`oh�k�Xjn v
h�eJ`Sk v l���l v aclJ`Sk�~bX
dml$hjl�kb^X�fJe v aiX ; %��>( � / � � @ ~olJ`op�dcl$h�l�kb^X�fJe v aiX�´ { � , \>~bXHp/lg`o`bXHlgn�¡_h�eJYzY
nFE
k�l�k�a¨�Qpj�

y�Xjp;��eJ`}h�krXHn v p;h�eJ`Sk v l���l v aclJ`Sk�p�XH`Sk v X7~bXHn�¡ hjl�kb^X�fge v acXjp�� � Xjk�� �p�eJ`Skz~�^X��D`backzh�eJYzY;X7~}lg`op3 � ³f� 5��87  ·Xj`_p�X�~beS`o`olJ`Jk�no`bXzlg|o|odiamh�lgkraceJ`�Xj`Sk v X�diXHp*eSs�wxX�k�p*Xjk�no`oX�lgnok v X
Xj`Sk v X�diXHp�Y;e v | U amp�Y�XHp� 
p�l�k�acpr�Ql�amp�lg`Sk�~oXjn�¡�| v eS| v a�^Xjkb^XHp@I � ; ����� � D ������� �  oXjk����

;�� ���HD � ��� ; �HD�� ��� ;�� D��

Definition. 
a functor is a structure with the following components:
fctr_ob: a function of type Ob(C1) ⇒ Ob(C2) (coercion)
fctr_morph: of type ∀ a,b:Ob(C1) , (a → b) ∼→ (fctr_ob(a) → fctr_ob(b))
im_of_id_prf: of type ∀ a:Ob(C1) , (fctr_morph   a   a)(Ida) = Idfctr_ob(a)
distrib_prf: of type ∀ a,b,c:C1 ,

∀ fa:a → b ,
∀ fb:b → c ,
(fctr_morph   a   c)(fb o fa) =
((fctr_morph   b   c)(fb) o (fctr_morph   a   b)(fa))

M'k eJ`�|}XHnbk �D`olgdiXHY;Xj`Sk�^Xjh v a v XWI

 
Definition.

let CRpresheaf be (Cfunctor   Top_cat(X)   CRING).

��`�| v ^X��Qlgacp�h�XHlgn -7lJp�p�ebh�acX�~beJ`oh Vl*h U lgt�nbX�eSnb�gX v k�� ~bX� no`,lg`o`oXjlgn � ; �4D� HX�k Vl*h U lgt�nbX�am`oh�dmnFE
p�aceJ` ��� � no`�Y;e v | U acp�Y;X ~H- lJ`o`bXjlJn�¡ ��� ; ��� ��D=I � ; ��D � � ; �4D� �~back�Y;e v | U amp�Y;X ~bX v XHprk v amh
E
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k�aieS`W ot�nbX/d�- eJ`7`beJkrX v l������ � � a � � � ; �"D� }eJ`�`oegkrX,lJnop�p�a���� �8d.-x^X�d�^XjY;Xj`Sk ��� ; �����"D ; ��D©~bX � ; �4D��
T eJnokrXjp h�Xjp!`beJk�l�k�aieS`op preS`Sk�|DeJp�pramsbdcXjp l��gXHh�¥P��¥�¦j§  �dcXjp$^XH`beJ`oh·^Xjp v XHprk�Xj`Sk!l�am`op�a5dcampramsbdcXjpj oY;lgdif v ^X�dcl
h�eJYz|bdcX�¡backb^X�f v lg`o~bamp�p�lJ`Jk�X�~on�h�eb~bXg� u l v X�¡bXHY;|odiXJ 5dcX;krX v Y;X�t�nba�lJ|o|ol v l�ack*p�eJnop$¥P�r¥�¦H§ h�eJYzY;X=I

 s|W = s|V|W.
h�e v�v XHp�|DeJ`}~@Xj`��Ql�ack�lgn�h�e�~oXPI
; 708�9 /�:

;�;�; . C!���0�0D��=����(�	 0 � � @ ; Z 9E : ��D�(���C�D� T?=� : 90�0��� ;T ]?1� : 9��0����D��0� / ? 2 (�F�(�9E@�@�@�20@
;�;�; . C!���0�0D��=����(�	 0 ��� @4(0F1@ ;�;�; . C!�"�0��D��=����(
	 0 � � @ (�9E@�20@�@�@ N

�ed � �fe_j k��&lve6`��
� ������� � ���
 + p�Tp�¬ +

��`$�Ql�amp�h�Xjlgn$Xjp�k!no`�| v ^X��Qlgacp�h�XHlgn¤�'^X v ai�Dlg`Sk�diXHp�~bXHn�¡$| v eJ| v a�^X�kb^Xjp�p�noai��lg`Sk�XjpBI
�� ��¦ � �
�F � �? � ��� � � � ��� �@ � ILpra � � ����� � ; �4D!X�k/p�a���������������Xjp�k�n}` v Xjh�eJnb� v XjY;Xj`Sk*eSnb�gX v k�~bX�� k�X�d
t�nbX5�
����� ��� � ��� � ��� lgdie v p � �&���L~olJ`op � ; �4D �

�� ��¦ � �
�F � �? � ��� � � �°¦�C � 	 ��� � I pra�eS`²l7n}`bX@h�eJdidcXjh�kraceJ`�~9-x^X�d�^XjY;Xj`Sk�p1� � � � ; � � D� ���� � � � ��� ^X�k�lJ`Sk
kreSn�wxeJn v p7no` v Xjh�eJnb� v XjY;Xj`Sk@eSnb�gX v k7~bX �� !krXjdcp�t�nbX � � � ���"!��$# � ��%&� �$�'!��$#¶l�dce v p@acd/X�¡bacp�krX
�.� � ; � D�krX�dLt�nbX5� ����� �$� �=�&���

� ������� � o ���¯ p 
F¯ �oTp�¬ +µ� � �_± � o 
�¬ o 
"p��� ��� � � � + p ¯ p ���
� `¤h�eJYzY;Xj`oh�X�|ol v ~�^X��D`ba v dcXjp v Xjh�eJnb� v XjY;Xj`Sk�pFeJnb�JX v k�p�~9- no`bX*|}l v kracX ³ ~bX6M* Jh�- Xjp�k©no`bX�|ol v k�aiX

~oX�d.- Xj`op�XjY�sbdiX�~oXjp eJno�gX v k�p!t�nbaL~oegack!�©^X v a¨�}X v dml¤| v eJ| v a�^X�kb^X*p�nbai��lJ`Jk�X=I

 
Definition.

let covering_prop be
the function defined by , for all P:℘(open of E) , 

A:℘(E) , 
∀ x:E , x ∈ A ⇒ ∃ Pi:open of E , (Pi ∈ P) ∧ (x ∈ Pi).

Record Open_covering_of [A:℘(E)]: Type := {
Open_covering_setoid: of type ℘(open of E) (coercion);
Open_covering_prf: a proof of (covering_prop   Open_covering_setoid   A) }.

Let U be a open of X.
Let P be of type Open_covering_of(U).
Let s, s’ be of type F(U) .
 
Definition.

let equal_over_a_covering be ∀ V:Open_covering_setoid(P) , s|U ∩ V = s’|U ∩ V.

�n�����?���B�%�
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y l7| v eS| v a�^Xjkb^X
h�a>E�~bXHp�p�nop�Xjp�k�no`�|}XHn�~oa>/*^X v Xj`Sk�X;~bX¤h�X�dcdiX¤~beS`o`�^XjX;~olJ`op/dml7~�^X��D`oaik�aieS`¶~bXHp��Ql�ampgE
h�XjlJn�¡W��M�`@X�/·X�k eS` v Xjp�k v X�am`Jk�p�X�k p�- Vl ����� X�k |olgp Vl � p�acYz|bdcXjY;XH`Jk |ol v h�X�t�nbX/Y��XjY;X�p�a � �Qlgaik
|}l v kracXz~}n v Xjh�eJnb� v XjY;Xj`Sk/~bX �)acd©`9- Xjp�k,|olgp���e v h·^XjY;Xj`Sk�ac`}h�dmnop,~olg`}p � ; no` v XHh�eJno� v XjY;XH`Jk/|DXjnbk
- ~�^XHs}e v ~oX v ->D��·´'X�k�krXz| v eJ| v a�^X�kb^X�~'^X��5`baiXJ DeS`¶|DXjnbk���e v Yzl�dcamprX v dml�| v XjY;a VX v X
| v eJ| v a�^X�kb^X�~bXjp��Qlgacp�h�XHlgn�¡
lgac`}pra�I

 
Definition.

let unicity_presheaf be
the function defined by , for all U:open of X , 

P:Open_covering_of(U) , 
s,s’:F(U) , (!equal_over_a_covering U P s s’) ⇒ s = s’.

� ������� � o ���¯ p 
F¯ �oTp�¬ +µ� � �_± � o 
�¬ o 
"p��� ��� � � 
 ��¯ ¬ ±�±��b�²��+ 

y�X;| v eJsod VXHY;X
|}eSn v dcl$prXHh�eS`o~bX�| v eS| v a�^Xjkb^X,XHprk/~bXzprX;~beJ`o`oX v dcl7h�eJdidcXjh�kraceJ`_~9-r^Xjd�^XHY;Xj`Sk�p5� � � � `
�JeJno~ v lgaik h�eS`opram~�^X v X v dcX,k�qb|}X,p�nbac��lJ`Sk�I

Definition. 
a stick_elt is a structure with the following components:
stick_elt_set: a open of X
stick_elt_elt: of type F(stick_elt_set)

