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Abstra
t: In this paper, we propose e�
ient methods for solving the dire
t kinemati
sproblem (DKP) for parallel manipulators. By solving, we mean 
omputing all the realsolutions in a 
erti�ed way, without any assumption on the manipulator. For example, thepre
ision and the real 
hara
ter of the solutions are guaranteed. The proposed algorithms useas bla
k boxes several re
ent algorithms from 
omputer algebra su
h as F4/F5 for 
omputingGröbner bases, re
ent methods for isolating the real roots by mean of intervals with rationalbounds whi
h are mixed with strategies 
oming from the interval arithmeti
s �eld. Theresulting solutions are e�
ient for su
h kind of output sin
e the running time never ex
eedsfew se
onds ( in fa
t about 1 se
ond for non extreme but general examples) thanks to thealgorithms but also to a well adapted translation of DKP problem into algebrai
 equations.As an example we give a new 
omputational proof of the existen
e of a parallel robot with
40 real roots.Key-words: Dire
t Kinemati
s Problem, Parallel Robot, Polynomial System Solving,Computer Algebra, Real Roots.
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Sur la résolution du problème géométrique dire
t pourles robots parallèlesRésumé : Nous proposons une méthode e�
a
e pour résoudre le problème géométriquedire
t (DKP) pour les robots parallèles. Le terme résoudre veut dire i
i 
al
uler toutes lessolutions réelles de façon 
erti�ée sans au
une supposition sur le robot. Par exemple, lapré
ision ou le 
ara
tère réel des solutions sont garantis. Les méthodes proposées utilisentdi�érents algorithmes de 
al
ul formel ré
ents tels que F4/F5 pour le 
al
ul de bases deGröbner ou pour l'isolation des ra
ines réelles de polyn�mes par des intervalles à bornesrationnelles qui sont asso
iés ave
 d'autres stratégies utilisant de l'arithmétique par inter-valles. L'algorithme �nal est e�
a
e puisque les temps de 
al
ul sont voisins de la se
ondesur des exemples généraux, grâ
e, en parti
ulier, à une formulation adaptée du DKP. Commeexemple, nous donnons une preuve 
al
ulatoire de l'existen
e d'un robot parallèle ave
 40positions.Mots-
lés : Problème géométrique dire
t, Robot parallèle, Résolution de systèmes poly-nomiaux, Cal
ul Formel, Ra
ines réelles
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ase . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133.2.2 The non generi
 
ase . . . . . . . . . . . . . . . . . . . . . . . . . . . . 143.2.3 Re
overing the real solutions of the DKP . . . . . . . . . . . . . . . . 144 Experiments 155 Con
lusion 191 Introdu
tion and notationsMost industrial robots have a serial me
hani
al ar
hite
ture i.e. starting from the �xedbase ea
h link is 
onne
ted through an a
tuated joint to the next link in the 
hain. Su
hstru
ture provides large workspa
e but is not appropriate in terms of a

ura
y and payload.For appli
ations requiring a good positioning a

ura
y and/or large payload it has beensuggested the use of 
losed-loop me
hani
al stru
ture in whi
h more than one kinemati

hains 
onne
t the ground and the end-e�e
tor. A typi
al example of su
h stru
ture is theGough platform [12℄, �gure 1.In this me
hanism, the end-e�e
tor is 
onne
ted to the ground by 6 arti
ulated legs. Theextremities Ai, Bi of the legs are 
onne
ted to the ground and to the end-e�e
tor by spheri
aljoints, allowing free rotations around the joint 
enters. In ea
h leg is a linear a
tuator thatallows to 
hange the leg lengths and a sensor that allow to measure the leg length. By
hanging the 6 leg lengths it is possible to 
ontrol the position/orientation (
alled a pose)of the end-e�e
tor with respe
t to the ground. For 
ontrolling su
h robot it is essential tosolve 2 kinemati
 problems: the inverse kinemati
 problem (IKP) and the dire
t kinemati
problem (DKP). For the IKP the position/orientation of the platform, de�ned by a set ofparameters X is known and we must determine the 
orresponding leg lengths ρ: a simpleanalysis allows to obtain an analyti
al relation ρ = F (X). More generally the IKP is todetermine the a
tuated joint variables as a fun
tion of the end-e�e
tor pose parameters.The DKP is the opposite problem: being given the leg lengths it is ne
essary to determineRR n° 0123456789
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Figure 1: The Gough platformthe 
urrent position/orientation of the platform. Determining the position/orientation isessential for the use of the robot as any 
ontrol law will use this information. Two types ofDKP 
an be 
onsidered:1. o�-line: when starting the robot it is ne
essary to determine the start pose of therobot with as only available information the leg lengths as measured by the sensors.Computation time is not 
riti
al2. real-time: it will be used for 
ontrol purpose while the robot is moving and as soonas measurements are available. But here we may assume that the 
urrent pose is very
lose to the one obtained at the previous 
al
ulationIn this paper we address mainly the o�-line DKP (real-time DKP may be solved in a safe wayby other methods [18℄) but our purpose is to design a solving algorithm that is numeri
allyrobust, provide 
erti�ed solutions and is reasonably fast for o�-line studies. By 
erti�edsolutions we mean that no spurious one will be found (in parti
ular we 
ompute only the realsolutions) and that we will be able to re�ne them up to any arbitrary a

ura
y. Certi�
ationis a key issue for the DKP as any error will leads to a failure in the 
ontrol of the robotthat may have 
atastrophi
 
onsequen
es. This rules out some solving methods su
h aselimination whose last numeri
al step 
annot be 
erti�ed. Indeed another use of the DKPis to simulate the real robot whi
h di�ers from its theoreti
al model (e.g. manufa
turingtoleran
es indu
e un
ertainties in the lo
ation of the Ai, Bi points and the 
ontrol law willexhibit positioning errors when the robot follows a nominal traje
tory).Methods from 
omputer algebra have already been used for several purpose in roboti
s,and espe
ially for solving/studying the DKP. For example, in [14℄ or [29℄, a univariatepolynomial with as roots as the DKP is expli
itly 
omputed. But one 
an noti
e that those
omputer algebra based methods are mainly designed for getting qualitative results (mainlythe number of solutions). One goal of this arti
le is to promote su
h methods by showing
INRIA



