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Simulations d’écoulements MHD en présence d’interfaces
mobiles

Résumé : Cette étude porte sur la simulation numérique d’un probléme de magnétohy-
drodynamique & deux fluides qui se pose dans la production industrielle de ’aluminium.
L’écoulement des deux fluides non miscibles est modélisé par les équations de Navier-Stokes
couplées avec les équations de Maxwell. Le déplacement de 'interface séparant les deux
fluides est pris en compte par une formulation Arbitraire Lagrange Euler. Des détails sur
I’analyse numérique du probléme, en particulier sur des questions de conservation et stabi-
lité, ainsi que sur le calcul de la tension de surface sont présentés. Enfin, plusieurs simulations
numériques sont proposées. Certaines d’entre elles reproduisent des phénoménes physiques
complexes.

Mots-clés : magnétohydrodynamique, interface libre, écoulement & deux fluides, tension
de surface, loi de conservation géométrique, formulation ALE
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1 Introduction

The numerical simulation of the electrolysis cell for the industrial production of aluminium
is a problem of outstanding difficulty. Let us briefly indicate that a schematic picture of the
cell is as follows (see e.g. A.F. Lacamera et al. [22]) : an electric current of the order of 10° A
runs through two horizontal layers of conducting incompressible fluids, namely a bath of an
aluminium oxyde above, and a layer of liquid aluminium below (see Figure 1). With a view
to reducing the energy cost, the distance between the carbon anode covering the top of the
cell and the surface of the aluminium layer (a perfectly conducting fluid directly connected
to the cathode at the bottom of the cell) is to be kept as small as possible. However,
due to the presence of the electric current, the conducting fluids experience strong Lorentz
forces and therefore move. This causes the interface separating the two fluids to also move,
which may lead to instabilities. Ensuring a compromise between these two contradictory
needs to have a small anode-aluminium distance in order to reduce the cost, and a large
enough one in order to prevent short-circuits is the experimental challenge. Additional
(substantial) difficulties (that will not be dealt with hereafter) come from the presence of a
gas phase (carbon oxydes), from ferromagnetic effects on the boundary of the cell, and from
solidification processes taking place on the edges of the cell.

Anods

AR

Cryolite

im

~——+— Aluminium

T @ 10m

Cathod

4m

Figure 1: Schematic represention of an aluminium cell

The numerical simulation can efficiently complement the experiments in giving some
insight into the working of the cell. There is indeed a large body of literature devoted to
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4 J.-F. Gerbeau, C. Le Bris, T. Leliévre

such numerical simulations (see P.A. Davidson and R.I. Lindsay[3], J. Descloux et al. [4, 5]
R. Moreau et al. [29, 30], M. Segatz and C. Droste [33], A.D. Sneyd and A. Wang [35]). Of
course, in view of the large number of physical phenomena interacting with each other, a
direct complete simulation of the cell cannot be achieved. At present, only partial simulations
are available. Simplifying assumptions must be made. With a view to drawing a comparison
with the numerous strategies based upon the linearization of the governing equations at the
vicinity of a stationary solution (see e.g. [3]), we have decided to adopt a fully nonlinear
strategy where no linearization is made.

The governing equations we shall discretize are the time-dependent incompressible Navier-
Stokes equations for two viscous immiscible fluids coupled through Ohm’s law with the
Maxwell equations in their parabolic form (see equations (1)-(5) below). Let us emphasize
that no additional simplification will be made on these equations and that we shall therefore
deal with all the nonlinearities of this strongly coupled system of PDEs. The mathematical
analysis of this system, as well as the foundation of it on the basis of a whole hierarchy
of possible models, is an issue that has already been dealt with by two of us in a series of
previous works (see [8, 10, 11, 12, 13]).

From the numerical viewpoint, the simulation of such a system requires to understand
the following issues

e what type of finite elements should be used,

e how to ensure the conservation of the mass of each fluid and the energy stability in
the time dependent simulation,

e how to deal with the motion of the interface, and to ensure, when necessary, the motion
of the mesh,

e how to account properly for the surface tension effects when needed.

In the sequel, we shall detail how we have answered to these questions, but let us briefly
say in this introduction that we use an Arbitray Lagrangian Eulerian formulation to move
the interface and the mesh, that we take care of having a discrete energy inequality and
a conservation of mass using a discretization scheme that ensures a geometric conservation
law.

The article is organized as follows. Section 2 presents the governing equations in their
dimensional and next adimensional form. In Section 3, we give details on the ALE formula-
tion we use. Section 4 is devoted to the presentation of the global numerical algorithm. The
conservation and stability properties of the discretization we have chosen are investigated
in Section 5. A special attention is paid to the discretization of the surface tension term
in Section 6. Finally, Section 7 presents numerical tests on academic as well as industrial
situations.

Let us mention that an abridged version of this paper focusing on more practical aspects
appears in [15].

INRIA



Sitmulations of MHD flows with moving interfaces 5

2 The MHD equations for two fluids

2.1 Notations

As announced in the introduction, we consider a system consisting of two viscous incom-
pressible non-miscible fluids in the presence of a magnetic field. The fluids fill in a fixed
bounded domain  of R? (with d = 2 or 3). The governing equations are the so-called
incompressible MHD equations (see W.F. Hughes and F.J. Young [21] for example). We
denote by p the density of the fluids, u the velocity field, B the magnetic field and p the
pressure field. The electrical conductivity o and the viscosity n are assumed to be known
functions of p. Then, the following equations are satisfied in :

Op +div(pu) = 0, (1)
pOu+ pu - Vu —div (2ne(u)) + Vp = pf+ % curl B x B, (2)
diva = 0, (3)
;B + curl (u%curl B) = curl(uxB) (4)
divB = 0, (5)
where €(u) = (Vu + VuT)/2. For the sake of simplicity, we assume that
(B -n)|se =0, (6)
(curl B x n)|sq = 0. (7

As for the hydrodynamic boundary conditions, pure slip will be assumed on the side walls
and no-slip elsewhere. We complement this system with the initial conditions:

pli=o = p°, u|t=o =1’ and B|=o = B°, (8)

where u® and B are divergence free vector fields. The density of each fluid is assumed to
be constant at ¢ = 0: if z is in the domain occupied by the fluid i then p°(x) = p;, where p;
is a given constant, for 4 = 1,2. Note that equation (1) implies that

p(z,t) = p; for x located in the fluid ¢ at time ¢ (i = 1,2). 9)

We shall denote the jump of density through the interface by

dp=p2—p1.
The viscosity and the electrical conductivity of each fluid are also assumed to be constant:
n(pi) =m: and  o(p:) =0i (i=1,2). (10)

We refer the interested reader to [10] for an existence result of a weak solution to the
system (1)-(5), and to [13] for the description of some numerical methods to impose the
boundary conditions (6)-(7).