XH`_�Qlga v X¤no`²prXjkre10 2c~oXg L|onbamp,~ba v X@t�nbX¤p�X¤~beJ`o`oX v no`bX¤k�X�dcdiX@h�egdcdiXHh�k�aieS`8h�- XHprk,p�X@~beJ`o`oX v no`bX¤|ol v k�aiX
~oX;h�X�p�X�kre10 2m~bXg� � `_l7~beJ`oh�s}XHpreJac`8|}eSn v h�Xjdcl$~9- n}`bX ^X�fJlgdiackb^X�p�n v h�X;k�qb|}XJ�·y�l�`oegkraceJ`8~9-x^X�fSl�dcaikb^X,dcl
|odcnop
`ol�k�n v XjdidcX¤prX v lgaik5	$� 	��'pra ;3( / ��� ^ @ * ;3( / ��� ^�� @ X�k ;J� : � ^ @M* ;J� : � ^�� @  LYzl�amp/X�dcdiX
`oXz|DXjnok �X�k v X¤h�eb~�^X�X;krX�dcdcX@tSnoX�dcdiX¤|ol v h�Xzt�nbXzdcXjp/k�qb|DXjp�~bX ;J� : � ^ @ Xjk,~bX ;J� : � ^�� @   v XHp�|DXjh�krac�gX�E
Y;XH`Jk ; 0 ;H( / ��� ^ @�@ Xjk ; 0 ;H( / ��� ^�� @�@  �p�eJ`Skz~baG/*^X v XH`Sk�p ; ;J� : � ^ @ Xjk ;J� : � ^�� @ `9- lg|}|ol v kracXj`o`oXj`Sk
~oeJ`oh/|olJp!lgn7Y��XjY;X,pb^Xjkre10 2c~oX�D��
{ XjYzl v t�nbeJ`op |ol v h�eS`Jk v X/t�nbX�p�a ;H( / ��� ^ @ *);H( / ��� ^�� @  beS`$l;Xj`�|ol v k�achjnbdcaiX v d�- ac`}h�dmnopraceJ`
;3( / ��� ^ @ � ;3( / ��� ^�� @ Xjk ;<� : � ^�� @ |DXjnbk�~beS`oh �X�k v X/�bn�h�eSY;Y;X,no`£^Xjd�^XHY;Xj`Sk�~oX�k�qb|DX
; 0 ;H( / ��� ^ @�@ �Saml;diXHp�Y;e v | U amp�Y;XHp!~bX v XHprk v amh�k�aieS`op�� � `7~ba v lz~beS`oh/t�nbX.	 ��	 �Lp�a
;3( / ��� ^ @�*6;3( / ��� ^�� @ X�k ; �?� � 	rD � ; �?� � 	 ��D � ���	��
� ��� I

 
Definition.

let equ_stick_elt be
the function defined by , for all st1,st2:stick_elt , 

∃ proof_equal_sets:st1_SET = st2_SET ,
st1_ELT = st2_ELT|st1_SET.

sut��vsxw
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Lemma (equ_stick_equiv).
equ_stick_elt is an equivalence.

Proof:

 
Definition.

let Stick_elt be the set Build_Setoid(equ_stick_equiv).

� a 26#H���1 ���� � : � eS`¶`beJkrX;preSnop�¥P��¥�¦j§ p ������dcX
k�X v Y;X ;32��= ���� � : � � : � 20@ X�k�p �����!dcX�k�X v Y�X
;32��= ��	� � : � 2���� 20@ �

��`bX���eJacp!d.- Xj`op�XjY�sbdiX ���= ���� � : � ~oXjp7^Xjd�^XjY;Xj`Sk�p*~bX�dml;��e v Y�X ; � � � � � ; �4D D�~�^X��D`back� }eJ`�|DXjnbk
^XHh v a v X,dml@| v eJ| v a�^X�kb^X�~bX v XHh�eJdidcXjY;Xj`Skj����`bX;~beJ`}`'^X�X�~oX v Xjh�eJdidcXjY;XH`Jk ; 2��1 ����= ]? � � / � / ��? XH` ¥�¦H§�D
p�X v l7dcl�~oeJ`o`�^X�X¤~9- no`bX@|ol v k�aiX 2�� ( / ��� ~bX ���1 ���� � : �  µ~9- no`bX�| v Xjno�gX¤t�nbX¤d�- Xj`}prXHY
sbdcX@~bXjp
eJnFE
�JX v k�p¤lJp�p�ebh�a�^Xjp���e v Y;X_sbacXj`¢no` v Xjh�eJnb� v XjY;Xj`Sk¤~bX �; ©X�k�~9- no`bX8| v XHnb�gX_t�nbX/� ; � � � � D � ; ��� � � D �
��� 
�� !?� ��� � � � !�� � � � � � !�� �

Let U be a open of X.
Let P be of type Open_covering_of(U).
Let s, s’ be of type F(U) .
 
Definition.

let equal_over_intersections be
the function defined by , for all Vi,Vj:open of X , 

si:F(Vi) , sj:F(Vj) , si|Vi ∩ Vj = sj|Vi ∩ Vj.

Record sticking_data_on [U:open of X]: Type := {
st_part: of type Predicate(Stick_elt(F)) (coercion);
st_covering_prf: of type ∀ x:U , ∃ st:st_part , x ∈ st_SET;
st_prf: of type ∀ U,V:st_part , (equal_over_intersections   U_ELT   V_ELT) }.

y lz| v eS| v a�^Xjkb^X�~bX v XHh�eJdidcXjY;Xj`Sk!p�X v l�lgdie v p&I

 
Definition.

let sticking be
∀ U:open of X ,
∀ st:sticking_data_on(U) , ∃ s:F(U) , ∀ Si:st , (equal_over_intersections   s   Si_ELT).

M'k eJ`�|}XHnbk!Xj`b�D`�~'^X��5`ba v dcXjp �Qlgacp�h�XHlgn�¡�~H- lJ`o`bXjlJn�¡$h�eJYzY
nbk�l�k�a¨�QpBI
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Record CRsheaf [X:topological space]: Type := {
pre: a presheaf of commutative rings over X (coercion);
unicity_prf: of type ∀ U:open of X ,

∀ P:Open_covering_of(U) , ∀ s,s’:U , (unicity_presheaf(P)   s   s’);
sticking_prf: of type sticking(pre) }.

�ed�� �vlvi@m]lrk ���_ohi?lrk�lHt m]y�i�c��hj%kFm]lrk
� � � ��� � � 
 �²���;�  
 � 
 ���

y l��Ds v X�� � ~H- no`¤| v ^X��Ql�amp�h�XjlJn � Xj`zno`z|}eJac`Sk 
¤~bX -XHprk�d.- XH`op�XjY
sodiX�~bXHp�h�eSno|bdcXjp ��e v Y�^XHp ~H- no`
eSnb�gX v k � h�eS`SkrXj`}lg`Sk 
�X�k*~9- no`£^Xjd�^XHY;Xj`Sk ��~bX � ; �4D� }t�nbeJkracXj`Skb^X/|}l v dml v XjdclgkraceJ` ; � � � � � ; �4D D��; � � ��� � � ; �"D D�p�pra ;�� �	� 
�� ��
 ; � � � � ��D�
 ��� � � ��� � � D�� y�l¶preSno|bdcXjp�prX@~bXHp�p�X�k�e80 2m~bXHp
|DX v Y;X�k�~bX,~ba v Xjh�k�XjY;Xj`Sk�~�^X��D`ba v diXHp �Ds v Xjp ;J��� /0: � 0 (E@ I

Definition. 
a germ is a structure with the following components:
germ_set: a open of X
germ_prf: of type P ∈ germ_set
germ_elt: of type F(germ_set)

 
Definition.

let equ_germ be
the function defined by , for all g1,g2:germ , 

∃ W:open of X ,
(P ∈ W) ∧

∃ p1:W ⊂ g1_set , ∃ p2:W ⊂ g2_set , g1_elt|W = g2_elt|W.

Lemma (equ_germ_equiv).
equ_germ is an equivalence.

Proof:

 
Definition.

let stalk be the set Build_Setoid(equ_germ_equiv).
y�Xjp!lg`}`bXjlJn�¡ � ; �4D�am`o~onbamp�Xj`Sk!no`bX,prk v n}h�k�n v X/~9- lg`o`bXHlgn$p�n v dcXjp��Ds v XHp9Io|ol v X�¡�XHYz|bdiX/eS`�|DXjnbk

~�^X��D`oa v dcl$preSY;Y;X;~bX�~bXHn�¡_fgX v Y;XHp�Xj` 
 ; � � ��D� ; ��� ����D |}l v#; � � ��� � � !�� )��� � !�� D� ·aidFp�n��¤k�~bX
Y;eS`Jk v X v tSnoX�h�X�k�krX/��eS`oh�k�aieS`�XHprk�h�eJYz|ol�k�acsodiX,l��gXHh*d.-x^X�fSl�dcaikb^X�~bXHp �Ds v XjpHI

sut��vsxw
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Definition.
stalk_plus:stalk ⇒ stalk ⇒ stalk

1: Intros g1 g2.
1: Apply (!Build_germ

g1_set ∩ g2_set (in_part_intero   germ_prf(g1)   germ_prf(g2))
g1_elt|g1_set ∩ g2_set+g2_elt|g1_set ∩ g2_set).

Lemma (ringstalk1).
∀ x,x’,y,y’:stalk , x = x’ ⇒ y = y’ ⇒ (stalk_plus   x   y) = (stalk_plus   x’   y’).

Proof:

� `7~�^X��D`back ~oX/Y �XHY;X�dml;Y
nbdckram|bdcachjl�kraceJ`L odiX �W^X v e ;    � � � ; �D%D� bd.- no`backb^X ; � i�1� � ; sD D� }|onoacp
eS`$Y;eS`Jk v X/dcXjp!| v eJ| v a�^X�kb^Xjp�`�^XHh�XHp�p�l�a v XHp©|DeJn v Xj`��D`$�Qlga v X,~bXjp��Ds v XHp!~bXjp�lJ`o`bXHlgn�¡W�

� � � ��� « ¬ 
 o�� p �H�²���
´'eSY;Y;X |}eSn v kreJnokrXjp dcXjp prk v n}h�k�n v XHp�Yzl�k U ^XHY;lgkramt�nbXjp�aid�X�¡�amp�krX'n}`bX�`oegkraceJ`
~bX�Y;e v | U acp�Y;X'|DeJn v

dcXjp | v ^X��Ql�amp�h�Xjlgnb¡·����`7Y�e v | U acp�Y;X��7XH`Sk v X�~bXHn�¡�| v ^X��Qlgacp�h�XHlgn�¡ - X�k*\ p�n v � Xjp�k'dml�~oeJ`o`�^X�Xg �|DeJn v
k�eJnbk�eJnb�JX v kd� ~bX �
 ·~bX�Y;e v | U acp�Y;Xjp*~H- lJ`o`bXjlJn�¡�� ; �4D6I � ; �4D ��� ; �4D� Wh�eJYz|olgkramsbdcXjp*l��JXjh/dcXjp
Y;e v | U acp�Y;Xjp!~bX v Xjp�k v ach�kraceJ`opj�

� ; � D=I � ; ��D�� � � ; ��D
	 ��
��� � 	 �� ���

� ; � D=I � ; � D�� � � ; � D

Definition. 
a presheaf_morphism is a structure with the following components:
morphism_of: of type ∀ U:open of X , F(U) → G(U) (coercion)
commut_prf: of type ∀ U,V:open of X , ∀ t:(prf_included   V   U) , (ρUV o U) = (V o ρUV)

��`²krX�d�Y;e v | U amp�Y;X�� prX v l�~back�am`�wxXjh�krai� ;ªv Xjp�|W��p�n v wxXjh�krai��D�p�aª  |}eSn v kreSnbk�eSnb�gX v k �; �� ; �4D�XHprk
am`�wxXHh�krai� ;ªv Xjp�|W�gp�n v wxXjh�krai��D�� u l v ~�^X��D`backraceJ`zno`¤Y;e v | U acp�Y;X�~bX �Ql�amp�h�XjlJn�XHprk'no`¤Y;e v | U amp�Y;X!Xj`Sk v X!dcXjp
| v ^X��Ql�amp�h�XjlJn�¡�preSnop%EiwrlJp�h�Xj`Sk�p&IDdcl¤h�eSX v h�aieS`7Xj`Sk v X/�Ql�amp�h�XjlJn$Xjk*| v ^X��Qlgacp�h�XHlgn$|}X v Y;X�k�~bX
`bX
|}lgp�l��Jega v
Vlz~beS`o`bX v ~bX�`beJno�gX�dcdcX�~�^X��D`backraceJ`L�

M�`��D`W Sno`zY�e v | U acp�Y;X�~bX �Ql�amp�h�XjlJn;ac`o~}nbaik'`ol�k�n v XjdidcXjY;XH`Jk�p�n v k�eJnbk�Xjp�dcXjp��Ds v Xjp�no`¤Y;e v | U acp�Y;X
~H- lJ`o`bXjlJn�� � I�� � ��� �  oXj`$Xj`S�ge�qSlg`Sk'n}`�fJX v Y�X v Xj| v ^XHprXH`Jkb^X*|ol v no`�h�eJn}|bdiX ; � � �.� ; � �4D%D��gX v p; � ��� ; �4D ; ��D�� ; � �4D%D��

�n�����?���B�%�
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Let X be a topological space.
Let F, G be presheaf of commutative rings over X .
Let P be of type X.
Let f be of type (presheaf_morphism   F   G).
Definition.

let fun_induced_in_stalks be
the function defined by , for all germ_f:(Stalk   F   P) , 

(!Build_germ
X G P germ_f_set germ_prf(germ_f)
f(germ_f_set)(germ_f_elt))

 (its type is (Stalk   F   P) ⇒ (Stalk   G   P)).

� `8| v eSnb�gXzt�nbXzh�X�k�krX;��eJ`}h�kraceJ`¶Xjp�k�soaiXH`8h�eJYz|ol�k�acsodiXzl��gXHh�d.-x^XjfJlgdiackb^X�p�n v dcXjp/fgX v Y;XHp�|DeJn v XH`
�Qlga v X�no`bX;lg|o|odiamh�lgkraceJ`7Xj`Sk v X�dcXjp��Ds v Xjpj }|onbamp*k�eJnbk�Xjp*diXHp*| v eJ| v a�^X�kb^Xjp `�^XHh�XHp�p�l�a v XHp |}eSn v XH`7�Ql�a v X
n}`
Y;e v | U acp�Y;X/~H- lJ`o`bXjlJn<I

Lemma (fun_comp_in_stalks).
fun_compatible(fun_induced_in_stalks).

 
Lemma (fun_induced_in_stalks_plus).

∀ x,y:(Stalk   F   P) ,
fun_induced_in_stalksx+y = fun_induced_in_stalks(x)+fun_induced_in_stalks(y).

 
Lemma (fun_induced_in_stalks_zero).

fun_induced_in_stalks(0(Stalk   F   P)) = 0(Stalk   G   P).
 
Lemma (fun_induced_in_stalks_mult).

∀ x,y:(Stalk   F   P) ,
fun_induced_in_stalksx*y = fun_induced_in_stalks(x)*fun_induced_in_stalks(y).

 
Lemma (fun_induced_in_stalks_one).

fun_induced_in_stalks(1(Stalk   F   P)) = 1(Stalk   G   P).
 
Definition.

let map_induced_in_stalks be
(!BUILD_HOM_RING

(Stalk   F   P) (Stalk   G   P) fun_induced_in_stalks fun_comp_in_stalks
fun_induced_in_stalks_plus fun_induced_in_stalks_zero fun_induced_in_stalks_mult
fun_induced_in_stalks_one)

 (its type is (!Hom RING (Stalk   F   P) (Stalk   G   P))).

´'XHp'Y;e v | U acp�Y;Xjp'ac`o~}nbaik�p ; � / (  ]?0��9=�����  ]? 2�� /0: �
24C�(E@ p�eJ`Sk l�am`op�a}��e v Yzl�dcampb^XHp� geJ`@dcXjp l��¤h U X
� �µpreSnopz¥P�r¥�¦H§ �

sut��vsxw
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�ed�� � e�t�`�i?l qgy��=ePqgl } lrk 	Je_j k��&lve6`��
� `�l�Y�eS`Sk v ^X�dcXzk U ^X�e vjVXHY�X;p�noai��lg`Sk9Iµn}`8Y;e v | U amp�Y�X¤~bXz�Qlgacp�h�XHlgn¶Xjp�k/n}`8amp�eJY;e v | U amp�Y;X ; lJn

p�Xj`}p�~oXzY;e v | U acp�Y;X�am`�wxXjh�krai��Xjk,p�n v wxXjh�krai��D*p�a k�eJnop/dcXjp/Y;e v | U amp�Y�XHp�ac`o~}nbaik�p,~olg`}p/diXHp*�5s v XHp/preS`Jk
~oXjp'acp�eJY;e v | U amp�Y�XHp ; dml
h�eJ`Sk v lg|DeJpo^XjX�XHprk'� v lgaiX�D��o´'X*k U ^X�e v�VXHY;X `H- XHprk'� v l�a5t�nbX�|DeJn v dcXjp©�Ql�amp�h�Xjlgnb¡· 
acdFnbkracdiamp�X
X�¡o|bdcamh�ackrXjY;XH`Jk�diXHp*~bXHn�¡_| v eJ| v a�^X�kb^Xjp t�nba�dcXjp�~�^X��D`bamp�p�Xj`Sk�� � `���l�~�^Xjk�lgaidcdiX v no`bX;|ol v kracX
~bX
dml,| v Xjnb�JX�I�dcX�Y;e v | U amp�Y;X �JI � � ��XHprk©ac`�wxXHh�k�a¨�Lp�a}X�k'prXHnbdiXHY;Xj`Sk�pra}kreJn}p�diXHp©Y;e v | U amp�Y�XHpFac`}~onback�p
|}l v �_~}lg`op dcXjp��Ds v XHp diX�p�eJ`Sk ; lgkrkrXH`SkraceJ`�h�- Xjp�k��Qlgn�¡�|}eSn v dclzp�n v wxXjh�k�ai��ackb^X�D��

� eJaik ~beS`oh � n}`@eJno�gX v k�Xjk �.� � ; �4D k�X�d·t�nbX � ; � D ; ��D �¢�o� � a·Xj`@kreJnok�|Degam`Sk'dcXjp�Y;e v | U amp�Y;Xjp
am`o~onoaik�p�preS`Sk�am`�wxXjh�krai�Qp�l�dce v p�eJ`8��l7l��Jega v lJnbkreSn v ~bX¤h U lghjno`�~bX¤h�Xjp,|Degam`Sk�p 
²no`8eJnb�JX v k � � k�X�d
t�nbX ��� ��� ���@I

Lemma (localy_zero).
Phi(U)(s) = 0 ⇒
(∀ P:X , Phi_P is injective) ⇒
∀ P:X ,
∀ t:P ∈ U , ∃ Wp:open of X , ∃ pw:(prf_included   Wp   U) , (P ∈ Wp) ∧ (s|Wp = 0).

 � a*eJ` h�eJ`}pram~ VX v X$d�- Xj`op�XjY�sbdcX�� ~bX_h�XHpzeJnb�JX v k�p � �  �dcX�diXHY;Y;X_h�a>E�~bXjp�p�nopz`beJnop¤|DX v Y;X�k@~bX
~�^XjY;eJ`Sk v X v t�n9- aidF��e v Y;X¤no` v Xjh�eSnb� v XHY;Xj`Sk�eSnb�gX v k/~bX �;� ´'XH|}XH`o~olJ`Jk���e v Y;X v d.- XH`op�XjY
sodiX¤X�¡blJh�k�X
~oX�h�XHp*eSnb�gX v k�p�`bXz|}XHnbk�p�X��Qlga v X�p�lg`}p*nbk�aidcacp�X v d.- l�¡�aceJY;X
~}n¶h U eJa¨¡ ; eS`_|olgp�p�X
~bXQ- acd X�¡bacp�krX � � - Vl
- d.- XH`oprXHY
sbdcX/~bXjp�� � ->D�� u eJn v ^X���ackrX v h�X�dmlo �eJ`7h�eS`op�k v nbaik no`$Xj`op�XjY�sbdcX/|odcnop f v eSp&Ioh�XjdcnbaL~oX�k�eJnop�dcXjp
eSnb�gX v k�p � k�X�dmp!tSnoX6��� � �£�o�

Definition.
a_good_setoid:℘(open of X)

1: Apply (!Build_Predicate   ?   W:open of X , ∃ pu:(prf_included   W   U) , s|W = 0).
u nbamp�t�nbX,h�- Xjp�k!no`�p�n v E Xj`op�XjY�sbdcX/~oX��  oacdW��e v Y;X/dcnoaµlgnop�p�aLno` v Xjh�eJnb� v XjY;Xj`Sk!~bX � I

Definition.
a_good_covering:(morphism_of   Phi   U)(s) = 0 ⇒

(∀ P:X , Phi_P is injective) ⇒ Open_covering_of(U)
1: Intros H’ H’0. 1: Apply (!Build_Open_covering_of   ?   U)(a_good_setoid).

u l v d�- lg|o|odiamh�lgkraceJ`7~bX/dcl¤| v XjY;a VX v X�| v eS| v a�^Xjkb^X�~bXjp �Qlgacp�h�XHlgn�¡@eS`$lJn v l;~oeJ`oh.� �£�o bXjk!aidµ�SacXj`Sk9I

Lemma (injective_phi).
∀ Phi:(presheaf_morphism   F   G) ,
(∀ P:X , Phi_P is injective) ⇒ ∀ U:open of X , Phi(U) is injective.