On solving the dire
t kinemati
s problem for parallel robots 5that re
ent progress make now possible their use for solving the DKP e�
iently (few se
ondsin the worth 
ase) and for any robot (no assumption on the geometry).In the �rst se
tion of the present 
ontribution, we propose some general strategies for
omputing e�
iently the real roots of algebrai
 systems of equations through Gröbner bases.In the se
ond se
tion, we show how to model the DKP in order to speed up signi�
antlythe 
omputations using the algorithms of the �rst se
tion.The last se
tion is devoted to experiments on various 
lass of robots. We illustrate thepower of the method by 
omputing and 
omparing the positions of a theoreti
al planar robot(left-hand) with those of an e�e
tive one (the same after small perturbations), studying thebehavior of the method with respe
t to the pre
ision of the input data. As a se
ond example,we prove algorithmi
ally that Dietmaier's robot [6℄ has 40 real roots: by using ComputerAlgebra methods we 
an 
ertify that all the solutions are real numbers (and not only 
omplexnumbers with small imaginary parts).2 Gröbner based Real SolvingThis se
tion brie�y summarizes some basi
 results about Gröbner bases and their appli
a-tions to solving zero-dimensional systems (systems with a �nite number of 
omplex roots).The reader interested in a 
omplete introdu
tion of Gröbner bases and the required ba
k-ground is referred to [5℄,[2℄.2.1 Notations and basi
 de�nitionsLet denote by Q[X1, . . . , Xn] the ring of polynomials with rational 
oe�
ients and unknowns
X1, . . . , Xn and S = {P1, . . . , Ps} any subset of Q[X1, . . . , Xn]. A point x ∈ Cn is a zeroof S if Pi(x) = 0 ∀i = 1 . . . s. The ideal I = 〈P1, . . . , Ps〉 generated by P1, . . . , Ps is theset of polynomials in Q[X1, . . . , Xn] 
onstituted by all the 
ombinations ∑R

k=1 PkUk with
Uk ∈ Q[X1, . . . , Xn]. Sin
e every element of I vanishes at ea
h zero of S, we denote by
VC(S) = VC(I) = {x ∈ Cn | p(x) = 0 ∀p ∈ I} (resp. VR(S) = VR(I) = VC(I)

⋂

Rn) theset of 
omplex (resp. real) zeroes of S.2.2 Gröbner basesA Gröbner basis of I is a 
omputable generator set of I with good algorithmi
al properties(as des
ribed below) and de�ned with respe
t to a monomial ordering. In this paper, onewill use the following orderings:� lexi
ographi
 order : (Lex)
Xα1

1 · . . . ·X
αn
n <Lex Xβ1

1 · . . . ·X
βn
n ⇔ ∃i0 ≤ n ,

{

αi = βi, for i = 1, . . . , i0 − 1,
αi0 < βi0 (1)

RR n° 0123456789



6 J.-C. Faugère & J.-P. Merlet & F. Rouillier� degree reverse lexi
ographi
 order (DRL) :
Xα1

1 ·. . .·X
αn
n <DRL Xβ1

1 ·. . .·X
βN
n ⇔ X

P

k
αk

0 X−αn

1 ·. . .·X−α1
n <Lex X

P

k
βk

0 X−βn

1 ·. . .·X−β1
n(2)Gröbner bases are mathemati
al obje
ts with good algorithmi
al properties : the mainones are summarized in the following.De�nition 1 For any n-uple µ = (µ1, . . . , µn) ∈ Nn, let denote by Xµ the monomial Xµ1

1 ·

. . . ·Xµn
n . If < is an admissible monomial ordering and P =

∑r
i=0 aiX

µ(i) any polynomial in
Q[X1, . . . , Xn], we de�ne: LM(P, <) = maxi=0...r , < Xµ(i) (leading monomial of P w.r.t.
<)De�nition 2 A set of polynomials G is a Gröbner basis of an ideal I wrt to a monomialordering < if for all f ∈ I there exists g ∈ G su
h that LM(g) divides LM(f).Given any admissible monomial ordering < one 
an easily extend the 
lassi
al Eu
lideandivision to redu
e a polynomial p by another one or, more generally, by a set of polynomials
F , performing the redu
tion wrt to ea
h polynomial of F until getting an expression whi
h
an not be redu
ed anymore. We denote this fun
tion by Redu
e(p, F, <) (redu
tion ofthe polynomial p wrtF ). Unlike in the univariate 
ase, the result of su
h a pro
ess is not
anoni
al ex
ept if F = G is a Gröbner basis:Theorem 1 Let G be a Gröbner basis of an ideal I ⊂ Q[X1, . . . , Xn] for a �xed ordering
<.(i) a polynomial p ∈ Q[X1, . . . , Xn] belongs to I if and only if Redu
e(p, G, <) = 0,(ii) Redu
e(p,G,<) does not depend on the order of the polynomials in the list G, thus,this is a 
anoni
al redu
ed expression modulus I.Gröbner bases are 
omputable obje
ts. The histori
al method for 
omputing them isBu
hberger's algorithm ([4, 3℄). It has several variants and it is implemented in most general
omputer algebra systems like Maple or Mathemati
a. Re
ently, more e�
ient algorithmshave been proposed to 
ompute Gröbner bases:
• the F4 algorithm [8℄ is based on the intensive use of linear algebra methods: in short,the arbitrary 
hoi
es (S-polynomials) are left to 
omputational strategies related to
lassi
al linear algebra problems (mainly the 
omputation of row e
helon form), thepolynomials being represented as ve
tors in the monomial basis.
• In [11℄ a new 
riterion (the F5 
riterion) for dete
ting useless 
omputations (most ofthe S-polynomials to be 
omputed using the 
lassi
al Bu
hberger algorithm redu
e to

0) has been given; under some regularity 
onditions on the system, it is proved thatthe algorithm do never perform useless 
omputations. A new algorithm named F5has been built using these two ideas: the F5 algorithm 
onstru
ts in
rementally thefollowing matri
es in degree d: INRIA



On solving the dire
t kinemati
s problem for parallel robots 7
Ad =

m1 > m2 > m3 . . .
t1f1

t2f2

t3f3

. . .









