N
N

N

HAL

open science

Sensitivity Analysis for an Incompressible Aeroelastic
System

Miguel Angel Ferndndez, Marwan Moubachir

» To cite this version:

Miguel Angel Fernandez, Marwan Moubachir. Sensitivity Analysis for an Incompressible Aeroelastic
System. [Research Report] RR-4264, INRIA. 2001. inria-00072323

HAL 1d: inria-00072323
https://inria.hal.science/inria-00072323
Submitted on 23 May 2006

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://inria.hal.science/inria-00072323
https://hal.archives-ouvertes.fr

ISRN INRIA/RR--4264--FR+ENG

ISSN 0249-6399

ZIINRIA

INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE

Sengitivity analysis for an incompressible aeroelastic
system

Miguel-Angel Ferndndez — Marwan Moubachir

N° 4264

Septembre 2001

THEME 4

apport
derecherche







%I INRIA

ROCQUENCOURT

Sensitivity analysis for an incompressible
aeroelastic system

Miguel-Angel Fernandez*, Marwan Moubachir®

Théme 4 — Simulation et optimisation
de systémes complexes
Projet MACS

Rapport de recherche n°® 4264 — Septembre 2001 — 33 pages

Abstract: This article deals with problems arising in the sensitivity analysis
for fluid-structure interaction systems. Our model consists of a fluid described
by the incompressible Navier-Stokes equations interacting with a solid under
large deformations. We obtain a linearized problem which allow us to com-
pute the derivative of the state variable with respect to a given boundary
parameter. We use a particular definition of the first-order correction for the
perturbed state and consider a weak Arbitrary Euler-Lagrange formulation for
the coupled system.

Key-words: Fluid-structure interaction, Navier-Stokes equations, ALFE for-
mulation, sensitivity analysis.

* INRTA-MACS, email: miguel.fernandez@inria.fr
t Laboratoire Central des Ponts et Chaussées - LMSGC, email:
marwan.moubachir@lcpc.fr

Unité de recherche INRIA Rocquencourt

Domaine de Voluceau, Rocquencourt, BP 105, 78153 Le Chesnay Cedex (France)
Téléphone : +33 1 39 63 55 11 — Télécopie : +33 1 39 63 53 30



Analyse de sensibilité pour un systéme
aéorélastique incompressible

Résumé : Cet article a pour objet ’analyse de sensibilité pour un systéme
mécanique constitué d’un solide élastique, dont le comportement est régi par
les lois de 1’élasticité non-linéaire, au sein d’un fluide newtonien en écoulement
incompressible, dont I’évolution est régie par les équations de Navier-Stokes.
On étudie les variations du systéme vis & vis d’'une donnée de Dirichlet frontiére
associée a la vitesse du fluide. On recherche le systéme satisfait par la dérivée
de I’état par rapport a cette donnée.

Mots-clés : Interaction fluide-structure, équations de Navier-Stokes, formu-
lation ALE, analyse de sensibilité.
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1 Introduction

Nowadays sensitivity analysis has reached an important role in the design
of complex industrial systems. The main issue consists in characterizing the
response level of a mechanical system due to crucial parameters perturbations.
This characterization is performed on the mathematical model deduced from
the physical behavior of the system.

Most of the work has been done on systems described by partial differen-
tial equations in cylindrical domains, i.e in time independent domains. For
example, in the last decades, complex fluid models has been analyzed on the
theoretical and numerical aspects [1, 9, 10, 11, 14|. However, concerning the
analysis of coupled systems written in non-cylindrical domains, few works have
been realized |15, 17, 18, 20|.

Nevertheless, thanks to high computing and numerical schemes perfor-
mances increase, numerical simulations of such systems involved in aeroe-
lasticity, biomechanics or civil engineering, have been successfully performed
3, 4, 7, 8, 19].

Our work is an attempt towards design and control of systems involving
fluid-structure coupling. Our contribution is focused on the derivation of the
linearized problem satisfied by the state gradient, with respect to a Dirich-
let boundary condition, where the state satisfies the coupled incompressible
Navier-Stokes equations with the non-linear elastodynamic equations.

First of all, we introduce the mechanical problem and its mathematical
description. We use the classical arbitrary Euler-Lagrange (ALE) formulation,
particularly suited for problems involving moving boundaries. Then, in the
second part, we state the main result of this article, namely the state gradient
computation and its associated linearized problem. Finally, its proof is fully
developed. We must point out that the proof is highly based on a particular
definition for the state perturbations, which has been introduced before, in a
different, context, by Fanion-Fernandez-Le Tallec [5]. Our result was already
announced as a brief note [6].
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4 Miguel-Angel Ferndndez, Marwan Moubachir

