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Abstract: We are interested in Model Risk control problems. We study a strategy for the
trader which, in a sense, guarantees good performances whatever is the unknown model for
the assets of his/her portfolio. We consider the Model Risk control problem as a two players
(Trader versus Market) zero-sum stochastic differential game problem. corresponding to a
‘worst case’ worry: the trader chooses trading strategies to decrease the risk and therefore
acts as a minimizer; the market systematically acts against the interest of the trader, so
that we consider it acts as a maximizer. This stochastic game problem can be viewed
as a continuous-time extension of discrete-time strategies based upon prescriptions issued
from VaR analyses at the beginning of each period. In addition, the initial value of the
optimal portfolio can be seen as the minimal amount of money which is needed to face the
worst possible damage. We give a proper mathematical statement for such a game problem.
We prove that the value function of this game problem is the unique viscosity solution
to an Hamilton—Jacobi-B-ellman—Isaacs equation, and satisfies the Dynamic Programming
Principle.
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Gestion "pire cas" du risque de modéle en couverture
d’option

Résumé : Nous nous intéressons au controle du risque de modéle. Nous étudions une
stratégie qui, en un certain sens, garantit de bonnes performances quel que soit le modéle
(inconnu) des actifs sous—jacents utilisés dans le portefeuille de couverture. Nous considérons
le probléme de controle du risque de modéle comme un probléme de jeu stochastique & deux
joueurs (trader contre marché) et & somme nulle correspondant & une protection ‘pire cas’:
le trader construit sa stratégie de couverture pour diminuer son risque et donc agit en
minimiseur ; le marché agit systématiquement contre les intéréts du trader et donc agit
en maximiseur. Ce probléme de jeu peut étre interprété comme une extension en temps
continu de stratégies fondées sur des outils en temps discret tels que la VaR. De plus, la
valeur initiale du portefeuille optimal peut étre vue comme la quantité d’argent minimale
nécessaire pour faire face aux pires dommages. Nous établissons une formulation rigoureuse
du probléme de jeu, et prouvons que la fonction valeur correspondante est ’'unique solution
de viscosité d’'une équation d’Hamilton—Jacobi-Bellman—Isaacs, et satisfait le principe de
programmation dynamique.

Mots-clés : mathématiques financiéres, couverture d’option, risque de modéle



Worst case model risk management 3

1 Introduction

In this note we describe the financial strategy which a trader can follow in order to manage
his/her model risk.

Suppose that the trader precisely knows the model followed by the real market, and that
this model is given by a system of stochastic differential equations. Then, in a complete
market, she/he is able to construct a strategy which perfectly hedges the option. For options
written on discount bonds, such an assumption means that the trader knows perfectly the
description of the random evolution of the term structure of the interest rates. This is
unrealistic for various reasons, for example: lack of sufficient information from the market,
choice of the number of factors which drive the term structure of interest rates, choice of
the modelling stochastic processes, estimates of the parameters required to use the model,
complexity of the estimation procedure, etc.

When one has a rather precise information on the model of the market, then one can
take advantage of the robustness of formulae of Black and Scholes type (see, e.g., El Karoui,
Jeanblanc—Picqué & Shreve [8] and Romagnoli & Vargiolu [15]). When one has only a vague
information on the model of the market, can one find a strategy, which, in a sense, guarantees
tolerable performances whatever the unknown model is? To address this question several
authors have proposed super—replication techniques: see, e.g., Avellaneda, Levy & Paras [2],
Avellaneda & Paras [3], Touzi [17] and references therein. Here we adopt a ‘worst case’
stochastic game approach which can be summarized as follows:

| Trader = Minimizer of Risk. |
| Market = Maximizer of Risk. |
| Trader vs Market. |

We introduce a cost function which describes the risk faced by the trader. Instead of
supposing that the trader knows the exact model followed by the real market, we assume
that the trader knows that the correct model of the market belongs to a wide class of models.
The trader chooses trading strategies from a set of admissible strategies to decrease the risk
and therefore acts as a minimizer of the risk; on the other hand, we suppose that the market
systematically behaves against the interest of the trader, and therefore we consider it acts as
a maximizer of the risk. Thus the model risk control problem can be set up as a two players
(Trader versus Market) zero-sum stochastic differential game problem and the corresponding
strategies, in a sense, are continuous-time versions of discrete-time procedures based upon
prescriptions issued from VaR analyses at the beginning of each period.