. . . . . . . . . . . .

. . . . . . . . . . . .

. . . . . . . . . . . .

. . . . . . . . . . . .







where the indi
es of the 
olumns are monomials sorted for the admissible ordering
<and the rows are produ
t of some polynomials fi by somemonomials tj su
h that
deg(tjfi) ≤ d. For a regular system the matri
es, Adare full rank. In a se
ond step,row e
helon forms of the matri
es are 
omputed:

A′
d =

m1 m2 m3 . . .
t1f1

t2f2

t3f3

. . .









1 0 0 . . .
0 1 0 . . .
0 0 1 . . .
0 0 0 . . .







Even if F5 still 
omputes the same mathemati
al obje
t (a Gröbner basis), the gap withexisting other algorithms is 
onsequent. In parti
ular, due to the range of examples whi
hbe
ome 
omputable, Gröbner basis 
an be 
onsidered as a reasonable 
omputable obje
t inlarge appli
ations. Important parameters to evaluate the 
omplexity of Gröbner bases withthe F5 are the D the maximal degree d o

uring in the 
omputation and the size of thematrix Ad. The overall 
ost is thus dominated by (#Ad)
3.We pay a parti
ular attention to Gröbner bases 
omputed for elimination orderingssin
e they provide a way to simplify the system (an equivalent system with a stru
turedshape). For example, a lexi
ographi
 Gröbner basis of zero dimensional system (when thenumber of 
omplex solutions is �nite) has always the following shape (if we suppose that

X1 < X2 . . . < Xn):


































































f(X1) = 0
f2(X1, X2) = 0...
fk2(X1, X2) = 0
fk2+1(X1, X2, X3) = 0...
fkn−1+1(X1, . . . , Xn) = 0...
fkn

(X1, . . . , Xn) = 0

.

(depending on some geometri
al properties of the solutions, some of the polynomials may beidenti
ally null). A well known property is that the zeros of the smallest (w.r.t. <) non nullpolynomial de�ne the Zariski 
losure (
lassi
al 
losure in the 
ase of 
omplex 
oe�
ients)of the proje
tion on the 
oordinate's spa
e asso
iated with the smallest variables.RR n° 0123456789



8 J.-C. Faugère & J.-P. Merlet & F. RouillierMore generally, an admissible ordering < on the monomials depending on variables
[X1, . . . , Xn] is an ordering whi
h eliminates Xd+1, . . . , Xn if Xi < Xj ∀i = 1 . . . d, j = d +
1 . . . n. The lexi
ographi
 ordering is a parti
ular elimination ordering. Given two monomialorderings <1(w.r.t. the variables X1, . . . , Xd) and <2(w.r.t. the variables Xd+1, . . . , Xn) one
an de�ne an ordering whi
h eliminates Xd+1, . . . , Xn by setting the so 
alled blo
k ordering
<1,2as follows : given two monomials m and m′, m <1,2 m′ if and only if m|X1=1,...,Xn=1

<2

m′
|X1=1,...,Xn=1

or (m|X1=1,...,Xn=1
= m′

|X1=1,...,Xn=1
and m <1 m′).2.3 Zero-dimensional systemsZero-dimensional systems are polynomial systems with a �nite number of 
omplex solutions.This spe
i�
 
ase is fundamental for many engineering appli
ations in
luding parallel ma-nipulator DKPs whi
h are known to have, at most, 40 
omplex solutions in non degenerated
ases ([16, 19, 21℄). The following known theorem shows that we 
an dete
t easily that asystem is zero dimensional or not by 
omputing a Gröbner base for any monomial ordering :Theorem 2 Let G = {g1, . . . , gl} be a Gröbner basis for any ordering < of any system

S = {P1, . . . , Ps} ∈ Q[X1, . . . , Xn]s. The two following properties are equivalent :� For all index i, i = 1 . . . n, there exists a polynomial gj ∈ G and a positive integer njsu
h that X
nj

i = LM(gj , <);� The system {P1 = 0, . . . , Ps = 0} has a �nite number of solutions in Cn.If S is zero-dimensional, then, a

ording to theorem 2, only a �nite number of mono-mials m ∈ Q[X1, . . . , Xn] are not redu
ible modulo G, meaning that Redu
e(m,G,<)= m.Mathemati
ally, a system is zero-dimensional if and only if Q[X1, . . . , Xn]/I is a Q-ve
torspa
e of �nite dimension, I being the ideal generated by the system. This ve
tor spa
e 
anfully be 
hara
terized when knowing a Gröbner basis:Theorem 3 Let S = {p1, . . . , ps} be a set of polynomials with pi ∈ Q[X1, . . . , Xn] , ; ∀i =
1 . . . s, and suppose that G is a Gröbner basis of I = 〈S〉 with respe
t to any monomialordering <. Then :� Q[X1, . . . , Xn]/I = {Reduce(p, G, <) p ∈ I} is a ve
tor spa
e of �nite dimension;� B = {t = Xe1

1 ·X
en
n , (e1, . . . , en) ∈ Nn| Reduce(t, G, <) = t} = {w1, . . . , wD} is abasis of Q[X1, . . . , Xn]/I as a Q-ve
tor spa
e;� D = ♯B is exa
tly the number of elements of 
omplex zeroes of the system {P =

