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Abstract: Many questions concerning a zero-dimensional polynomial system can be re-
duced to linear algebra operations in the algebra A = k[X1,...,X,]/Z, where 7 is the ideal
generated by the input system. Assuming that the multiplicative structure of the algebra
is (partly) known, we address the question of speeding up the linear algebra phase for the
computation of minimal polynomials and rational parametrizations.

We present new algorithms extending ideas introduced by Shoup in the univariate case. Our
approach is based on the A-module structure of the dual space A. An important feature of
our algorithms is that we do not require A to be free and of rank 1.

The complexity of our algorithms for computing the minimal polynomial and for the rational
parametrizations are O(2"D%/2?) and O(n2"D%/?) respectively, where D is the dimension
of A. This is better than algorithms based on linear algebra except when the complexity of
the available matrix product has exponent less than 5/2.
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Algorithmes rapides pour les systémes polynomiaux
de dimension zéro grace a la dualité

Résumé : De nombreuses questions liées & un systéme zéro-dimensionnel se réduisent
a des opérations d’algebre linéaire dans l'algébre A = k[X4,...,X,]/Z, ou T est idéal
engendré par le systéme. La structure multiplicative de 1’algébre étant supposée (partielle-
ment) connue, nous montrons comment accélérer la phase d’algébre linéaire pour le calcul
de polynémes minimaux et de paramétrisations rationnelles.

Nous présentons de nouveaux algorithmes qui étendent des idées introduites par Shoup darls
le cas univarié. Notre approche est fondée sur la structure de A-module de ’espace dual A.
Une caractéristique importante de nos algorithmes est de ne pas exiger que A soit libre et
de rang 1.

Les complexités de nos algorithmes pour le calcul du polynéme minimal et des
paramétrisations rationnelles sont O(2"D®%/2) et O(n2"D5%/?) respectivement, ot D est la
dimension de A. Cette complexité est meilleure que celle d’algorithmes fondés sur I’algebre
linéaire, sauf lorsque la complexité du produit de matrice disponible a un exposant inférieur
a5/2.

Mots-clé : Dualité, pas de bébé/pas de géant, séries génératrices



FAST ALGORITHMS FOR ZERO-DIMENSIONAL POLYNOMIAL
SYSTEMS USING DUALITY

ALIN BOSTAN, BRUNO SALVY, AND ERIC SCHOST

ABSTRACT. Many questions concerning a zero-dimensional polynomial system
can be reduced to linear algebra operations in the algebra A = k[X1,..., Xn]/Z,
where 7 is the ideal generated by the input system. Assuming that the mul-
tiplicative structure of the algebra is (partly) known, we address the question
of speeding up the linear algebra phase for the computation of minimal poly-
nomials and rational parametrizations.

We present new algorithms extending ideas introduced by Shoup in the
univariate case. Our approach is based on the A-module structure of the dual
space A An important feature of our algorithms is that we do not require A
to be free and of rank 1.

The complexity of our algorithms for computing the minimal polynomial
and for the rational parametrizations are O(2" D3/2) and O(n2" D5/2) respec-
tively, where D is the dimension of A. This is better than algorithms based
on linear algebra except when the complexity of the available matrix product
has exponent less than 5/2.

1. INTRODUCTION

Many questions concerning zero-dimensional polynomial systems can be reduced
to linear algebra operations in some quotient algebra. We assume that the multi-
plicative structure of the algebra is (partly) known, and we address the question of
speeding up the linear algebra phase for two specific questions.

Let k be a field and T a zero-dimensional ideal of k[X:,...,X,]. Given an
element u of A = k[X1,...,Xn]/Z, we consider the following problems:

1. compute its minimal polynomial m,;
2. if u separates the points of V(Z) (see definition below), compute parametriza-
tions expressing the coordinates of these points in terms of w.

We suppose that k is a perfect field. This discards many pathologies such as al-
gebraic field extensions of k¥ without a primitive element. In most applications we
have in mind, k is finite or of characteristic zero, so this assumption is satisfied.
The point of working in this setting is to obtain algorithms that can be combined
easily with Chinese Remaindering techniques or Hensel lifting.

The computation of a minimal polynomial is of particular interest when A is a
field or a product of fields. This question appears as a basic subroutine for the
computation of triangular sets [28], for the study of the intermediate fields between
k and A [29], in Galois theory [3], ... For instance, starting from a description of a
quotient algebra by means of a Grébner basis, Lazard’s algorithm Triangular [28]
produces a “triangular description” through repeated minimal polynomial compu-
tations.

In the non-commutative setting of the effective theory of D-modules, the b-
function of a holonomic system of linear partial differential equations plays an

1



2 ALIN BOSTAN, BRUNO SALVY, AND ERIC SCHOST

important role. Algorithm 5.1.5. from [45] reduces the computation of the b-
function to that of the minimal polynomial of a linear form over a commutative
finite-dimensional quotient algebra.

Another of our initial motivations is the study of algebraic curves and cryp-
tosystems built upon them. Factorization patterns of the minimal polynomials of
well-chosen elements help determine the cardinality of the Jacobian of hyperelliptic
curves over finite fields, see [12, 18, 48].

In such situations, the element u will typically not be primitive for £ — A. The
polynomial m,, has degree less than the dimension of A, and of course we want to
make use of this fact.

Our second interest is the determination of a parametrization of the coordinates
of the solutions of Z. To this effect, we say that u € A separates the points of V(Z7),
or is a separating element for T if for all points P # P' in V(Z), u takes distinct
values on P and P’ (see [1, 44]). Since k is a perfect field, this is the case if and
only if u is a primitive element of the reduced algebra Aea = k[X1,-..,Xn]/ VI,
see [5]. In this situation, the coordinates of the points in V(Z) can be expressed as
rational functions of u.

We call parametrization of the algebraic variables X the data of a separating
element u, its minimal polynomial, and rational functions fi, ..., f, such that z; =
fi (u) holds in Ared-

Such representations, which go back to Kronecker [26], are well suited to many
purposes such as effective computation in the reduced algebra A;.q or counting and
isolation of real or complex roots. For instance, using the characteristic polynomial
of u instead of its minimal polynomial, we obtain a Rational Univariate Representa-
tion of the roots of Z, using the denomination introduced in [44]. When 7 is a radical
ideal, this representation bears the name Geometric Resolution, see [20, 19, 21].

In this article, we present some structure theorems related to the two questions
mentioned above, then show how algorithmic ideas introduced in the univariate case
by Shoup [51, 50] fit into this context. Our algorithms require precomputations,
either of some multiplication matrices in A, or of the whole multiplication table.
These objects may be obtained from the computation of a Grobner basis [11, 16, 15].
We do not address the difficult question of the complexity of these precomputations.

Computing a minimal polynomial. Let u be an element in A and § a bound on the
degree of its minimal polynomial. A natural algorithm for the computation of the
minimal polynomial of u consists in expressing the first § powers of u on a basis of A
and then looking for a linear dependency between them. This has complexity D¢,
where w is the exponent of the complexity of matrix multiplication. Thus w = 3
for the naive product, and the best result known to this date is w < 2.376 [13].
However, the fastest available implementation of which we are aware is based on
Strassen’s algorithm [52], with exponent 2.81.