 

�n�����?���B�%�
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�ed�� �fe_j k��&lve6` eWkFkNy��Ej&wl
� `;l���e v Yzlgdiampb^X'~bX!~bXHn�¡,�Ql �h�eJ`op dcX'�Qlgacp�h�XHlgn�lgp�prebh�a�^X Vl/no`;| v ^X��Qlgacp�h�XHlgnW�jy�l�| v XjY;a VX v X©Xj`;p�nbai��lJ`Jk

dml
~�^X��D`oaik�aieS`@~bX { � K l v k�p U e v `bX 3 K ³ {<L�LB7  Sdml;prXHh�eJ`}~bX Vl
d�- l�am~bX/~bX*dml�`oegkraceJ`�~bX�h v amsbdcXg� � `@~�^Xjh v ack
amh�aWdmlz�gX v p�aceJ`�~oX { � K l v k�p U e v `oXg�
� ������� n � �����
 + p�Tp�¬ + � � � ��� ��
H � � ¬ 
 +µ�

´'eS`opram~�^X v eS`op�no`�| v ^X��Ql�amp�h�XjlJn�- � � `7~'^X��5`baik dcX��Ql�amp�h�Xjlgn ���/lJp�p�ebh�a�^X Vl � |}l v dcXjp!lg|}|bdiamh�lgkraceJ`op
p�nbac��lg`SkrXHp9I

� M'`Sk v X/diXHp eJs�wxXjk�prI

³ no`_eJnb�JX v kd� eJ`��Ql�ack*h�e v�v Xjp�|}eS`o~ v X,d�- lg`}`bXjlJn�~bXjp�lg|o|bdcamh�l�k�aieS`op ��I � ��� � � � � � t�nba
�©^X v a¨�DXj`Sk'dcXjp*~bXjn�¡7h�eJ`}~baik�aieS`op�p�nbac��lJ`SkrXjpHI

a�D � 
/� � ��� ; 
HD � � �

aca D � 
 � � � �	�,��� ��� � � � � �>� 
 � ��� � ; �"D�� �?��
�
�5��
 � � � ; 
ND � ; ��� � D�� ���

� M'`Sk v X/diXHp!Y;e v | U amp�Y;XjpHI
� a � � �>eS`_~�^X��D`back�dml v XHprk v amh�k�aieS` � ; �"D � � ; � D�|ol v dml v XHprk v amh�k�aieS`�~bXjp�lg|o|odiamh�lgkraceJ`op Vl
�
�

{ � K l v k�p U e v `oX;dml�amp�prX@lJn8dcXjh�krXHn v dcX@preJac`²~bX�~�^XjY;eJ`Sk v X v t�nbX¤dcX�| v ^X��Ql�amp�h�Xjlgn8l�am`op�a©~�^X��D`ba�Xjp�k�XH`
�Qlgaik�n}`��Qlgacp�h�XHlgnW bh�X�tSnoX�d.- eJ`�p�- Xjp�k!| v eJ|DeJpb^X�~oX��Qlga v X/Xj` ¥�¦j§��

� ������� � ��� � o o�± p ¯ �b]p�¬ +µ� �����o���+ � � +  ���

yO- XH`oprXHY
sbdcX/~bXjp'��eJ`}h�kraceJ`}p � I � � � � � � � � tSnoa5�'^X v ai�}XH`Jk � 
/� � ��� ; 
9D�� � � |}XHnb�gXH`Jk �Xjk v X
�bnbXHp Xj`�¥�¦j§�|ol v dcXjpFk�X v Y�XHpF~bX k�q�|DX ;3(d#�;32"9,�0��'�(�� � : � � @�@E;J��� /0: � 0 ; 2"9,�0��'�(�� � : � (E@�@ � � `
��l��Ql�a v X/~oX,d�- Xj`op�XjY�sbdcX/~oX�h�Xjp k�X v Y;Xjp!no`�p�X�kre10 2m~bXg�

� eJaik ~beS`oh ��n}`@krX v Y;X�~bX�h�X�k�qb|DXg� u noacp�t�nbX ��~beJaik v Xj| v ^Xjp�Xj`Sk�X v no`bX���eJ`}h�kraceJ`L SeS`@~beJaik l��geJa v I
p�a�¡���q²lgdie v p ; ��¡�D � ; �*q�D� FYzlgacp;d Vl_Xj`}h�e v X$h�X�k�krX�~bX v `ba VX v X ^XjfJl�dcackb^X@`9- l�|olgpz~bX�prXH`op;|onbamp�t�nbX7diX
| v XHY�acX v k�X v Y;X�XHprk�~oX�k�qb|DX ;J��� /0: � 0 ^ @ X�k!dcX,prXHh�eJ`}~$~bX,k�qb|DX ;J��� /0: � 0 '=@ �

V�X7YzlJ`ba VX v X@f�^XH`�^X v lgdiXJ WeJ` |DXjnbkz| v ebh·^XH~bX v ~bX�dml8YzlJ`ba VX v X@p�nbac��lg`SkrXJ� � egack 7G#H�������! �� X�k 0 #+7
��2������0�! ��  �eJ`_~bXHYzlg`o~bX
Xj`_|ol v lJY VX�k v X�no`oX,��eJ`oh�kraceJ`8\ t�nba Vlz¡W  q�I M�Xjk�no`bX;| v Xjnb�JX
|_t�nbX�¡���q
lJp�p�ebh�acX�no`bX©��eJ`oh�kraceJ` ;�� ^ '�(E@_#�; 0 ^ @ ��2 ; 0 '=@ tSnoaª jXj`�t�nbXjdct�nbX©p�e v krXJ  v Xjh�eJ`op�k v nbackLno`�^Xjd�^XHY;Xj`Sk
~oX�k�qb|DX ; 0 ^ @ Xj`¶n}` ^Xjd�^XHY;Xj`Sk�~bX;k�qb|}X ; 0 '=@ ; eJ`¶�gXjnok_^Xj��ac~bXHYzY�XH`Sk�t�nbXzh�XjkrkrX���eJ`}h�kraceJ`8preJaik
am`o~�^Xj|DXj`o~olJ`SkrX,~bX/dcl¤| v XHnb�gX/~bX/¡���q�~beS`o`�^XjX�XH`7|}l v lgY VX�k v X�D I
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Let E be a set.
Let F be a function of type E ⇒ set.
Definition. 
a map_for_equality is a structure with the following components:
equality_map: of type ∀ x,y:E , ∀ p:x = y , F(x) ∼→ F(y) (coercion)
indep_proof_prf: of type ∀ x,y:E ,

∀ pxy,p’xy:x = y ,
(equality_map x y pxy) = (equality_map x y p’xy)

eS`$|DXjnok�l�dce v p!~'^X��5`ba v dcXjp!lJ|o|bdcachjl�kraceJ`}p!~beJ`Sk!dcX�k�qb|DX�~9- l v�v ac�©^X�~�^Xj|DXj`o~7l�am`op�aµ~bX/d�- l v fJn}Y�XH`Sk |}l v I

Let G be of type map_for_equality(F).
Definition. 
a mapd is a structure with the following components:
mapd_fun: of type ∀ x:E , F(x) (coercion)
mapd_prf: of type ∀ x,y:E , ∀ prf_equ:x = y , y = (G x y prf_equ)(x)

� `7Y;X�k�p�n v h�X,k�qb|DX,d�-r^XjfJl�dcackb^X�X�¡bkrXH`Jk�aieS`bX�dcdcX/h�dclJp�p�amtSnoX�I

Definition.
let equ_mapd be the function defined by , for all f1,f2:mapd , ∀ x:E , f1(x) = f2(x)
 (its type is mapd ⇒ mapd ⇒ Prop).

Lemma (equ_mapd_equiv).
equ_mapd is an equivalence.

 
Definition.

let MAPd be the set (!Build_Setoid ? ? equ_mapd_equiv).

� �b� ��
�� �µ�5� ´'X�k�krX$Y �XHY;X¤ac~�^X�X@`beSnop
|DX v Y;X�k�lJnop�pra©~H- l��Jega v no`bX¢^X�fJlgdiackb^X;p�aifS`bai�Dh�lgkrac�gX@p�n v dcXjp
p�acfJYzl�E k�qb|}XHp&IJd.-x^X�fJlgdiackb^X�~bX ; / # <O[ �d#�;<C / @�@ X�k©~oX ; / � # < � [ � � #>;<C / � @�@ |}eSn v�v l �Xjk v X�~�^X��D`bacX*|ol v
� (d# / * / ��� � � *6;�� / / � (8�E@ � u eSn v t�nbX¤h�X�krk�X¤~'^X��5`baik�aieS`¶p�egack/��lgdiam~bXJ ·h�- XHprk%E Vl�E ~oa v X;|DeJn v t�nbX
h�X,preJaik no`bX v X�dml�kraceJ`$~9-x^Xjt�nbac��l�dcXj`oh�Xg �aid·�QlJnbk!~bX,|bdmnop!~bXjYzlJ`o~bX v�Vl¤\ ~oX��'^X v ai�}X v ~bXHn�¡$| v eJ| v a�^X�kb^Xjp�I
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��

I" ���(� � 
 �
 I 	 ����� ; �@�� 


��
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 �	� D � ; �@	�� 
 ��
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� ������� � o ���¯ p 
F¯ �oTp�¬ +µ���  o 
 ��� �D���
V/lg`opz`beJk v X$hjlgpj µeJ` | v Xj`o~op;|DeJn v M dcX7p�X�k�e80 2m~bX ;32"9,�0��'�(�� � : � � @  �Xjk;|DeJn v - dml���eS`oh�k�aieS`

(��! ]?0� ��� 2�� /�: � t�nba Vl (d#>;32]9,�0��'�(�� � : � � @ lgp�prebh�acX ;J��� /�: � 0 ; 2"9,�0��'�(�� � : � (E@�@ �}yO- lJ|o|bdca>E
hjl�k�aieS`�\3p�X v l�dml���eJ`oh�kraceJ` C�9�? 2�� /0: � �0� 2 / �=� t�nba Vl¶|ol v kra v ~bX ( �E[H(�� #�;32"9,�0��'�(�� � : � � @ X�k
~H- no`oX�| v XHnb�gX,|7t�nbX (��T*�(�� v Xjh�eS`op�k v nba v l�kreJnok!fgX v Y;X�~oX � � � XH`$no`7fJX v Y�X,~bX � �  I
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Definition.

let point_to_stalk be the function defined by , for all P:U , (Stalk   F   P).
Lemma (in_part_comp_l).