RR n° 4277



6 J.-F. Gerbeau, C. Le Bris, T. Leliévre

2.2 Non-dimensional form and body force correction

For computational purposes, it proves convenient to rewrite the preceeding equations in non-
dimensional form and to eliminate the body force in one fluid, in the spirit of the method
described in [14]. In practice, the body force f will be the gravity. Thus, it is sufficient to
restrict oneself to the case when the body force is potential

f=Vao.

Characteristic values of the magnetic field B, of the velocity U and of the length L
are introduced. Time and pressure characteristic values are then defined by T = L/U,
P = pU% The MHD system rewritten in terms of the non-dimensional variables z/L,
t/T (still denoted by 2 and t) and @ = u/U, B = B/B, and § = p/P, involves seven
non-dimensional numbers:

;UL
Re; = p'n , i=1,2, (Reynolds numbers),
i
Rm; = po;LU, i =1,2, (magnetic Reynolds numbers),
B2
S = —, coupling parameter),
e (coupling p )
U2
Fr = A (Froude number),
P2 . .
M = o (density ratio).
1

The non-dimensional potential of the body force is defined by ® = ®/(gL) where g is the
gravitational field strength. A “corrected pressure” P is introduced:

~ M -

P=p—-— —9.

b Fr
This allows to eliminate the body force in fluid 2. Although this trick does not change
anything at the continuous level, it greatly improves the robustness of the numerical com-
putations.
In fluid 1 (lower fluid, i.e. aluminium), the equations read

1-M

Byt + .V + VP — div (Ri e(ﬁ)) Vé + Scurl B x B,

€1

curl ]3) = curl(id x B),

9B + curl (R?lnl

and in fluid 2 (upper fluid, i.e. cryolite),
Moyt + Ma.Va + VP — div (R% e(ﬁ)> = ScurlB x B,

curlB) = curl(d x B).

~ 1
B 1
0B + cur (Rm

INRIA
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3 Weak ALE formulation for two-fluid MHD flows

At \
Q Qo

x>
x

M>
g

Figure 2: The partition of the domain 2.

We tackle the problem of two fluids simulations with the so-called Arbitrary Lagrangian
Eulerian (ALE) approach. Our computational grid therefore follows the physical interface.
Although other methods have been investigated and have proven to be efficient in the past
to simulate two-fluid flows, in particular on fixed grids (see for example R. Glowinski et
al. [16]), the choice of the ALE approach is motivated here by two arguments: first, strong
topological changes of the interface are not expected in our problem; second, a high precision
on the position of the interface is of major interest in aluminium electrolysis simulations and
we believe that such a precision can be obtained at a lower cost with ALE methods rather
than with purely Eulerian ones. The ALE formulation for one fluid with a free surface has
been used by several authors, see for example A. Soulaimani et al. [36, 37], B. Maury [26],
A. Huerta and W.K. Liu [20], R.A. Cairncross et al. [1, 2], L.W. Ho [19]. In the case of two
fluids, see for example H.K. Rasmussen et al. [32].

We now introduce some notations. For ¢ > 0, we denote the physical domain occupied
by the fluid ¢ by Q;;, for ¢ = 1,2. The domain 2 is the union of Q;; and ;. The
interface between 1 ; and Q4 is denoted by ¥;. The normal to 3; oriented from ¢ to
Qs ; is denoted by n and we set n; = n and ny = —n. We define a reference configuration
0= Ql U Q2, Qi being €; —¢, and we consider a mapping A which associates to a point
ea point z € Q. Throughout, the mapping Ay will be assumed to be smooth enough in
Z, invertible with a smooth inverse, and differentiable with respect to t. For a function (-, %)
defined on €2, we denote by 9)(-,t) the function defined on ) satisfying ¢ (&, t) = ¥ (z, ), with
= = Ay(2). By a classical abuse of notation, we will denote %—% # the time derivative on the
ALE frame:

oy oy

5|, @1 = 5 (@1), with & = A7 ().

RR n° 4277



8 J.-F. Gerbeau, C. Le Bris, T. Leliévre

The domain velocity is defined by

DA,

w(a,t) = Wi, 0) =

—=(#), with & = A (z).

If v is the normal to 912, the mapping Ay is supposed to be such that
w-v=0 on 012, (11)
which means that the domain Q is fixed in R? and
u-n=w-n on X, (12)
which means that the domains Q, ; and €25 ; follow the free interface. Thus,
for z € Qy, z=Ald) ey, i=12 (13)

Although the domains Q and () are in fact the same domain of R?, we will keep both
notations for the sake of clarity.
We now recall some standard formulae which will be useful in the sequel. Otherwise

explicitely mentioned, all the differential operators (V, div, curl, ... ) will be taken with
respect to the eulerian variable z. We have
oY ) oY
— 14
2| @ = @0 = @t + w- Vo). (14

We denote by J; the Jacobian matrix of Ay,
- |04
Jt"la@j]’

and by J, its determinant. Then, we have the Euler formula,

6*@& (2),t) = J(A; (), ) divw(z,t). (15)

Using this relation we get in particular,

d
a/gd}(x,t) dz

1/¢@nﬂm

/‘Bt Ji)

/ (6815( t) Jp + (&, t)JtdIVW> dz

INRIA
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and thus

i Jenas= [ 5]

We now propose a weak formulation of equations (1)-(5). The following functional spaces
will be needed:

/¢ (z,t) divw dx (16)