2 Mechanical problem

In this section we introduce a fluid-structure interaction model. We consider a
solid located at time ¢ > 0 in a domain Q°(¢) C R® with boundary I'*(¢). It is
surrounded by a fluid in R®. We introduce a control volume Q C R? containing
the solid at each time ¢ > 0. The notation 02 stands for the boundary of (2.
Hence, the fluid evolution is restricted to the domain Q/(t) = Q — Q’(). In
the sequel we set I'/ = 9 and

o (t) =TT uT(t),

stands for the fluid domain boundary, see figure 1.

rf zg(+, 1) rf
T |9
STRAY: 5(0)
f
o8 Q

Figure 1: Geometric description

We assume the fluid to be newtonian viscous, homogeneous and incom-
pressible. Its behavior is described by its velocity and pressure. The elastic
solid under large displacements is described by its velocity and its stress tensor.
The classical conservation laws of the continuum mechanics drive the evolution
of these unknowns.

The fluid state satisfies the following incompressible Navier-Stokes equa-
tions written in eulerian conservative formulation:

ou

— ivlu®@u—o(u = in Qf
o dnusu—olup)] =0, i 9() 0

divu =0, in Q/(2),

INRIA
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where (u, p) stand, respectively, for the fluid velocity and pressure. In addition,
the fluid stress tensor is given by

o(u,p) = —pl+v [Vu + (Vu)T} ,

with v the kinematic viscosity of the fluid.

0
Remark 1 In the sequel §| stand for the time derivative operator keeping
a

the space variable “a” fized.

In a fluid-structure interaction framework the evolution of the fluid domain
QJ(t) is induced by the structural deformation through the fluid-structure
interface I'*(t). Indeed, by definition Q7 (t) = Q—Q’(¢). It leads us to describe
Q/ (t) according to a map acting in a fixed reference domain. This approach is
usually used for the solid domain Q°(¢), by means of the lagrangian formulation
[12].

Given a material reference configuration for the solid 2§ C €2 with boundary
T3, we take Q) = Q—Q as the reference fluid configuration. Then, the control
volume Q = Qf(t) UQ’(t) is described by a smooth and injective map:

r: OxRY — Q
(o, t) +— = z(x0,1).
We set /' = o and x° = /s, such that [13]:

o for zq € Qf, x°(zo,t) represents the position at time ¢ > 0 of the material
point xy. This corresponds to the classical lagrangian flow,

e the map z/ is defined from ‘TISFB’ as an arbitrary extension over domain
ﬁg, which preserves '} = I'/ = 9Q.
In short, the ALE map x is given by
o(z0,t) = Bxt(as)(wo,t), Vo € 2,
z(zo,t) = °(z0,1), Vo € Q.
Here, Ext represents an extension operator from I'j to ﬁ{f such that

EXt(.’L‘S|F8)|F£ = IF{;

RR n° 4264



6 Miguel-Angel Ferndndez, Marwan Moubachir

Remark 2 We set () = QI uQy as the reference domain, and Q = Qf(t) U
Q0 (t) stands for the actual configuration at timet > 0.

Remark 3 The operator Ext is arbitrary defined inside Q{;.

This map allows us to transport the fluid equations 1 inside the reference
domain Q{; , yielding to the classical incompressible Navier-Stokes equations
written in ALE conservative formulation [13], satisfied by u : Qf x Rt — R®
and py : Qf x R* — R:

dJu

- ivg U u—w)—olu, -T = s in ga
ot iy LI O @m0 o) P =0

div(JuF~T) = 0, in Qf,

where the quantities F', J, w are defined by:

ox
F = Vo.T = 8—330’
J = det(F) >0,
_ Ox
w = E‘wo

Remark 4 From the definition of x, wqs represents the solid velocity, whereas
Wias stands for the fluid control volume velocity, which usually differs from the

fluid velocity inside Q (t).

2.1 Coupled strong ALE formulation

The solid evolution is given by its motion z* and the stress tensor field S
(second Piola-Kirchoff tensor [2]). The field S is related to z° through an
appropriate constitutive law. Then, the pair (z°,S) satisfies the non-linear
elastodynamic equations |[2]:

# —diveg(FS) = f, in Q. (3)

INRIA
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The coupling between the solid and the fluid is realized through standard
boundary conditions at the fluid-structure interface I'}, namely, the kinematic
continuity of the velocity and the kinetic continuity of the stress [13]:

u=uzx% on I} 4)
FSng = Jo(u,p)F~Tnyg, on T,

where ng stands for the unit normal vector on I'§ pointing inside {25. Moreover,
we endow the fluid equations with Dirichlet boundary condition on the far-field
boundary T'J:

u=g, on F{; .

In summary, the strong coupled problem, with a ALE formulation for the
fluid, is given by:

88%| +divo {J[u® (u—w) —a(u,p)| F7} =0, in Qf,
div (JuF~") =0, in ©f,

u =g, On ng,

FSny = Jo(u,p)FTny, on T,
& — divo(FS) = f in 5,
(u, xs,:is)‘tzo = (u, z*°,2%Y), in Qf x ()%

Here, f represents the applied body force, uq the initial fluid velocity and x*?,
x%! the initial displacement and solid velocity, respectively.