∀ A:℘(E) , ∀ x,y:E , x ∈ A ⇒ y = x ⇒ y ∈ A.
Proof:
 
Definition.

let fun_stalk_to_same be
the function defined by , for all p1,p2:U , 

prf:p1 = p2 , 
st1:(Stalk   F   p1) , 
(Build_germ   (in_part_comp_l   germ_prf(st1)   Sym(prf))   

st1_elt)
 (its type is ∀ p1,p2:U , ∀ prf:p1 = p2 , point_to_stalk(p1) ⇒ point_to_stalk(p2)).

u eSn v |bdmnop ~bX'h�eJYzY;e�~oaikb^X�|ol v dcl*p�nbackrX'eJ`��Qlgaik ~bX C�9�? 2"� /0: � ��� 2 / �=� no`bX©lJ|o|bdcachjl�k�aieS`,tSnoaS`bX
v Xj`S�JegacX�`beS`�|}lgp�no`bX�p�amY;|odiX�lJ|o|bdcachjl�kraceJ`;~bX�� � � �gX v p � �   gYzl�amp�no`zY;e v | U amp�Y;X!~9- lg`o`oXjlgnL� ³ | v�VXjpl��Jega v �'^X v ai�!^X
kreJnokrXzdiXHp,| v eJ| v a�^X�kb^Xjp*`�^Xjh�Xjp�p�lga v Xjpj }eS`8|DXjnbk/XH`��D`²~�^X��D`ba v d.- Xj`op�XjY�sbdiXz~bXHp���eJ`oh�kraceJ`op
t�nbaL`oeJnop!am`Skb^X v XHp�p�Xj`Sk�|ol v I

Definition.
as_map_equality:(!map_for_equality   U   point_to_stalk)

1: Apply (!Build_map_for_equality U point_to_stalk hom_stalk_to_same).
 
Definition.

let local_data_map be MAPd(as_map_equality).

y�Xjp'��eJ`}h�kraceJ`}p!tSnoa·~�^X��D`oacp�prXH`Sk'dcX��Ql�amp�h�Xjlgn$lgp�prebh�a�^X�~begac�gXH`Jk�Xj`$eJnok v X��'^X v ai�}X v dml�| v eJ| v a�^X�kb^X ; aia�D� beS`
h�eJ`op�k v nback!~beJ`oh�d.- XH`op�XjY
sodiX�~bX,h�Xjp ��eS`oh�k�aieS`op!h�eSY;Y;X/dml¤|ol v kracX,~bX : ��� /0: � / � / � / ( �©^X v a¨�DlJ`Sk�I

Definition.
associated_sheaf_setoid:℘(local_data_map)

1: Apply (!Build_Predicate   ?   
s:local_data_map , 
∀ p:U ,
∃ V:open of X ,
∃ proof_neigh:p ∈ V ,
∃ proof_included:V ⊂ U ,
∃ t:F(V) , ∀ q:V , s(q[in U]) = (in_stalk   F   subtype_prf(q))(t)).

� `$�Ql�ack*lgdie v p!~bX�h�X
pb^X�k�e 0 am~$no`�lJ`o`bXjlJnW }|onoacp*eJ`�~�^X��D`back!diXHp�Y;e v | U amp�Y;Xjp*~bX v XHprk v amh�k�aieS`opj� � `
| v eSnb�gX�Xj`��5`7t�nbX,dcX,| v ^X��Qlgacp�h�XHlgn�lgac`}praLh�eJ`Sk v nback�XHprk�soaiXH`$no`$�Qlgacp�h�XHlgnW�
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� eJaik { no`¤lg`}`bXjlJn;h�eJYzY
nok�l�k�a¨�x �h�eSYzY�X*Xj`op�XjY�sbdiXJ gp�eJ`¤p�|}XHh�k v X�XHprk�d.- Xj`op�XjY�sbdiX�~bX*p�Xjp�am~�^XHlgn�¡
| v XHY�acX v p ; l��JXjh/sbacXj`�p>�n v |}eSn v ^X�fSl�dcaikb^X�h�X�dcdiX,~bXHp�|ol v k�aiXHp!~bX { D I

Let R be a commutative ring.
Definition.

spec:set
1: Apply (!Build_Setoid   prime ideal of R   !Equal(℘(R))).

�����	��� n �8j¬ o ¬ ± ¬ �1p � � ��� ��
"p ��� �¢��� 
�� �]o���¯ ���
� a
	_XHprk*n}`�ac~�^Xjlgdµ~bX {  }eJ`¶~'^X��5`baik � ; 	HD ; `oegkb^X�~bX�h�X�krk�X�Yzlg`oa VX v X�l��JXjh�¥P��¥�¦H§ Yzlgacp�h�e v�v Xjp%E

|DeJ`}~olg`Sk lgn@k�X v Y;X�¥�¦j§ ;3(��! �=��2 ����?0� /  ]?E ]? � � @ D h�eJYzY;X�d.- XH`op�XjY
sodiX/~bXjp�am~�^XHlgn�¡@| v XjY;acX v p'~bX
{ t�nbaLh�eJ`SkracXj`o`oXj`Sk�	L�

Definition.
primes_containing:∀ I:ideal(R) , ℘(spec)

1: Intros I. 1: Apply (!Build_Predicate   spec   x:spec , I ⊂ x).

y�Xjp!XH`oprXHY
sbdcXjp!~oX�dml;��e v Y;X � ; 	HD���e v Y�XH`Sk�XH`$�Ql�ack!diXHp���X v Y ^Xjp!~9- no`bX,k�eJ|DegdcegfgacX/p�n v ; p�|DXjh { D� 
t�nbX/d.- eS`7��lz~beS`oh/h�eS`oprk v noa v X/Xj`7nbkracdiamp�lg`Sk!dcl���eS`oh�k�aieS`\Z 9E : � ����(�� : � ��' �0' � : ��2���� �bnbX/Xj` )o�c�g�
� `7`beJkrX ;� 
����h4D�h�Xjk!Xjp�|olgh�X/kreJ|DegdcegfJact�nbXJ�

� `�h�eSYzY�XH`oh�X,~beS`oh/|ol v h�eJ`op�k v nba v X�d.- XH`oprXHY
sbdcX�~bXHp�� ; 	HDRI

Definition.
set_of_closed_for_zarisky:℘(℘(spec))

1: Apply (!Build_Predicate   ?   p:℘(spec) , ∃ a:Set_Ideal(R) , p = V(a)).
� `;Y;eJ`Sk v X��Qlgh�acdcXjY;Xj`Sk�t�nbX diXHp�| v eJ| v a�^X�kb^Xjp 0 ����(0��' 0 C�9 :�: ~oX�dml/prXHh�k�aieS`4)}�i�PI�dcX ��ac~bX!pB-x^Xjh v ack

;3(��1 �1��2 �>��?0� /  T?E ]?�� ;V ��0� /0: C�9 :�: �=@�@ ; e Vn ;T ��0� /0: C�9 :�: �=@ Xjp�kWd�- lg`o`oXjlgn { �bn/h�eSY;Y;X�am~bXjlgd D
Xjk!d�- Xj`}prXHY
sbdcX,~bXjp!am~�^XHlgn�¡�| v XHY�acX v p ~bX { p�-r^XHh v aik ;3(0�1 �=��2 ����?�� /  ]?E T?�� ;T ���� /0: ?�9 : �=@�@ I

Lemma (spec_top_prop1).
∅ ∈ set_of_closed_for_zarisky.

 
Lemma (spec_top_prop2).

full(spec) ∈ set_of_closed_for_zarisky.
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y�Xjp�| v eJ| v a�^X�kb^Xjp C1 T?E "��� 9�?E >��? � : ��2>��� ; d�- no`baceJ`�~bX�~bXHn�¡���X v Y�^XHp�Xjp�k n}`���X v Y�^X D�Xjk
 ]?�C1 ]?= "���  ]?0����� � : ��2>��� ; no`bX,am`Jk�X v prXHh�k�aieS`�t�nbX�dmh�eS`ot�nbX,~bX���X v Y ^Xjp�Xjp�k!no`$��X v Y ^X�D v XH|}eSprXH`Sk�XHpgE
p�Xj`Sk�aiXjdidcXjY;Xj`Sk/p�n v dcX��Ql�ack�t�nbX � D � ;�� D�� � ;�� D � � ;�� � � D�Xjk � � D � � ;�� �gD � � ;���� �gD� Lh�Xzt�n9- aid
`oeJnop��QlJnbk�~beJ`}h�~�^XjY;eJ`Sk v X v �

y l�| v XjY;a VX v X�^X�fJlgdiackb^X � DµXHprk'no`bX�h�eJ`opo^XHtSnoXj`oh�X ~}n¤diXHYzY�X  T?0�����  T?=� : 9������ (0�1 �=� �bn¤~olg`op©dcl
p�Xjh�kraceJ`
	 N � IopraWno`$ac~�^Xjlgd·| v XHY�acX v h�eJ`SkracXj`Sk d�- am`Jk�X v prXHh�k�aieS`�~bX,~bXHn�¡@ac~�^XjlJn�¡W �lgdie v p'acdLh�eJ`Sk�aiXH`Jk�d.- no`
eSn�d.- lgnbk v X,~bX�h�Xjp am~'^XjlJn�¡W�

Lemma (union_primes_containing).
∀ I,J:ideal(R) , V(I) ∪ V(J)=V(I∩J).