M (Q) = {v € (H' ()% v =0 on 80},
H. (Q) = {C € (H'(R))?,C-n =0 on 8Q},

and L3(9), the space of L?(Q) functions whose integral over  vanishes. We define
V =L*0,T;H3 (), W =L*0,T;H,(2), M =L*0,T;L5(%))

We will denote by (-,-) the (L2(Q))¢ scalar product

(u,v) :/u-vdm,
Q

and we introduce the following bilinear and trilinear forms:

a1(vy,va) = /Q2ne(v1) - €(va) dz,

1
a2(C1,Co) = / (M—Ucurl C; -curl Cy + adiv Cq div CQ) dz,
Q

a being a given positive constant,
b(v,q) = / qdivvdz,
Q
c(vy,Va,Vv3) = /Qvl -Vvy - v3dz,
cw(V1,V2,V3) = /Qp(vl —w) - Vvy - vsdz,
d(vy,va,v3) = /sz - vy divvy dz,

I(v,Cq,C2) = / v x C; - curl Cy dx.
Q

We introduce the test function spaces on the reference domain

A

V=H(Q), W=H(®©), M=LjQ).

RR n° 4277



10 J.-F. Gerbeau, C. Le Bris, T. Leliévre

On the current domain, the test function spaces are defined by
Vo={v:Qx[0,T] > R, v(z,t) = v(A; }(z)),v € V},

Wo={C:Qx[0,T] » R, C(z,t) = C(A ' (2)),C e W},
Mo={q:Qx[0,T] = R, g(z,t) = §(A;*(z)),§ € M}.
It is worth noticing that the test functions do not depend on ¢ on the reference frame whereas

they do on the current one. More precisely, denoting by (v;)i=1,..,¢ the components of v € Vj,
we have

6’Ui _ 6’Ui _
St = TV Vui=0 (17)

Of course, similar relations hold for the functions of Wy and My. We now give the formulation
that will be used in the numerical simulations.

Weak ALE formulation: Suppose that the domain is moving as described above (in
particular relations (11) and (12) are satisfied). We compute the density p simply by

p(z,t) = p°(2) = p; for z € Qi (18)

and we look for (u,B,p) in V x W x M such that, for all (v,C,q) in V5 x Wy x My:

o, v) + ar (1, v) + o (0,1, v) — d(w, pu, v)

dt
+H(vp) + LUV BB) = (of), (19)
bug) = 0, (20)
9(B,C) +a(B,C) ~ e(w,B,C) ~d(w,B,C) = I(u,B,0) (21)

Proposition 1
System (1)-(5) is formally equivalent to the weak ALE formulation (18)-(21).

Proof. Let (p,u,B,p) be a solution to (1)-(5). Equation (1) clearly yields (18). As for the
momentum equation (19), using formula (14), we have from (2)

poiul; + p(u —w) - Vu =g,

with g = pf — Vp + div (2ne(u)) + ;curl B x B. We multiply this equation by v € Vp and
we integrate on Q:

/ Ou
o ot

A-vd:z:+/p(u—w)-Vu-vd:c:/g-vd:z:.
z Q Q

INRIA
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Using (16), (17) and (18), we can write the first term as follows

/@ -vd:v—/g

Thus the momentum equation reads

i/pu-vdw—%/p(u—w)-Vu-vda:—/pu-vdivwdx:/g-vda:.
dt Jo Q Q Q

Then, classical integration by parts on the right-hand side of this equation gives (19).
Analogous computations give the left-hand side of equation (21) and its right-hand side
is a straightforward consequence of the formula

(pu-v)d;v:i/pu-vdx—/pu-vdivwdx.

/curlB-de:/B-curlCd:c+/ nx B-Cdz.
Q Q El9)

and the boundary condition (7).
Conversely, suppose that (p,u, B, p) is a solution to the weak ALE formulation (18)-(21).
With (18), it is clear that

Op

5, =0 (22)

z

Moreover, using (12),
(u—w)-Vp=dpn:(u—w)|g, =0.

Therefore, with (14),
Op+div(pu) =0p+u-Vp=0ipl; + (u—w)-Vp=0,

which proves (at least formally) that (1) holds. The same manipulations as above show that
(2) and (4) hold, and the continuity relation (3) is a clear consequence of (20).

We now turn to relation (5). Let ¢ € H?(), with %g = 0 on 0f). Taking V¢ as a test
function in (21), using (14) and (16) , we obtain

/8tB-V¢dm+a/div(VqS)divB:O.
Q Q

Using % =0 and B-n =0 on 01, this gives

ivB
/(6tdivB — aA (divB))¢ds = —a/ OdvB) .
Q so On
Thus
OdivB—aA(divB) = 0 in$,
OWvB) o a0,
On
Using divB? = 0, this implies (5). O

RR n° 4277



12 J.-F. Gerbeau, C. Le Bris, T. Leliévre

4 Discretization

The goal of this section is to present the space and time discretizations that are used to
solve the system (19)-(21). For this purpose, we introduce a new trilinear form &, which is
a slight modification of cy:

1
5W(V1,V2,V3):CW(V17V2,V3)+§/pdin1V2‘V3d.'L'
Q

1)
+—p (vi —w)-nvs-vsdo

2 Js,
Note that at the continuous level, relations (3) and (12) yield
cw(ua u’ v) = éw(u7 u’ v)'

The first integral in (23) is analogous to the well-known Temam’s term that allows to recover
at the discrete level, when the density is constant, the skew-symmetry property of the
advection term. The second integral is less standard. Its introduction will be motivated in
Section 5.3 (see equation (34)). Note that the normal vectors n introduced here are not the
approximated node normals defined below (Section 5.2, formula (28)) but rather the “real”
normals defined almost everywhere on the interface, and in particular on the Gauss-Legendre
integration points located inside the elements.

4.1 Space discretization

We consider a finite element discretization of the current domain 2. The finite element
spaces for the velocity, the magnetic field and the pressure are respectively denoted by

Va C(Ho(), Wi C(Hny(Q)?, My C L(Q).