A first improvement consists in considering the values taken by a linear form /¢
on the powers of u. The sequence (£(u?)) ., admits a minimal recurrence relation,
which generically coincides with the minimal polynomial of 4, and can be computed
efficiently. This suggests the following algorithm: compute the powers of u, evaluate
£ on them, and recover the minimal polynomial. This requires the ability to multiply
by u. The input of this first algorithm will thus be the multiplication matrix of u
in A.
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In the context of polynomial factorization over finite fields, Shoup showed in [51,
50] how to speed up these computations in the univariate case, i.e. when A =
kE[X]/(f). His idea is to adapt Paterson and Stockmeyer’s fast composition algo-
rithm [42] using an A-module structure on the dual space A. The clever use of this
module structure avoids the computation of all the powers of the element w.

We demonstrate here that this idea extends to multivariate situations, and yields
a second method for computing a minimal polynomial. The main difficulty lies in
obtaining an efficient implementation of the operations in A. For the moment, our
solution requires a stronger input than above: the whole multiplication table of A.
This input is also used for instance in the algorithms of [1, 44].

These results are presented in a precise fashion in the following theorem. The
algorithms require an a priori bound § on the degree of the minimal polynomial
we want to compute. A trivial bound is the dimension of the quotient algebra.
Problem-specific bounds are often available.

Theorem 1. Let D be the dimension of A as a k-vector space, and let u be in A,
with minimal polynomial m,,. Suppose that & is an a priori bound on the degree of
My
1. If the matriz of multiplication by u is known, then m, can be computed by a
probabilistic algorithm in O(6D?) operations in k.
2. If the multiplication table of A is known, then m, can be computed by a
probabilistic algorithm in O(2"6'/2D?) operations in k.
In both cases, the algorithm chooses D wvalues in k. If these values are chosen in a
finite subset T of k, all choices except at most §|T|P~! assure success.

Roughly speaking, the complexity is O(D?) in the first case and O(2"D5%/?) in
the second case. For fixed n, the gain is of order v/D, typical of the baby step /giant
step techniques which underlie the second approach.

The probabilistic aspect comes from the choice of a linear form over A. For
unlucky choices, the output of our algorithms is a strict divisor of the actual minimal
polynomial. If the degree of the output coincides with the upper bound §, then this
output is necessarily correct. Otherwise, we can either estimate the probability of
an unlucky choice, or evaluate the candidate minimal polynomial on .

Computing parametrizations. In the discussion leading to the proof of Theorem 1,
we introduce some generating series, depending on both the element u and a lin-
ear form over A. If u is separating, we show that such series allow to compute
parametrizations of the points of V(Z). This yields formula that extend those of
Rouillier [44].

Our formule are valid under an additional hypothesis, given in Theorem 2 below,
and explained in more detail in § 3.2. In short, the minimal polynomial of v must
have the maximal possible degree, and the characteristic of the base field must be
zero or large enough. These assumptions are satisfied if 7 is a radical ideal.

To use these formula in practice, the computational task is quite similar to that
required to compute a minimal polynomial: evaluating some linear forms on the
powers of u. So in a similar fashion, we propose two methods: the direct approach,
which requires only multiplication matrices, or its refinement based on Shoup’s
idea, using the whole multiplication table.

The first approach has the same complexity as the algorithm of [44], at most
O(D?), but our input is weaker. The second approach takes the same input as [44].
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Its complexity is of order O(n2”D?%/?). This becomes better when for instance the
number of variables is moderate, whereas the dimension of the quotient algebra
becomes large. As above, the gain is of order v/ D.

Theorem 2. Let D be the dimension of A = k[X1,...,Xn]/Z as a k-vector space,
and let u be a separating element in A, with minimal polynomial m,,. Assume that
the characteristic of k is zero or greater than min{s | VI C T}, and the degree of
the minimal polynomial of u is the degree of the minimal polynomial of a generic
element in A. Let finally 6 be an a priori bound on the degree of m,. Then the
following holds:

1. If the matrices of multiplication by u and z1,...,x, are known, then a para-
metrization of the algebraic variables can be computed in O(§D? + nD?) op-
erations in k.

2. If the multiplication table of A is known, then a parametrization can be com-
puted in O(n2"8'/2D?) operations in k.

In both cases, the algorithm chooses D values in k. If these values are chosen in a
finite subset T' of k, all choices except at most §|T'|P~! assure success.

The probabilistic aspect is the same as in Theorem 1, and lies in the choice
of a linear form over A. If 7 is a radical ideal, it is straightforward to check the
correctness of the output, see Subsection 3.1. Otherwise, the last assertion in the
theorem makes it possible to estimate the probability of choosing an unlucky linear
form.

The algorithms mentioned in Theorems 1 and 2 are easily implemented in a
computer algebra system such as Magma [9]. Our experiments show their good
practical behaviour (see Section 5).

Related results. The A-module A is called the canonical module [47, 27, 14], and
has been used in a variety of applications. In particular, the case when the dual
A is a free A-module of rank 1 has led to new geometric and arithmetic forms of
the Nullstellensatz [20, 19], a new proof of the Eisenbud-Levine formula [4], or fast
algorithms for isolating roots of complete intersection multivariate systems [36, 35,
37, 38].

One of our main contributions is to propose algorithms using this module struc-
ture whenever the operations in A and A are effective, even if the dual is not free
and of rank 1.

We have focused on the case when the structure of the algebra A is explicitly
given. Our ideas also apply if 7 is given by n generators without zeros at infin-
ity. In this context, the basis of the results in [35, 37, 38] are fast multiplication
algorithms in A. It might be possible to extend these results so as to obtain sim-
ilar complexity estimates for the operations in 21\, which would lead to improved
complexity algorithms in this case.

More generally, any efficient algorithm for the operations in A and A can be used
in conjunction with the ideas presented here.

In a different context, the geometric resolution algorithm of [21] solves polyno-
mial systems of dimension zero without multiplicities. Its complexity is quadratic
in a geometric quantity attached to the input system, and linear in its complezity
of evaluation, that is, the number of arithmetic operations necessary to evaluate
the system. An important issue is to extend our algorithmic ideas to this context.
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Outline of the paper. In Section 2, we define the module structure on the dual of
A, and some useful generating series. In Section 3, we show how both a minimal
polynomial and some parametrizations can be read off of such series. A direct
approach to compute these series yields at once the first assertions in Theorems 1
and 2. In Section 4, we show how to improve the crucial step: the evaluation of a
linear form on the successive powers of an element in A. This will prove the second
parts of Theorems 1 and 2. In Section 5 we present the experimental behaviour of
our algorithms. The last section gives the proof of a key proposition in Section 3.

Notation. We use the following notation:

— The algebra A is the quotient k[Xi,...,X,]/Z; the images of the variables
Xi,...,X, in A are denoted by zi1,...,z,. We denote by D the dimension
of the k-vector space A, by Q@ = {w;}i=1,...,p a monomial basis of A and by
E C N" the set of exponents of the elements in (2.

— The reduced algebra k[X1, ..., X,]/vZ will be denoted by Apeq.

— The dual Homg (A, k) of A is denoted by A, and the dual basis of Q is O =
{@i}i=1,...,D-

— For a polynomial P € k[U], we write rec(P) for its reciprocal U4¢8(") P(1).

— Given a = (a1,...,0a,) in N*, we write X¢ for the monomial X** --- X~ and
z* for the product z5* - - - 28,

— The minimal polynomial of any element ¢ in a finite-dimensional algebra will be
denoted by m;.