 
Lemma (spec_top_prop4).

finite_union_closed(set_of_closed_for_zarisky).
 

u eSn v X�¡o| v acY;X v dml�| v eS| v a�^Xjkb^X � � D� WeJ`�~�^X��D`back/~H- lJs}e v ~¶dcl$��eJ`}h�kraceJ`²t�nba�lJp�p�ebh�acX Vl�no`bXz�QlJY;aidcdiX
~H- am~�^XHlgn�¡ � � � �,d.- XH`op�XjY
sodiX,~bXHp � ;�� � DRI

Definition.
family_of_primes_containing:Predicate(Set_Ideal(R)) ⇒ Predicate(℘(spec))

1: Intros Ai. 1: Apply (!Build_Predicate   ℘(spec)   p:Predicate(spec) , ∃ ai:Ai , p = V(ai)).
� `�|}XHnbk�lgdie v p©~'^XjY;eS`Jk v X v  gXj`�nokracdiamp�lJ`Sk©dcXjp'diXHY;Y;XHp't�nba·h�l v lJh�kb^X v acp�Xj`SkFdcl�preSYzY�X�~9- ac~�^Xjlgnb¡ ; � � �
XHprk dcX�|bdmnop�|DX�krack!am~'^XjlgdLt�nbaLh�eS`Jk�aiXH`Sk!kreJn}p diXHp � �eD@I

Lemma (primes_containing_sum_ideals).
∀ ideal_collection:℘(Set_Ideal(R)) ,
V(sum_ideals(ideal_collection)) =

intersection_part(family_of_primes_containing(ideal_collection)).
 
� `7lz~beJ`}h,sbaiXH` I

Lemma (spec_top_prop3).
infinite_inter_closed(set_of_closed_for_zarisky).

 
M'k eJ`�|}XHnbk�~�^X��D`ba v diX�p�|}XHh�k v X,~9- no`�lg`}`bXjlJn9I

Definition.
let spec_top be

(!Build_topology_by_closed
spec set_of_closed_for_zarisky spec_top_prop1 spec_top_prop2 spec_top_prop3
spec_top_prop4).

Definition.
let Spec be the topological space Build_et(spec_top).

sut��vsxw
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	Je6j%k��&lve6` che i?t0j �E`!q jglvi c�y `�iv} wl � ifj3i q%lrk�k�� � wlrm eWk4e�� i!lrk
y�X©p�h U ^XjYzl l��@`bX�~�^X��D`baS|ol v  Xjp�kLd.- XHp�|}lgh�X�k�eJ|DegdcegfJact�nbX ; � 
����_4DDY
no`oaJ~on��Qlgacp�h�XHlgn�� ��� ���
	 
 �  t�nbaLp�X v l;diX��Qlgacp�h�XHlgn7lgp�prebh�a�^X/lgn7| v ^X��Qlgacp�h�XHlgn�� t�nbX/d�- eJ`�~�^Xjh v ack'amh�a �
u eSn v kreSnbk*eSnb�gX v k � ~oX ;� 
���� 'D�eJ`�~�^X��D`back� ; �4D'h�eJYzY;X�d�- lg`}`bXjlJn�h�eJ`}prk�aik�n'^X�~bXHp*h�eSno|bdcXjp;�� � �HD�~bXf  k�X�dmp©t�nbX � 
 � � � ���� 
L�Jy�-x^X�fSl�dcaikb^Xg �dml�preSYzY�X!Xjk�dcX*| v e�~}nbaik�preS`Sk�~'^X��5`baik'h�eJYzY;X�|DeJn v

dcXjp'� v lgh�kraceJ`opj b|ol v X�¡�XHYz|bdiX ;�� � � � � D  ;��  � � �D � ;��
�  ��  �   � � � � �  ���D� odcX �W^X v e�XHprk ; � 
 �i� 
 D� 

Xjk!d�- no`backb^X ; � 
 �c� 
 D��

Let U be a open of Spec(A).
Definition. 
a spec_pre_elt is a structure with the following components:
sp_num: of type A
sp_den: of type A
sp_prf: of type ∀ p:prime ideal of A , p ∈ U ⇒ sp_den ∉ p

Definition.
let equ_spec_pre be

the function defined by , for all s,s’:spec_pre_elt , snum*s’den = s’num*sden

 (its type is spec_pre_elt ⇒ spec_pre_elt ⇒ Prop).
Definition.

spec_pre_set:set
1: Apply (!Build_Setoid   spec_pre_elt   equ_spec_pre).

Definition.
spec_pre_plus:spec_pre_elt ⇒ spec_pre_elt ⇒ spec_pre_elt

1: Intros s s’. 1: Apply (!Build_spec_pre_elt   snum*s’den+s’num*sden   sden*s’den).
Definition.

spec_pre_zero:spec_pre_elt
1: Apply (!Build_spec_pre_elt   0   1).
y�Xjp v Xjp�k v ach�kraceJ`op/p�eJ`Sk,~�^X��D`bacXjp,~bX@Yzlg`oa VX v Xz`olgk�n v X�dcdiXPI�pra � � ��eJ`8Xj`S�Jega�no`²h�eSno|bdcX ; fD  U D

~oX�� ; �"D!p�n v h�X;Y �XHY�X;h�eSno|bdcX��bn¶h�eJYzY;X ^Xjd�^XjY;Xj`Sk�~oX�� ; �4D� ·dml�h�eJ`o~backraceJ` � 
 ��� � ���� 
 ^X�k�lJ`Sk
`}l�k�n v XjdidcXjY;Xj`Sk!p�l�krampr�Ql�ackrX,|onbamp�t�nbX ��� �¤�

Definition.
spec_pre_morph_fun:∀ prf_incl:(!Hom Top_cat(Spec(A)) U V) ,

spec_pre_cring(V) ⇒ spec_pre_cring(U)
1: Intros prf_incl s. 1: Apply (!Build_spec_pre_elt U snum sden).
� `$Xj`$�Qlgaik�no`oX�lg|o|bdcamh�l�k�aieS` ; Xj`7| v eJnb��lg`Sk dml¤h�eJYz|olgkramsbacdiackb^X�D� o|onoacp!no`�Y;e v | U amp�Y�X,~9- lg`}`bXjlJn I
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Definition.
spec_pre_morph:∀ prf_incl:(!Hom Top_cat(Spec(A)) U V) ,

(!Hom CRING spec_pre_cring(V) spec_pre_cring(U))
1: Intros prf_incl. 1: Apply (!Build_ring_hom ? ? spec_pre_morph_map(prf_incl)).

Definition.
spec_pre_morph_map_map:∀ U,V:Ob(Top_cat(Spec(A))) ,

(!Hom Top_cat(Spec(A)) U V) ∼→
(!Hom CRING spec_pre_cring(V) spec_pre_cring(U))

1: Intros U V. 1: Apply (!Build_Map ? ? (!spec_pre_morph   U   V)).
� `$|}XHnbk!l�dce v p�XH`��D`7h�eJ`}prk v nba v Xg SXj`�| v eSnb��lg`Sk©dcXjp ~bXHn�¡�| v eJ| v a�^X�kb^Xjp�~bXHp'��eJ`oh�krXjn v pj �diX/| v ^X��Qlgacp�h�XHlgn
��I

Definition.
spec_presheaf:presheaf of commutative rings over Spec(A)

1: Apply (!Build_Cfunctor
Top_cat(Spec(A)) CRING spec_pre_cring spec_pre_morph_map_map).

��`bX/��egamp!dcX�| v ^X��Ql�amp�h�XjlJn�� ; ;32](���� (�����2 	�� / CM�=@ XH` ¥�¦H§�D���e v Yzl�dcampb^XJ �eJ`7|}XHnbk�Xj`b�D`�~'^X��5`ba v
dcX��Ql�amp�h�XjlJn � � � ���
	 
 � |ol

v ; / 2,2����� / ����� 2 	�� / C ;32"(���� (��0�(2 	�� / C �=@�@ �

� � 	�� a�� ��*�����9	������!���;�F	_(���

V�Xjn�¡,| v ac`}h�am|olgn�¡/| v eJsbd VXjY;XHpDeS`SkLh�eJ`}pram~�^X v lJsbdiXHY;Xj`Sk v lgdiXH`Jk�aik·d.-x^X��geJdcnokraceJ`�~bX©h�X�~�^X��JX�dcdieS|}XHY�XH`Sk��
� dmp amY;|DeJp�Xj`Sk�~bX�|odcnop!n}`bX�h�X v k�l�am`bX,~ba>/�^X v XH`oh�X/l��gXHh�dml - YzlJ`ba VX v X�~bX/�Qlga v X�-bXH`$Yzlgk U ^XHYzl�kramt�nbXg�

� dgf ��j%m j t0e�t�jgy�i_k } lrk��&yelAi �Ejgy�i_k
y�Xz| v XHY�acX v h�eJ`oh�X v `bX
dcXjp/dcacY;ack�lgkraceJ`op,~bXHp/h�e�X v h�aceJ`op�lgnokre v ampb^XjXjp�|ol v ¥�¦j§��HM�`_X�/·X�k,dcXjp/h�eSX v E

h�aieS`op |ol v lgY�^Xjk v ^X�XHpW`bX'p�eJ`SkF|olgp�f�^X v ^X�XjpW|}l v diX�prqbp�k VXHY�X'X�kFh�Xjdcl*eJsbdcaifJX©d.- nokracdiamp�lgkrXHn v�Vl�X�¡o|bdcamh�ackrXjY;XH`Jk
�Qlga v X�lJ|o|DX�d Vl�dml���eS`oh�k�aieS` 2"9,�0��'�(�� � : � |DeJn v �Jega v no` ^X�d�^XjY;XH`Jk�~9- no`bX/|ol v kracX�h�eJYzY;X_^Xjd�^XjY;Xj`Sk©~bX
d.- Xj`op�XjY�sbdiX�lgnFE�~bXHp�p�nopj��´'X�t�nba·|DXjnbk prXHY
sbdcX v lg`bXHh�~beJkramt�nbX*~bXj�SacXj`Sk'�SackrX�no`@�'^X v ack�lJsbdcX�|on ���jdiX�l��gXHh
d.- XjYz|bacdiXHY�XH`Sk�~bXjp!~baG/*^X v Xj`SkrXHp prk v noh�k�n v Xjp Xjk!k U ^X�e v acXjp�~olg`opz¥�¦H§�� � aWeJ`�h�eJ`op�ac~ VX v X�|ol v X�¡bXjYz|bdcX,diX
k�X v Y;X/p�X v ��lg`Sk Vlz~'^X��5`ba v n}`bX,~bXjp�| v eS| v a�^Xjkb^XHp©~on$�Ql�amp�h�XjlJn$lJp�p�ebh�a�^Xg �l��@h U ^X�lgac`op�aµ|ol v ¥W� �°¦j§eI

1: Apply (!Build_Predicate   ?   
asso_fun:local_data_map , 
∀ P:U ,
∃ V:open of X ,
∃ proof_neigh:P ∈ V ,
∃ proof_included:V ⊂ U ,
∃ t:F(V) , ∀ Q:V , asso_fun(Q[in ?]) = (in_stalk   F   subtype_prf(Q))(t)).
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acdµh�e v�v XHp�|DeJ`o~�Xj`��Ql�ack�lgn7h�eb~bX�¥�¦H§�p�nbac��lg`Sk9I

<�(�( : ' ;�� Z 9E : ��D�B0�0���1 �� / �0���
% / 2,2��0D�C�9�?d# : ��� /0: D>� / � / D�� / (,' ; BG#>;32]9,�0��'�(��0D�� : � � @�@
;J� ^ % ;J�>(���? � @ % � #>;<��(���? � @�'

;J� ^ % ;T ]?!D�( / ��� ;32]9,�0��'�(��0D�� : �4B=@ ;32"9,����'�(��0D�� : � � @�@
% (��0����C�D>?��� ��	d#>;V T?!D>( / ���I;32]9,�0��'�(��0D�� : � B=@ ;32"9,�0��'�(��0D�� : � � @�@?'
;J� ^ % ;V ]?=� : 90�0��� ;32]9,�0��'�(��0D�� : � � @ ;32"9,�0��'�(��0D�� : � � @�@

% (��0����C�D� ]?1� : 9��0���$#>;V T?1� : 9��0���I;32"9>�0��'�(���D�� : � � @ ;32"9,�0��'�(��0D�� : � � @�@?'
;J� ^ % ; 0 � @ % �G#>; 0 � @?'