In our numerical tests, V, and W}, are always based on the same same Lagrangian finite
element. We use either stable or stabilized spaces. By “stable spaces”, we mean a pair
(Vh, Mp,) of spaces satisfying the following standard inf-sup condition

b(v
inf sup M2ﬂ>0.
peMy v, e vy, [[Vallm [lall L2

We refer the reader to M.D. Gunzburger et al. [18] for a complete analysis of the stable
spaces for the stationary MHD equations. In the computations with stable elements, we used
Q2 elements for the velocity and the magnetic field and, either discontinuous piecewise P1 or
continuous piecewise Q1 elements for the pressure. On the other hand, the stabilized finite
elements spaces that we use are based on the formulation proposed in [9]. This choice allows
us to use equal order finite elements for the three unknown fields (typically Lagrangian Q1
finite elements) and improves the stability at high Reynolds numbers.

INRIA
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4.2 Time discretization and linearization

We denote by 2 the domain occupied by the fluid ¢ at time ¢, and by w,, the approximated
domain velocity at time ¢,. We introduce the application A, 41 : € — Q, such that
Ap i1 maps QF onto Q7 for i =1,2:

z=Apn1(y) =y +0tw"(y), foryeQl.

Whenever it improves the clarity, y will denote the points in 2 and z the points in Q?“.
We denote by J,, ,+1 the Jacobian matrix of Ay, pt1,

6An,n+1 ]

Jn,n+1 = |: ay
J

and by Jy, n+1 the absolute value of its determinant.
We use the following semi-implicit Euler scheme:

( 1
E(pun—f-l’ v)n+1 + a;}.—i—l (un+1 , V) + écbv-i:l (11", ll"+1, V)

—d""‘l(w",pu”"'l,v) + bn+1 (V,pn'H) + lln-i-l (V,B",Bn+1) — (pf"+1,v)"+1
M

) o +E(pu V)Y (24
. i (u™ ) = 0,
E(BW’ C)"*! + a3t (B"*!,C) — "t (w",B"t!, C)
—an i (w, B, ) — I (w1 B, C) = £ (B",C)"

The superscripts on the forms (-, ), ay, az, b, ¢, d and [ indicate the configuration on which
the space integrals are performed. For example:

(pu”+1,v)"+1 — / pun-‘rl .vdr = Z Pi/ utl. vdz,
Qn+1 Q;t+1

i=1,2

(pu”,v)":/ pu” -vdzr = Z p,-/ u” - vdy,

i=1,2

al™(u"tv) = / 2ne(u™tt) - e(v)de = Z 277,-/ e(u™!) - e(v) dx,

1
ertl(u™ u™tt v) = E p / (u® —w") - Vu"tl . v 4+ Zdivu™u™*! . v| dz
o2 Jort!
(Sp n n n+1
+ 2 —w") nu vdo.
sn+1

RR n° 4277



14 J.-F. Gerbeau, C. Le Bris, T. Leliévre

Note that in the latter formula, u™ is a shortcut for u™ o A} | (z). The other definitions
for I, b, d, az can be deduced straightforwardly.

We emphasize that the system to be solved at each time step is now linear but that the
hydrodynamic and magnetic equations are still coupled through the terms ["*1(v, B", B"t1)
and ["*1(u™*!, B?, C). As will be shown in Section 5.3, this choice is one of the ingredients
of the stability property of the scheme.

4.3 Global algorithm

In order to describe the global algorithm, we still have to define precisely the mesh motion.
The basic requirements are to satisfy the kinematic conditions (11) and (12). Next, we have
to choose how to move the points inside the domain. Many solutions have been proposed
in the literature. For example, we refer to R.A. Cairncross et al. [2] for a presentation of
a method adapted to the cases when the mesh experiences large strains. In the practical
problem we are interested in, it seems sufficient to adopt the very standard method that
consists in solving a simple Poisson problem to compute the velocity of the mesh. Moreover,
we choose to constrain the displacement to be purely vertical. This choice, which is definitely
reasonable in the physical situation that we consider, has important consequences on the
quality of the algorithm. This point will be made precise in the next section.

We may now write the global algorithm. Let us be given Q" and (u”,B",p"), Q"*! and
(untt, B"tL pntl) are computed as follows:

1 ompute the terms on {2, (namely = ., p"u" -vdz and % |,. . T)).
i) C h Q ly & [gn pu" - vdz and 5; [, B"-Cd
(ii) Compute w™ = (0,0, w) with w such that

—Aw=0, onQf,i=1,2

w=u"-n/n,, onX" (25)
g—: =0 on 01,

(ili) Move the mesh: Q"1 = Q" 4+ §tw". The matrix corresponding to system (24) is
computed on this new domain.

(iv) Solve (24) to determine (u™*!, B™*+1, pnt1). The resolution is performed by a GMRES
iterative procedure with an ILU preconditioner and (u™, B" p™) as the initial guess.

5 Conservation and stability properties

In this section, two important properties of the above algorithm are proved: the mass
conservation, and the energy stability.

INRIA



Sitmulations of MHD flows with moving interfaces 15

5.1 Geometric conservation law

Lemma 1
Suppose that the domain velocity w™ has the form (0,0, w). Let ¢ be a function defined on
QL fori=1 or 2. Then

@dr = [ vodunni@dy = 8t [ ¥ Auui(v)div,w" dy (26)

+1
th

ot (z)divyw™ o A;,lnﬂ(x) dz.  (27)

Qptt
Proof. The change of variable defined by = A, ,,+1(y) gives in the first integral:
(.’E) dr = / Yo An,n+1(y)=]n,n+1 dy.
Qrtt Qr

With the assumption on the mesh velocity, the Jacobian matrix has the following form

1 0 0
Jn,n+1 = 0 1 0 ;
Jé) [é) e}
5ta—;‘i 5ta—;"2 1+ 5t8—;‘;

and therefore
Innt1 = 1+ tdiv, w”,

which concludes the proof of the first relation (26).

