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d(., .)

o�{�im^`b2b £ n�¥xo�|�bElugr|�o�{�i6lzgvn:bu±�e²i?o�{(oxaM�NpIk�i6lzgXi(imp�g`puijb%ij^vlzi C o�{(oxg}´Qlukjo�lzgXi�imp�� = kmoqyIox|imkmlugv{�®¯pukmaMlzijoxpugv{Ew3{ £ n6^ªlI{Ukjpuiml�imoqpIg½lugv|¾ijk6lzgv{j¥xlzijoxpug&wZµ £ i*g`puiUimp°l��Bg`bBpuk��`kmpz��bWn�imoq´Ibsn6^vlug`yubW{:w
»�^voxn6^Çlzkmb§{jpuaMb�imoqaMbE{�lu�`�`¥xoqbW|½ijp°oxaBlzyubB�SpuoxgXim{�imp¦{�oxaM�`¥xo¶®¯³�ij^`b§®¯pukma pz®��`kmpz��bWn�ijoxpugªaBl�imkjo�n�bW{:w
{jb:b ����± ��±
¢?£ gv|`¥qb°��|Q� £ {�ijaMbEgIiM�`kmp�´}ox|�bW{*im^`b "52��G��" ��" �����G������*Q�=�;� � ! �#��"524�6�4»�^`bEg oxaBlzyIbr�SpuoxgIi6{Mlzkmb

n:pukmk £ ��ijbW|§µ}³�lug�oG± oG± |3±�n�bEgIimb:kmbE|�yIl £ {j{jo�lzgrgvpuo�{�bI±�e²i�o�{�{mlzo�|§impMµNb �
J?�#��"524��oqg�ij^vox{�{jb:gN{�bI±
ehgBim^`o�{(�vlu�NbEkEwIµ £ gv|`¥qbUlu|Q� £ {�ijaMbEgIi6{¤lukjb�n:pugv| £ n�imbE| £ {joqgvy�ij^`b2o¶imb:k6l�imoq´Ib�g`pug`tG¥xoqgvbElzk(pu��imoqaMox·El�t

imoqpIg¦lz¥xyupIkjoqij^`a � bE´ubEgXµSb:kmyzth�¦lukm¨ £ lukm|}i�9 ��<�»�oqij^¾g £ asbEkjo�n:lu¥Z|�oq¿SbEkjbEgXijo�l�ijoxpugZ±%Ñ £ n6^¾lug¦lz¥xyupukmoqij^`a
gvb:bE|v{%lzg°oxg`oqijo�lz¥�bE{�ijoxaBl�ijbI±�ehg°ij^vb�n:lI{�b*pu®¹�`kjpu��bEn�ijox´ub*{�ijk £ n�i £ kjb4lzgv|<aMpzimoqpIg&wNij^`bEkjb*b:«�ox{�i2aBlzg}³
lu¥qyIpukmo¶im^`aB{¤ij^vlzi%n:lzg��`kmp�´}ox|�b�lM{ £ µ�tGpI��ijoxaBlz¥3oxg`oqijo�lz¥Z{jpu¥ £ ijoxpugZw`{�bEbUbI± yN±�9 �u�C<²±
�%g`pzim^`b:k�oxaM�NpIk�i6lzgXi(lu{j�SbEn�i�pu®Nim^`b�bW{�imoqaBl�imoqpIgM�`kjp�n:bE{m{�ij^vlzi�^vlu{#imp�µNb2n�pugN{�o�|�b:kmbE|4o�{#ij^`b�|vl�iml

n:pugv|`o¶imoqpIg`oqgvyv±4]�^vox{�nElzg¾µSbBb:gv^vlzgvn:bE|¾µX³ £ {�oxg`y�ij^`bBaMb:ij^`p�|½|�bE{mn�kmoqµSbE|�oxg 9 �=<¹ij^Nl�i�n�pIgv{jox{�im{Uoxg
gvpukmaMlu¥qox·:oxg`y2ij^`b�|vl�imlvwuoG± bI±�n:b:gXijbEk�lzgv|M{mn:lu¥qb�oxaMluyub��SpuoxgIi6{�{ £ n6^sij^vlzi¹ij^`bEoqk�aMbWlzgM|�ox{�imlugvn�b�imp�ij^`b
n:b:gXijbEk#pz®`im^`b�oqaBlzyIb¤o�{ √

2
±��%µ}´}oxp £ {j¥q³IwWij^`b�{mn:lz¥xbE{ £ {jbE|*®¯puk#bElIn6^�oxaBlzyubIwzlzgv|�oqg4ij^vb?gvpug�t²ox{jpzimkjpI�`o�n

nElu{jbuwX®¯puk�bWlun6^�oqaBlzyIbUlz«�ox{Ew`lzkmbU|`o¶¿Æb:kmb:gXi�lzgv|�^vlQ´Ib%impsbEgXijb:k?im^`b*n�pX{�i?® £ gvn�ijoxpug°{�pMlu{?impM�`kjbW{�bEkj´Ib
im^`b�kmb:¥�l�ijox´ubU»?b:oxyu^Xi�pz®�bWlun6^�ijbEkja<±

�U� s��Q�%� � �
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 2 �(" � � "$���
�%g oxaM�NpIk�i6lzgXiMox{m{ £ brimp½n:pugv{jox|`b:k4®¯pukMµ £ gv|`¥qb°lu|�� £ {�imaMb:gXiso�{M»�^`o�n6^ n:pXpIkm|`oqgvlzijbr®¯kmluasb�o�{ £ {�bW|
impÇb�«��`kmbE{m{Mij^vb¦kjbWn�p�´Ib:kmbE| {�ijk £ n�i £ kmb¦lzgv|ÅaMpuijoxpug&±"]�^`o�{rn�p}pIkm|�oxgvlzijb�®¯kmluaMb¦lza�µvoqy £ o¶i�³ »�^`o�n6^
n:pugv{�ijoqi £ ijbE{4yIl £ yub§®¯kjbEbE|�pIaM{4o�{4lug©oqgv^`b:kmb:gXi4�vkjpIµ`¥qbEa
ijp�{�ijk £ n�i £ kmb�lugv|ÇaMpzimoqpIg©kjbWn�p�´Ib:km³�lzgN|
aBlQ³�l�¿ÆbEn�iZg £ aMb:kmoxnElz¥I{�imluµ`ox¥qoqi�³Ulugv|Uij^vb:kmb�®¯pukmb(n:pug}´ubEkjyIb:gvn:b��vkjpI�NbEk�imoqbW{3pz®�im^`b(bW{�imoqaBl�imoqpIg��`kmp}n:bE{m{:±
Ñ�oqaMox¥xlukj¥x³uw&pIg`bM^vlu{Uimp°­ubEb:�½oqg½aMoqgv|�im^vl�i�lug½lu�`�`kmpu�`kmoxlzijbMn6^`puo�n�bMpu®?n�p}pIkm|�oxgvlzijb4®¯kmluasbBnElzgªµNb
®¯k £ oqi�® £ ¥&®¯puk�ij^vb�bE{�ijoxaMlzijoxpug<�`kmp�n�bE{m{E±
ehg°im^`b*aMb�imkjo�n*nElu{jbuw`im^`o�{��`kmpuµ`¥xb:a�n:lug°µNb�bElu{jox¥q³�{�pI¥q´IbE|°{joqgvn:b*l§{joqg`yI¥qb�´Xoxb:»�nElzg<µNb £ {jbE|�ijp