2. ON THE DUAL OF THE QUOTIENT ALGEBRA

Most results in this article involve linear forms defined over the algebra A. We
make frequent use of the following operation, which makes the dual A a A-module:
o AxA— A
(u,£) = uol:v L(vu).
This section is devoted to basic results related to this operation. As mentioned

in the introduction, the case when A is a free A-module of rank 1 is of particular
interest, but this assumption is not required here.

Transposed product. The following lemma (see also [50, 37]) justifies the terminol-
ogy transposed product for the A-module operation on A.

Lemma 1. Let u be in A. The matriz of the linear operator
A A
L= uol

in the dual basis Q is the transposed of the matrixz of multiplication by u in the basis

Q.

Proof. Let w be in Q. The value (u o £)(w) is ¢(wu). Tt is given by the product
between the row-vector of the coefficients of wu on the basis 2 and the vector
representing £ on the dual basis. This implies that the vector representing u o £ is
the product Mt ¢, where M, is the transposed of the matrix M, representing the
multiplication by wu in the basis Q. O
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This result has a strong consequence in terms of complexity, based on the trans-
position principle. This principle is actually a theorem about arithmetic circuits.
The proof and additional references can be found in [43, 17, 2, 25].

Transposition principle. Let M be a n X n matriz, and suppose that the product
v = Mv can be computed by an arithmetic circuit of size C. Then there is an
arithmetic circuit of size C that computes the transposed product w — Mtw.

In most applications, the multiplication matrix M,, is not known, and its deter-
mination might be quite costly. Nevertheless, the transposition principle implies
that, whatever the algorithm used for multiplication, there exists an algorithm for
transposed multiplication with the same cost, as long as arithmetic circuits are
used.

Yet, the algorithms used for (fast) multiplication may not be given by arithmetic
circuits. Moreover, even if the proof of the transposition principle is constructive,
it is far from obvious how to put it to practice in a computer algebra environment.
Therefore, particular attention must be given to design explicit versions of the
transposed product (see [24, Problem 6] for similar considerations).

Generating series. We associate to every element ¢ of A a formal power series,
noted S(¢). For a subset F' C N" we also define a truncated series S(¢, F). These
series are given by:

S(0):= Y L(z*)X*, S(F):=> L(z*)X*.

aEN™ a€F

As F is the set of exponents of the monomial basis (2, a linear form £ in Ais uniquely
determined by S(¢, E). We consider in the first place series in k[[ X1, ..., X,]], since
this representation is well-suited to algorithmic purposes. Also, given u in A and ¢
in X, we use the univariate Laurent series

R(u,?) := Z ZU(:L_Q .

i>0

The series S(¢) and particularly R(u,{) are used repeatedly in this article. Similar
representations appear in [50, 35, 37], and in [44] for specific linear forms. The
following proposition gathers the results we will need when using these generating
series. The first point is folklore, similar arguments can be found in [35, 37] and [50].

Proposition 1. Let £ be in A.
— Letu =Y, uaz® be in A, let F' be a subset of N* and let T be the Laurent

ackE
series
U
T=> t,X*:= ( X—‘jl) -S(¢,E+ F).
a€Zn acE
Then the series S(uol,F) is Y pta X<
— Foriinl,...,n, let m; € k[X;] be the minimal polynomial of z;, and let §; be

its degree. Then there exists a polynomial Hy € k[X1,...,Xy] of partial degree
in each variable X; less than §;, such that the following holds:

H,
rec(my) -+ -rec(my,)’

S(0) =
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— Letu be in A, with minimal polynomial m,, € k[U] of degree ,,. Then there exists
a polynomial Gy ¢ € k[U] of degree less than §,, such that the following holds:

Gu £
R(u,l) = —=.
(w0) = 22
Moreover, there ezists a polynomial ry, € k[Ly,...,Lp] of degree at most 6, such

that G ¢ is coprime to my, if and only if ro,(¢1,...,€p) # 0, where (¢1,...,£D)
are the coordinates of £ on the dual basis €.

Proof. For o in F, the value (uo£)(z® ) is £(z* u) = Y oacE ua (). The series
T can be written

T=<ZuaX_°‘) Z (zP)XP | = Z Z ual(z?) | X'

aEE BEE+F o/ €CE+F—E \acE f=a+o
The coefficient of X' in T coincides with £(uz® ), which proves the first point.

We turn to the second point. Taking F' = N" shows that for any u in A, the
series S(u o ¢) is the restriction of u(1/X1,...,1/X,)S(¢) to the set of monomials
with exponent in N”.

Let ¢ be in 1,...,n. Since m;(X;) is zero in A, the series S(m;(z;) o £) is zero.
Consequently, all the monomials in m;(1/X;)S(¢) have degree in X; between —¢;
and —1. This means that all monomials in rec(m;)(X;)S(£) = X2'm;(1/X;)S(¢)
have degree in X; between 0 and §; — 1. Taking all ¢ into account shows that
the series rec(mi)(X1) - - - rec(my,)(X,)S(£) is a polynomial, whose partial degree
in each variable X; is less than §;.

Let us finally prove the last point. The linear form £ induces a linear form on
the algebra k[U]/m.,. The previous point shows that rec(my) Y, 4(u’)U" is a
polynomial of degree less than &, so evaluation at 1/U shows that m,R(u,f) =
My Y50 L(u') /U is also a polynomial of degree less than &, denoted by G ;.

For w; in Q, we let Gy; € k[U] be my,R(u,d;). If £4,...,Lp are the coordinates
of £ on the dual basis, then Gy is Y, ;< p ¢iGu,;. Let now r, € k[L1,...,Lp] be
the resultant of Y, ;. LiGy,; and m,, with respect to U. Then G, and m,, are
coprime if and only if 7, (¢1,...,£p) # 0.

For any polynomial G of degree less than §,, we now prove that there exists
¢ € A such that myR(u,f) = G. This is enough to show that =, is a non-zero
polynomial. Since r, has total degree at most §,,, this will prove the proposition.

The system m,, R(u,f) = G is linear in (£(1),...,£(u’+1)), it is triangular with

diagonal entries equal to 1 as m,, is monic. Since (1,...,u%~1) are linearly in-
dependent, it is always possible to find £ which takes prescribed values on these
points. O

This shows that for a generic choice of Z, the irreducible form of the rational
series R(u, ) has the minimal polynomial m,, for denominator. This will be used
repeatedly in the rest of this article.

An algorithm for the transposed product. The first point in the previous proposition
suggests the following algorithm for the transposed product: given ¢ and wu, first
compute S(¢,2FE), taking F' = F; then perform a power series multiplication, and
read off the coefficients of S(u o 4, E).
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The main difficulty lies in determining the truncated series S(¢,2FE) from its
first terms S(4, E). The second point of Proposition 1 shows that the series S(¢)
is rational. When there is only one variable, the quotient A is given as k[X]/(f),
so the denominator of S(¢) is known a priori, as it is the reciprocal polynomial of
f. Tt is then straightforward to recover the numerator from the first terms S(¢, E),
which in turns gives the next terms S(¢,2F) by Taylor expansion. This is the basis
of Shoup’s algorithm for the transposed product [50].

In the general case, the denominator is not known in advance. At the moment,
we are unable to make use of the rationality of the series S(£), or even of the
stronger form given in the second part of Proposition 1.