0, ∀P ∈ S} 
ounted with multipli
ities.Thus, in the zero-dimensional 
ase, on
e a Gröbner basis is known, a basis of Q[X1, . . . , Xn]/I
an easily be 
omputed (Theorem 3) so that linear algebra methods 
an be applied for doingseveral 
omputations and getting informations about the roots. INRIA



On solving the dire
t kinemati
s problem for parallel robots 9For any polynomial q ∈ Q[X1, . . . , Xn] the de
omposition q =Redu
e(q,G,<)=∑D
i=1 aiwiis unique (Theorem 1) and we denote by ~q = [a1, . . . , aD] the representation of q in the basis

B. For example, the matrix w.r.t. B of the linear map
mq:

(

Q[X1, . . . , Xn]/I −→ Q[X1, . . . , Xn]/I
~p 7−→ −→pq

)
an expli
itly be 
omputed (its 
olumns are the ve
tors −→qwi) and one 
an then apply thefollowing well-known theorem:Theorem 4 (Sti
kelberger) The eigenvalues of mq are exa
tly the q(α) where α ∈ VC(S).A

ording to Theorem 4, the i-th 
oordinate of all α ∈ VC(S) 
an be obtained from
MXi

eigenvalues but the issue of �nding all the 
oordinates of all the α ∈ VC(S) from
MX1 , . . . , MXn

eigenvalues is not expli
it nor straightforward (see [1℄ for example). Note alsothat some authors propose algorithms to 
ompute numeri
ally the matri
es MX1 , . . . , MXnwithout 
omputing Gröbner bases (see [20℄). Up to our experiments, su
h 
omputationsare not numeri
ally stable for general manipulators and it may be preferable to 
ompute,for example, the 
hara
teristi
 polynomial of the matrix MXi
and then isolate its real rootsto obtain all the possible i-th 
oordinates of the solutions : we prefer to follow with exa
t
omputations a little bit more, providing exa
t formulas as explained in the next se
tion.2.4 The Rational Univariate RepresentationThe Rational Univariate Representation [26℄ is, with the end-user point of view, a simpleway for representing symboli
ally the roots of a zero-dimensional system without loosinginformation (multipli
ities or real roots) sin
e one 
an get all the information on the rootsof the system by solving ex
lusively univariate polynomials.Given a zero-dimensional system I =< p1, . . . , ps > where the pi ∈ Q[X1, . . . , Xn], aRational Univariate Representation of V (I) has the following shape : ft(T ) = 0, X1 =

gt,X1 (T )

gt,1(T ) , . . . , Xn =
gt,Xn (T )
gt,1(T ) , where ft, gt,1, gt,X1 , . . . , gt,Xn

∈ Q[T ] (T is a new variable). Itis uniquely de�ned w.r.t. a given polynomial t whi
h separates V (I) (inje
tive on V (I)),the polynomial ft being ne
essarily the 
hara
teristi
 polynomial of mt (see above se
tion)in Q[X1, . . . , Xn]/I [26℄. The RUR de�nes a bije
tion between the roots of F and those of
ft preserving the multipli
ities and the real roots :

V (S)(∩R) ≈ V (ft)(∩R)
α = (α1, . . . , αn) → t(α)

(X1(α) =
gt,X1 (t(α))

gt,1(t(α)) , . . . , Xn(α) =
gt,Xn (t(α))
gt,1(t(α)) ) ← t(α)For 
omputing a RUR one has to solve two problems :� �nding a separating element t;

RR n° 0123456789



10 J.-C. Faugère & J.-P. Merlet & F. Rouillier� given any polynomial t, 
ompute a RUR-Candidate ft, gt,1, gt,X1 , . . . , gt,Xn
su
h thatif t is a separating polynomial, then the RUR-Candidate is a RUR.A

ording to [26℄, a RUR-Candidate 
an expli
itly be 
omputed when knowing a suitablerepresentation of Q[X1, . . . , Xn]/I :� ft =

∑D
i=0 aiT

i is the 
hara
teristi
 polynomial of mt. Lets denotes by ft its square-free part.� for any v ∈ Q[X1, . . . , Xn], gt,v(T ) =
∑d−1

i=0 Trace(mvti)Hd−i−1(T ), d = deg(ft) and
Hj(T ) =

∑j
i=0 aiT

i−j .In [26℄, a strategy is proposed for 
omputing a RUR for any system (a RUR-Candidateand a separating element), but there are spe
ial 
ases where it 
an be 
omputed di�erently.When X1 is separating V (I) and when I is a radi
al ideal, the system is said to be in shapeposition. In su
h 
ases, the shape of the lexi
ographi
 Gröbner basis is always the following:


















f(X1) = 0
X2 = f2(X1)...
Xn = fn(X1)

. (3)As shown in [26℄, if the system is in shape position, gX1,1 = f ′
X1

and we have fX1 = fand fi(X1) = gX1,Xi
(X1)gX1,1(X1)mod f . Thus the RUR asso
iated with X1 and thelexi
ographi
 Gröbner basis are equivalent up to the inversion of gX1,1 = f ′

X1
modulo fX1 .In the rest of the paper we 
all this obje
t a RR-Form of the 
orresponding lexi
ographi
Gröbner basis. The RUR is well known to be mu
h smaller than the lexi
ographi
 Gröbnerbasis in general (this may be explained by the inversion of the denominator) and thus willbe our priviligied symboli
 output. Note that it is easy to 
he
k that a system is in shapeposition on
e knowing a RUR-Candidate (and so to 
he
k that X1 separates V (I)): it isne
essary and su�
ient that fX1 is square-free.These results have many pra
ti
al drawba
ks sin
e, for most robots, the systems whi
hmodel the DKP are in shape position. We thus 
an multiply the strategies for 
omputinga symboli
 solution : one 
an 
ompute the RR-Form Gröbner dire
tly using [8℄ or [11℄for example or by 
hange of ordering like in [9℄ or a RUR using the algorithm from [26℄.Choosing the right strategy will be part of our experimental se
tion.2.5 From formal to numeri
al solutionsComputing a RUR redu
es the resolution of a zero-dimensional system to solving one poly-nomial in one variable (ft) and to evaluating n rational fra
tions ( gt,Xi