|`b�¼vg`b(ij^`b?n�p}puk6|�oxgvl�imb¹®¯k6lzaMb�9x�;:C<²w £ �*imp2l�yI¥qpIµvlz¥X{jnElz¥xb¹® lun�ijpIkEwQ»�^`ox¥qb¤oqg*ij^`b?�`kmpz��bEn�ijox´ub�nElu{jbuwWij^`bW{�b
yXl £ yIb?®¯kjbEbE|�pIaM{(n�pugN{�imo¶i £ ijb�pIg`b�pz®Æij^vb�aBlzoxgs�vkjpIµ`¥qbEaB{#ijp�µSb%|�bWlz¥qi(»�o¶im^M®¯puk�µ £ gv|�¥xb%lu|�� £ {�imaMb:gXiEw
{joxgvn�bMim^`b§lz¥xyubEµ`kmluoxnM{�ijk £ n�i £ kmbE{�g`bWn�bE{m{mlzkm³°ijp°aBlzgvoq� £ ¥xlzijbM®¯puk*¼`«�oqg`y<im^`b§n�p}pIkm|�oxgvlzijbs®¯kmluaMb§lzkmb
a £ n6^§aMpukmb2n:puaM�`¥xb�«3±#ehgr�vluk�imoxn £ ¥�lzkWwIpIg`b%´}oxb:»>|�p}bE{?g`pui?|�b:¼vg`b�l £ g`ox¨ £ b2�`kmpz��bEn�ijox´ub2µvlu{jox{¤»�^`ox¥qb
i�»?pM´}oqbE»�{��`kjp�´}o�|�b2ijp}pMaMlug}³rn�pIgv{�imkmluoqgXi6{:±
]�p £ gN|�b:k6{�i6lzgv|sim^`b%�vkjpIµ`¥qbEa<wu¥xb�i £ {¤n:pugv{jox|`b:k(l��Nlzkjijo�n £ ¥�lzk¤kjbWn�pugN{�imk £ n�ijoxpug

(P,Q)
wXb�«��`kmbE{m{�bW|

oxg l°�Nlzkjijo�n £ ¥�lzk�n:p}puk6|�oqgNl�ijb§®¯kmluasbIw¹lzgv|ªoqim{4b:kmkjpIk C(P,Q)
±¦Á½b�|�kmpu�ªim^`broxgv|�b:«�®¯pIk4n�¥�lzkmoqi�³�pu®

�vkjbW{�bEgIi6l�imoqpIg&±�]�^`o�{Ub:kmkjpIk2o�{UbE{�ijoxaMlzijbW|¦®¯kmpuaÀµSpzim^½lIn�i £ lz¥¹lzgv|�kmb:�`kmpz��bWn�ijbW|°oxaMluyubs�NpIoqgXi6{:± � b�i
£ {�b�«��`kmbE{m{Uij^`bBkmbEn:pugv{�ijk £ n�imoqpIg¾oxg½lug`pzim^`b:k*n:p}puk6|�oqgNl�ijb4®¯k6lzaMbuw�¥qoxg`­ubW|¦imp�ij^`b§n £ kjkmb:gXi�pugvbsµ}³¾l
<B="^`pIaspIyuk6lz�`^}³

H
±��¤lun6^<�`kmpz��bEn�ijoxpug<aBl�imkjoq«

P
lugv|)<	="�SpuoxgXi

Q
ijk6lzgv{�®¯pukmaB{�oqgXimpBkjbW{��SbEn�ijox´ub:¥x³

PH−1
lzgv|

HQ
±�e²i�lu�`�SbElzk6{�im^vl�iUij^vox{�|�p}bE{Ug`puiUn6^vlug`yub�ij^`bsoxaMluyubsn�p}puk6|�oxgvl�imbE{2pz®�kmb:�`kmpz��bWn�ijbW|

�SpuoxgXim{;D
PH−1HQ ∼ PQ,

lugv|rij^`bEkjb:®¯pukmbU¥xbElQ´IbE{¤ij^vb�b:kmkjpIkEwIij^`b�´�lu¥ £ b�pu®Zim^`b*n�pX{�i�® £ gvn�ijoxpug&wvoqg}´�lzkmoxlugXi;D

C(PH−1, HQ) = C(P,Q).

]�^vb�n:p}puk6|�oqgNl�ijbU®¯k6lzaMb�ox{?im^`b:kmb�®¯pIkjb�lua�µ`oxy £ p £ {�{�oxgvn:bUoqi�o�{�g`pzi�aMbElI{ £ kjbW|rµ}³Bim^`b*n�pX{�i�® £ gvn�ijoxpug&±
��n6^vlug`yub2pz®��`kjpu��bEn�ijox´ubUµvlu{jox{Ew}oº± bu±#im^`b <	=K^`pIaMpuyuk6lz�v^X³

H
w�^vlI{2�Q� 6�819N± 
vkjpIa¸ij^`o�{:wv»¤b�n:lug

{�imlzijb�im^`b�g £ a4µNbEk%pu®�bE{m{�bEgIimoxlu¥�6�819rpz®¹im^`b��`kmpuµv¥qbEa�wS»�^`o�n6^°ox{2bE¨ £ lu¥&impBij^vlzi2pu®�µNpuij^¾{�ijk £ n�i £ kmb
lugv|�aspuijoxpug�aMoqg £ {�im^`b*n�p}pIkm|�oxgvlzijb2®¯kmluasb�lua�µ`oxy £ oqi�³�D

#
6�819

= 12n + 4m− n−m− 15 = 11n + 3m− 15.
Á½bBn:lzg½g`p�».n6^Nlzk6lun�imb:kmoq·Eb�aMoxg`oqaBlu¥¹�vlzk6lzaMb�imb:kmoq·Wl�imoqpIgv{%lI{

dim πP + dim πQ = #
6@8@9N±4ehg

im^`b�pzim^`b:k�nElu{jbuwXij^vb��`kjpIµ`¥xb:a5o�{�{mlzo�|§impsµSb�p�´ubEkj�Nlzk6lzaMb�imb:kmoq·EbE|3±

���
	 � .D �% ' � �4+� �-# �2 .D� .1-/" � .
Ñ�b:´ubEkmlu¥¹aMbElzgN{�^vlQ´ubBµSb:bEg £ {�bW|¾imp¦^vlugv|�¥xbMij^`bW{�bByXl £ yIb4®¯kmb:bW|�puaB{E±r]�^`bE³½nElzg½µNbrn:¥xlI{j{joq¼vbE|ªlu{
®¯pI¥q¥xp�»�{;D
�G� Ê}Ê�
 � � 
SÊ � n:pugv{jo�{�i�oxg<p�´ub:km�vlukmluasb:ijbEkjox·:oxg`y*im^`b��`kmpuµ`¥xb:a £ {joqg`y§lu¥q¥�lz¥xyub:µvkmluoxn2�vlzk6lzaMb:ijb:k6{Ew�oº± bu±

lz¥x¥&b:gXimkjoxbE{?pz®
P
lugv|

Q
lugv|�¥qb:i�ijoxg`yMim^`b�yIl £ yubW{¤bE´upI¥q´Ib%®¯kmb:bE¥q³�H

C c �DCFE
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�E�:� �� z� �Z� ÊIÌ �#�`� Ê Ï kmb:¥xoxbE{BpIg ¼v«}oxg`yÇim^`b¾n:pXpIkm|`oqgvlzijbW{Bpz®�¼v´Ib°kjbWn�pugN{�imk £ n�ijbW| �SpuoxgXim{E±K]�^vb°¼v´ub
n6^`pI{jb:g��SpuoxgIi6{�g`b:bW|�ijpBµSbUoxg<yubEg`b:k6lz¥3n�pIg�¼vy £ kmlzijoxpug`H

� Î ��� Î��&Ì ���`� Ê Ï o�{�lun6^`oxb:´IbE|rµX³ £ {joqg`yBlM{j�NbWn�oq¼NnU®¯pukma5pz®#n:luasbEkmlsaBl�imkjo�n�bW{
P
H

� �©� 
SÊIÌ �#�`� Ê Ï kjbE¥qoxbE{rpug £ {joqgvy©ijk6lzgN{�®¯pIkjaBl�imoqpIgv{BpIgÂoqaBlzyIb¦�SpuoxgIi6{§imp©bu± yv±.yuox´ub¾l {�oxaM�`¥qoq¼vbW|
®¯pukma�ijp��`kmpz��bEn�ijoxpug�aMlzijkmoxn:bE{Ulzgv|�{�pIaMb <B=.�SpuoxgXim{E±�]�^`o�{�|�p}bE{Ug`pzi*n:pugv{�ijk6lzoxg°ij^vb4yXl £ yIb
®¯kjbEbE|�pIaB{�µ £ iUaBlQ³�µSb £ {jb�® £ ¥Zimprlun6^`oxb:´Ib*lBaMoqgvoqaBlz¥��vlukmluasb:ijbEkjox·Elzijoxpug&±�
`pIk%b:«�luaM�`¥qbIwf9 
�<
�`kmpu�SpI{jbE{#imp*n6^`p}pI{jb¤im^`b%oxaBlzyIb�lugv|?<	= n�p}puk6|�oxgvl�imbE{¹{ £ n6^sij^vlzi(bElIn6^Bn:lzaMbEkmlUaBl�imkjoq«4»�kmo¶imbE{
lu{