;��O#>;32]9,�0��'�(��0D�� : � � @�@
; 708�9 /0:
; / 2,2��0D�C�9�?

;�� Z 9E : �0D(2"9,�0��'�(������ ;32"9>�0��'�(���D�� : �	��@
;3(��0����C�D� ]?=� : 9��0���I;32"9>�0��'�(���D�� : �
��@ ;32"9,�0��'�(��0D>(0��C	��@�@�@�@

;�;T ]?!D(2"� /0: � 0 ;32]9,�0��'�(��0D>(���C
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Xjk�h�eJ`SkracXj`Sk�|}lgp*Y;eJac`op�~bX;~beJn �jX���eJacp�dcl@��eJ`oh�kraceJ` 2"9,�0��'�(�� � : ��� � ` v XHY;l v t�nbX�~bX�|bdmnop�t�nbX
dcXjp
|DeJp�p�acsbacdcaikb^Xjp;^X�krXH`o~onbXHp©~bX�`begk�l�kraceJ`}p©~bX$¥W� �°¦j§/p�eJ`Sk�XHp�p�Xj`Sk�aiXjdidcXjp�|DeJn v h�eSYz| v XH`o~ v X�dcXjp�k�X v Y;Xjp©t�nbX
d.- eJ`7Y;lJ`bam|onbdcXg�

� d c �4lrk kNl9tzyn{ | } lrk
y l$p�Xjh�eJ`o~bX;~bai�¤hjnbdckb^X;��aiXH`Jk�X�dcdcXz~}n¶h U eJa¨¡_Y��XjY;Xz~bX;dcl7prk v n}h�k�n v Xznbkracdcacpb^X�X;|}eSn v/v XH| v ^Xjp�Xj`SkrX v

dcXjp�Xj`}prXHY
sbdcXjp9I·dcXjp�pb^X�kre10 2m~bXjpj� � - aidmp/preS`Jk�|}eSn v dcXzY�eSY;Xj`Sk�`�^Xjh�XHp�p�l�a v Xjp!|DeJn v |}X v Y;Xjkrk v X;diX�k v l���lgaid
l��JXjh/~bXHp�Xj`}prXHY
sbdcXjp�tSnoegkracXj`Sk�p� oacdmp�eJsodiacfgXH`Jk Vl@k v l���lgaidcdcX v l��gXHh,no`bX²^X�fJlgdiackb^X�lJnFE ~oXjp�p�nop*~bX
h�XjdidcX
~bX
¥�¦H§��5yµXHp7^Xjk�lg|DXjp*~bX v ^XW^XHh v aik�n v X�~olJ`op!dcXjp�| v XHnb�gXHp� }k v�VXjp�h�eJn v lg`Sk�Xjpj oprX,��eS`Sk*~beJ`}h,|ol v lg|o|bdcamh�l�k�aieS`
~oX,diXHY;Y;XHp�~bX�h�eSYz|ol�k�acsbacdcaikb^X,p�nohjh�XHp�p�a¨�Qpj oh�X�t�nbaµXjp�k!k v�VXjp!h�eE�nbk�Xjn�¡�XH`7krX v Y;X�~bX�Y ^XjY;eJa v X/X�k�~9- X��CE
�5h�lgh�aikb^Xg�

´'X | v eJsbd VXHY�XJ 'l�wxeJnbkb^X Vl d�- XjYz|bacdcXjY;Xj`Sk�~bXjp�~baG/*^X v Xj`SkrXHp$p�k v noh�k�n v Xjp�Yzl�k U ^XjYzlgkramtSnoXjp$X�k�~bXjp
~oa>/*^X v Xj`Sk�Xjp!h�e�X v h�aieS`op�  v l�dcXj`Sk�aik!h�eS`op�ac~�^X v lgsbdcXjY;Xj`Skz¥�¦j§�� � d�`9- l¤|}l v X�¡�XHYz|bdiX�|}lgp$^Xjkb^X v l v X/~H- l��Jega v
Vl/lgkrkrXH`o~ v X!~bX!h�am`ot Vl/t�nbam` ��X!Y;ac`�nbk�Xjp�d.- X�¡'^XjhjnbkraceJ`�~9- no`bX k�lJh�kramt�nbX ; ^X�k�lJ|}X�^Xjd�^XHY;Xj`Sk�lga v X'~bX�| v XHnb�gX�D
~}lg`op dcXjp!~�^XjY;eJ`op�k v l�k�aieS`op v Xjdclgkrac�gXHp�lJn@�Qlgacp�h�XHlgn7lgp�prebh�a�^XJ�

V�X�|bdmnopj 5nokracdiamprX v dcXjp�pb^X�kre10 2m~bXjp�eJsodiacfgX Vl�~'^XjY;eS`Jk v X v dcXjp�dcXjYzY;Xjp�~bX�h�eJYz|olgkramsbaidcackb^X
|DeJn v kreSnbkrX
`oeJnb�JX�dcdiX;lg|o|bdcamh�l�k�aieS`W WY��XjY;X ; X�k,p�n v k�eJnbkj W|ol v h�X;tSnoX�dcX;hjlgp�Xjp�k�soaiXH`8|bdmnop/h�eSn v lg`Sk�D�die v p�t�nbX
dcXjp
po^Xjkre10 2c~bXHp!`bX v Xj| v ^XHprXH`SkrXj`Sk�|olJp*~bX;prk v n}h�k�n v X;tSnoegkracXj`Skj�Dy l¤Xj`oh�e v Xg 5h�X�`H- XHprk�|olgp�tSnoX�| v eJnb�JX v h�Xjp
dcXjYzY;Xjp,p�egack,~bai�¤h�aidcXg �Y;lgacp,t�nbXzdcXjn v `oeJY
s v X ; h U lgt�nbX¤| v eJ|DeJp�aik�aieS`W Wh U lgt�nbX;��eJ`}h�kraceJ`�~beJaik �Xjk v X
h�eJYz|olgkramsbdiX�D�Xjk
dcXjn v ac`�nbk�aidcackb^X ; dce v p�t�nbX@d.- Xj`op�XjY�sbdiX7t�nbX$d.- eJ` h�eJ`op�ac~ VX v X@`9- Xjp�k�|olJp�no` Xj`op�XjY�sbdiX
t�nbeJkracXj`Sk� }aidµ`oX�~bX�� v l�ack�|olgp
�Xjk v X,`'^Xjh�Xjp�p�lga v X/~bX,diXHp�~�^XHY;eJ`Sk v X v D v Xj`}~$dcX,k v l���l�acdL~bX/��e v Yzl�dcacp�l�k�aieS`
X�¡bk v�VXjY;XjY;XH`Jk'�Qlgp�kram~bacXjn�¡W�

�n�����?���B�%�
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y�X
~�^Xj�gX�dceJ|}|}XHY�XH`Sk�| v ^Xjp�Xj`Skb^X,~olJ`op�h�X�k�l v k�ach�diX v Xj| v ^XHprXH`SkrXz� 5 �g�g�;dcaifS`bXjp*~bX
h�eb~bXHp� DX�k�|}X v Y;X�k
~oeJ`oh�~bX���e v Y;lgdiamp�X v n}`bX�~oXjp�kreSnbkrXHp�| v XHY�a VX v XHp©`beJkraceJ`op�~bX�dcl�f�^XjeJY�^Xjk v aiX�lgdif�^Xjs v amtSnoXg �dcXjp p�h U ^XjYzlJp
l��@`bXjpj�

y�X�Y ^Xjh�lJ`bamp�Y;X,~bX�h�e�X v h�aieS`op� blgac`op�aµt�nbX,dmlzprqb`Sk UWVXjp�X/lJnbkreSYzl�kramt�nbX,~bXjp*l v fJnoY;Xj`Sk�p'amYz|bdcach�aik�Xjp
~}lg`opFno`�krX v Y;X!prX p�eJ`Sk l��'^X v ^Xjp6�Xjk v X�~oXjpFl�k�eJnbk�p | v amY;e v ~baclJn�¡�kreSnbk�lgn
dieS`bf�~oX h�X k v l���lgaid  �l�dcd�^XjfgXHlg`Sk
Vl�dml*��eJacp dml�diXHh�k�n v X!~bXHp�^Xj`beS`oh·^XHp� jd�-r^XHh v aik�n v X ~bXHp�k�X v Y;Xjpj �X�kFdcl/h�eJYz| v ^X U XH`op�aieS`,~bX!h�Xjnb¡NE�h�ab|ol v d�- nbk�a>E
dcamp�lgkrXjn v �

y l¤k�lgaidcdiX�X�k�dcl@h�eJYz|bdcX�¡backb^X�~bXHp�k�X v Y�XHp*h�eJ`op�ac~�^X v ^Xjp f v lJ`o~bamp�p�Xj`Sk!~bX;Y;lJ`ba VX v X�`beJ`�`�^X�fJdiacfgXHlgsbdcX
k�eJnbk lgn@dieS`bf�~bX�d.- l���lg`}h·^XjX*~bX/`begk v X�k v l���lgaid ; wrnop�t�n9- Vl�|bdmnop ~9- no`bX/~ba��jl�am`bX/~bX�diacfJ`bXHp'~oX�h�e�~oX�|DeJn v
h�X v k�lgac`op�krX v Y;XHp�D��RM�`¶h�Xjdcl�diXHp�p�|�^XHh�ai�Dh�ackb^Xjp*~oX8¥P��¥�¦H§ ; |}eSp�p�amsbaidcackb^XHp�~bX;`begk�l�k�aieS`op�^X�krXH`o~onbXHp�Yzlgacp
p�n v kreSnbk!~9-x^Xj~backraceJ`7prk v n}h�k�n v ^XjX�~}n7h�eb~bX�D� oeJ`Sk�^X�kb^X/`'^Xjh�Xjp�p�lga v Xjp'|}eSn v Y;Xj`oX v�VlzsbacXj`�`begk v X,| v e�wxXjk��

y�X/YzlJ`ot�nbX�~oX�p�eJnop�k�qb|}XHp ; t�nbaW|}X v Y;Xjkrk v l�acXj`Sk ~bX,`bX/|bdcn}p!nbkracdiamp�X v dcl
��eJ`}h�kraceJ` 2"9>�0��'�(�� � : � D
Xjk*~bX,k�qb|DXjp*t�nbeJkracXj`Sk�p ; t�nba�`oeJnop�|DX v Y;X�k�k v l�acXj`Sk*~bX�`bX�|bdcn}p*nbk�aidcacp�X v diXHp*p�X�kre10 2m~bXjp�D�preS`Jk!dcXjp*| v am`FE
h�ac|}lgn�¡$| v eSsbd VXjY;Xjp t�nbaWeJ`Sk v l�dcXj`Skrack!`begk v X/k v l���l�acd �

y�XjpLp�h U ^XHY;lJpWl��@`bXHpW`bX���e v Y;Xj`Sk�^Xj�Sam~bXHY;Y;XH`JkLt�n9- no`bX�am`��DY;X©|}l v kracX�~on,h�e v |on}pW~bX�dcl f�^X�eSY ^X�k v acX
lgdif�^Xjs v amt�nbXg  Yzl�ampWdml!~'^X��5`baik�aieS`/~bX�dcl!`oegkraceJ`�f�^Xj`�^X v l�dcX�~bX©p�h U ^XHYzlgp5X�kµ~oX�diXHn v pµ| v XHY;a VX v XHp·| v eS| v a�^Xjkb^XHp
f�^X�eSY ^X�k v amt�nbXjpF`bX�|ol v l�ack©|olJp�am`olghjh�Xjp�p�acsbdcXg�Jy�l�~oa¨�@h�nodikb^X v ^Xjp�am~bX v l/p�lJ`op©~beSnbkrX�~olg`}p�dcXjp�`begk�aieS`op©~bX
v Xjh�egdcdiXHY;Xj`Sk�X�k©~H- ampreSY;e v | U amp�Y;X�t�nba·~bX�� v eJ`Sk$�X�k v X!��e v Yzlgdiampb^XjpF~bX*Yzlg`oa VX v X�lJp�p�X���p�eJn}|bdiX�|DeJn v �Xjk v X
v ^XjX�dcdiXHY�XH`Sk�nbk�aidcamp�lJsbdiXHp��

��(�*�*(��	��*���!���

3 SUT�T65 � 7�� �gXjp S X v k�egk� µ\�acdidcXjp T l U `W WlJ`o~¶y lgn v Xj`Sk T!U ^X v qJ  � u'v e�e��©sSq u eJac`Skram`bf �o  � qbYz|}eSpramnoY
eS` T!U X�e v Xjkramh�l�d ³ p�|DXjh�k�p�´'eSY;|}nbkrX vh� h�acXj`}h�X ;+��T ³ ´ � D�  � XH`o~ol�a ; �glJ|olg`9D� oy , ´ � L � 5   ³ � v aid
� 5�5 �}�

3 ´ ��: 5�5�7 yO-x^Xjt�nbam|}X ¥�¦j§�� T!U X ´'ebt u�v e�e�� ³ p�pramprk�lg`Sk { X���X v XH`oh�X � lJ`�nol�d �b�o� )o�
	0����(d# ���>( / 9= :�:�/ �_NJ T?��! / N C�� ���>��8 �>�0��� ��C�� / N�	0�?� :

3 ´ { � 5 � 7�u�v egwxX�k ´ { ��³ u   � ,*{ �x³ � eS| U aml�E ³ `Skram|}eJdiampj� T!U X ´'k�h�ebt prqbp�krXHY �
	0����(d# ��� � � ���(2���(dN< ]?0�1 / N C�� �0�>��� / ( �����!�>��8 ���]�1�>��8���C�� / N 	��"� :

3 \ � V L ) 7,{ eJfgX v \�eb~bXHY;Xj`Sk�  T eS|}eJdieJfgacX ³ dif�^Xjs v amtSnoX7Xjk¤k U ^X�e v acX�~oXjpz�Qlgacp�h�XHlgn�¡W PM'~oaik�aieS`op K X v E
YzlJ`o`W L� 5NL )}�

3 K ³ {<L�L17,{ � K l v k�p U e v `bXg  ³ dcfgXHs v l�amh,\�XjeJY;X�k v qJ  � | v ac`ofgX v ��X v dml�fD W� 5NL�L �
3 y ³ , � � 7 � X v fgX y lg`bfD  ³ dcfgXHs v l ; prXHh�eJ`}~�XH~backraceJ`&D�  ³ ~}~bacp�eJ`zE � Xjp�diXjq u nosbdcacp U am`bf�´'eJYz|olJ`JqJ o� 5 � �D�
3 u � T65�5�7 yµe10 2ch u egk�kracX v � S lgp�ach `beJkraceJ`op e�� l�dcfgXHs v l}  V�amp�|DeJ`oacsbdcX Vl d.- lJ~ v Xjp�prXPI

	0����(d# ���>( / 9= :�:�/ �_NJ T?��! / N C�� ���>��8 ������?����! �� 2 � /�: �0� ��� / N 	��"� :
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3 � ³f� 5��17 ³ � � l�amsbaWlg`o~�\�� K nbXjk�  ��´'eJ`op�k v noh�k�ai�JX/´�lgkrX�fJe v q T!U X�e v q � � ` u'v e�h�X�XH~bac`ofJp'e��µk U X�wxegam`Jk
´'y � ´ � E T ��u M � � e v � p U eJ|�eJ`�´�l�k�X�fge v acXjpzlJ`o~ T qb|DX T!U X�e v qJ '\�egkrXHs}e v f ; � �'XH~bXj`9D� ��Jl�E
`�nol v q 5�� �

�n�����?���B�%�
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� � +  
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��� �µ��± � �����@� ¬} �;��� 
������ �  ± � 
 ��o 
 ����j��+ ��oTp�¬ + � �S�z��+��j�b� � ±���� �
Zo�i� M�`op�XjY
sodiXHp X�k � ^Xjkre10 2c~oXjp �/�,�,�/�,���,�/�,�,�/�,�/�,�/�,�,���,�/�,�/�,�,�/�,�/�,���,� )
Zo� Z � eJnop%E k�qb|olgfgX�X�k�|ol v k�aiXHp!~9- no`7Xj`op�XjY�sbdiX²�,�,�/�,�/�,�/�,�,���,�/�,�/�,�,�/�,�/�,���,� �

� � ¬ o ¬ ± ¬	�1p � �
)}�i� T eJ|DegdcegfJaiXJ bXj`op�XjY�sbdcXjp eJno�gX v k�p h�eJYzY;X�k�qb|DX �,�/�,�/�,�,���,�/�,�/�,�,�/�,�/�,���,� �
)}� Z ³ ~ U ^X v XH`oh�XJ bac`Skb^X v aiXHn v  �sDe v ~ �,�/�,���,�/�,�,�/�,�/�,�/�,�,���,�/�,�/�,�,�/�,�/�,���,� L
)}� ) � nokracdcp�|DeJn v h�eJ`}prk v nba v X�no`oX,kreJ|DegdcegfJaiX �,�,�/�,�/�,�/�,�,���,�/�,�/�,�,�/�,�/�,���,� 5

)}� )}�i� T eS|}eJdieJfgacX�~�^X��D`bacX,|ol v d.- Xj`op�XjY�sbdiX,~bXHp ��X v Y ^Xjp �,���,�/�,�/�,�,�/�,�/�,���,� 5
)}� )}� Z T eS|}eJdieJfgacX�XH`bfgXH`o~ v ^X�X/|ol v n}`bX,solgp�X,~9- eSnb�gX v k�p �,���,�/�,�/�,�,�/�,�/�,���,� �J�

)}� � ´'eS`Skram`Snoaikb^X����,�,�/�,�/�,�/�,�,�/�,���,�/�,�,�/�,�/�,�/�,�,���,�/�,�/�,�,�/�,�/�,���,� ��Z

� � ± � �� � 
 � � �
�D�i� � ~�^XjlJn�¡W Sam~�^XHlgn�¡7| v XHY;aiX v pj bY;l�¡bacYzlgnb¡ �,�,�/�,�/�,�/�,�,���,�/�,�/�,�,�/�,�/�,���,� �8)
�D� Z � |�^X v l�k�aieS`op'p�n v dcXjp!am~�^XHlgn�¡ �,�/�,���,�/�,�,�/�,�/�,�/�,�,���,�/�,�/�,�,�/�,�/�,���,� � �
�D� ) { lg~bamh�lJn�¡ ���,�,�/�,�/�,�/�,�,�/�,���,�/�,�,�/�,�/�,�/�,�,���,�/�,�/�,�,�/�,�/�,���,� �H�
�D� � y�ebh�l�dcamp�lgkraceJ`��,�,�/�,�/�,�/�,�,�/�,���,�/�,�,�/�,�/�,�/�,�,���,�/�,�/�,�,�/�,�/�,���,� � �
�D� � ³ `o`bXHlgn�¡7diebh�lJn�¡$�/�,�/�,�/�,�,�/�,���,�/�,�,�/�,�/�,�/�,�,���,�/�,�/�,�,�/�,�/�,���,� � �

�D� � �i� V_^X��D`backraceJ`$X�k�p�|�^XHh�ai�Dh�lgkraceJ`+�,�/�,�,�/�,�/�,�/�,�,���,�/�,�/�,�,�/�,�/�,���,� � �
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Unité de recherche INRIA Rhône-Alpes : 655, avenue de l’Europe - 38330 Montbonnot-St-Martin (France)
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