For relation (27), we perform in the second integral of the left-hand side the change of
variable defined by y = A;’ln +1(x). Noticing that y = z — §tw™ o A;’ln +1(), analogous
computations as with the proof of (26) give:

P(Annr1(y) dy = (z)(1 = dtdiv,w" o A7, (2)) da,

+1
Qr Qr

which is (27). ¢
Relations (26) and (27) can be viewed as discrete counterparts of relation (16). There
are related to the so-called geometric conservation law (hereafter abbreviated as GCL).
The notion of GCL has been much investigated in the framework of the finite volume
method, see in particular H. Guillard and C. Farhat [17], M. Lesoinne and C. Farhat [25],
B. Nkonga and H. Guillard [31]. H. Guillard and C. Farhat prove in [17] that the GCL is
a sufficient condition for a numerical scheme to be first-order time-accurate on a moving
grid, independently of the grid motion. More generally, these authors claim that a higher
accuracy is obtained with schemes satisfying the GCL compared to the schemes that violate
it and that the schemes satisfying the GCL generally allow for a larger time step. In the
framework of finite element methods, F. Nobile and L. Formaggia prove in [7] that the GCL
is a sufficient condition to ensure the unconditional stability of a backward Euler scheme
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16 J.-F. Gerbeau, C. Le Bris, T. Leliévre

applied to an advection diffusion equation on a moving domain. Let us also cite the work
by P. Le Tallec and J. Mouro [24] where implications of the GCL in the framework of fluid
structure interaction problems are discussed.

In the sequel, we will show that (26) and (27) are key properties to ensure discrete mass
conservation and global energy inequality.

5.2 Discrete mass conservation

We now present the ingredients that allows us to obtain an exact mass conservation of each
fluid after time and space discretization.

The first ingredient is the computation of the normals. It is convenient, in view of
enforcing Dirichlet boundary conditions in (25), to compute approximated discrete normals
at the nodes of the interface. But these approximation must be done carefully. More
precisely, let ¢ be a node on the interface X" and let ¢; be the basis function associated to
this node. We define n; ; by

1

= | Veida 28
! fzn ®i do Qr ( )

n
Note that, if we define ny; by substituting QF by QF in (28), it is straightforward to check
that n; ; = —ny ;. We then define n; = n; ; the approximated normal, on node ¢, oriented
from Q7 to Q2%. The component of n; are denoted by (ngl), nl@,n?)). Let vj, be an element
of Vj, whose components are (v(1),v(2)4(3)). By convention, we denote

Vp oy = Z(vgl)ngl) + vz@)n?) + ’U§3)n§3))g0i.
B
Then, formula (28) yields the following key property: let v}, (resp. vZ) be a function of V
whose support is included in QF (resp. %), then

div v}, do = / v; -nydo, and div v} dz = —/ va -y do. (29)
Qr n

n

Q3
The second ingredient to ensure mass conservation is to satisfy the following property:
/ divuy dz =0, fori=1,2. (30)
QF

This can be achieved either by using a space of discontinuous finite elements for the dis-
cretization of the pressure (for example with the mixed elements Q2/P1), or by imposing
with a Lagrange multiplier that the numerical flux through the interface vanishes:

/ uy -npdo =0. (31)
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Sitmulations of MHD flows with moving interfaces 17

For more details on this latter strategy, we refer the interested reader to L. Formaggia
et al. [6]. We have tested the two approaches, and they both give the expected results.
Another interesting possibility that we have however not investigated is to use continuous
finite element for the pressure on each fluid, but discontinuous on the interface.

On a fixed domain, the two relations (29) and (30) would be sufficient to ensure the mass
conservation. But the GCL property of Lemma 1 will be needed to extend it to the case of
moving domains.

Proposition 2

If the discrete normals to the interface and the discrete velocity are computed in such a
way that formula (29) and (30) are true, and if the motion of the mesh is such that (26) is
satisfied, then the mass of each fluid is preserved:

pi| Q7| = pi| QP fori=1,2,
where |Q7| denotes the measure of Q7.

Proof. Relation (26) gives with ¢ = p;
pil QMY — ;| Q7| = Stp; /m div,wp dy.
Thus, using successively (29), (12) and (30), we have1
pil QMY — pi| Q7| = Stp; /):n wy - n; do
= (Stpi/ uyp -n;do

= 6tpz-/ divyup dy = 0.
QF

%
5.3 Discrete energy inequality
It is assumed throughout this section that stable finite element spaces are used.
Proposition 3
We denote by
plu"® / |B"[?
E™ = —d —d 2
/n y Wt | (32)

the total energy of the system at time t". If the body force f vanishes, the solution computed
by the algorithm of Section 4.3 satisfies the energy inequality
En+1 — En

1
+/ 2nje(u™)|? da +/ —|curl B"*' > dz < 0.
ot Qn+1 Q

n+1 U0
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18 J.-F. Gerbeau, C. Le Bris, T. Leliévre

Proof. We take v = u™*! in the hydrodynamic equation and C = %B"H in the magnetic
equation.

The first argument of the proof is once again based on the GCL. Elementary manipula-
tions give

1 n+1,2 1 / 1 1 / 1,2
- do — — noumtldy = = 12 g
ot /Qn+1 p|11 | o ot Qn pu-u 4 ot Qn+1 plu | v

1 n+12 1/ 2 1/ 1 2
- dy — — Py + — a2 dy.
25t/m”|" "dy — 55, Qnplul Y+ 55 mplu u”|"dy

Then, using Lemma 1, we obtain

1

1 .
E p|un+1|2 dr — E p|un+1|2 dy — / p|un+1|2divwn d:c,
Qn+1 Qn Qn+1

and therefore

1 nt1)2 1 / 1
— de — = ntl g dy =
5t /m+1 plu [Fde =5 | pu-utdy
1 nt1)2 1 / 2
— dr — — " d 33
57 Lo de = oo [ gty (33)
1 1
+—/ plu™tt —u”|2dy+—/ plu™ 2 div w™ da.
2(51: Qn 2 Qn+1

Following the same idea, a similar relation can be straightforwardly obtained for the magnetic
field.