Pi ∼ (I ai)
»�^`bEkjb

ai lukjb�oxg`^`pIaMpuyubEg`b:p £ {�cztG´IbEn�impuk6{�ij^vlzi(^vlQ´Ib�¼`«�bE|M´�lz¥ £ bW{¹®¯puk(ij^`b%¼v´ub¼vk6{�i%nElzaMb:k6lu{;H
Î��SÊ ���#����� � Ê � Ê ���	�u����� Î�� � � Ï
� Ê�� � * � Ë n�pIgv{�o�{�im{Ew�lu{�oxgªij^vbB®¯kjbEbByIl £ yubBn:lI{�bIwZoxgªp�´ub:km�vlukmluasb:t

ijbEkjox·:oxg`yBim^`b*�`kmpuµ`¥xb:a�lzgN|��vkjbE´ub:gXimoqg`yMim^`b�yXl £ yIbUijpr|�kmoq® i2µ}³�lI|`|�oxg`yr{jpz® i2n:pugv{�ijk6lzoxgXim{�´}oxl
^vlz¥x¥ £ n�oxgvl�imbE|BaMbWlu{ £ kjbEaMb:gXim{E±�
vpuk¤b�«`lzaM�`¥xbuw�9x�EcC<Æ�`kmpu�SpI{jbE{�l4{�b:i¤pz®Zn:pugv{�ijk6lzoxgXim{(pug§n:luaMb:k6l
aBl�ijkmo�n�bE{�ij^vlzi%¼`«�ij^`b4n�p}puk6|�oxgvl�imb�®¯kmluasb*lugv|°lu|v|<�NbEgvlz¥qi�³§imb:kmaM{�ijpBim^`b�n:pI{�i�® £ gvn�ijoxpug<ijp
aBlz­ub4ij^vbsbW{�imoqaBlzijoxpug¾�vkjp�n�bW{j{Un�pIg}´ub:kmyubEgvn�b*ijp<l�{jpu¥ £ ijoxpug�»�^`o�n6^�lz�v�`kjpQ«�oxaBl�ijbE¥q³°{ml�imox{�¼vbE{
ij^`bW{�b*n:pugv{�ijk6lzoxgXim{E±

�¤lun6^<aMbElzgN{�^vlI{�lu|�´�lugIi6lzyIbE{�lzgN|�|`kmlQ»�µvlIn6­�{:w�oxg<ijbEkjaB{�pu®#g £ aMbEkjo�n:lu¥Zn�pIgv|�oqijoxpug`oxg`yvwNg £ a�µSb:k�pu®
�Nlzk6lzaMb�imb:k6{?lugv|�g £ a�µSb:k�pu®�^Nlz¥x¥ £ n:oqgNl�ijbW|�asbWlu{ £ kmb:aMb:gXim{�lI|`|�bW|�ijpMij^vb*n�pI{�i�® £ gvn�ijoxpug&±¤ehg°aMpukmb
|`b�imluoq¥#D
�G� Ê}Ê�
 � � 
SÊ � ^Nlu{�im^`b�lI|�´�lzgXimluyubBpu®�{joxas�v¥qo�n�oqi�³�pu®�oqaM�`¥xb:aMbEgIi6l�imoqpIgÇµ £ i4aMoxyu^Xi4nEl £ {jb§g £ aMb:kmo¶t

n:lu¥�oxgv{�imluµ`oq¥xoqijoxbE{�lzgN|°ij^vb4bW{�imoqaBl�impukUijp<|�ox´ubEkjyIbu±�e²i�lz¥�{�p�oqg}´Ipu¥x´ubE{%bE{�ijoxaBl�ijoxg`y�aBlzg}³°aMpukmb
�vlzk6lzaMb:ijb:k6{%ij^vlug�g`bWn�bW{j{mlzkm³u±�Á½bsijbE{�i�{ £ n6^ªl��vlzk6lzaMb�imb:kmoq·Wl�imoqpIg°oqg � �%_§lugv| : £ gv|�bEk�ij^`b
gvlzaMb
�`���
�%H

�E�:� �� z� �Z� ÊIÌ �#�`� Ê Ï ^Nlu{�im^`b�lu|`´QlugXimlzyIbUij^vlzi�ij^`b�g £ a4µNbEk%pu®��vlukmluaMb�ijbEkm{?imp§bE{�ijoxaBl�imb�ox{ £ { £ lu¥q¥x³
aMoqg`oxaBlz¥¹µ £ i�ij^`bMbE{�ijoxaBl�imoqpIg¾µSb:^vlQ´}oxp £ k�{�ijkmpug`yI¥q³<kmb:¥xoqbW{2pIg¾im^`bBn6^`puo�n�bsaBlu|�b4®¯puk�im^`b?<	=
�NpIoqgXi6{#ij^vlzi¹®¯pukma�ij^vb��`kjpu��bEn�ijox´ub�µvlu{jo�{:±��°pukmb:p�´Ib:kWwW�SpuoxgXim{¹oxgMyubEg`b:k6lz¥�n�pIg�¼vy £ kmlzijoxpugs{�^`p £ ¥�|
µNb*ls�`kmoxpukmo3­Xgvp�»�g�pIk�|`b�ijbWn�imbE|kH

� Î ��� Î��&Ì ���`� Ê Ï ^vlI{#ij^vb2lu|`´QlugXimlzyIb�ij^vlzi¤{j¥qoxyu^Xij¥x³sp�´ub:km�vlukmluasb:ijbEkjox·:bW|�{jpu¥ £ ijoxpugv{(lzkmb%{�oxaM�`¥xbu±#Á�b
ijbW{�i�im^`b��vlzk6lzaMb:ijb:kmox·El�imoqpIgrpu®�9�_=<&oxg �	� _4lzgN|-: £ gN|�b:k�im^`b�gvlzaMb ��24� �
�K24����Z��`���
�%H

� �©� 
SÊIÌ �#�`� Ê Ï pz® ijbEg°³}oqbE¥x|`{U{joqaM�`¥xb*b�«��`kmbE{m{joqpIgv{�pz®�nElzaMb:k6lMaBl�ijkmo�n�bE{E±���p�»?b:´Ib:kWw`g`pug°b £ n�¥xo�|�bElug
oqaBluyub*imkmlugv{�®¯pukmaMlzijoxpugv{�ij^vlzi�lukjb £ {jbE|°aMpI{�i�pz®¹ij^vb�imoqaMbB|�prgvpzi�¥qbWlQ´ub�im^`bsn:pI{�i%® £ gNn�ijoxpug
oqg}´�lzkmo�lzgXi�lzgv|�aBlz­ubUim^`b�µ £ gv|`¥qb*lI|Q� £ {�ijaMb:gXi%{ £ µ�t²pu��imoqaBlz¥#H

Î��SÊ ���#����� � Ê � Ê ���	�u����� Î�� � � Ï
� Ê�� � * � Ë yuox´ubW{!{joqaM�`¥xb
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m
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v
µNb2lzgs^`puaMpuyIb:g`bEp £ {�:

p
�4�B;htG´IbEn�ijpukW±Z�%gX³4pzim^`b:k¹^`pIaMpuyubEg`b:p £ {�b:gXijoqi�³ : aBl�ijkmoq«ÆwuijbEgv{�pIk�;#nElzg

µSb(µ`kmp £ yI^XiZµvlun6­%ijp%ij^`o�{�nElu{jb�µ}³U{�imlIn6­}oqg`y�oqim{�b:¥xb:aMbEgIi6{ZoxgXijp%l%{�oxg`yu¥xb�´IbEn�impukW±Z]�^`b¤oqg`^vpuaMpuyIb:g`bEp £ {
p
t²´ubWn�impuk