3. UsING THE GENERATING SERIES

We now describe our first algorithms solving the questions mentioned in the
introduction: computing the minimal polynomial of an element v in A, and the
corresponding parametrization, if u is separating. These algorithms are derived
from the study of the generating series introduced in the previous section, and
yield the first parts of Theorems 1 and 2.

Similar considerations to those presented in Subsection 3.1 can be found in the
literature, in [54, 51, 50, 23]. The main new result is in Subsection 3.2: a gener-
alization of Rouillier’s formula [44], which does not require the use of a specific
linear form to compute parametrizations. In [44], this specific form, the trace, is
computed from the multiplication table of A. Here, we avoid this precomputation.
We show that almost any form can be used. Consequently, the algorithms presented
in Subsection 3.3 only require multiplication matrices as input.

We stress the fact that all these algorithms are based on the same basic sub-
routine, the evaluation of a linear form on the successive powers of an element in
A. Thus their complexity is fundamentally dependent on the cost of this particular
task, which is the object of Section 4.

3.1. Computing a minimal polynomial. Qur method to compute a minimal
polynomial in A is based on the following property: If u is in 4 and £ is a “generic”
linear form on A, then the minimal polynomial of the sequence (E(ui))z.>0 is the
minimal polynomial of u — the minimal polynomial of a sequence of scalars £ is
the monic generator of the ideal of polynomials in k[U] which cancel L.

This principle has been used in a variety of settings. It underlies Wiedemann’s
algorithm [54] for solving sparse — or rather, easy-to-evaluate — linear systems,
and is the basis of Shoup’s algorithm [51, 50] to compute minimal polynomials in
the univariate case A = k[X]/(f).

Given an upper bound § on its degree, the minimal polynomial of a sequence
of scalars £ satisfying a linear recurrence can be computed by Berlekamp-Massey’s
algorithm, see [6, 33] and [53, chapter 12.4]. This algorithm requires the first 2§
values of £, and amounts to the computation of a (4,d) Padé approximant for the
generating series Y .., £;U%. This is denoted by MinimalPolynomial(L) in the
algorithm below.
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Computing a minimal polynomial
Input: v in A, £ in ;4\, a bound § on the degree of m,,.
Output: a polynomial m,, in k[U].
L [6(1),L(u), ..., e )]
My < MinimalPolynomial(L);
return(my,¢);

The next proposition encapsulates the cost and correctness analysis of this algo-
rithm. Similar considerations for Wiedemann’s algorithm can be found in [23].

Proposition 2. Letu be in A and let m,, be its minimal polynomial. If § is a bound
on degm,,, then besides the evaluation of the sequence [£(1),£(u), ..., L(u?°~1)], the
previous algorithm requires O(6%) operations in k. Its output is the polynomial
my, if and only if the polynomials Gy ¢ from Proposition 1 and m, are coprime.
Otherwise, the output m,, 4 is a strict divisor of m,,.

Proof. Using a naive version of the extended Euclidean algorithm, the running time
of Berlekamp-Massey’s algorithm is quadratic in §. This proves the complexity
estimate.

Let m,, ¢ be the minimal polynomial of the sequence (E(ui))po. Since m,, cancels
this sequence, m,, ¢ divides m,. Let us show that they coincide if and only if the
polynomials G, and m,, are coprime, where G, ¢ is defined in Proposition 1:

Z(uz) Gu,l
(1) R(u,0) =) i
>0
To this effect, we recall the following result from [53, Lemma 12.8]. Let §, ¢ be the
degree of m, ¢. Then the sequence Y., £(u?)U* can be written

S b = e

P ~ rec(muy)’

H, ; being a polynomial of degree less than §,, ; = max(1+deg H,, ¢, degrec(my,)),
and H, 4 and rec(m.,,) being coprime. The above equality can be rewritten as

~ Urec(my)(1/0) My ’

s

i>0
where the numerator is a polynomial.

If Gy, and m,, are coprime, then since m,,, divides m,, equations 1 and 2 show
that m,» and m,, coincide. Conversely, suppose that m, s = m,,, and let us show
that m,, and G, are coprime. Let then h be the gcd of m,, and G, . Under our
assumption, Gy, ¢ is U%¢~1H, ,(1/U), so that

h|mue and h|U%"1H, ,(1/U).
This implies

rec(h) | rec(mye) and rec(h) | Hy .
Consequently, rec(h) is a constant, i.e. h is a power of U.

Let us finally show that this implies that h itself is a constant. Indeed, we have
Ou,e = max(l + deg H,, ¢, degrec(m,, ¢)). We consider both possible cases:

— If 64, = 1+ deg Hy ¢, then Uﬁ"’l_lHu’g(l/U) is exactly the reciprocal poly-

nomial of H, 4, so its valuation is zero.
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— If 6, = degrec(my ), then m, , has the same degree as its reciprocal poly-
nomial, so its has valuation zero.

In any case, this implies that the gcd h has valuation zero. Since h is a power of
U, it must be a constant, which concludes the proof. ([

Using a fast extended Euclidean algorithm [53, chapter 11.1], the complexity
of Berlekamp-Massey’s algorithm drops to O(6log®§loglogé). The polynomial
G, can be computed as a byproduct without affecting the complexity. In any
case, the limiting factor in this algorithm is the computation of the sequence

[€(1), £(u), . .., L(u?~1)).

If the degree of the output coincides with the known upper bound for degm,,, the
output is necessarily correct. A trivial upper bound is the dimension of A. If the
degree of the output reaches this upper bound, then w is primitive for k¥ — A (thus
separating), and the result of the algorithm is correct. Otherwise, Proposition 2
states that the output m,, ¢ is correct if and only if m,, ¢(w) is zero.

3.2. Computing parametrizations. If u is a separating element for Z, we want
to compute parametrizations giving the values of the variables X; on V(Z) as func-
tions of u, that is, rational functions f;(u) such that the relations z; = f;(u)
hold in the reduced algebra Ayeq = k[X1,...,Xn]/ VZ. Following the ideas of
Kronecker [26] and Macaulay [30], we propose a method to compute rational para-
metrizations of the form

95(u)
g(u)”
Our method requires the following assumptions:
1. the characteristic of k is zero or larger than min{s, VI C 1},
2. the degree of the minimal polynomial of u is the degree of the minimal poly-

nomial of a generic element in A.

A generic element in A is defined as ziil Tiw; in A®gk(T,...,Tp). This element
depends on the choice of the basis (2, but the degree of its minimal polynomial does
not. As an illustration, consider the case A = Q[X1, X»]/(X?,X2). The minimal
polynomial of a generic element has degree 3, but z;, even though separating,
has U? for minimal polynomial. The possible defects can be measured using the
nilpotency index of the local factors of A.

If 7 is a radical ideal, assumption 1 is obviously satisfied. Since k is perfect, a
separating element is also primitive, so assumption 2 is also satisfied in this case.

J

Taking the above assumption for granted, our main result is the following propo-
sition:
Proposition 3. Let u in A be a separating element of Z, such that the above hy-

pothesis is satisfied. Letv be in A, £ in 21\, and let Gy ¢ and Gy yor be the polynomials
in k[U] of degree less than that of m, such that

R(u,?) = %, R(u,vof) = M

My My

Then if m, and G, are coprime, the following equality holds:

_ Gu,’uol (u)

in Ared.
Gu,l(“) " d
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This proposition requires a few comments:

— If the condition on the degree of m,, is not satisfied, then the conclusion may
become false for a generic linear form. Consider again A = Q[X1, X>]/(X?, X3)
with basis (1,z1,%2,2122), u = Z1, v = 2, and let ¢1,4;,,£,,,0,,4, be the
coordinates of £ on the dual basis. A short calculation shows that

me = U2, R(zy,0) = % R(z1,2 0 0) = ZUU;Z,Z
so our formula would wrongly give the value ¢, ,,/¢,, for z; instead of 0.