The second argument is to use the “correction” that we have performed on the advection
term. Definition (23) gives

n+1|2
é&tl(unjun+l,un+l) :/Q . p(un _Wn) Bvi (|u > | ) dz

1 )
+—/ plu™ 2 divu™ dz + _p/ (u"” —w") -nju" |’ do
2 Qn+1 2 sn+l

The first integral reads

no_ MY L |un+1|2 _ _1 n+1|2 3: [O—}
p(u™ —w")-V dx = [u™ ™ |*div (p(u™ — w")) dz
Qn+1 2 2 Qn+1

1 )
= ——/ plu™ 1t 2div (u" — w™) dz — op / (u" —w™) -nju™|? do.
2 Qn+1 2 Sntl
Thus,
1
Gl (u™, u™tt umt) = 5/ pla™ |’ divw" dz. (34)
Qn+1
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Sitmulations of MHD flows with moving interfaces 19

This term added to the last one of (33) exactly compensates for the quantity —d™+!(w™, pu™t1, u™t1).
Finally, the third argument of the proof consists in noticing that the term coming from
the Lorentz force 1™ (u™*!, B", B"*") exactly balances the coupling term in the magnetic
equation. This fact comes from the way we linearize the equation in the Euler scheme (24).
Then, after some standard integrations by parts, we readily obtain (32). O

Remark 5.1 The above result can be extended to the more realistic cases when f, B -n|sq,
curl B X n|sq are non zero. We skip this easy extension.

6 Surface tension

Surface tension is a force appearing at the interface between the aluminium and the cryolite.
This force tends to minimize the area of the interface. It is generally admitted that surface
tension does not play a major role in aluminium electrolysis. Nevertheless, it might be not
completely negligible, especially when physical instabilities appear. Moreover, it may also
have a smoothing effect on the numerical instabilities of the interface. Therefore, it is useful
to allow our computation to take it into account.

There is a large body of literature reporting on numerical results accounting for surface
tension effects. However, to the best of our knowledge, not so much literature has been
devoted to the detailed explanation of the numerical treatment of surface tension terms. In
order to compensate for this lack and also for the sake of consistency, we now give the lines
of our strategy, emphasying that we do not claim any originality. The reader familiar with
this kind of problem may easily skip this part.

The classical Laplace formulation of the surface tension correlates the normal force with
the main curvature of the surface (see L. Landau and E. Lifschitz [23] for example):

TS =~+Hn (35)

The parameter v is the surface tension coefficient (in N/m) and H is the mean curvature
positively counted with respect to the normal n. The surface tension coefficient at the inter-
face aluminium / cryolite is 0.5 N/m (in comparison of 0.07 N/m for water / air interface).
In the non-dimensional formulation of Section 2.2, the following quantity must be added to
the right-hand side of the equations:

1 -
—H
We n
where We = piU2L/~ is the Weber number.
For a 1D surface (a curve) H = %, with R the radius of curvature positively counted

along the normal. For a 2D surface, H = % + R%, with R1 and R2 the principal radiuses of
curvature positively counted along the normal. The main difficulty to compute the surface
tension is that it requires, at least in principle, the mean curvature of the surface, which is
not trivial to evaluate on a discretized surface.
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20 J.-F. Gerbeau, C. Le Bris, T. Leliévre

In order to discretize the surface tension, we multiply (35) by a test function @ and
integrate over the interface ¥ :

/ TS® do = / yH®.ndo (36)
> >

The mean curvature H can be expressed as the opposite of the trace of the derivative of
the Gauss application which is the application associating to each point of the surface the
normal of this surface. This can be written in the following way :

H = —tr(V;sn)

with V, the gradient along the surface (more precisely, the orthogonal projection of the
gradient onto the tangential space).

The generalization of the well-known divergence theorem to surfaces of non-zero curva-
ture is the following:

/Etr(Vsn)q).nda = /Etr(Vsq)) do — /az d.mdl. (37)

The vector m is the normal vector to 9% (in the tangential space of X). The weak formu-
lation of the surface tension is then :

/ TS® do = — / (V@) do + / &.mdl (38)
® b a%

The vector m is the contact angle between the interface and the wall, it is a data of the
problem. In practice, we have chosen a contact angle equal to zero. We now have to express
the derivative tr(Vs®) on the discretized surface X.

In one dimension, it is easy to evaluate tr(Vs®) using the formula :

< dP(ey), ey >

BV = e

with d®(e,) = %. In this formula, e, is a vector in the tangent space : e, = % with f a
parameterization of the curve. In practice, this parameterization is given by the application
which sends the element of reference [0,1] onto the finite element. The derivative % is
then evaluated by finite differences. We are now going to generalize this approach in two
dimensions.

In order to evaluate the divergence along the surface tr(V;®) in two dimensions, we need
a local parameterization f : U C R? — R3. From a discrete point of view, this parame-
terization is given by the finite element test functions (we suppose that we use Lagrangian

finite element) :

0,12 — R®
F+4 (w,v) — Z opXp

PcP(€)

INRIA



Sitmulations of MHD flows with moving interfaces 21

where ¢p : [0,1]> — R is the shape function related to the point P, Xp is the coordinate
vector of P and P (&) is the set of the points of the element £. A basis of the tangential
space is given by (ey,e,) with e, = gﬁ and e, = %5. The metric tensor M is the matrix

E F
F o
da = VEG — F?2dudv. We want to evaluate the trace of the derivative d® along the
surface. We define : e =< d®(ey), ey >, f1 =< dP(ey), ey >, fo =< d®(ey),e, > and
g =< d®(e,),e, >. Of course, we have d®(e,) = % and d®(e,) = %. We have the
following equality :

e f _ | Q1,1 G1.2 E F

f2 9 a1 Q22 F G
with A = [a; ;] the matrix of the derivative d® in the basis (e,,e,). A simple computation
gives the following expression of H = —(a1,1 + a2,2) :

] with E = |ley]|?, F =< ey,ey, > and G = ||ey||?. The element of area is

_eG+Eg—F(fi+ /)

H= EG — F?

Let us now explain the way we evaluate e, f1, f2 and g for a Q1 discretization (see figure

Figure 3: A Q1 element parameterized by [0, 1]°.