ṽ
kmb:�`kmbE{jb:gXim{�ij^`b�aBlz�v�NbW|rn�p}pIkm|�oxgvlzijbE{¤pz®

v
»�^`bEkjbWlu{(ij^`bUoqgXimb:yubEk

v
kmb:�`kmbE{jb:gXi6{�oqim{?aBlz�

oxgv|�b�«3±
, 2SJGJ?���~F

(v → (ṽ, v)) �
E n6^`p}pI{jb v

{ £ n6^�ij^vlzi
v = argmaxi|vi|

H
E

ṽ =
v/v

vv

±
�U�&"52
JYJ����~F

((ṽ, v)→ v) �
E

v ∼ ṽv←1

±
]�lzµv¥qb �YD �¦lu�`�SbE| n:p}puk6|�oqgNl�ijbW{B®¯pIk�^`pIaMpuyubEg`b:p £ {§bEgXijoqijoxbE{E±5�2gv¥q³

ṽ
^vlu{rijpÈµNb½oxgvn�¥ £ |�bW|>oxg

pI��ijoxaMoq·Wl�imoqpIgr�`kmp�n�bE{m{jbE{E±�]�^`b�g`puimlzijoxpug
v/v

|�bE{joqyIgvl�imbE{¤ij^vbU´IbEn�ijpuk¤®¯pukmaMbE|r®¯kjpIa5lz¥x¥Æb:¥xb:aMb:gXim{�pu®
v
µSbE{jox|`bE{�im^`b

v
tGij^°lzgN|

vv←α
ij^`b�´IbEn�ijpuk

v
»�oqij^<´�lz¥ £ b

α
oxgv{�bEk�imbE|�l�i�im^`b

v
tGij^<�SpI{jo¶imoqpIg&±

� b�i £ {#|�bEn:puaM�NpX{�b¤bElIn6^*�NpIoqgXi¹n�p}puk6|�oxgvl�imb
Qj £ {�oxg`yUo¶i6{ZaBlu�`�NbW|4n:p}puk6|�oqgNl�ijbW{ Q̃j lzgv|�o¶i6{�aBlu�oxgv|�b:«

Qj wSlI{%oxgv|�o�n:lzijbW|°oqg¦imlzµv¥qb��u±��¤lun6^ Q̃j ^vlu{2c§�vlukmluasb:ijbEkm{E±�Á½b�yub:i%im^`b:kmb�®¯pIkjb�lraMoqg`oxaBlz¥{jb�i*pu®�c
m
�vlzk6lzaMb:ijb:k6{�{joqgvn:bMij^`bBaBlu�½oxgv|�o�n�bW{*|�p°g`pui*^vlQ´ubsimp°µNbBoxgvn�¥ £ |�bW|ªoqgXimp�pI��ijoxaMoq·Wl�imoqpIg

�vkjp�n�bW{j{jbE{E±
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ehg ij^`o�{B{jbEn�imoqpIg&w�»?b�yIoq´Ib�l½{�pI¥ £ ijoxpugÇimp¾im^`b<asoxg`oxaBlz¥��vlzk6lzaMb:ijb:kmox·El�imoqpIgÇpz®2ij^`b�i�»¤putG´}oxb:»1�`kmpzt
��bWn�imoq´Ib4aMpzimoqpIg�µ}³¦n:pugv{jox|`b:kmoqg`yrij^`bBnElzg`pIg`oxn4�`kmpz��bWn�ijoxpug¾aMlzijkmoxn:bE{ :¯� ;�±B� £ k�lz¥xyupukmoqij^`a�³}oqbE¥x|v{Ul
�Nlzk6lzaMb�imb:kmoq·Wl�ijoxpugBn:pugv{jox{�ijoxg`y*pu®U_��vlukmluasb:ijbEkm{¹�v¥ £ {���aBlu�v{:± ��gv¥qox­ub2�`kjbE´}oqp £ {(lu�`�`kmpIlun6^vbE{¹µvlI{�bW|
pIgBaBlz�v{�9 �}w��zc�<GwIij^`bUlz¥xyupIkjoqij^`a ox{¤´ubEkj³s{�oxaM�`¥xb�ijp £ {�b2lzgv|B|�p}bW{�g`pui¤kmbE¨ £ oxkjb�{jb:´Ib:k6lz¥`n�¥xpI{jbE|�tº®¯pIkja
b:«��`kjbW{j{joxpugv{?pz®�ij^`b*|`o¶¿Æb:kmb:gXi%lz¥xyubEµ`k6lzo�n�b:gXimo¶imoqbW{:±
]�^`b4ox|`bElBpu®�im^`b4lu¥qyIpukmo¶im^`a�o�{�imprn6^`p}pI{jb*»�^`o�n6^°�vlukmluasb:ijbEkm{�pu®

H? lzkmb�kjbE�`kmbE{jb:gXimlzijox´ub�»�^`ox¥qbbEg�®¯puk6n�oxg`y4ij^`b*n:pugv{�ijk6lzoxgXi : c ;�±

vpukUij^vlziU� £ kj�SpI{jbuwÆ¥xb�i £ {Ub�«`lzaMoxg`b4ij^`o�{�n�pugN{�imkmluoqgXi2oxg¾aMpIkjbs|�b�i6lzox¥º±�e²i�n:lug¾µSb4kmb:»�kmo¶ijijbEg�lu{

hT

i e′ = 0
w
i ∈ {1 . . . 3} w�»�^vb:kmb hi

kjbE�`kjbW{�bEgXim{?ij^vb
i
tGij^<n�pI¥ £ asg<pu®

H? w`oº± bu±�cMbW¨ £ l�imoqpIgv{�¥qoxg`bWlzk�oxgim^`b�bEgIimkjoxbE{(pz®
H? ±#e²®3»?b%lu{m{ £ asb e′

ijp*µSb�­}g`p�»�g&wI»¤b2n:lzgBbE¥qoxaMoqgNl�ijb%pug`b�bE¥qbEaMb:gXi(pz®3bWlun6^
hi
w}{jlQ³

im^`b
l
tºim^&wIpu®Æij^`b2�vlzk6lzaMb�imb:kmoq·Wl�imoqpIg&wu{joqgvn:b�oqi?n:lugBµNb%kjbWn�p�´ubEkjbW|�»�^voq¥xb�b:g`®¯puk6n�oxg`y�ij^vb%n�pIgv{�imkmluoqgXi¤lI{�D

hl,i = −
∑

z 6=l hz,ie
′
z

e′l
.

e²®2ij^`b<oxgv|�b�«
l
o�{�im^`b°{jluaMbr®¯pIkMlu¥q¥?im^`brim^`kmb:b°n�pI¥ £ aMgv{spu®

hi
w¹im^`b°n�puaM�`¥xb�imb

l
tºim^ kmp�»5n:lug

µSb*kmbEn:p�´ub:kmbE|§®¯kjpIa5im^`b�pzim^`b:k�bEgXijkmoqbW{�pz®
H? lzgN|�aBlQ³�µNb*b:«`n�¥ £ |�bE|�®¯kmpua�ij^`b*�Nlzk6lzaMb�imb:kmoq·Wl�ijoxpugZ±
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�2µ}´}oxp £ {j¥q³Iw�im^`ox{§g`bEn:bE{m{�oqimlzijbE{
e′l 6= 0