(T )

gt,1(T ) , i = 1 . . . n) atits roots (note that if one simply wants to 
ompute the number of real roots of the system,there is no need to 
onsider the rational 
oordinates). The next task is thus is to 
ompute all
INRIA



On solving the dire
t kinemati
s problem for parallel robots 11the real roots of the system (and only the real roots), providing a numeri
al approximationwith an arbitrary pre
ision (set by the user) of the 
oordinates.The isolation of the real roots of ft 
an be done using the algorithm proposed in [27℄ :the output will be a list lft
of intervals with rational bounds su
h that for ea
h real root α of

ft, there exists a unique interval in lft
whi
h 
ontains α. The se
ond step 
onsists in re�ningea
h interval in order to ensure that it does not 
ontain any real root of gt,1. Sin
e ft and gt,1are 
o-prime this 
omputation is easy and we then 
an ensure that the rational fun
tions
an be evaluated using interval arithmeti
s without any 
an
ellation of the denominator.This last evaluation is performed using multi-pre
ision arithmeti
s (MPFI pa
kage - [22℄).As we will see in the experiments, the pre
ision needed for the 
omputations is poor and,moreover, the rational fun
tions de�ned by the RUR are stable under numeri
al evaluation,even if their 
oe�
ients are huge (rational numbers), and thus this part of the 
omputationis still e�
ient. For in
reasing the pre
ision of the result, it is only ne
essary to de
reasethe length of the intervals in lft

whi
h 
an easily be done by bise
tion or using a 
erti�edNewton's algorithm. Note that is is quite simple to 
ertify the sign of the 
oordinates :one simply has to 
ompute some g
ds (g
ds of the numerators and of ft) and split, whenne
essary the RUR.3 Algebrai
 modelisationThe 
omputation of a Gröbner basis is very sensitive to the algebrai
 equations used tomodel the DKP. In this se
tion, we show how to redu
e signi�
antly the 
omputing time bymodifying the standard algebrai
 equations des
ribing the DKP.3.1 Standard algebrai
 equations.Lets introdu
e the nomen
lature used in this part :� Rf : the base Cartesian referen
e frame of 
enter O.� Rm: the Cartesian referen
e frame of 
enter C (end-e�e
tor) relative to the mobileplatform.� Ai: lo
ation of the 
enter of the joint of kinemati
s 
hain i on the base.� Bi: lo
ation of the 
enter of the joint of kinemati
s 
hain i on the moving platform.� Li: overall e�e
tive distan
e between Bi and Ai.Lets denote by ~v|R (resp. M|R) the 
oordinates of the ve
tor ~v (resp. the point M) withrespe
t to the Cartesian referen
e frame R, and by NM|R the matrix whi
h 
olumns are
−−−→
MiNi|R , i = 1 . . . 6.An hexapod shall be des
ribed by a geometri
 model where:
RR n° 0123456789



12 J.-C. Faugère & J.-P. Merlet & F. Rouillier� −→OAi|Rf
des
ribe the base geometry;� −→OBi|Rm
des
ribe the mobile platform geometry;� Li , i = 1 . . . 6 are the kinemati
s 
hains lengths.A

ording to these notations, solving the DKP problem 
onsists in 
omputing −→OBi|Rf

withrespe
t to the 
onstraints : L2
i = ||AiBi||

2 , i = 1 . . . 6. Among the numerous existingDKP formulations, there exists two main families whi
h are 
ommonly used in 
omputeralgebra:� Position based equations. Any rigid body su
h as the mobile platform 
an alsobe spatially lo
ated through the position of three of its distin
t points su
h as the�rst three joints B1, B2 and B3 (supposed to be distin
t). Sin
e the body is rigid, thepositions of B4, B5, B6 and C 
an be dedu
ed from the positions of B1, B2 and B3.� Displa
ement based equations. If there exists any mobile platform positionOB|Rfwhi
h meets the 
onstrains L2
i = ||AiBi||

2 , i = 1 . . . 6, then there exists a rotation
R su
h that :

−→
OBi|Rf

=
−→
OC|Rf

+R ·
−→
CBi|Rm

, i = 1 . . . 6 (4)Position based equations have already been used by several authors and we des
ribe�rst the ones from [15℄, whi
h are already optimized for Gröbner bases 
omputations. Thesystems 
onsists in 9 equations depending on 9 variables and will be denoted by S3 pt.As used by several authors, the natural way to set an algebrai
 equation system from (4)is to straightforwardly use the rotation matrix parameters and the ve
tor −→OC|Rf

oordinatesas unknowns. Sin
e R is a rotation (a 3× 3 matrix), the following relations hold :

RtR = I3, det(R) = 1 (5)This �rst set of equations depend neither on the geometry of the platform, nor on the lengthof the legs and will be denoted by Sdis,rot.The 
onstraints L2
i = ||AiBi||

2 , i = 1 . . . 6 
an then be expressed a

ordingly toequations (4):
L2

i = ||
−→
OBi|Rf

−
−→
OAi|Rf

||2 = ||
−→
OC|Rf

+R ·
−→
CBi|Rm

−
−→
OAi|Rf

||2. (6)Let denote by Sdis,geom the resulting system. The full modelisation of the displa
ementleads to an algebrai
 system Srot=Sdis,rot∪Sdis,geom made of 13 polynomial equations depend-ing on 12 unknowns ([X, Y, Z, rij , j = 1 . . . 3, i = 1 . . . 3]), where [X, Y, Z] are the 
oordinatesof −→OC|Rf
. Note that a useful tri
k to speed up the �nal 
omputation is to pre
ompute aGröbner basis of Sdis,rot and to add to the previous 
omputation all the equations 
omingfrom (3.1). INRIA