— In [44, Theorem 3.1], a similar result is proved for a particular linear form, the
trace, which associates to any element v in A the trace of the multiplication map
by v. For this particular form, the hypothesis on the degree of m,, is not required.

— If 7 is a radical ideal, a direct proof of Proposition 3 is the following: since & is
a perfect field, the trace form generates A as a A-module [4, 46]. The conclusion
follows from the previous remark.

We defer the somewhat lengthy proof of Proposition 3 to the last section.

We now present the algorithm obtained by a straightforward application of the
formulee above with v = z;, for j = 1,...,n. To this effect, we suppose that poly-
nomials m,, and G, ¢ are known; u is a separating element for Z, of generic degree
and / is a linear form such that G, ¢ and m, are coprime. To justify the algorithm

below, we note that the polynomial Gy ;;0¢ is defined as m, Y, %, thus

it can be obtained as the quotient of m, 3" (x; o £)(uf)U%~¢ by U%, where &,
is the degree of m,,.

Computing the parametrizations
Input: v in A, ¢ in A, m,, and Gy in k[U].
Output: a parametrization of the algebraic variables.
for jin1,...,n do
) = [(z; 0 £)(1), (z; 0 O)(u),..., (z; 0 £)(u)];
Cj = Lo e U
Gu,zjot & My - C; div U‘S“;

u,wq0l Gu,z"ol]
Guye 777 Guyp

1

return [G

Proposition 4. Besides the evaluation of the sequences

[(z; 0 £)(1), (5 0 O)(u), ..., (zj 0 O@™)],  j€{L,...,n},

the previous algorithm requires O(nD?) additional operations in k. Under the hy-
potheses of Proposition 3, the output is a parametrization of the points in V(T).

Indeed, the multiplication has complexity at most quadratic in the degree §, <
D. Fast algorithms would yield a result linear in D, up to logarithmic factors, but
the bottleneck is the computation of the sequences [(z; 0 £)(1), (z; o £)(u), ..., (z; o
£)(u%)]. The last assertion is a restatement of the conclusion of Proposition 3.

3.3. Complexity estimates of a naive version. To put the algorithms of the
previous subsections to practice, we must specify the operations in A. In this
subsection, we assume that the matrices of multiplication by v and z4,...,z, are
known and prove the first parts of Theorems 1 and 2.
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The algorithm for a minimal polynomial is given in Subsection 3.1. The main
task lies in computing the values

[(1),L(w),...,Lu2°"1)),

6 being an a priori bound on the degree of m,, and £ a linear form on A. To compute
the parametrizations corresponding to a separating element u, we first compute its
minimal polynomial as above, then evaluate

[(zj o 0)(1), (z 0 £)(w),- .., (z; 0 &)(u’)], j=1,...,n,
where §,, < ¢ is the degree of the minimal polynomial of .

The other necessary operations and their complexity are given in Propositions 2
and 4. We just need to detail the cost of the successive evaluations of respectively
£and z104,...,xz,0f. For the moment, we follow a direct approach. All powers of
u are computed, then the linear forms are evaluated on all of them. A more refined
method is introduced in the next section.

— Using its multiplication matrix, one multiplication by u has cost O(D?) op-
erations in k. Consequently, all the requested powers of u can be computed
within O(6D?) operations in .

— Given the linear form ¢, each linear form z;0/ can be computed using Lemma 1
since the matrix of multiplication by z; is known. The total cost is thus within
O(nD?) operations in k.

— The evaluation of a single linear form takes O(D) operations in k. Evaluating
all the linear forms on the powers of u requires respectively O(6 D) or O(nd, D)
operations in k.

This gives respectively O(6D?) operations in k for the minimal polynomial, and
O(6D? + nD?) for the parametrizations. The additional costs are given in Proposi-
tions 2 and 4. The sums fit into the complexity bounds O(6D?) and O(§D? +nD?).
This concludes the complexity analysis.

Propositions 2 and 4 show that the output is correct whenever the polynomials
Gy, and m,, are coprime. The last point in Proposition 1 shows that this is the case
if and only if the coefficients of £ on the dual basis cancel a non-zero polynomial r,,
of degree at most §,. Zippel-Schwartz’s lemma [55, 49] concludes the probability
analysis.

4. SPEEDING UP THE POWER PROJECTION

The algorithms presented in the previous section share the same basic subroutine:
the evaluation of a linear form on the successive powers of an element in A. Their
complexity fundamentally relies on the cost of this particular operation, called
power projection.

Power Projection Problem. Let u be in A, £ in A and N > 0. Compute the
sequence [£(1), £(u), ..., LN 1))

The naive solution to this question used in the previous section requires to eval-
uate all the powers of u. In this section, we present a result given by Shoup in
the univariate case [51, 50], which shows how to avoid the computations of all
those powers, by a “transposition” of Paterson and Stockmeyer’s fast evaluation
algorithm. This brings a speed-up of order v/N over the naive version.

This approach requires other operations than mere multiplications by u or z;.
Thus, we first state the complexity results in terms of the cost of product and
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transposed product in A, denoted respectively by M(A) and M?(A). Next, we put
these ideas to practice. For the time being, our effective version of the transposed
product requires the whole multiplication table of the algebra A.

4.1. Baby step / giant step techniques. It is noted in [51, 50, 24] that the
power projection problem itself is a transposition of the question of polynomial
evaluation in A:

Polynomial Evaluation Problem. Let p be a polynomial in k[T of degree N—1,
and u in A. Compute p(u).

For both questions, the point is to avoid the computation of all powers u?,
which leads to a complexity of O(NM(A)) operations in k. In [42], Paterson
and Stockmeyer propose an algorithm for the polynomial evaluation problem (see
also [10]) which saves a factor /N using a baby step / giant step technique.

The idea underlying this process also applies to the power projection problem and
yields the following algorithm, initially presented in [51] for the case A = k[X]/(f).
As in Paterson and Stockmeyer’s, this algorithm takes as input two parameters k
and k', which must satisfy kk' > N.

Power projection

Input: win A, £in A, N, k, k'.
Output: the sequence [{(1),£(u),...,L(uN1)].
i —ul, i=0,...,k
fori+0,...,k' —1do

Cik+j &Z(uj), jZO,...,k—].

£+ upol
return [cp,...,cN-1];

We encapsulate the complexity of this algorithm in the following proposition. A
similar result is presented in [50].

Proposition 5. Letu be in A, £ in A and let N be a positive integer. The sequence
[6(1),£(u), - .., LuN"1)] can be computed within O (N'/2(M(A) + M*(A)) + ND)
operations in k.

Proof. We take k and k' of the same magnitude, that is
k=|VN], ¥ =[N/k],

where |z| and [z] respectively denote the largest integer less than or equal to z,
and the first integer larger than or equal to z.