3 Sensitivity analysis

In this section, we are dealing with the sensitivity analysis of the previous
coupled system with respect to perturbations induced by the Dirichlet bound-

RR n’ 4264



8 Miguel-Angel Ferndndez, Marwan Moubachir

ary condition g : Fg x R™ — R®. We are looking for the linearized system
satisfied by the state gradient with respect to g.

Theorem 3.1 (Main result) Given a smooth state (ug,py, zj) satisfying the
coupled system (5) associated to the boundary condition g, the state derivative
with respect to g in the perturbation direction dg : Fg x RT — R? is given by
the following expressions:

Du,
Dg
Dp,
Dy
Dx?

D—gg = d0z°, in €,

= Su+ Vugx!, in Qg(t),

= 6p+ Vpoz!, in Qg(t), (6)

where
szl = Ext (a:;‘rg)&vfrg,

and (du, 0p, 6x°) satisfies the following linear coupled system:

%m +div (uy ® du + du @ uy — do) =0, in QI (1),
divéu =0, in Qf(t),

ou=194g on Fg,
Su = 615 — Vugéx®, on T%(1)

dxs — divg [F,08 + Vx°S,] =0, in

[Fy0S + VobzSg) ng = Jy||Fy Tngl|( — ogn(6z*)
+Vo,62°ng + dong), on T

(5u,(5x8,5g'cs) =0, in Q0) x ()

|t=0

INRIA



Aeroelastic sensitivity analysis 9

with

(62*) = — [1div 62° — (V6*)T Fy o
r°) = — |Idivoz® — T Ng, MNg= t— 0,
! 2 T E T

S0 = —0pl+v(Vou + Vu™), 68 = S'(x3)dx°.

Remark 5 The linear system satisfied by the variations (du, dp, 0x®) is posed
in the moving domain QU (t) provided by the reference state (ug, py, 5).

Remark 6 The linearized problem consists of two subproblems posed in Qg (t)
and €2, respectively, and coupled through non-standard boundary conditions
on T/ (t).

g

Remark 7 The fundamental property of the main result lies in the cancella-
tion of the unknown 0z! inside the equations satisfied by du in Qg(t). Thus,
this will allow decoupling strategies at the fluid-structure interface and stag-
gered procedures within a numerical approrimation framework.

4 Proof of the main result

In this part we will present the detailed proof of our main result. We first
introduce a weak formulation for the coupled system (5) and, giving a specific
definition of the perturbations, we perform the linearization process.

4.1 Weak formulation

In this section, we introduce functional spaces which proof appropriate for
the following computations. As a matter of fact, it is not, in any case, a
mathematical optimal framework.

We consider fluid and solid test functions (9%, 97) € C2(£2)% x C2(2)%, where
C2(Q2) stands for the set of twice continuously differentiable functions in Q with
compact support.

Using the multiplication of test functions against the ALE equations (5),
integrations by parts and taking into account boundary conditions, we obtain

RR n’ 4264
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the following formulation:

0J,u . .
/f # o] day — [6(ug,04) — 11 uy @ w,) : Vi da,
Q) Zo Qf ()
+ / wy - g3 day + / Jy0gF, "ng - (6° — 9{) dag + / 25 - 9° dzg
I‘g(t) I Q3
+/ F,S,:Vot'day = | f-9°day, Vo= (°,97) € CZ(Q)* x CZ(Q)*,
24 4

where
1 00 0
010 0
¢(ug,09) = Li(ug ®ug — 0g) + L®ug, L= 00 11’ I = N E
0 00 1
N A{ 4 f 2 f
vl = <ﬁ§) :Q— R, Fy=Voz, z,= Ext(:cg|rg), wy =2yl
We deal with Dirichlet conditions in a strong way:
U,g = g., on F(j;, (9)
ug = z; on I7j.

)

Remark 8 We must point out that we have chosen discontinuous test func-
tions through the fluid-structure interface in order to derive boundary condi-
tions for the linearized problem in a natural way.

The main difficulty while computing the state derivatives of (6) consists in
defining the linear problem satisfied by the fluctuations (du, op, éz).

INRIA
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Perturbations 8¢ : I') x R — R® in the Dirichlet boundary conditions lead
to a new state (Ugisg, Pg+og: Tg+og), Which satisfies a problem similar to (8):

/ 0Jg159Ug+5g o/ d
of ot |zo
0

- /f ® [¢(ug+dga Ug—{—tig) - Il Ug+5g 029 wg+69] : V@f da:g—l—&g
Q t
g+dg

+ Wy+dg - ng—l—tigﬁéc dag—}-&g +/ Jg+Jgag+69Fg_+1(;gnO : (ﬁs - ﬁ{) dag (10)

;+69(t) 5

. . o s
T8 g45q - 0° day + /QS Fyi50Sg+69 : Voi© day
0

_|_

I
)
= [ f-9°day, Vo= (°9)€C2(Q)® xCZ(N)*"
)
with

— !
Ugt+sg = g+ 5.9’ on F;): (11)
Ugtsg = T°gisg, oD I

We are interested in the linearization of the perturbed problem around the
reference state (ug, pg, Z4). The crucial hypothesis is to assume that the state is
differentiable with respect to Dirichlet boundary condition, i.e that (du, op, éx)
and dg are equivalent in a given norm.