±Â�%{§oqgÈij^vb¦n:lu{jb<pz®UaMlu�`�SbE|Ån�p}puk6|�oxgvl�imbE{Ew�im^`b°b:¥xb:aMb:gXi
pu®

e′
im^vl�iMo�{*im^`b�aMpX{�i £ g`¥xoq­Ib:¥x³�imp¾µSbEn:puaMb�·Eb:kmp £ gv|`b:kM{�aBlz¥x¥�n6^vlzgvyubE{�oqg©ij^`b<n�p}puk6|�oxgvl�imbE{�ox{

argmaxi|e′i|
w�»�^voxn6^Âo�{Mij^vb¦aBlz�Âpz®

e′
±K]�^`bEkjb:®¯pukmbuw�'(�^� ��	����/�Y� ��*/� �S��' �dT
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e′
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vkjpIa;ij^`bEkjbIw¤c½�vlukmluasb:ijbEkm{4pz®
H? ^NlQ´ub�µNbEb:gÈb:¥xoqaMoxgvl�imbE|3w¤ij^`b¦��kmb:aBlzoxg`oxg`y�pIg`bE{Blukjb<{�ijox¥q¥^vpuaMpuyIb:g`bEp £ {�lugv|�ij^`bEoqkM�<aBlz�`�SbE|Çn:pXpIkm|`oqgvlzijbW{�lzkmb £ {�bW|3±°]�^`b���aBlz�v�NbW|©n�p}puk6|�oxgvl�imbE{�pu®

e′¼Ngvlz¥x¥q³4�`kmp�´Xo�|�b�im^`b�aMoqgvoqaBlz¥N�vlzk6lzaMb:ijb:kmox·El�imoqpIg&±�]�^vb%n�pIkjkmbE{j�NpIgv|�oxg`y�lz¥xyupukmoqij^`a ox{(yuox´ub:gMoxgMimluµ`¥qb
�`±
� b�i

H? lugv| e′
µSbUij^`b*nElzg`pIg`o�n2�v¥xlug`b�^`puaMpuyIkmlu�`^}³Blzgv|rij^`b*{jbEn:pugv|�b:�voq�Spu¥xbuw�oG± bI±#ij^`b*n:pugv{�ijk6lzoxgXi

H?T
e′ = 0

^`pu¥�|`{E±�]�^`b�oxg`^`puaMpIyub:gvb:p £ {)_QtG´IbEn�ijpuk
π

kmb:�`kmbE{jb:gXi6{Zim^`b:oxk¹�vlukmluasb:ijbEkjox·Elzijoxpug&w�lzgN|
m
l

{�b:i?pu®��*aBlu�roxgv|�o�n�bE{?g`bWn�bW{j{mlzkm³sijpM{ £ µN{�bW¨ £ b:gXij¥x³ £ g`�vlukmluasb:ijbEkjox·:b
π

ijpskjbWn�p�´Ib:k
H? lzgN| e′

±�]�^vb
�vlzk6lzaMb�imb:kmoq·Wl�imoqpIg�kmp £ imoqgvb�^vlI{�ijprµNbsn:lz¥x¥xbE|°µSb�®¯pIkjb*bWlun6^°oqijbEkmlzijoxpug°pz®¹im^`b�pI��ijoxaMoq·Wl�imoqpIg°�`kjp�n:bE{m{
»�^`oq¥xbUij^`b £ g`�vlzk6lzaMb:ijb:kmox·El�imoqpIgr^vlI{?ijpMµSb*n:lz¥x¥xbE|�µNb:®¯pukmb�bElun6^�b:´�lu¥ £ lzijoxpug�pz®�ij^`b*n:pI{�i?® £ gvn�imoqpIg&±
��2���24"5�����%� ���=2��#�K��� :

(H?, e′)→ (π + m)
; D

E $¤puaM� £ ijb�ij^vb$"52
JYJ/�S�-	
�;�4��������2���� ! �dT
e′
w
ẽ′
lugv|�o¶i6{�aBlz��oqgv|`b�«

e′
H

E �¹«}ijk6lun�i H̄
w`ij^`b�� × cs{ £ µ�t²aMlzijkmo¶«�puµ�i6lzoxg`bE|�µ}³§kjbEaMp�´Xoxg`y4ij^`b e′

tGij^<kjp�» pz®
H? H

E $¤puaM� £ ijb�ij^vb$"52
JYJ/�S�-	
�;�4��������2���� ! �dT
H̄
w ˜̄H lzgN|roqim{�aBlu��oxgv|�b:« H̄

H
E ¢?£ ox¥x|¦ij^`b-!��%���dT�JQ24��2�"$�%�����
!

π = {ẽ′, ˜̄H} w3n:pugv{jox{�ijoxg`y�pz®�im^`b4aBlu�`�NbW|¾n:pXpIkm|`oqgvlzijbW{%pu® e′ woG± bI±(���Nlzk6lzaMb�imb:k6{:w�lzgN|rim^vl�i�pu®
H̃
w�oG± bI±(�s�vlzk6lzaMb�imb:k6{:±

E ÑXimpukmb2im^`b$"$2SJz���?���K	
�%!?lI{
m = {e′, H̄} ±

�U��J/2��S2�"$�%���%� ���=24�
�K�4� :
(π + m)→ (H?, e′)

; D

E ��bWn�p�´ubEk
e′
£ {�oxg`yBlzg^���/"$2SJGJ?����F4H

E ��bWn�p�´ubEk H̄
£ {joqg`y§lugA���&"52
JYJ����~FYH

E $¤puaM� £ ijb�ij^vb e′
tGij^<aMox{m{�oxg`yMkmp�» lzgv|r®¯pukma

H? ®¯kmpua H̄
£ {joqg`y

he′,i = −
∑

z 6=e′ hz,ie
′
i

±
]�lzµ`¥xb*��D��°oxg`oxaMlu¥3�vlzk6lzaMb:ijb:kmox·El�imoqpIgrpu®Zij^vb*n:lzgvpug`o�nU�`kjpu��bEn�ijoxpug�aMlzijkmoxn:bE{E±
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ehg½im^`ox{�{�bWn�ijoxpugZwZ»?bB�`kjpI�NpX{�bsimp¦n�pugN{�o�|�b:k�im^`b ���@6Èpz®?ij^`b§® £ gv|`luasbEgXimlz¥(aMlzijkmo¶«½lu{*l�aMbElugv{�ijp
aMoxg`oxaMlu¥q¥x³Ç�vlukmluasb:ijbEkjox·:brij^`b�i�»?pzt²´Xoxb:»1aMpuijoxpug&± Ñ £ n6^Èl½|�bEn:puaM�SpI{jo¶imoqpIg©ox{Bn:puaM�SpI{jbE|Çpu®%i�»?p
c × cUkjpuiml�imoqpIgMaMlzijkmoxn:bE{�lugv|4i�»¤p�gvpugBg £ ¥x¥v{�oxg`y £ ¥xluk�´�lz¥ £ bE{E±��(lun6^Bkmpzi6l�ijoxpugsaBl�imkjoq«sn:lugBµNb%¥qp�n:lu¥q¥x³£ �S|`lzijbW| £ {�oxg`yBcs�vlzk6lzaMb�imb:k6{:wX»�^`ox¥qb�pIg`¥x³Bij^`b�k6l�imoqpspz®�ij^`b�i�»?pB{�oxg`y £ ¥xluk�´Qlu¥ £ bE{�o�{�kjbE¥qbE´QlugXiEw`| £ b
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pu®�im^`b�|�bWn�pIas�SpI{joqijoxpug&±¤Á�b�nElzg�ij^vb:g°kmb:µ £ ox¥�|rim^`b�® £ gN|`lzaMb:gXi6lz¥&aBl�imkjoq«�pIk%|�oxkjbWn�im¥q³rij^`b�nElzg`pIg`o�n
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� b�i £ {�|�b:g`puijb2ij^`b ���@6¦pu®&ij^vb2® £ gv|`lzaMbEgIi6lz¥ÆaBl�imkjoq«§lu{
F ∼ UΣVT

w}»�^`bEkjb
U
lugv|

V
lzkmb2c × cpIk�im^`puyIpugvlu¥¹aBl�ijkmo�n�bE{4lzgv|

Σ
l�|�oxluyupIgvlz¥¹pIg`b�n:pugXimluoqg`oxg`y<im^`b�{joqgvy £ ¥�lzk*´�lu¥ £ bW{*pu®

F
±¾�2{

F
o�{�l

k6lzgv­It��2aBl�ijkmoq«Æw
Σ ∼ diag(λ1, λ2, 0)

»�^vb:kmb
λ1

lzgv|
λ2

lukjb�{�ijkmo�n�ij¥x³s�NpX{�oqijox´ub�{mn:lu¥xlukm{¹lugv|
λ1 > λ2

±
�2{

F
ox{%lzg�^`puaMpuyIb:g`bEp £ {?bEgIimo¶i�³Iw�»¤b*nElzg<{jnElz¥xb�o¶i6{ ���@6ª{ £ n6^�ij^vlzi;D

F ∼ U




1

λ = λ2

λ1

0


 VT.