The precomputation of the first k& powers of v requires O(N'/?) multiplications
in A. Each of the k' passes through the for loop requires the evaluation of k linear
forms, plus a transposed multiplication. Since kk' = O(N), the overall cost is thus
O(N D) operations for the evaluation of the linear forms and O(N'/2) transposed
multiplications. This proves the proposition. O

Corollary 1. Let D be the dimension of A as a k-vector space, and let u be in A.
Let § be a bound on the degree of the minimal polynomial of u. Then:

— The minimal polynomial of u can be computed by a probabilistic algorithm in
O (8*/2(M(A) + MY (A)) + D) operations in k.



14 ALIN BOSTAN, BRUNO SALVY, AND ERIC SCHOST

— Ifu is a separating element of V(Z) such that the hypothesis of Subsection 3.2 is
satisfied, a parametrization of the algebraic variables can be computed in

0 <n51/2(M(A) + Mi(A)) + nD2)

operations in k.

In both cases, the algorithm chooses D values in k. If these values are chosen in
a finite subset T' of k, all choices except at most §|T|P~1 assure success.

Proof. The proof is similar to that of Subsection 3.3, the difference lies in the
complexity analysis of the power projection. Proposition 5 brings the result, taking
respectively N = 26 for the minimal polynomial computation, and N = §,, < ¢ for
the parametrizations. O

Using the transposition principle, these complexity results could be rewritten
in terms of M(A) only, but this explicit version reflects the underlying algorithm
more closely.

4.2. Complexity estimates for the second approach. To put such algorithms
to practice, we need an effective version of the transposed product. To this effect
we suppose that the structure of the algebra A is given by a monomial basis and the
corresponding multiplication tensor. This makes it possible to estimate the cost of
the product and transposed product, which will conclude the proofs of Theorems 1
and 2.

More precisely, in the following paragraphs, we show that the costs of multipli-
cation and transposed multiplication, denoted by M(A) and M?!(A) up to now,
are in O(2"D?) operations in k. With these results, the complexity estimates of
Corollary 1 become respectively O(276'/2D?) and O(n2"§'/2D?) operations in k,
which concludes the proof of Theorems 1 and 2.

A note on Rouillier’s algorithm. The input is now the same as that of [44]. Yet,
Rouillier’s algorithm uses a particular linear form, the trace. In the present con-
text, computing the trace is straightforward, since we have precomputed the whole
multiplication table. Thus, we can apply our baby step/giant step techniques to
speed up the deterministic algorithm of [44]. Still, using random linear forms has
its benefits. For instance, we may choose forms with many coefficients equal to
ZEro.

To prove the estimates on the complexity of the operations in A and Zf, we recall
and introduce some notation.

— We call Q = {w;};=1,..., p the monomial basis of A, and E C N" the corresponding
set of exponents, so that @ = 2. We denote by Q - Q the set of products
{wiw; | w; € Q,w; € Q}. The corresponding set of exponents is denoted by
2FE, and is the Minkowski sum E + E C N*. Its cardinality is bounded by
2"|E| = 2"D.

— We assume that the sets  and - Q are ordered; the elements of A will be given
by their coefficients on the basis 2. The multiplication tensor in A is given by
a |E| x |2E| matrix M, with rows indexed by the elements in Q and columns
indexed by the elements of €2 - Q. The columns of M give the coordinates of the
element in €2 - Q on the basis (.

Introducing the matrix M is a convenient way to describe the operations in A
and A and bound their complexity.
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Multiplication in the quotient. We first give the cost of the multiplication in A.
This operation is done in a straightforward manner. Two elements v and v in A
are multiplied as polynomials in k[X1,..., X,], then reduced using the matrix M.

In the algorithm below, v and v are given by the vectors u and v of their
coefficients on the basis Q. Given a vector u of size D and a monomial w in Q, ufw]
denotes the entry of u corresponding to w. The function Coefficients(W,Q- Q)
returns the vector of the coefficients of W on the monomial family € - Q.

Multiplication in the quotient

Input: the coefficients of u,v in A, the matrix M.
Output: the coefficients of the product uv in A.

U ¢ Y ulwlw;

V ZweQ V[w]w;

R + UV, # the multiplication is done in k[X1,..., X,]
cw < Coefficients(W, Q- Q);

return Mcw;

Given u and v in A, the previous algorithm computes the product uv in A within
0(2"D?) operations in k. Indeed, the naive multiplication of two polynomials with
support in F requires O(D?) operations. The reduction of the product is done by
the matrix-vector product, which requires |E||2E| < 2"|E|> = 2" D? operations in
k.

Transposed multiplication. Our effective version of the transposed product was de-
scribed at the end of Section 2. There, we reduced the transposed multiplication
wo £ to two steps. First computing S(¢,2E), that is, the values of £ on the elements
of -, then performing a multivariate series multiplication and extracting the
required coefficients.

For any n in Q - , the value £(n) is the product between the row ¢, of the
coefficients of ¢ on the dual basis and the column of the coefficients of n on the
basis Q. In other words, the coefficients of S(¢,2F) are the entries of the product
CgM.

This property yields the following algorithm for the transposed product. The
linear form / is given as the row-vector c; of its coefficients on the dual basis. The
other notation was introduced above.

Transposed multiplication in the quotient
Input: v in 4, £ in Zf, the matrix M.
Output: uo{in A.
de — CgM;
S Y pea.qden] X
T+ u(l/Xy,...,1/X,) - S;
return Coefficients(T, Q);

Givenu in A and £ in ;1\, the previous algorithm computes the transposed product
u o £ within O(2"D?) operations in k. Indeed, the matrix-vector product requires
|E||2E| < 2"D? operations in k. Using a naive series multiplication routine, the
Laurent series product also requires 2”D? operations in k.
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5. EXPERIMENTAL RESULTS

System 1 2 3 4 5 6 7 8

Variables 3 4 6 7 3 3 4 4

Max. Degree 12112 | 6 7 12 12 6 6
Solutions 30 | 192 | 156 | 962 | 1728 | 1728 | 1296 | 1296

Grébner basis 1 4 | 45 309 0.2 0.2 6.2 170
Reconstruction | 0.2 | 0.1 | 0.1 | 0.5 4 6 7 8

Algorithms of Section 3.3:

Mult. Matrices | 0.1 | 2 1 6 3 4 5 30
Power Projection | 0.4 | 3.6 | 3 | 57 | 695 | 763 | 700 | 1120
Total |05] 46| 4 | 63| 698 | 767 | 705 | 1250

Algorithms of Section 4.2:

Mult. Table |02] 25| 15| 80 | 24 | 54 | 403 | 1330
Power Projection | 0.3 | 2.1 | 2.2 | 20 | 164 | 250 | 290 | 370
Total |05 4.6 ] 3.7 |100] 188 | 304 | 693 | 1700

Fi1GURE 1. Experimental Data; times are given in seconds

The algorithms underlying Theorems 1 and 2 have been implemented in the
Magma computer algebra system [9]. In this section, we compare the methods
presented respectively in Subsections 3.3 and 4.2, for the computation of a para-
metrization of the solutions of a polynomial system. Recall that the two methods
differ by their input, respectively some multiplication matrices or the whole multi-
plication table, and by the computation of the power projection.

Since our complexity estimates are stated in terms of operations in the base
field, we insist on computations on a finite field, where such operations have almost
constant cost. OQur base field is thus GF(9001).

The systems we have chosen are presented in Figure 1. All of them are complete
intersection zero-dimensional systems. Systems 1 and 2 were proposed by S. Mallat
for the design of foveal wavelets [31]. Systems 3 and 4 are the Cyclic [7] for n =6
and n = 7. Systems 5 and 6 are sparse systems, with about 10 monomials of degree
at most 4 per equation, and a single higher-degree monomial. Systems 7 and 8 are
obtained by applying a linear change of variables on the previous systems.