The variations (du,dp,dx) are defined in Q, as follow: for z € €, and
xo € §g such that z = z4(x, 1), we define

0x(z,t) = Tgr59(w0, 1) — x4(20,1),
and
du(z,t) = ugrse(z+ox(x,t),t) —ug(z,t) — Vug(x,t)dz(z, ),
dp(x,t) = pgrog(z +ox(z,t),t) — pglx,t) — Vpy(z,t)dz(z,t).
where z € QJ(t) and z € QJ. In other words,
Tgrsg = Tg+0x, in (g,
u9+59(ln_{;(t) +0z) = wug+ Vugdr +du, in Qg(t), (12)
pg+5g(fﬂg(t) +6x) = py+ Vpgzr+dop, in Qg(t).

RR n’ 4264



12 Miguel-Angel Ferndndez, Marwan Moubachir

We must point out that the variations are defined through the fluctuations
of the state evaluated at a given material point. Then u, + Vugdzx + du is
considered as the first order approximation of ug(Iszg(t) + 6x). Thus, in the

next section, we perform a transport inside the reference problem (8).

4.2 Transported reference problem

Lemma 1 Given V, a fized bounded domain and z : Vo — R® an injective
map, of reqularity C2(Vy)3, we set V = (V). Let

®: R® x R”? x R® — RY

be a map of regularity C', and h € L*(V,)*. For any displacement 6z € C' (V)3
and every element (u, o, w) € C*(V)¥***3 satisfying

/ h-§dzy — / ®(u,0,w) : Vgdz =0, Vg§eCi(V)* (13)
Vo 4

then (u, o, w) satisfies the following transported convected problem:

%
+D (,0,0) @ (u, 0, w) (Vudz, Vodz, Vwiz)] : Vgdz =0, V§e C(V)*. (14)

/ h-(V§dz)dzy + / [®(u, 0, w) (Idivéz — Véz")
Vo

Where:
0P
D w0,y ®(u, 0, w)(Vudz, Voo, Vwir) = ﬁ(u, o,w)(Vuizr)
0P 0P
+ %(u, o,w)(Voox) + %(u, o, w)(Vwdz).

Proof. We use here a similar framework introduced in Fanion-Fernandez-Le
Tallec |5]. Let ¢ € C2(V)* be a fixed test function. We set K = supp(q) C V.
For any ¢ > 0, we define 2° = I, + e¢dx. Using continuity of the map z°, it is
possible to build a compact set Ky C V and a real number g4 > 0, such that
for every 0 < € < gg, 2° is injective and

Q= ()1 (K) C Ky, 2°(Kp) CV,

INRIA
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Figure 2: Sets description

see figure 2.
From (13) and using a change of variables, we get

0 = /h-cjdxo—/@(u,o,w):V(jdx
Vo K

= /h-cjdxo—/ ®(u,0,w) : V.gdz*
Vo z¢(Q°)
= /h-(jdmo—/

Vo

= / h-gdxy — / [®(u(ly + edz), 0(Iy + edz), w(ly + €dz))
Vo K

V(Iy + e5z) "] : VG(Iy + edz) det V(Iy + €dz) dz.

O (u(z),0(zf), w(z?)) : (V.q)(2°) det Va© dz

The last equality comes from the fact that §(Iy, + edx) is zero outside of QF C
Ky. Using a Taylor expansion of first order in €, we obtain the following

RR n’ 4264



14 Miguel-Angel Ferndndez, Marwan Moubachir

identity:
0:/ h-(jdxo—/ &(u,0,w) : Vigdz — ¢ [CIJuUw Idiv&c—V(SxT)
+v29(ww)q>(u oK;})(Vudac Vodéx, Vwiz ]KOV
—€ /K O (u, 0,w)V(V§oz) dz + o(e).
0

In the last equality, the first two terms are zero thanks to (13), and the last
can be reduced to

/ h-(Vgdz)dz,
Vo

using V@ox as a function test in (13).
As a consequence, for 0 < € < g, the following equality holds true:

0=¢ [/ ®(u, o, w)(Idiv oz — VzT)
Ko

+D0,0)®(u, 0, w)(Vudz, Vobzx, Vwézx) : Vidz — /
Vo

h-(Vgor) dx] +o(e).