On solving the dire
t kinemati
s problem for parallel robots 133.2 QuaternionsA standard way for des
ribing the orientation of a parallel robot is to use quaternions([13℄,[23℄,[7℄, et
.). We propose to exploit a little bit more some blind properties of su
h amodelization together with spe
i�
 behavior of modern algorithms for 
omputing Gröbnerbases. In short, we extra
t variables whi
h are �intrinsin
ly� linear early in the algorithm tode
rease the number of variables with a signi�
ant in�uen
e on the 
omputation times.3.2.1 The generi
 
aseTo parameterize the group of rotations we 
an use the Cayley transform; if H is any anti-symmetri
 matrix:
H =





0 a b
−a 0 c
−b −c 0



then, provided that 1 is not an eigenvalue of H , we have that
R =

I + H

I −H
=







−−1−c2+a2+b2

1+c2+a2+b2
2 a−bc

1+c2+a2+b2
2 ac +b

1+c2+a2+b2

−2 a+bc
1+c2+a2+b2

−a2−1−b2+c2

1+c2+a2+b2
−2 −c+ab

1+c2+a2+b2

2 ac−b
1+c2+a2+b2

−2 c+ab
1+c2+a2+b2

−b2−c2+1+a2

1+c2+a2+b2






(7)is a rotation. Conversely, if R is a rotation then H = R−I

R+I
is anti-symmetri
, assumingthat −1 is not an eigenvalue of R.Expressing relation (4) and removing the denominators, one obtain a system dependingon 6 variables [X, Y, Z, a, b, c]. We 
an suppose that −−→CB1|Rm
= 0 and −−→OA1 = 0. Thenequations (6) 
an be rewritten:

L2
1 = ||

−→
OC|Rf

||2

L2
i − L2

1 = ||R ·
−→
CBi|Rm

−
−→
OAi|Rf

||2 +2 〈R ·
−→
CBi|Rm

−
−→
OAi|Rf

,
−→
OC|Rf

〉

for i = 2, . . . .6(8)Hen
e if we assume for a while that R is known, then [X, Y, Z] =
−→
OC|Rf

is solution of alinear system (5 equations and 3 unknowns). Therefore it is enough to 
ompute dire
tly theGröbner basis of (8) for an elimination order su
h that [X, Y, Z] > [a, b, c] and to eliminatethe �rst blo
k of variables (in fa
t the elimination is done very qui
kly in the �rst steps ofthe algorithm). Hen
e the 
omputed Gröbner basis depends only on a, b, c and the shape ofthe result is usually in shape position (and thus in the form (2.4) with n = 3). Let denoteby Squat the resulting system. Based on the F5 algorithm, a spe
i�
 Gröbner engine hasbeen implemented whi
h 
omputes a lexi
ographi
 Gröbner basis and eliminates as soon aspossible a blo
k of k variables. As we will see in the next se
tion the 
omputation of su
ha basis is not only faster but also the size of the result (mainly the size of the 
oe�
ients)is mu
h smaller.RR n° 0123456789



14 J.-C. Faugère & J.-P. Merlet & F. Rouillier3.2.2 The non generi
 
aseSin
e the above formulations are valid only if −1 is not an eigenvalue value of R we need todete
t and solve these ex
eptional situations to 
ertify the results.i. we �rst 
ompute a Gröbner basis of Squat for any ordering and apply theorem 3 to 
ountthe number of 
omplex solutions 
ounted with multipli
ities; If it is 40 or in�nite we aresure that no solution is missing or that the robots is singular and we are done. Notethat for singular robots it may happens that Squat admits a �nite number of solutionsbut that the additional linear system admits an in�nite number of solutions.ii. other else , we take the proje
tive version of (3.2.1) by applying the following transform[a −→
a
d
, b −→ b

d
, c −→ c

d
] and then set d = 0 we obtain
R∞ =







c2−a2−b2

c2+a2+b2
−2 bc

c2+a2+b2
2 ac

c2+a2+b2

−2 bc
c2+a2+b2

−a2−b2+c2

c2+a2+b2
−2 ab

c2+a2+b2

2 ac
c2+a2+b2

−2 ab
c2+a2+b2

− b2+c2−a2

c2+a2+b2





We thus generate an algebrai
 system as in the generi
 situation (repla
ing R by R∞)and we test whether there are some solutions su
h that a2 + b2 + c2 6= 0. Note that this
omputation is mu
h faster than the general 
omputation (less than 0.1 se
 for all theexamples).3.2.3 Re
overing the real solutions of the DKPIf we assume that Squat has been solved using a RR-form or a RUR and the isolation pro
essexposed in se
tions 2.4 and 2.3, one needs to 
ompute, for ea
h real solution (rotations),the related translation [X, Y, Z] whi
h remains to solve a linear system of 5 equations in 3variables. In a �rst stage, this 
an be tried using multi-pre
ision interval arithmeti
.� A - 
he
k that at least one 3 × 3 minor never vanishes (by means of intervals not
ontaining 0) at the real roots of Squat, we are done (usual situation).� B - If not (ex
eptional situation), one symboli
ally 
omputes all the 3× 3 minors and,for ea
h; 
he
k if it vanishes at some root of the system : one simply needs to add theminor to the system and solve it. Note that if su
h a system has a solution, the �stpolynomial of the RUR is a fa
tor of the �rst polynomial of the RUR of Squat.� C - If at least one of these minors do not vanish at any root of Squat, one in
reases thepre
ision of the 
omputed solutions and the pre
ision of the interval arithmeti
 until�nding the unique translations 
orresponding to the rotations : we are sure that su
ha pro
ess will end sin
e the �lter from step A will 
on
lude that at least one of the
3× 3 minor never vanishes after a �nite number of tries.