— The first lines indicate the number of variables and the maximum degree of the
input equations, then the dimension of the quotient algebra, that is the number
of solutions counted with multiplicities.

— For all systems, the separating element is a randomly chosen linear combination
of the variables, and the linear form has only 5 non-zero coefficients on the dual
basis. In all cases, we find a minimal polynomial of degree the dimension of the
quotient, so the output is correct.
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— A basis for the quotient algebra is first computed using Magma’s GroebnerBasis
function for a Graded Reverse Lexicographical order. Its computation time
is given in the line labelled “Grobner Basis”. The line labelled “Reconstruc-
tion” gives the time necessary to perform all reconstruction operations, that is,
Berlekamp Massey’s algorithm and univariate polynomial multiplications. Their
cost is detailed in Propositions 2 and 4, and is the same for both approaches.

— The computation times are next given for both approaches. For the algorithm of
Section 3.3, this includes the computation of some multiplication matrices (using
Magma’s RepresentationMatrix function), then the naive version of the power
projection. For the algorithm of Section 4.2, this includes the computation of the
whole multiplication table, which enables a faster version of the power projection.

As was to be expected, the baby steps/giant steps techniques bring a consequent
speed up over the naive version of the power projection. On another hand, the
precomputation of the whole multiplication table obviously affects this speed-up.

The Sparse systems (columns 5 and 6) were chosen such that the Grébner basis
and the multiplication table were fast to compute. The advantage of using baby
step/giant step techniques appears clearly for such examples.

We also implemented Rouillier’s algorithm [44] in Magma, since it shares many
subroutines with our algorithms. This algorithm first computes the whole mul-
tiplication table, then computes the power projection using the slower technique.
Consequently both our approaches are faster.

6. PROOF OF PROPOSITION 3

In this section, we prove Proposition 3. The data is a separating element u and
a linear form £. The assumptions are:

1. the characteristic of k is zero or greater than min{s, vI' C T}

2. the degree of the minimal polynomial of u is the degree of the minimal poly-
nomial of a generic element in 4 = k[X,...,X,]/Z;

3. ¢ and u are such that

L(u) Gy
R(u,0) =Y ——2 ="
+1 ’

i>0 vt Mu

with Gy, ¢ and m,, coprime (the definitions of the series R and the polynomial
Gy, are given in Section 2).

Note that if 7 is a radical ideal, then the first two assumptions are satisfied as soon
as u is a separating element. The ideal Z is radical if v/Z C Z. More generally, the

number min{s,Z C I} is called the ezponent of Z.
Our goal is to show that for every v in A and for every a € V(Z),

(St ) o) = ote).

The proof is divided into three main steps. First we express the degree of m,, as the
sums of the exponents of the primary components of Z. Then we rewrite the series
R(u,v o{) using a description of A by differential conditions on the local factors of
7. Finally, our knowledge of the degree of m,, will make it possible to read off the
required result on the new expression of R(u,v o £).
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6.1. Generic elements and their minimal polynomials. Given the k-algebra
A = k[X1,...,X,]/Z and its basis Q@ = (w1,...,wp), we define a generic element
in AdasT := Zle Tiw; € A®y k(T1,...,Tp). We denote by mq the minimal
polynomial of T. This polynomial depends on the choice of the basis Q, but its
degree depends only on A. We will denote this degree by §(A). The numbers §(A44)
will be used in the next paragraph, for some algebras A, to be introduced. They
are defined in the same manner.

From now on, we suppose that k is algebraically closed. Our assumptions still
hold over k:

1. the minimal polynomial of v as an element of A over k coincides with its
minimal polynomial as an element of A ®;, k over k;

2. the degree of the minimal polynomial of a generic element in A is the same
as in A ®y k;

3. since k is perfect, the exponent of Z - k[X1,..., X,,] equals that of Z.
Supposing that k is algebraically closed yields the proof of the following lemma.
The result applies for any affine algebra, and will be used for the algebras A,
introduced in the next paragraph.

Lemma 2. For every t in A, degm; < 6(A), and there exists t in A such that
degm; = 6(4A).

Proof. Let B be A®y k(T1,...,Tp) and let T be Ei’;l Tiw;. The k-basis Q2 of A is
also a k(Ty,...,Tp)-basis of B. We define M7 as the matrix of multiplication by
T in this basis; then mq(M7) = 0.

Let t be in A; t can be written Ef:l t;w;. Both Mt and mq have their coefficients
in k[T1,...,Tp], so the equality mo(M7z) = 0 can be specialized at (t1,...,tp).
The matrix Mt specializes into the multiplication matrix of ¢ in A, which shows
that degm; < degmgq.

Consider now the matrix Mp_; with columns the coefficients of 7°,...,TP~!
on the basis Q. The matrix M p_; has entries that are polynomial in (T}, ...,Tp),
and has maximal rank, so admits a D x D submatrix with non-zero determinant
D€ k[T,...,Tp].

Since k is algebraically closed, there exists a D-tuple (t1,...,tp) which does not
cancel D. Then the first D — 1 powers of t = Zi’;l t;w; are independent over k, so
the minimal polynomial of ¢ has degree deg mq. O

6.2. Generic degrees and local factors. Since k is algebraically closed, each
zero a of Z is in k™. Moreover, if we let m, C k[X7,..., X,] be the maximal ideal
at a, then the primary decomposition of the zero-dimensional ideal Z has the form:

T= T,

where 7, is a m,-primary ideal. We write A, for the local algebra k[ X1, ..., X,]/Zs
and denote by N, the exponent of Z,, that is the minimal s such that m}, C Z,.
This is also the nil-index of the local algebra A,.

We now prove that degm, = Ea Ng. The proof is divided in three lemmas.

Lemma 3. The following holds: §(A) =3, cy(7) 6(Aa)-

Proof. By the Chinese Remainder Theorem, A is isomorphic to the product ring
II, Aa. Let t € A be such that degm; = §(A). We denote by ¢, its images in the
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A,. The minimal polynomial of ¢ equals the least common multiple of the minimal
polynomials my,. This shows that 6(4) <3 degmy, <> d(A4a).

Conversely, for each a in V(Z), we choose t, in A, such that the degree of the
minimal polynomial of ¢, is 6(A,). Up to adding well-chosen constants to the tq,
we can assure that their minimal polynomials are pairwise coprime. Let ¢t € A be
such that its images in the local algebras A, are the elements t,. Then the minimal
polynomial of ¢ is the product [, mq,, so its degree is ) §(As). This shows that
S 5(Aa) < 6(A). O

We next relate the degree §(A,) to the exponents N,. To this effect, we suppose
without loss of generality that each Z,, is (X1, ..., X,)-primary.

Lemma 4. Let J be a (X1,..., X,)-primary ideal of k[X1,...,Xy], let Ny be the
exponent of J and let Ag be k[X1,...,Xy]/T. If the characteristic of k is zero or
greater than Ny — 1 then §(Ag) = N7.

Proof. Let Dy be the dimension of Ay and f,...,5p, be a monomial basis of
Ag. We suppose that wy = 1. Let ¢ := EzD:Jl t;B; be such that degm; = §(A7).
Then t — 15, is in (X1,...,X,), so (t —t151)7 = 0. This shows that the degree
of the minimal polynomial of ¢ is at most Ny, i.e. (A7) < Ny.