By simply dividing by ¢ and letting ¢ tend to zero, we get (14). [ |
We shall need later on the following corollary:

Corollary 4.1 Under the hypothesis of Lemma 1, with éz € C! (V)?’ and
(u,0,w) € C* (V)3><9><3

/ h - (V§éz)dz + / [®(u, o, w) (Idivéz — Viz")
Vo Vv
+ Do) ®(u, 0, w)(Vuéz, Voo, Vwéx)] :Vidz

= / (h ® 5$F_Tn0) - ¢day
NVo

, we deduce that

+/ [D(u,g,w)q)(u, o,w)(Vudz, Vobx, Vwdz)n — ®(u, o,w)n(éx)} - gda,
oy

Vg € C*(V)4, )
15

INRIA
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with (6z) = — (Ldivéz — Véz") n.
Proof. We transport the first term in (14) inside V ,and we get

/ [%h ® dz + ®(u, o, w)(Idivéz — VozT)
v

+ Du,ou)®(u, 0, w)(Vudz, Vodz, Vwiz)| : Vidz =0, Vge Ci(V)*"
By setting,

G= %h ® 0z + ®(u, o, w)(1divéx — VzT)
+ Dy o) ®(u, 0, w)(Vudz, Voox, Vwiz),

we deduce that
divG =0, in V.

which implies for § € C2?(V)* the following,

/G:chda::/ Gn - ¢da,
v av

leading to (15). [

Remark 9 7(dz) stands for the first order variation of the surface vector
—nda and only depends on the trace of dx on OV .

We apply the last results to the particular reference problem (8). Thus,
considering 9* = 0 and 9/ € C3(Q/(¢))* in (8), we get the following fluid
subproblem:

oJ,
/ 5ug ) @{ dazo — / [¢(“ga Ug) —Liug® wg] : V! dzy = 0,
af Ot |z of @)

vol e C(Qf (1) (16)

RR n° 4264



16 Miguel-Angel Ferndndez, Marwan Moubachir

Hence, we easily apply Lemma 4.1 with

Vo = Qf,

r = 3:5,

Vv = Ql@),
h Il(‘]gug).a

S(u,0,w) = ¢(u,0) —LLu®w.

Then every state satisfying (16), satisfies also the following convected problem:
anU/g T ~f . T
- —— ®dzF, " ) : Vi dgp — [®(u, 0, w) (Idivéz — Véz")
AN o (1
+ ®(u, o0, w)(Vudz, Vodz, Vwéz)] : Vidz

s 8t |£K0 g
0

-+ / [0(ug,04) —T1 ug @ wy|n(dz) - of da,
Ts(t)

g9

- D0y B(ug, 79) (Vugdz, Voyéz)n, - o7 da,
T5(t)

+ / (Vu 6z @ wy + u, ® Vw,6x)n, - v/ da,, Vol € C2(Q)*.
rs(t)

(17)

Remark 10 The main advantage of this expression lies in turning volume
integrals, with dependence on dx over Qg(t), wnto surface integrals with depen-
dence on dx .

4.3 Linearization method

The linearization process [5| consists of four steps:

1. recasting in the reference configuration €/ (t) of the convectif terms inside
the perturbed problem |,

INRIA
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2. first order Taylor expansion in the perturbed problem using the definition
(12),

3. cancellation of zero order terms by subtracting the reference problem (8),

4. simplification of first order terms, by subtracting the transported con-
vected problem (17).

AT) Q(2)
Q 25,(-, 1) = I + 6z(-, 1)

xg+69('at)¥ 0

Figure 3: Mappings graph

g+dg (t)

Step 1: We set F5g = Vasy =1+Vox et J;, = det Fy,. After transport of the
convectif terms, the problem (10) becomes:

/ 0Jg159Ug+35g 57 d
Qf 8t |:v0
0

- /Qf( ) Jog [#(g159, Tg1a9) — L1 (g a9 © Wgysg)] FJ_;T - Vol dz,
St

+/ .fsg_,_(sg -0° dil?o +/ Fg+(§gSg+5g . Vo@s d:Eo

Q3 Q3 (18)
+ / Jg+5909+(59Fg_—|—7(;gn0 (0% = @{) dag

T

s
0

+ / Jogwgtsg - (FJ_ngg) ﬁ{ da,
0!

= [ f-0°day, Vo= (0%°,97) € C3(Q)® x C2(Q)*.
2

RR n° 4264



18 Miguel-Angel Ferndndez, Marwan Moubachir

Step 2: From the fluctuation definition (12) we obtain up to first order, the
following identities (see appendix)

Jyrsg = Jg(1+divdz), in Q,

Frl, = (I=V&)F T in Q,
Ogrs9 = 0g+ Voyozr+do, in Q_{;(t),
Wgisg = Wq+ 0w,

with dw et do defined by

ow = %Iwo’ in Q.
bo = —0pl+v[Vou+ (Vou)'], in Q).