In Section 2, we introduce our framework: the misspecified model for the asset prices and
our definition of model risk. In Section 3, we state the stochastic differential game problem
which is the key tool of our approach; we slightly extend results by Fleming & Souganidis [10]
to prove that the value function of this game problem is the unique viscosity solution to an
Hamilton-Jacobi-Bellman-Isaacs equation; we also prove that the value function satisfies the
Dynamic Programming Principle. In Section 4, we illustrate our methodology by considering
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4 Talay €9 Zheng

the particular case of the hedging of European bond options. We conclude by showing a
numerical result.

Our paper is deeply related to the paper [7] by Cvitani¢ and Karatzas who have intro-
duced and studied dynamic measure of risks such as

inf  supE,(F(X®™(T))),
2y SR L (F(AHT(T)))

where A(x) denotes the class of admissible portfolio strategies, and E, denotes the ex-
pectation under the probability P, for all v in a suitable set. All the measures P, have
the same risk-neutral equivalent martingale measure, which implies that the trader (or the
regulator) is concerned by model risk on stock appreciation rates. Here, we include model
risk on volatilities and prove the relationship between the dynamic hedging under the worst
case scenario and viscosity solutions of fully nonlinear PDEs, which allows us to develop
numerical methods. We thus hopefully answer to a part of the open problems listed in the
Conclusion in [7].

We finally emphasize that the solution at time 0 of our stochastic game problem can be
viewed as the minimal amount of money that the financial institution needs to “contain the
worst possible damage” as said in [7].

2 Our financial model

Suppose that the financial market consists in n risky financial assets, whose prices at time
t are denoted by P;(t), and one instantaneously risk-free asset, the money market, whose
price at time ¢ is denoted by Py(t). We use the following stochastic differential equation to
describe this financial market.

dPy(t) = r(t)Py(t)dt. (1)

{da(w = Pi()bi(t)dt + 5, 03 (DAW]], 1< i<,
Here we consider a probability space (2, F,P), and processes b;(-), 0s;(-), 7(-) which are
progressively measurable with respect to the P augmented filtration of the d dimensional
Brownian motion (W;). We also suppose that there exists a unique strong solution to (1).
Consider an economic agent whose decisions do not affect the prices in the market (a
small investor). We denote by X (¢) the wealth of this agent at time ¢, by H;(t) the amount
he/she invests in the i* risky financial asset at that time (1 < 4 < n), and by Hy(t) the
amount he/she invests in the risk-free asset. Then the value of his/her portfolio is

n

X(t) =" Hi(t)Pi(t) + Ho(t)Po(t).

i=1

INRIA



Worst case model risk management 5

Suppose that the portfolio is self-financing. Then the process X(t) satisfies the following
stochastic differential equation

n d
dX(t) = Z H;(t)P;(t) | bi(t)dt + Z 04 (t)dWy | + Ho(t)r(t) Py (t)dt.
If X(t) #0, set
mi(t) : ng?(f;(t)’ =1,...,n,
and Ho(t)Po(t)
7T0(t) = W

If X(t) =0, set m;(t) = mo(t) = 0. With the above notation, we have

dX(t) = X(t) im(t) bi(t)dt + > i (H)dW7 | + X (t)r(t) (1 - im(t)> dt. (2

7j=1 =1

3 Model risk control

To simplify the notation, in this section we suppose that the process (r(t)) is constant and
equal to r > 0. It is straightforward to include it in the list of the controls, or to more
specifically include model risks on a fixed type of yield curves models (see Section 4 for such
an example).

Suppose that the market chooses the risk premium and the volatility process to increase
the risk of the position.

We adopt the definition of admissible controls and strategies of Fleming & Souganidis [10]
and, as in [10], we introduce the canonical sample spaces for the underlying Brownian motion
in (1) and (2). For each 8 € [0,T] we set

Qg :=(we C’([O,T];Rd) twp = 0).