�¤lun6^°kmpzimlzijoxpug°aBl�imkjoq«<ox{ £ �Æ|`l�imbE| £ {joxg`yrc§�Nlzk6lzaMb�imb:k6{�»�o¶im^°ij^vb4��p�|�kmoqy £ b:·*®¯pukma £ ¥�lI9q��<#lugv|
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vkjpIa1ij^`bEkjbIw�ij^vb�® £ gv|`luasbEgXimlz¥3aBlzijkmo¶«�nElzg�µNb�kmbEn:p�´ubEkjbW|rlu{;D

F ∼ u1v
T

1 + λu2v
T

2 ,
»�^vb:kmb

ui
lugv|

vi
lzkmbsij^`b§n:pu¥ £ aMgv{�pu®

U
lugv|

V
kmbE{j�SbEn�imoq´Ib:¥x³u±r]�^vb§{�bWn�pugN|�bE�`ox�NpI¥qbBo�{�ij^vbB¥xlI{�i

n:pu¥ £ aMgBpz®
U
D
e′ ∼ u3

±¹]�^`b%n:lug`pugvoxn��v¥xlug`b�^`pIaspIyuk6lz�`^}³�nElzgBµSb�®¯pIkja £ ¥xlzijbW| £ {�oxg`y*bW¨ £ l�imoqpIg :º� ;
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H? ∼ [e′]×F
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(
u1v

T

1 + λu2v
T

2

)
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Ñ�oqgvn:b
U
ox{�lug�pIk�im^`puyIpugvlu¥NaBlzijkmo¶«3w

[u3]×u1 = u2

lugv|
[u3]×u2 = −u1
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T
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imkmlugv{�®¯pukmaMlzijoxpugv{E±2]�^vbE{jb*ijk6lzgN{�®¯pIkjaBl�imoqpIgv{%lukjb4n6^`pI{jb:g¾{ £ n6^°im^vl�iUij^vb:³°¥xbElQ´ub�oqg}´�lzkmoxlugXi�ij^`bMn�pX{�i
® £ gvn�imoqpIg�pu®Zim^`b�µ £ gv|`¥qb*lI|Q� £ {�ijaMb:gXi%lzgN|rim^`b:³r�`kjbW{�bEkj´IbU|vl�imlMn:pugv|�oqijoxpugvoqg`yN±

����� � �5.���
7"�
 �&0� �-�� .D��2 .D� - �  �' ��������
7"�
 �&0�.1'  �%(* � � .���
("�
 ��0$ �-
� -# �%('���� - 2  ��#"$��% 	�+� �-# �24. �!.D-/" �  ��#"$��%

� b�i £ {�kjbWn:lz¥x¥Æij^vb�{�oxyugvo¶¼NnEl�imoqpIg�pu®�im^`b*b:�voq�Spu¥�lzk�yIb:puaMb:ijkm³u±&
vpu¥x¥qp�»�oxg`ysij^`b�gvpzimlzijoxpugv{�pz®�¼vy £ kmbM�uw
9x�u�%<?{�iml�imbE{�im^vl�i4ij^`brb:�`ox�NpI¥xluk*yubEpuaMb�imkj³�n:lzgÇµSbr|�bWn�pIas�SpI{jbE|ªoxgXijp<im^`bBi�»?p¦b:�`ox�Spu¥xbE{

e
lzgv|

e′

C c �DCFE
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� b�i
F
µSbMij^vbM® £ gv|`luasbEgXimlz¥(aMlzijkmo¶«3±§]�^`bBoxg`^`pIaMpuyubEg`b:p £ {R_Wt²´ubWn�ijpIk

π

o�{ £ {jbE|�ijp¦{�ijbE��tGµ}³Xth{�imb:�
£ �S|vl�ijb%ij^`b2bE{�ijoxaBl�ijbI±�]�^vb%�vlukmluasb:ijbEkjox·ElzijoxpugMg`b:bW|`{¹imp*µSb2n:lu¥q¥xbE|§pug`¥x³4pIgvn�bIwIµSb�®¯pIkjb2{�i6lzkjijoxg`y�ij^`b
pu��imoqaMox·El�imoqpIg¦�`kmp�n�bE{m{2»�^`oq¥xb4ij^`b £ g`�vlukmluaMb�ijbEkjox·Elzijoxpug°^vlI{�imp�µSbMn:lz¥x¥xbE|°µSb�®¯pIkjbsbElIn6^¦b:´�lz¥ £ lzijoxpug
pz®Zim^`b*n�pX{�i�® £ gNn�ijoxpugZ±
��2���24"5�����%� ���=2��#�K��� :

F→ π

; D

E $¤puaM� £ ijb F ∼ U




1

λ
0



VT
wvlM{mn:lu¥qbW| ���@6�pz®�ij^`b�® £ gv|`lzaMbEgIi6lz¥3aBl�imkjoq«kH

E Ñ}b:i�ij^`b}J/2���24"5�����%�
!�lu{
π = {u,v, λ} »�^`b:kmb u = v = 03

lzkmb�g`b:bW|�bE|�imp £ �S|vl�ijb
U
lugv|

VkmbE{j�NbWn�ijox´ubE¥q³I±
�U��J/2��S2�"$�%���%� ���=24�
�K�4� :

π → (H?, e′)
; D

E ���Æ|`lzijb
U
D
U← U(I + sin θ1[n1]× + (1− cos θ1)[n1]

2
×)
»�^`bEkjb

θ1 = ||u|| lzgN| n1 = u
θ1

H
E ���Æ|`lzijb

V
D
V← V(I + sin θ2[n2]× + (1− cos θ2)[n2]

2

×)
»�^`bEkjb

θ2 = ||v|| lugv| n2 = v
θ2

H
E ��bWn�p�´ubEk?ij^`b 	
2������&�K	�J���2�����*/��"$��FY��2
JQ*�Z*lI{�D

H? ∼ u2v
T
1 − λu1v

T
2

H
E ��bWn�p�´ubEk?ij^`b5!��
	
���?� �6J�� JQ�4���2lu{;D

e′ ∼ u3

±
]�lzµv¥qb�cQD��%g ���@63tGµNlu{jbE|-_QtG�Nlzk6lzaMb�imb:k £ �S|vl�ijb*{mn6^`bEasb�pu®�im^`b�i�»¤putG´}oxb:»>aMpuijoxpug&±

lugv|�l��	=K^`puaMpuyIkmlu�`^}³MµNb:i�»¤bEb:g�ij^`bUi�»?p4bE�`oq�Spu¥�lzk��Sb:gvn:oq¥�{�nElz¥x¥qbW|Bij^vb�b:�`ox�NpI¥xluk?ijk6lzgv{�®¯pukmaBl�ijoxpugZ±
ehg�® lIn�iEw�»?b £ {jb�l��	="^`pIaspIyuk6lz�`^}³B|�bEg`pzimbE|<lu{

g
µSb�i�»?b:bEg�im^`b��SpuoxgIi6{�puµ�i6lzoxg`bE|�µ}³§oxgXijb:k6{jbEn�imoqgvy

bWlun6^�b:�`ox�Spu¥�lzk��NbEgvn�ox¥&µ}³�ls¥xoqgvb�ij^vlzi�|`pXbW{�g`pui�n:pugXimluoqg�ij^vb�b:�`ox�NpI¥qbI±
�(lIn6^Bb:�`ox�Spu¥xb�ox{(kjbE�`kmbE{jb:gXijbW|slI{�lzgB^vpuaMpuyIb:g`bEp £ {¹cztG´IbEn�impuk�lugv|sij^`b2b:�`ox�Spu¥�lzk¹imkmlugv{�®¯pIkjaBlzijoxpug

lI{�lzg½^`puaMpIyub:gvb:p £ {�� × �Qt²aBl�ijkmoq«Æ± �%{joxg`y°aBlz�`�SbE|ªn�p}pIkm|�oxgvlzijbE{Upu®¤im^`bE{jbMb:gXijoqijoxbE{Ew�»?bMpuµ�i6lzoxgz_
�Nlzk6lzaMb�imb:k6{(impMoqgvn:¥ £ |�b�oqgXimp4im^`b�pu�`ijoxasox·Elzijoxpug��`kmp}n:bE{m{:±
]�^`b*|`o �§n £ ¥¶i�³�ox{?impBkjbWn�p�´ubEk?n:pukmkjbW{��SpugN|�oqgvy��B=�b:gXijoqijoxbE{�®¯kmpua5ij^`o�{��vlukmluasb:ijbEkjox·Elzijoxpug&±

d

h p

x

e

g

e′

p′

d′


�oxy £ kmbM�YD(]�^vb*b:�`ox�Spu¥�lzk�yubEpuaMb�imkj³rox{�n:puaM�SpI{jbE|�pz®�i�»¤pBbE�`ox�NpI¥qbW{�lzgv|�im^`b*b:�voq�Spu¥�lzk�imkmlugv{�®¯pIkjaBlzt
imoqpIg&±