We first linearize the terms involving time derivatives,

Oovigorss — _ O 1) 4 | div 50) (uy + Vauydz + ou)]
ot |a Ot |z
_ %m {J, [(1 + div 62)uy + Vuugdz + 6u]}
= %Iwo [Jgug + Jgdiv(u, ® dz) + J40u]
= %m [Jyug + dive (Jyuy ® 0zF, ) 4 Jydu] .

INRIA
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19
Since (F ng) = —Vw;‘]rF g_T and integrating by parts, we deduce
8 . -T ,\f
en [dlvo (Jgug ® 5$Fg )} -0y dxg
ol Ollzo
— [ a2 @ szF-TY| 9] d
= ivo | 5 (Joug @ 6z F, ") | - 01 dag
Q) L |zo
= [ ai 0oty o 50 F=" 1 Jouy @ SwF" + Jyu, ® 60(F.T) | -9/ d
= 1V BY |$0®xg + Joug @ 0wl ;" + Jgug ® x(g ) v1 ATy
/ (aJ 9% ®5ng—T) : Voo! day
/ [uy ® dw — u, ® (Vw,ox)] : Vil da,
aJ,
/ ( 94 ®5ng_Tn0) 17{ dag
+/ [y ® 6w — uy ® (Vw,ox)|n, - 0] da,.
T (t)
Then we get the following first order terms:
)
/ fia‘]“gt“g”g o] da = / —an(u(;: W4 da,
Q) |lzo Q) |lzo
—/ <% ®5ngT> Vov dz
— /f [uy ® 6w —u, ® (Vw,ox)] : Vi d, (19)
Q(t)

.
T}

+ / [u, ® 0w — u, ® (Vwydz)| ny - o] da,.
0]

0J,u .
<#z0 ® 5:ch_Tn0> : ’U{ dG,()
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Concerning the convectif terms, we have
/ Tsqtig1g ® WyssFs," + Vi dzy = / (g ® wy + 6u ® wy) : Vo dz,
f(t) f ()
+ /f [(Vugdz) ® wy + uy @ 6w + ug ® wy (Idiv oz — Véz")] : vo! dzg,
Qq(t)
(20)

and
_/ JogB(Ug s, 0-g+5g)F5;T Vol dz,
f(t)
== / [6(ug, 09) + Doy d(ug, 0,) (du, 60)] - Vi da
Q1) (21)
— / [(ﬁ(ug, 0,)(1div oz — Véz™)
of(t)
+ Diy.oyd(tg, 0g) (Vugbz, Voyoz)] : Vil da,.
Finally, the boundary contributions are reduced to

J,

0

Jgr590g+89F,5,m0 - (9° — o) dag = / Jy(og +60)F;  ng - (9° — 1) dag

g

+ / Jy [0g(Idiv 6z — Véz") + Vo 6z)] F, g - (6° — 9]) dag.  (22)
1“8

0

and

/ Jogwgrg - (Fd?]Tng) ﬁg day = / Wy - ng@g day
I's(t) Tg(t)

+ / (0w - ny — wy - n(6z)) 05 da,.  (23)
T3

Step 3: We substitute in (18) the identities (19)-(23). After subtraction of the
reference problem (8), we obtain

INRIA
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/ 0T 51 day / . [Dugsd(ug, 0,)(0u,60) = T Su @ wy] : Vo da,
Qg (t)
0ty ® 0zF T ) : Voo dag +/ uy ® (Vwydz) : Vo] da,
Ot |zo I af ()
- /f [D(u,o)qs(ugv 09)(Vug5$, VO'g(Sx) - Il(vugéx) ® w.‘l] : Vol dxg
Q4(t)
B /f [(¢(Uga O'g) -5 Uy @ wg) (I div oz — V(S:ET)} : Vﬁf d.’L‘g
(1)
aJ,
+ / (—5’tug ® 5:vFngg> - 0] dag
T3 Izo
+ / [ug ® dw — uy @ (Vw,dx)| nyg - @{ dag
Ts(t)
+ / (=ogn(dz) + Voydzng + dony) - (8° — ﬁ{) day
I‘S
+ / (6w - ng — wy - 7(02)) 0 dag + | 62° - ° day
Ts(t)

2

+/ (VodzSy + F,68) : Voi'dmy = 0, Vo = (9°,97) € Ca(Q)? x C2(Q)?,
Q

3
0

oS
where §S = S'(z;)dz" = a—x(xg)éxs, which represents the solid constitutive

law linearization around the state :v;.
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By setting ®(u, 0, w) = ¢(u,0) — 11 u ® w, we get the following expression

)
/ a:]a-g u B ﬁlf d-/EO - / [Du70¢(ug, 0-9)(51,1/, 50') — Il 511/ ® wg] : V@f dxg
af O e 2f ()

anU,g _T A f
— — oxF : Vod; d
/ﬂé<5t |wo®x"’> o e

+ / (—on(0x) + Va,bzn, + dony) - (0° — o) da,
rs ()