We denote by (Fp,s) the filtration generated by the canonical process from time 6 to
time s. Equipped with the Wiener measure Py on Fy 7, the filtered probability space
(Qo, Fo,1,Po, (Fo,s,0 < s <T)) is the canonical sample space.

We define the admissible controls and the admissible strategies by:

Definition 3.1. An admissible control process u(-) := (b(-),0a(-)) for the market on [6,T)
is an (Fo,s)-progressively measurable process taking value in o compact subset K, of R™ x
R . An admissible control process w(-) for the investor on [0, T] is an (Fy,s)-progressively
measurable process taking value in a compact subset K, of R*. The set of all admissible
controls for the market on [0,T] is denoted by Ad,(6) and the set of all admissible controls
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6 Talay € Zheng

for the investor on [0,T] is denoted by Ad.(0). We say that two admissible control processes
u and u in Ad,(0) are the same on [0,s] if Py(u(-) = u(-) a.e. in [0,8]) = 1. A similar
convention is assumed for elements of Ad.(6). We write u(-) = u(-) on [0,s] (respectively,
w(-) = 7(-) on [, s]) when u and @ (respectively, m and ) are the same on [0, s].
Definition 3.2. An admissible strategy I for the investor on [0,T] is a mapping II :
Ady(0) — Adr(0) such that if u(:) =~ u(-) on [0,s], then II(u(-))(:) ~ II(u(-))(:) on [0, s]
for every s € [0,T). The set of all admissible strategies for the investor on [0,T] is denoted
by Adn(0).

For given IT € Ad(#) and u(-) = (b(-),0(-)) € Ad.(0), we set 7(-) := II(u(-))(-)-

The controlled system of prices and value of the portfolio is defined as follows:

dPi(t) = Pi(t)[bs(t)dt + 337, 03 (8)dW]] for 0 < i < m, -
IX() = XXy ms) [0t + Ty 03y + 1 X (0) (1 = S0y male) e
Given a suitable function F' the cost function is now defined as follows:
J(e,p,.’L’7H7u(~)) = Ee,p,zF(P(T)vX(T))v (4)

where the symbol Eg ,, stands for the conditional expectation under Py knowing that
(P(#) = p, X (#) = x)'. In this section we do not discuss the choice of F' in practice, which
highly depends on the financial objective of the trader or of the regulator. We thus make a
weak assumption on F' (see (8) below), and postpone some discussion to Section 4.

We then introduce the value function of our game problem.

Definition 3.3. The lower value of the model risk control problem with initial data (8, p, x)
18

V(@,p,x):= inf su J(O,p,z, I u(-)). 5

Opw)i= it sy T0,p () 5)

3.1 Owur main result

Define the (n + 1) x (n + 1) symmetric matrix a(p, z,0,7) as

aij(p,.%',O',Tl') = Zzzl(PiO'ikpjo'jk) for 1 S lv.] S n,

an+1,i(p, T,0,7) = Zzﬂ Yooy (emogpioge) for 1 <j <mn, (6)
d

an+1,n+1(p7w7077r) = Zk:l Z?:l(xQﬂ-lQo-I%l)'

Let g(p, z,b, ) denote the n + 1 dimensional vector

d
q(p,z,b, ) := <p1b1,...,pnbn,:c (r +Z7r,-(bi —r))) . (7

i=1

1For the sake of simplicity our notation does not emphasize that the process (P(t), X(t)) is parametered
by (b(t)a U(t)’ 7Tt).

INRIA



Worst case model risk management 7

For all u = (b,0) € K, and 7 € K, we set
1
HUJ(A7Z7P"Z') = §TI‘ (a(p7x,a,7r)A) +z- Q(pvvaa’]r) )

and
H (A7 Z,p,%) = 5161%(12 rrg}?-,( [Hu,ﬂ(Aa Z,p,.’E)] .