INRIA



On solving the dire
t kinemati
s problem for parallel robots 15� D - Else, one 
an ignore the roots of Squat whi
h drive to an non invertible system :they 
orrespond to singular positions of the robot, and apply the above pro
ess on theothers. In pra
i
e, this 
an be done by removing the fa
tor of the �rst polynomial ofthe RUR of Squat by the one obtained at step B and run this pro
ess again from stepA.Note that the solution 
an be obtained with an arbitrary pre
ision when using multi-pre
ision interval arithmeti
s su
h as MPFI sin
e the solutions of Squat 
an be re�ned ondemand a

ordingly to se
tion 2.5.4 ExperimentsAll the 
omputations were done on a PC Xeon (2.8 Ghz + 2 Go RAM). In the followingexperiments we use the following ben
hmark:
• Using a numeri
al global optimization program, Dietmaier [6℄ gives expli
itly an ex-ample of a robot with 40 real roots; The 
oordinates of the base and platform are thefollowing :Base:= [[0,0,0℄,[0.542805,0,0℄,[0.956919,-0.528915,0℄,[0.665885,-0.353482,1.402538℄,[0.478359,1.158742,0.107672℄,[-0.137087,-0.235121,0.353913℄℄:Platform:=[[0,0,0℄,[1.107915,0,0℄,[0.549094,0.756063,0℄,[0.735077,-0.223935,0.525991℄,[0.514188,-0.526063,-0.368418℄,[0.590473,0.094733,-0.205018℄℄:The 40 real solutions are obtained for the following legs lengths :Legs:=[1,0.645275,1.086284,1.503439,1.281933,0.771071℄:we show that using the tools presented in the paper it is very easy to 
he
k thatthe solutions are really real numbers (and not 
omplex number with a very smallRR n° 0123456789



16 J.-C. Faugère & J.-P. Merlet & F. Rouillierimaginary part). If δ is any positive integer we use the following fun
tion to 
onvertoriginal �oating point 
oe�
ients to rationals:
fδ(x) =

⌊

2δx
⌉

2δand thus dietmaier_ δ _method is the algebrai
 system {Squat,S∋ pt,Srot} dependingon the value of method. We will see in that if δ is too small then we have not 40 realroots: for instan
e when δ = 17 we have only 38 real roots and two 
omplex numberswhose imaginary parts are ≈ ±0.021.
• Left Hand This example is a parti
ular 
ase of the "left hand" robot by Jean-PierreMerlet. We took the following 
oordinates for de�ning its base and its platform :Base:=[[-9.704000000, 9.107000000, 0℄,[9.708000000, 9.110000000, 0℄,[12.75400000, 3.892000000, 0℄,[599/200, -12993/1000, 3/500℄,[-1503/500, -13, 1/200℄,[-12.77000000, 3.901000000, 1/1000℄℄:Platform:=[[-3003/1000, 7.290000000, 0℄,[601/200, 7.296000000, 0℄,[7.814000000, -1.053000000, 0℄,[4.812000000, -6.246000000, 3/1000℄,[-4.823000000, -6.257000000, 1/125℄,[-7.818000000, -1.057000000, 1/100℄℄:Moreover, we set the length of the legs to the following values for our experiments :Legs:=[9999/500,4001/200,20007/1000,20007/1000,19993/1000,5001/250℄:It is interesting to test this 
on�guration be
ause it is a ex
eptional 
ase: the systemhas only 36 
omplex solutions (and not 40). In that 
ase, 1 is always an eigenvalue of
R so that

R =





1 0 0
0 ? ?
0 ? ?



 =

[

1 0
0 R∈

]

whereR∈ is a rotation .moreover we 
an split the 36 solutions of the problem into two sets: INRIA



On solving the dire
t kinemati
s problem for parallel robots 17i. 
omputing withR∞:−1 is eigenvalue ofR (orR∈) of multipli
ity 2 for 6 solutions.ii. 
omputing withR:−1 is not an eigenvalue ofR for the other 30 
omplex solutions.Left Hand +ε is a perturbed version of the previous robot: it has now 40 real rootsand the same number of real roots (8).
• Spat 66 is a generi
 system with 40 
omplex roots (the 
oordinates of the robot aswell as the lengths of the legs are 
hosen randomly in [−1000, 1000]). It has been usedas a 
hallenging example in [10℄ and [24℄. The solution proposed in [24℄, based onGröbner bases for 
omputing the number of real roots, took several hours. By runningthis old strategy on the ma
hine used for the ben
hmarks in
luded in this arti
le, weobserve a 
omputation time of 819 se
 :

• Gröbner basis for the DRL ordering using an optimized variant of bur
hberger'salgorithm (t-grobner) : 415 se
;
• Univariate Representation using symetri
 fun
tions su
h as in [25℄ : 243 se
;
• Sturm sequen
es for 
ounting the real roots : 161 se
.These results must be 
ompared with 0.75 se
 we now observe by using modern algo-rithm (F4/F5 for getting an RR-Form + Des
artes' method for getting the 
erti�edsolutions) and the modelization of Se
tion 3.2. The speed-up is about 1000.In the following table size is twi
e the size of the output in the basis b = 232; for instan
ehen
e 146 means that the biggest integer is not bigger than 2

32∗146
2 = 22336. For all but oneexample we give only the CPU time for 
omputing the lexi
o Gröbner basis in Rational Form(denoted by RR in the table); for the �rst example ( dietmaier_16_quat) a DRL Gröbnerbasis has been 
omputed (DRL); surprisingly the 
omputation is more di�
ult for a DRLGröbner basis than for a Lexi
o Gröbner basis. It might seen than the size of the 
oe�
ientsin the Rational Form of the Gröbner bases is smaller than in any other representation.