- / [®(ug, 04, wy) (Idivéz — VézT)
(1)

+ Dy 0,0) P (1g, 04, wy) (Vugdz, Voo, ngéx)] - Vol dz,

+ / (% ®5J:Fg_Tng) of dag
Ty

|zo

+ / [y ® 6w — u, ® (Vw,oz)] ng - 9/ da,
g ()

+/ (0w - ny — wy - n(6z)) 04 day + / 25 - 0° dag
r5()

25

+ / (Vo0zS, + F,58) : Voi' dag =0, Vi = (5%, 8) € C2(2)? x C2(Q).
Q

3
0
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Step 4: Then we substract the convected problem (17) to the last expression
and we get

/ 0Jy0u - of dzy — / [Diwoyd(ug, o) (0u, 60) — 1) du @ wy] : Vol dz,
of Ot o 0

+/ (—o,n(0z) + Vaydzn, + dony) - (6° — of) da,
rs(®)

g

+ / [ug @ dw + (Vuydz) ® wy) ng - o da, + / (0w - ng — wy - n(dx)) 04 da,
§(@®

g T (t)

+ /ps (®) [($(ug, 09) — 1 ug @ wy)n(62)

g

+ [ 6z 0 dao + / (VodaSy + Fyd5) : Voi* dey = 0,

25 2

Vo = (9°,97) € C2(Q)® x C2(Q)*.

(24)
From (12), (9) et (11), we obtain the following boundary conditions:
dou = d0g, on Fg,
bu = 6w— Vugdzx, on T}(t). (25)

Remark 11 The transpiration condition (25) differs from the one obtained in
Fanion-Ferndndez-Le Tallec [5], from the fact that it is written on a moving
interface since the reference problem is unsteady.
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Furthermore, using that on I'} () we have w, = u,, et from (25), the surface
integrals (24) can be simplified and we get

0J40u cof dgy — Doy (uy, 74) (S, 50) — du @ w,| : Vo dz
(u,0) P\Ug> g g 9
Qf at ‘mo Qf(t) ’
0 9

+ / (—ogn(éz) + Vogdaxng + dong) - 0° day + / (ug ® 6u — 0)n, - ¥/ da,
§(®) s (t)
+ / Su - nydd da, + / 5% - 9° dao + / (VodzS, + F,08) : Voi* dzy = 0,
0] €% 2%
Vo = (8°,97) € C2(Q)® x C2(Q)2.
(26)
On T'}(t), we have also the following identity,
Uy @ 0u — 00 = 0uU ® Uy + Uy ® 0u — 60 — du ® wy,
which allows us to write
/ (ug ® 6u — 60)n, - v day + / u - nyt] da,
rg(®) g ()
= / 1 (uy ® du — d0) + I, ®u] ny - 7
0]
= /r | [Diu,0)$(ug, 04) (0u, 60) — Ij u ® wy] ny - o7 day.
s(t

4
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Using this last identity in (26), we may obtain

/ M ' ﬁ{ dzp — / [D(u 0)¢(U'ga Jg)(5u7 60) —Ldu® wg} v dz,
of Ot ofw)

+ (—ogn(dz) + Vogzdzn, + dony,) - 9° day

5(®)

® |:D(u7o')¢(ug7 Ug)(5u7 50—) - Il 6“ &® wg] ng - ﬁf dag
g9

6x° - 0° dag + / (VodxSy + F,68) : Vo* dg = 0,

s ]
0 Q0

Vi = (0°,97) € C3(Q0)® x C3(Q)*.

+

S— 5

_|_

S~

As a final step, we may transport the terms involving time derivative in
Q/(t) and we obtain that (du,dp,dx) satisfies the following linear variational
problem:

/ @ . {){ de - / [D(u,o)¢(u9’ 09)(5u7 50)} : Vﬁf dill‘g
ol O |z of (1)

+ / (—ogn(dz) + Voy,dzn, + dony,) - 9° day,
HO)

+ / (Do) b (g, 04) (54, 60)] ng - 07 day + / 0% - " day
Is(t)

Q

(=17

+ / (VodzS, + F,08) : Voi' dag =0, Vi = (5°,87) € C2()? x C2(Q)°.
2%

(27)

This completes the determination of the linearized problem which may

characterize the variation of the reference problem (8) with respect to pertur-
bations of the Dirichlet boundary conditions.