By assumption, there exists a monomial M of degree N — 1 not in J. Without
loss of generality, M can be written H;.izl X[ Welet t be Egzl X;. The coeflicient
of M in tN7~1 is

(Vg —1)!

ol agl’
which is well-defined and non-zero since the characteristic of k is either zero or
greater than N; — 1. Consequently, t¥7 ! is not zero, so the minimal polynomial
of t is T™N7. This shows that N; < §(A), which concludes the proof. O

To apply this result to each local factor, we need to ensure that the characteristic
of k is indeed greater that the exponents of the local factors. This is the objective
of the next lemma.

Lemma 5. The exponent of T equals max,cy (1) No-

Proof. Let S be the exponent of 7 and N be max,¢cy(z) No- Then \/fN is [T, ml,
which is contained in [] Z, = Z, so S < N. Conversely, for any a in V(Z), we

have
Io+ H mg' = (1),
o'#a
Multiplying both sides by m3 yields
m37T, + H md, =md.
o’ €V(T)
Now S is such that \/fs C1Z,so Ha'ev(I) mg, C T C Z,- The previous equality
then shows that mg C I, for each a, whence S > N. O
Consequently, under assumption 1, we can apply Lemma 4 on each local factor
A,. Together with Lemma 3, this shows that 6(4) =3 6(4s) =, Na-
Since by assumption 2, the separating element u is such that degm, = §(4),
then degm, = Y., No. As a consequence, m, = [[(U — u(a))N=. This will be
crucial for the conclusion of the proof.
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6.3. Higher order derivations. We now recall the notion of high order derivation
over an algebra, introduced in [41, 39].

Let k be an arbitrary field and R be a k-algebra. A k-linear map d : R — R
is called a k-derivation of order 1 if d(zy) = zd(y) + yd(z), for all z and y in R.
High order derivations are defined recursively. A k-linear map d : R — R is called
a k-derivation of order N > 1 if the map [d,z] : y — d(zy) — zd(y) — yd(z) is a
k-derivation of order N —1 for all z € R. For N > 1, we write DerY (R) for the set
of all k-derivations of order N, and we take Der)(R) = k - 1g.

In the particular case R = k[X;,...,X,], the k-linear map §” : R — R defined
on the monomial basis by:

5U s XL X s (’Zi) (Z:)X{“_m D
is a k-derivation and its order equals [v| = vy + --- + v,. Moreover, {6}, <n is
a k-basis of Der) (R), see for example [39]. Remark that the binomial coefficient
(g ) is defined over any field, for instance as the coefficient of Y in (1 + Y)”. The
previous definition is valid over any field k. If k has characteristic zero, then we
recover the well-known definition of differential operators:

1 ovittun (p)
vileoop! 63’(11...6;’(7; )

§Y(P) =

The following result will allow to make the link between the poles of the rational
series R(u, ) and the order of a derivation.

Lemma 6. Let R be a k-algebra, let u € R and D a derivation of order N. Then
there exist Cp,, in R[U] and, for every v € R, a polynomial Tp ,,, in R[U] such
that the following equality holds in R[[U~!]]:

Ut~ (U —u)NH + U — )N

Z D(vu?) vCp oy Tp,uwv
i>0

The subscripts indicate dependency with respect to D, u and possibly v.

Proof. The formula D(vu') = [D,v](u?) + vD(uf) + u*D(v), together with the
fact that the order of [D,v] is less than than the order of D, and the equality

> i>o ﬁ‘,&f = ﬁ show that it is enough to consider the case v = 1.
We proceed by induction on N. If D is derivation of order 1, then D(uf) =

iut=1D(u), so

D(u') w™"  D(u)
; Ui+l T D(u) 1221 Ui+ (U _ u)2

Since [D,v] has order less than D, and using D(u?) = [D,u](u*"!) + uD(ui"t) +
ui~!D(u) and the induction hypothesis we obtain:

D) 1 [D,u](u*) , D(u)
D e D D RN (Fn

i>0 i>0

This completes the proof. O
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6.4. Dual spaces and high order derivations. We next exhibit the connection
between high order derivations and dual spaces of quotient algebras. The idea to
characterize primary ideals by differential conditions in characteristic zero is due to
Grobner [22]. Similar or more general treatment can be found in [32, 34, 8, 40], ...
For the sake of completeness, we gather the needed facts for an arbitrary ground
field in the following lemma. We give a complete and short proof, inspired by that
of [8].

Lemma 7. Let J a (X1,...,X,)-primary ideal of R = k[X1,...,X,] and let Ny

be the exponent of J. Then there exists a k-basis of the dual R/J consisting of
elements

where all D;’s are in DerkNj_1 (R).

Proof. If |v| < Ng, the map R — k, given by P — (6”P)(0) factors to a k-
linear map 62 : R/(X1,...,Xn)V7 — k. It is straightforward to verify that the
induced maps {4} }o<|s|<n, form the dual k-basis of the monomial basis {z* }|,<~,
of R/(X1,...,X,)N7. As the dual of R/J is a k—linear subspace of the dual

of R/(Xy,...,X,)N7, it admits a k-basis whose elements are of the form L; =
2 lo|<Ny bq(,z)(Sf,f. Taking D; = 32,1, bgpé", we see that D; € Darivj_l(R) and
the lemma is proved. [l

6.5. Conclusion. The final step of the proof consists in rewriting the series R(u, vo
£) so as to exhibit its dependence with respect to v.

Lemma 7 shows that for each a € V(Z) there exists a family of derivations A® =
{D;'l}jzl,...,mult(a) of order N, — 1, such that the functionals

L% : P + T, = D¥(P)(a)

form a dual basis for the local factor A, of A, where mult(a) = dimg(4,) is the
arithmetical multiplicity of a. In particular, the union A := U,A®* forms a basis
of A.

If D} is in A%, then using Lemma 6 and evaluating at o, we see that there exist
¢, in k, and, for every v € k[X1,..., X»], a polynomial ¢¢, , in k[U] such that

J,u,v
o = DRu)@) (@), 2.0
B Ruvolf) =Xt = g i gt

i>0

holds in k[[U1]].

Let now £ be in A. Using the linearity of R(u,v o £) with respect to £, we see
that for every v the equality

o@)ef, 00(0)
R0 =2 a2 = (e

holds, where c,, and t7,, ,(U) respectively belong to k and k[U], and ¢, does not
depend on v.

If one of the coefficients gy 18 zero, then for any v, R(u,v o £) can be written
with a denominator of degree less than ) N, that is, of degree less than degm.,.
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In particular, R(u,£) admits a denominator of degree less than degm,,. Since, by

assumption 3, £ is such that
R(u,0) = Sut,
mu
with G, and m,, coprime, none of the coefficients cj, is zero.
Let now Q, be the quotient of m,, by (U — u(a))N=. Then @, takes a non-zero
value on u(a), and vanishes on u(a'), for all other zeros o' € V(Z). Thus there

exists a polynomial V;, € k[U] such that
Guwor = myR(u,vo0l) = Zv(a)cz’Qa(U) + Vi,0(U) H(U — u(a)),

a a

50 Gy,yor(u(@)) is v(a)cyf Qq(u(a)). Since cfQq(u(e)) is not zero and is indepen-

dent from v, this shows that GG"—”‘ZI takes the value v(a) at u(a). This proves the

proposition.
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