3). Let P be the point (0,0), P’, the point (1,0) and P" the point (0,1). The application
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22 J.-F. Gerbeau, C. Le Bris, T. Leliévre

fo(t) = f(¢,0) is a parameterization of [PP']. Then, we have :

dB(P)(ew) = (B0

~ @(y(1)) — 2(~(0))
~ ®(P') - 3(P)

In the same manner, we derive :
d®(P)(e,) ~ &(P") — B(P)

and therefore :

e ~ <P(P)—P(P),ey >
L ~ <®P)-d(P),e, >
fa ~ <®P")—®(P),e, >

g ~ <®P")—d(P),e, >

We can therefore evaluate the mean curvature H, using finite difference approximations.

7 Numerical experiments

All the results shown in this section are presented in the non-dimensional form detailed in
Section 2.2.

7.1 On the mass conservation

We described precisely in Section 5.2 the three key arguments that allow us to ensure mass
conservation in the two-fluid problems. We give in this section a few illustrations of mass
loss if some of the requirements are not fulfilled.

For this purpose, we consider the case when the two fluids are only subjected to an
oscillating gravity. The computational domain is Q = [—2, 2] x [0, 2], the lower (resp. upper)
fluid occupies at ¢t = 0 the subdomain Q4 ;= = [-2,2] x [0, 1] (resp. Qa,1=0 = [-2,2] x[1,2]).
The potential of the body force is given by:

O(z,y,t) = Azsin(2wvt) — y

We choose the following non-dimensional parameters: Re; = Res = 100, M = 091, v =
0.0625, A = 0.05. Figure 4 shows the evolution in time of the elevation of a point on the
interface.

In Figure 5, we show the evolution in time of the mass of fluid 1 with three finite element
spaces: Q2/Q1 (with a continuous pressure), Q2/P1 (with a discontionuous pressure), and
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Figure 4: The time history of the elevation of a point of the interface.

4.02

" Q201 ——
Q2/Q1 + flux -------
Q2/P1

3.98 - 1

mass
w
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o
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3.92 - 1
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time

Figure 5: Mass conservation is ensured with Q2/P1 or Q2/Q1 with a flux constraint (the
two curves are the same), but it fails with Q2/Q1 elements.

Q2/Q1 with the flux constraint (31). The pair Q2/Q1 does not satisfy (30) which explains
the non conservation of mass.
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We now illustrate the role of the GCL in mass conservation. We use the Q1/Q1 stabilized
finite element with flux constraint (31). Thus )29) is now satisfied. If the displacement of
the mesh is purely vertical, the GCL property (26) is satisfied, and the mass is preserved.
But, if we replace system (25) by

—Aw=0, onf{7

w=u, onX" (39)
?9_: =0 on 99,

the displacement of the mesh is now arbitrary, and relation(26) is no more true. We show on
the left-hand side of Figure 6, the mesh obtained with (25) and on the right-hand side, the
one obtained with (39). Of course, it seems not very natural to allow for a mesh displacement,
along to z axis for this test case, but it is just for illustration. We see on Figure 7 that the
mass is not preserved when the displacement is along x and y. The fact that relation (30)
is not sufficient on a moving mesh to ensure mass conservation is striking.

Mesh t=47.2 Mesh t=47.2

Y-Axis

Y-Avis

Figure 6: The velocity of the mesh is computed with (25) on the left-hand side, and with
(39) on the right-hand side.

7.2 A MHD experiment with a free surface and a free interface

We present here the numerical simulation of a laboratory MHD experiment (described by
R. Moreau [27, 28]). A uniform vertical electrical current flows in a cylindrical tank through
two layers of fluid subjected to the gravity. The interface between the fluid and the upper
surface are both free (see Figure 8). The above formulation must be slightly modified to treat
this case due to the presence of two free surfaces, but the modifications are straightforward
and we do not detail them here. Let us just mention that, because of the presence of the
upper free surface, we do not perform the “pressure correction” presented in Section 2.2.
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4.005

T T
with a vertical displacement
with an arbitrary displacement -------

3.995 | ,

3.99 | g

mass
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Figure 7: Both curves are obtained with Q1/Q1 finite element with flux constraint (31).
When the displacement of the mesh is arbitrary, Lemma 1 does not apply and we observe a
mass loss, contrarily to the case when the displacement is purely vertical.

This test case is of interest for two reasons: first, the physical system is not too far from the
aluminium electrolysis, and second, an analytical steady state solution is known.

We denote by Jy the intensity of the non-dimensional homogeneous density of current and
by R the radius of the cylinder. Working with the natural cylindrical coordinates (e, eg, €)
associated with the cylindrical tank, we have:

B = B(r)ey, with B(r) = —%r (for r < R),

and the magnetic force is
. . sp
ScurlBxB = —— rer
The only body force being the gravity, we have ® = —z. Looking for a solution with u = 0,
we have
m SJ2

e, — =L €r, (40)

VP= gy 2

with m = M in the upper fluid and m = 1 in the lower one. Thus
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where C is a constant. We denote by h? (resp. h3) the elevation of the free interface (resp.
surface) before the application of the electrical current, and by hy(r) (resp. ha(r)) their
steady state elevation, in the presence of the electrical current. The pressure above the free
surface is supposed to be constant and equal to zero. Thus, we have:

M SJ2

ﬁhg(r) r +C

0 = 5(r, ha(r) = :

The constant C' is then determined by writing the conservation of the volume of the upper
fluid, and we finally obtain:

hQ(T’) = hg +

2 D2 2
SFr 2R (1_27') ()

8M R
Next, taking the curl of equation (40), we have:

M-1
0 =curl (%ez) :V(%) X e, = Tnxez,

where n is the normal to the interface. Therefore, n = e,, which proves that the steady
state interface is horizontal:
hl (’I“) = h?

~——  freesurface (paraboloid)
free interface (plane)
J
~—

fluids

Figure 8: Schematic representation of the experiment of Section 7.2.