In order to link this result with the coupled strong ALE formulation (5),

it is needed to perform integrations by parts inside (27). This may lead to the
linearized problem in strong formulation. As we shall see in the following, this
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formulation consists of two subproblems satisfied respectively by (du,dp) in
Q;(t) and d2° in €. These two subsystems are coupled through non-standard
boundary conditions on I';(#):

e setting 9° = 0 in (27) and after integration by parts, we obtain the
linearized fluid subproblem:

%wg + div (6u ® ug + uy ® u — do) =0, in Qf(t),
divéu =0, in Qg(t),
du = 6z — Vugdz, on T3(t),
bu =4dg, on TI(t),
with do = —dpl+v(Véu + ViuT).

e setting 9/ = 0 in (27) and after integration by parts, we obtain the
linearized solid subproblem:

6x° — divg [F,08 + V2°S,] =0, in Qf,

[Fy0S + VobSg) ng = Jy||F,; Tnol|( — ogn(62*)
+Vo,dz°ng + 5ang), on I.

with (du, 0z°, 5.x5)|t:0 =0 in Q7(0) x (€2§)%.

4.4 State derivative computation

As we mentioned in (12), the fluctuation around (ug, py, z4) are given by

Tgrsg = Tg+0x, in g,
ug+5g(IQ£(t)+(5:L‘) = uy+ Vugdzr +du, in Qg(t),

pg+59(IQ£(t) +0z) = pg+ Vpgdz+dp, in Qg(t)-
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The first order terms correspond to the state derivative around (ug, pg, z4) in
the direction perturbation dg, i.e

D

D_7;g = Su+ Vu,z/, in Qg(t),
Dp .

D—gg = 5p+Vpg(5xf, in Qg(t),
Dx .

D—gg = 5.’13, m Qo.

The solution of the linearized problem (27) provides the fluctuations (du, dp, 6z*),
and 6z can be deduced from §z° through the following expression:

sl — Da! 5g = D Ext(z})
Dy Dy

Dx?
dg = Ext'(z9) (D—ggég> = Ext'(z})0z”.

Finally, the state derivatives are given by the following expressions:

Du,
Dg
Dpy

Dg
Dzx?

Dgg = 5.%'8, in Qo.

= bu+ Vu,Ext'(z})z®, in Qf(t),

= 0p+ Vpy Ext'(z;)dz°, in Qg(t),

with (0u, 0p, z*) satisfying the linearized system(27).

Remark 12 In case the operator Ext is linear, the fluid state derivative can
be reduced to:

Du s ;
D—gg = du+ Vu,Ext(6z®), in Qf,‘(t)a
Dp s ;
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5 Conclusion and perspectives

In this article, we have shown how to compute the derivative with respect to
Dirichlet boundary conditions of a coupled fluid-structure state. This deriva-
tive is obtained by solving two, fluid and solid, subproblems coupled through
non-standard transpiration boundary conditions at the fluid-structure interface
of the reference coupled system.

This result is a first step towards the analysis of optimal control problems
for fluid-structure interaction systems, where we cannot neglect the displace-
ment of the interface. This problem will be addressed in a forthcoming paper
[16].

Concerning the numerical approximation of the linearized problem, it would
be of great interest to perform the linearization process on the discretized fluid-
structure coupled system. This question is currently under investigation.

Appendix

In this section, we shall state the proof of different identities used in the proof
of the main result of this article.

We first recall basic differential calculus results [2] without quoting there
proof.

Lemma 2 The map det : A — det A, acting on the set of non-singular
matrices is differentiable. Moreover,

D det
DA

(A)(U) =det Atr(UA™Y), VU € R¥3.
Lemma 3 The map A — A™L, acting on the set of non-singular matrices is

differentiable . Moreover,

DA™!
DA

(U) = —A"'UA™Y, WU e RS,
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Using the notation used in the article, we consider two regular, injective
maps

zg: S x RT — R®,
Tgiog : $20 X RT — R,

see figure 3. Setting
0 = Zgis9 — T4

Lemma 4 Up to first order in dx, we have the following identities:

Jorsg = Jo(1+divéz), in Q, (28)
Fl, = F;'(1-Véz), in Q, (29)
Ogrsg = 04+ Vogoz+do, in Q_{; (t). (30)

Proof. In order to get (28), we shall perform a first order Taylor expansion
using lemma 2. Hence,

Jorsg = det Fyig
= det(F, + V,ox)
= det F, +det F, tr (Voéng_l)
= J,(1+tr(Vozx))
= J,(1+divéz).

We may obtain (29) from lemma 3. Then,

F L, = (Fg+Vooz)!
Fyl— Fy'VodzF, !
= F,'(I-VobzF,")
-1
F(I-Véx).
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For (30), using (12), we get

Og+dg

—Pg+sg L +V (Vug+ggFgg_1 + F(gg_TVug+5gT)
—(pg + Vpy - 6z + 0p) I14+v [V(uy + Vuydz + du)(I-Viz)

+(1=Véz")V (uy + Vuydz + (5u)T}

—Vpy -0z 1+v [V(Vugéx) — Vu,Véz 4+ V(Vuyox)" — VézrTVu,”
+04 + b0

0y — Vpy - 6x14v [V(Vuy)dz + V (Vu,") 6z] + do

o4+ Vozozr + do,

which completes the proof. |
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