RR n° 0123456789



18 J.-C. Faugère & J.-P. Merlet & F. RouillierBen
hmark rr/drl size CPU RUR ISO(32) ISO(64) Commentdietmaier_16_quat rr 146 1.0 - 0.20 0.28 40 
omplex roots/ 38 real rootsdietmaier_16_quat drl 690 8.7 6.5 0.46 0.59 "dietmaier_16_3pt drl 842 13.3 9.4 0.54 0.75 "dietmaier_16_3pt rr 325 4.0 - 0.56 0.71 "dietmaier_16_rot rr 288 2.0 - 0.64 0.82 "dietmaier_18_quat rr 165 1.1 - 0.21 0.32 40 real rootsdietmaier_18_3pt rr 366 4.5 - 0.65 0.84 "dietmaier_18_rot rr 326 2.2 - 0.75 0.93 "dietmaier_24_quat rr 219 1.4 - 0.25 0.36 40 real rootsdietmaier_30_quat rr 272 1.8 - 0.28 0.40 "dietmaier_40_quat rr 312 2.0 - 0.31 0.43 "dietmaier_60_quat rr 349 2.2 - 0.32 0.46 "dietmaier_120_quat rr 456 2.9 - 0.40 0.56 "Spat66_quat rr 93 0.7 - 0.00 0.01 40 
omplex roots/ 0 real rootsLeftHand_3pt rr 225 0.4 - 0.16 0.21 36 
omplex roots/ 8 real rootsLeftHand_rot rr 228 0.6 - 0.37 0.39 "LeftHand_quat rr 166 0.4 - 0.12 0.16 30 
omplex roots/ 8 real rootsLeftHand_rot R∞ rr 14 0.04 - 0.00 0.01 6 
omplex roots/ 0 real rootsLeftHand _ quat +ε rr 126 0.9 - 0.10 0.12 40 
omplex roots/ 8 real rootsTherefore the previous table establish a 
ause-and-e�e
t relation between the size of the
oe�
ients in the output and the CPU time for 
omputing the 
orresponding obje
t.In [6℄ a �oating point implantation of Gröbner bases is given; note that only an approx-imate Gröbner basis is given by the algorithm; the authors report a CPU time of 1067 se
(DEC Alpha 3000) to 
ompute a lexi
ographi
 Gröbner basis. In our implementation (anda faster 
omputer) it takes only 1 se
 to 
ompute a lexi
o Gröbner basis for the dietmaierexample and ... se
 to 
ompute exa
tly all the real roots of the system.The 
on
lusion of the experiments is that the CPU time for 
omputing a RR-Form isvery stable (around 1 se
) and is minimally sensitive to 
on�guration of the robot and thepre
ision of the input data (δ parameter). Surprisingly, it is mu
h more e�
ient to 
omputea lexi
ographi
al Gröbner basis or a RUR than a Gröbner basis for a DRL ordering: thesimplest explanation of this behavior is that the size of the 
oe�
ients in a DRL Gröbnerare bigger than in the 
orresponding RUR (or RR-Form).
INRIA



On solving the dire
t kinemati
s problem for parallel robots 195 Con
lusionWe have improved signi�
antly algorithms based on Gröbner bases 
omputations for solvingthe DKP for parallel robots (see [24℄ for example) as well as the algebrai
 formulation ofthe problem. We did not 
ompare our results with other valuable 
erti�ed strategies su
has homothopy methods ([28℄, [30℄) or strategies based on interval analysis (see [18℄) for tworeasons :� they do not solve the same kind of problems : for example, interval analysis basedmethods 
ould solve robots with un
ertain 
oordinates while we 
annot; homothopymethods 
ompute all the 
omplex roots but 
annot dis
riminate in a 
erti�ed way thereal roots from the others;� as shown in the present paper, the modelization is of high importan
e, so that 
om-paring obje
tively the solvers would require to �nd the �best� modelization for ea
hmethod.However, keeping tra
k of the above remarks, our strategy seems to be 
urrently themost powerfull one, with su
h a level of 
erti�
ation, for studying all the postures of anexa
tly knwon general robot.The modelization proposed in se
tion 3.2 give a pre
ise 
hara
terization of �generi
 solu-tions� : these are those for whi
h the linear part of the system is degenerated. A next stepwould be to study spe
i�
ally the non generi
 solutions relaxing some parameters (lengthsof the legs or 
oordinates of some joints) using re
ent algorithms su
h as [17℄. A dire
tappli
ation would be, for example, to 
hara
terize singular robots.Still �nding all solutions is only one of the major part of the DKP. Indeed the roboti
iansare interested only in the 
urrent pose, i.e. the pose in whi
h is the robot they have in frontof them. Evidently this pose is in the set of the poses that is 
al
ulated but there is noknown method whi
h allows to determine whi
h pose in the set is the 
urrent one. To showthe di�
ulty of this problem we must de�ne the 
on
ept of valid pose. For that purpose we
onsider the pose of the robot that is obtained when it is assembled for the �rst time (theinitial assembly mode), i.e. when the 6th leg is 
onne
ted to the platform, that is supposedto be known. A valid pose is de�ned as a pose that may be rea
hed from the initial assemblymode by a path su
h that:� the whole path must lie within the workspa
e of the robot (this workspa
e is limitedby the possible 
hange in the leg lengths and by me
ahni
al 
onstraints on the joint)� the whole path is interferen
e-free: the legs do no interse
t on the path� the whole path is singularity-free: the ja
obian of the IKP must never be singularHen
e determining is a pose is valid is equivalent to solve a roboti
s motion planning problemwhi
h is NP hard. There is also no known theoreti
al result on the problem of determiningunder whi
h 
onditions there will be only one valid pose in the set of poses that are obtainedwhen solving the DKP.RR n° 0123456789
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