We use the following numerical values: Re; = Rey = 200, S = 1, Rm; = Rms = 1,
Fr =28, Jy =03, M =0.5, We = 102. Figure 9 shows a comparison between the elevation

INRIA



Sitmulations of MHD flows with moving interfaces 27

22 T
numerical  +
T T e theoretical -----—
* P
215 & N 4
A *
21t 1
Vs EN
A N

205 i b -
g / N
£ \
2 2+ # 3, i
= J
g /
N / 4\\

1.95 £ \ i

£ bt
9+ / N
+ X
185 [/ *
18 L L L
-1 -0.5 0 05 1
x coordinate

Figure 9: Elevation of the steady state top surface in the simulation of Section 7.2. Com-
parison between theoretical and numerical results.

of the upper surface and the analytical solution (41) along the plane y = 0. Figure 10 shows
the steady-state upper surface and the interface. Figure 11 shows the time evolution of the
elevation of the center of the upper surface (left-hand side) and of the interface (right-hand
side).

7.3 Metal pad roll instabilities

One of the phenomena which is observed in industrial cells and which has been a lot in-
vestigated over the past few years is metal pad rolling. It is an oscillation of the cryolite /
aluminium interface with a period ranging from five seconds up to more than one minute.
The aim of most of the theoretical and experimental studies of MHD cells has been to
understand, forecast and avoid this phenomenon. See A.F. LaCamera, D.P. Ziegler and
R.L. Kozarek [22] and the references herein for a survey on the main approaches until 1992.

One of the explanation of the metal pad rolling is the presence of a vertical field. The
famous Sele’s criterion belongs to this theory (cf. T. Sele [34]). T. Sele has been the first
one to give a physical reason of the rotation by the interaction of the vertical magnetic field
with horizontal perturbed currents. More recently, P.A. Davidson and R.I. Lindsay [3] have
derived a more general linearized system. Their analysis leads to quantitative results for the
instability of standing and travelling waves in rectangular and circular cells. They also give
a mechanical analogue which provides a good physical insight into the phenomenon.
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Figure 10: Mesh and Isovalues of pressure on a portion of the mesh, in presence of gravity
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time time

Figure 11: Evolution in time of the elevation of centers of the top surface (left) and of the
interface (right) in the simulation of Section 7.2.

The physical phenomenon is explained on Figure 12. An initial tilting (or a long-
wavelength disturbance) creates a perturbed current flow j = J —Jg (Jo denotes the unper-
turbed — or background — current and J the total current in the cell) which is mainly vertical
in the cryolite and horizontal in the aluminium (because of the strong difference of electrical
conductivity). The interaction of this current with the vertical magnetic field results in a
horizontal Lorentz force F = j x B, in the direction perpendicular to j. It consequently
induces a rotating motion of the interface.

In some cases, this phenomenon can lead to an instability: when the vertical field is too
large, the amplitude of the oscillation may grow with time. It has been reported on that
the metal can even get out of the cell in some cases !

In [3], it is shown that it is the interaction between gravitational modes which leads
to instable rolling waves. In particular, the authors assert that a circular cell becomes
instable whenever a vertical field B, is applied. We have chosen to reproduce this simple
experiment of a circular cell to check this strong result of instability, which is obtained after
many assumptions and linearization (cf. [3]). The linearized approach may well reproduced
qualitatively the metal pad rolling, but a few of the assumptions are quite questionable as
far as quantitative results are concerned.

The test case cell is a circular cell of radius equals to 1 and height equals to 2. Initially,
the fluids are at rest, the interface is situated at the mean height and is flat and horizontal.
On the wall, we impose during the whole simulation the magnetic boundary conditions
corresponding to a uniform vertical electrical current Jpe, (when the fluids are at rest and
the interface is horizontal). For 0 < t < 1, the fluids are subjected to a gravity having
an angle of 5 degree with the vertical. This slightly “tilts” the cell and creates an initial
disturbance. For 1 < t < 25, the gravity is put straight again, and a vertical magnetic field
B, is superimposed to the magnetic field created by the electrical current. This actually
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Figure 12: Rolling phenomenon.
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induces the metal rolling phenomenon. For ¢t > 25, the vertical magnetic field is removed,
and the system can therefore retrieve its initial configuration, at least when it does not
explode before. The non-dimensional parameters are the following: Re; = Rey = 1000,
M =0.935, Fr =0.1, Rm; = 107*, Rmy = 1., S = 1., We = 50, Jy = 2. We perform the
simulations for various values of B,. Figure 13 shows the lower fluid and the interface when
B, = 0.2. Figure 14 shows the evolution in time of the elevation of the point of the interface
initially situated at (1.,0.,1.) for B, = 0.1,0.2,0.3 and 0.5. The three last values lead to
an “explosion” of the interface. The physical explanation of the phenomenon proposed on
Figure 12 can be checked by computing the disturbed currents. In order to compute this
disturbance, the initial current curl Bg is substracted from curl B. A few streamlines of
the perturbated current are represented on Figure 15: there is indeed a “loop of current” as
predicted in the theoretical explanation of the phenomenon.

In other simulations, we have also observed that small disturbances of the initial state do
not lead to instability, at least on a reasonable time scale. In the same way, a small positive
B, does not induce instability. This is in apparent contradiction with the results of the
linear approach which claim the instability of the cell. At least our results show that, should
the instability occur, it will occur only in the large time limit, and therefore may not be
relevant from the practical viewpoint. Of course, definite conclusions about this comparison
between the two approaches are yet to be obtained.

This test case demonstrates the capability of our nonlinear approach to simulate complex
MHD phenomena. In the past, these phenomena were analyzed with models based on many
simplifications of the original equations providing excellent qualitative results most of the
time. But the influences of such simplifications need in any case to be tested and may
become not negligible when precise results are desired. We have demonstrated that we can
reproduce qualitatively the results predicted by simplified models, but that we are also able
to give quantitative informations on the transient evolution of the system. This capability
should have practical implications in the study of the instabilities of industrial cells.
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Figure 13: The phenomenon of metal pad rolling in a circular cell. Visualization of the
interface and the lower fluid (the upper fluid is not represented for the sake of clarity). This
is a case with B, = 0.2.
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Figure 14: Time evolution of the elevation of a point of the interface in the “metal pad roll”
experiment for various values of B,. The only stable simulation is obtained with B, = 0.1.
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Figure 15: Loops of currents in cryolite during metal pad roll. We show here some stream-
lines of the field j (the perturbed current). The perturbed current goes here from the
right-hand side of the Figure (where the elevation of the interface is the highest) to the
left-hand side.
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