�U� s��Q�%� � �
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 � "�.1'

ehgz9x�u�uwÆ�ucC<GwNij^vb*®¯pu¥x¥xp�»�oqg`yBaMb:ij^`p�|°o�{��`kmpu�SpI{jbE|&±?e²®�»?b*oxgXijb:k6{jbEn�i%ij^`b4b:�`ox�NpI¥xluk��Sb:gvn:oq¥�{%µ}³<lB¥xoqg`b
oxgªbElIn6^¾oxaMluyubIw&kjbW{��SbEn�ijox´ubE¥q³

d
lzgv|

d′
wZ»?bMyub:i*pug`bMoxgIimb:k6{�bWn�imoqpIg��SpuoxgXiU®¯pIk�bElIn6^�bE�`oq�Spu¥�lzk�¥xoxg`buw

|`b:g`puijbE|
p
lzgN|

p′
±�]�^vbE{jbroxgIimb:k6{�bWn�imoqpIg½�SpuoxgXim{slzkmb§kmb:¥�l�ijbW|ªµ}³ªl � =�^`puaMpuyIkmlu�`^}³

g
9q�I� <Gw¹pIkEw

bW¨ £ oq´�lu¥qbEgIim¥q³Iw&l � = ^`puaMpuyIkmlu�`^}³
G
»�o¶im^½c�6@8@9<n:lu¥q¥xbE|¦ij^`bMb�«}imb:gv|�bW|¦bE�`oq�Spu¥�lzkUimkmlugv{�®¯pIkjaBlzijoxpug

9 �=<²±
]�^`b�® £ gv|`lzaMbEgIi6lz¥3aBl�imkjoq«�nElzg�ij^`bEg<µNb*|�bW| £ n:bE|�lu{;D

F ∼ [e′]×G[d]×[e]×.
:º� ;

e²iUox{Ulz¥�{jpr{�^vp�»�g°oqg 9 �C<�ij^Nl�i
G[d]×[e]×

ox{2l§�`¥�lzgvb�^`pIaspIyuk6lz�`^}³Bim^vl�i�n:lug¦µNb £ {jbE|<imp§®¯pukma ij^`b
{jbEn:pugv|��`kmpz��bWn�ijoxpug�aBl�ijkmoq«§®¯kjpIa5bE¨ £ lzijoxpug):�� ;�±
]�^`b�|�o��§n £ ¥qi�³�o�{Zimp2b:«��`kjbW{j{Zij^vb?b:«}ijb:gN|�bE|4b:�`ox�Spu¥�lzk�ijk6lzgv{�®¯pukmaBl�ijoxpug

G
{�oxgvn:b¤oqim{�®¯pIkja�|�bE�NbEgv|`{

pIg½ij^`b�oqgXijbEkm{jbEn�ijoxpug½¥qoxg`bW{
d
lugv|

d′
»�^`o�n6^Ça £ {�i�µSbrn6^`pX{�bEgª{jp<ij^Nl�i*im^`b:³ª|�p¦g`pui4n�pIgXimlzoxg½ij^`b

bE�`ox�NpI¥qbW{:±
e²®(»?bMn:lzg¾b:gv{ £ kmb�µ}³°{�pIasb4aMbElzgN{�im^vl�iUij^`bsb:�voq�Spu¥xbE{U|�p�g`pziU¥qoxb4pIg¦¥xoqg`bW{

d
lugv|

d′
l§�`kmoqpIkjo

­}g`p�»�gZw&»¤b§nElzgÇ|�bEkjox´ubBl £ g`o�¨ £ brn�¥xpI{jbE|�tº®¯pIkjaÀb:«}�vkjbW{j{joqpIg¦®¯pIk�ij^`bBb:«}ijb:gN|�bE|ªbE�`oq�Spu¥�lzk�imkmlugv{�®¯pukjt
aBlzijoxpug

G
lugv|§im^`b:kmb�®¯pIkjbU®¯pIk�ij^`b�® £ gN|`lzaMb:gXi6lz¥&aBl�imkjoq«3±

ehg�ij^`o�{��vlu�NbEkEw&»?bs�`kjpI�NpX{�b4ijp £ {jbsoqaBlzyIbsijk6lzgv{�®¯pukmaBl�ijoxpugN{�ijp<bEgv{ £ kjb4ij^vlzi�ij^`bBbE�`oq�Spu¥xbE{�|�p
gvpzi�¥qoxb�pug�ij^vbE{jb�¥qoxg`bE{E±

���	� � �5� �&' "�% ��� � .�� %&�!.D- ' . � �!"��&%	� "�% .1'  �%(* �  �
�"3%���
 �� � � �5. ��
("�
 ��0$.1'
� b�i £ {#n�pIgv{jox|�bEk�ij^`b?¼vk6{�i¹´}oxb:»©pIg`¥q³Iwu{joqgvn:b?ij^`b�kmbElu{jpugvoqg`y2ox{�b:«�lIn�im¥q³�im^`b�{jluaMb(®¯pIk�im^`b�{�bWn�pIgv|*pIg`bu±
Á½b�¼vk6{�i�b:«`lzaMoqgvb�ij^`b%n:¥xlI{j{#pu®3oqaBlzyIb?ijk6lzgv{�®¯pukmaBl�ijoxpugN{Zim^vl�i?lzkmb?�SpI{m{joqµ`¥xb�ijp £ {�b�lugv|4ij^`bEg§n6^`p}pI{jb
im^`b2®¯pukma1pz®&im^`b2oxgXijbEkm{jbEn�ijoxpug§¥xoqgvbu±¹Á½b%im^`b:g�yuox´ub2l4aMbElugv{�imp4bW{�imoqaBlzijb2ij^`bUµNbW{�i�imkmlugv{�®¯pIkjaBlzijoxpug
im^vl�i�bEgv{ £ kjbW{¤ij^vlzi�ij^`b�bE�`oq�Spu¥xb*|�p}bE{�gvpzi�¥qoxb�pug�ij^vb�oqgXijbEkm{jbEn�ijoxpug�¥qoxg`bI±
]�^`b*n:pugv{�ijk6lzoxgXim{¤ij^Nl�i�»?bU^NlQ´ubU»�^`b:g�ijk6lzgN{�®¯pIkjaMoxg`y�im^`b�oxaMluyub�|`lzimlMlzkmb%im^`b�®¯pu¥x¥xp�»�oqg`y&D
E »¤b4»?lugXi%ijp�¥qbWlQ´ub�im^`b.	S��! �`T
���?	��
�K�4�^���&�C24� �K2��&�ºw&{jp�lI{�impr�`kmbE{jb:km´ub�im^`b4pI��ijoxaBlz¥#n6^vlzk6lun�ijbEk
pz®#µ £ gv|`¥qb*lI|Q� £ {�ijaMb:gXi;H

E »¤b�|�pMg`pui�»?lugIi�impMlz¿SbWn�i�ij^vb$�/��"$�%� �K	
2��f	
�4�?�����#�K���&���~F*pz®Zim^`b�|`l�i6l`w`{jpBlu{¤ijpM�`kmbE{jb:km´ub2ij^`b
n�pIgX´Ib:kmyubEgvn�b2�`kjpI�NbEk�imoqbW{�yuox´ubEg�µ}³§»?b:¥x¥¶thn�pIgv|�oqijoxpug`bW|�|vl�imlv±

]�^vb§¼vk6{�iMn�pIgv|�oqijoxpug©oxaM�NpX{�bW{*im^vl�i4ij^`b�ijk6lzgv{�®¯pukmaBl�imoqpIg £ {�bW|3w�|�b:gvpzijbW| lI{
T
w¹a £ {�i4µSb�l¾kjoxyuo�|

� = ijk6lzgN{�®¯pIkjaBl�imoqpIg&w3oG± bI±§kjpuimlzijoxpugªlzgv|�ijk6lzgN{�¥�l�imoqpIg&±B]�^`b§{�bWn�pIgv|�n:pugv|`o¶imoqpIg½oxaM�NpX{�bW{�ij^Nl�i�ij^vox{
imkmlugv{�®¯pukmaMlzijoxpugM|�p}bE{¤g`pzi?l�¿ÆbEn�i¤ij^`bU{��vkjbWlu|spz®Æij^vb2|`lziml`wXoG± bI±#|`pXbW{�g`pui?n6^vlug`yub�im^`b2n:p}puk6|�oqgNl�ijb�pu®
im^`b�n:b:gXijbEk�pz®¹yuk6lQ´}o¶i�³Bpu®¹oqaBlzyIb��NpIoqgXi6{:±�$¤pugv{jbE¨ £ bEgXij¥x³uw�im^`b*pugv¥q³��NpX{j{joqµvoq¥xo¶i�³�®¯puk

T
ox{2lMkjpuiml�imoqpIg

lukjp £ gv|§ij^`b�oxaBlzyub�n:b:gXijbEkEw`lugv|§im^`b�pugv¥q³ 6�819Bijp§n6^`p}pX{�bUox{?im^`b*lzgvyu¥xbUpu®�kmpzi6l�imoqpIg&±
¢ b�®¯pIkjbB»?b§{j^`p�» ^vp�».imp°µNbW{�i�bW{�imoqaBlzijbMij^vox{4lzg`yI¥qbBpu®?kmpzi6l�ijoxpugZwZ¥xb�i £ {�¼`«�im^`bB®¯pIkja pz®�ij^`b

oxgXijbEkm{jbEn�ijoxpugÇ¥xoqg`bI± �2µX´}oxp £ {j¥x³uw
d
n:lzg g`pzisµNb�ij^`b�¥xoqg`b<l�isoqg`¼vg`oqi�³uw({joqgNn�broq®�im^`b�bE�`ox�NpI¥qb�¥qoxbE{sl�i

oxg�¼vgvo¶i�³Iw}lug§oxaMluyub2kjpuiml�imoqpIg§»�ox¥q¥S­ubEb:�roqi�l�i¤oxg�¼vgvo¶i�³§lugv|§{jp�pug
d
±¹�%¥x{jpvw

d
n:lzgrg`pzi��vlu{m{(ij^`kmp £ yI^

C c �DCFE
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d

h

e

Te

ε
x � �������

y � �������


�oxy £ kmb���D¹]�^`b�b:�`ox�Spu¥xb
e
o�{¤imlz­Ib:g�lQ»?lQ³s®¯kmpua¸ij^vb�ls�`kmoxpukmoSn6^`pX{�bEgroxgXijb:k6{jbEn�imoqpIgr¥xoqgvb

d
£ {joxg`ysij^`b

imkmlugv{�®¯pukmaMlzijoxpug
T
w`lskjpuimlzijoxpug�lukjp £ gv|rij^`b�oxaBlzyIb�n:b:gXijbEkE±

im^`bMn�b:gXimb:k�pz®¹im^`bMoqaBlzyIbuw3{joqgvn:b4oq®
e
¥xoqbW{Ulzi2im^`bMn�b:gXimb:kWw3o¶i�»�oq¥x¥#g`pzi�µSbskmb:aMp�´IbE|�®¯kmpua

d
µ}³<ij^`b

l £ ij^vpukmoq·EbE|°kmpzi6l�ijoxpugZ±U]�^`bsoxgIimb:k6{�bWn�imoqpIg¦¥qoxg`bMn:lug¦ij^vb:kmb�®¯pukmb�µSbMlzg}³<¥qoxg`bM|�o¶¿Æb:kmb:gXiU®¯kjpIa ij^`bM¥xoqg`b
lzi%oxg�¼vg`oqi�³�lugv|�ij^vlziU|�p}bW{�g`pzi2�vlu{m{�ij^vkjp £ yu^�ij^vb*oqaBluyub*n�bEgXijb:kW±�ehg<ij^`o�{��Nlz�Sb:kWwv»?b*n6^`p}pI{jb

d
lu{

µSb:oxg`yM�vlukmlu¥q¥xb:¥Æimp4im^`b
x
thl�«�o�{�pz®�ij^`b�oxaBlzyIbYD

d ∼ (0 1 − h)T,
: � ;

»�^vb:kmb
h 6= 0

o�{4ij^`b<{joqyIg`bE|©|`ox{�imlugvn�b�µNb:i�»¤bEb:g
d
lugv|ªij^vb�oxaBlzyub�n�bEgIimb:kW±©Ñ £ n6^ l�n6^`puo�n�b�»�oq¥x¥

{joxas�v¥qoq®¯³§® £ kjij^vb:k�b�«��`kmbE{m{joqpIgv{:w}g`puimluµ`¥q³§ij^ £ {�pu®Zij^vb�b�«}ijbEgv|�bE|�bE�`oq�Spu¥�lzk�imkmlugv{�®¯pukmaMlzijoxpug&±
� b�i £ {4{j^`p�» ^`p�» ijp�n:puaM� £ imb§im^`b§imkmlugv{�®¯pIkjaBlzijoxpug

T
lu{4l°� £ kmb�n:b:gXijbEkjbW|ªkjpuimlzijoxpugª»�^`o�n6^

aMp�´IbE{¤ij^`b�bE�`ox�NpI¥qb�® luk�im^`bE{�i%lQ»?lQ³M®¯kmpua5ij^`b�oxgXijb:k6{jbEn�imoqpIg�¥xoxg`bu±(]�^vb�® lzkjij^`bW{�i��SpuoxgXi�®¯kjpIa
d
l�® imb:k

l4kmpzimlzijoxpug§o�{�{�oqi £ l�ijbW|§pIg§ij^vb
y
thl�«�ox{Ew�lu{¤oq¥x¥ £ {�imkmlzijbW|§pugr¼vy £ kjb���±¹]�^`b�b:�`ox�Spu¥xbUlz® ijb:k?im^`b2pI��ijoxaBlz¥

kmpzi6l�imoqpIg�»�kmoqijbE{�ij^`bEg
Te ∼ (0 − k e3)

»�^`bEkjb
k =

√
e2

1
+ e2

2
= e3d(e, c)

wÆ»�^`b:kmb
c ∼ (0 0 1)

To�{%ij^`bsoqaBluyub�n:b:gXijbEkE± "�pzimb�im^vl�i2ij^`bW{�b4®¯pukma £ ¥xlI{%lzkmb*´�lz¥xo�|°b:´Ib:g¦oxg°ij^vbsnElu{jb�»�^`bEkjb�im^`bsb:�`ox�NpI¥qb
¥xoxb�lzi�oqg`¼vg`oqi�³u±�]�^`b�kmpzi6l�ijoxpugrij^vlzi�^vlu{?impMµNb*lu�`�`¥xoqbW|rimpsij^`b�oxaBlzyub�o�{�ij^vb:g<yuox´ubEgrµ}³�D

T =
1

k



−e2 e1 0
−e1 −e2 0
0 0 k


 .

]�^`b�pIg`¥x³§�`kmpuµ`¥xb:a5o�{�»�^`bEgrim^`b�b:�voq�Spu¥xb�¥qoxbE{�ijp}pBn�¥xpI{jb2impsij^`b�oxaBlzyub�n:b:gXijbEkEw�»�^`o�n6^<n:l £ {�bW{
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