Our main result is

Theorem 3.4. Suppose that F' is a continuous function such that
\F(p,z) — F(p,7)| < Q(Ipl, |], [Pl [Z])(lp — Bl + |2 — TI), ®)

where Q(|p|, |x|, |D|, |T|) is @ polynomial function.
Then the value function V(0,p,x) defined in (5) is the unique viscosity solution in the
space

S := {o(t,p,x) is continuous on [0,T] x R* x R; IA > 0,
lim  ¢(t, p,z) exp(—A|log(|p|> + 2°)|*) = 0 for all ¢ € [0,T]}

|p|24+22—00

to the Hamilton-Jacobi-Bellman-Isaacs Equation

%(t,p,x) + H=(D?v(t,p,z), Dv(t,p,z),p,z) =0 in [0,T) x R*+1, ©)
v(T,p,z) = F(p,x).
In addition, V(0,p,x) satisfies the Dynamic Programming Principle, that is,
V(0,p,x) = inf sup  Eg,[V(¢ P(t),X(t)) for all 0 <t <T. (10)

e Adn(0) y(.)e Ady(6)

3.2 Proof of Theorem 3.4

We start the proof of Theorem 3.4 by an easy lemma which implies that the value function
V belongs to the space S.

Lemma 3.5. V(0,p,x) is time continuous and locally Lipschitz continuous w.r.t. (p,x) in
R™+1. There exists a positive polynomial function Q of (p,x) such that |V (0,p,x)| < Q(p,z)
for all 8 in [0,T].

Proof. The continuity in 6 of V results from the classical estimates on the solution of stochas-
tic differential equations: see, e.g., Fleming & Soner [9, Chap.IV, Sec.6].

We now check that, for each pair of admissible control and strategy, the cost function is
locally Lipschitz continuous w.r.t. (p,z) in R**1. Let (P(t), X (t)) (respectively (P(t), X (t)))

RR n® 4328.2



8 Talay €9 Zheng

be the solution to (3) with initial condition (p,x) (respectively (P,T)) at time 6. In view
of (8), we have

|F(P(T),X(T)) - F(P(T), X(T))|
< QUP(T)|, X (T)], [P(T)], [X(T))(P(T) = P(T)| + |X(T) = X(T)]).

An elementary calculation and classical estimates lead to

Eb,p,e [F(P(T), X(T))] = Eo 5,z [F(P(T), X(T))]|
< Qpl, Iz1, 171, [#)V/(Ip — B2 + & — 72),
for some polynomial function @. The Lipschitz continuity of V w.r.t. (p,z) is a then

straightforward consequence of the following inequalities: for all bounded functions fi, fo
and set Z,

50D,z f1(2) = $ub.cz fo(2)| < sub.cz [ 2(2) = o)), "
linf ez fi(2) —inf.cz fo(2)] < sup.cz|fi(2) = fa(2)].
A similar computation proves the polynomial growth in (p, z) of V (6, p,x). O

If the controlled system had bounded coefficients and F' were a bounded Lipschitz func-
tion, Theorem 2.4 would result from Fleming & Souganidis [10, Thm.1.6,Thm.2.6]. As the
coefficients of (3) are unbounded and F is locally Lipschitz only, we have to use localization
techniques.

3.2.1 Existence of a viscosity solution

We set By, := {(p,z) € R**', |p|* + 2® < k?}. Choose a function ¢y in C{°(R"*!) such that
ox(p, ) = 1 on By, and ¢r(p,z) = 0 outside By11, and the Lipschitz constant of ¢y is less
than 2. Consider the following S.D.E

dPE(t) = ¢r(P*(t), X5 () PE®)[bi(t)dt + Yy 03 (t)dW7] for 0 <i <,
AXM(t) = or(PH(E), XH(0) [X*() Ty mt) [bi(H)dt + S5, 0 (0dWF ] (12)
+rXR()(1 = X0, mi(h)dt] .

Observe that the coefficients of (12) are uniformly Lipschitz and bounded.

Our objective is to use the stability lemma for viscosity solutions (Lions [12, Prop.1.3])
in order to construct a viscosity solution of Equation (9). Define a cost function J* as in (4)
and a lower value function V*(6,p, z) as in (5) by substituting (P*(t), X*(¢)) to (P(t), X (t))
and
Fk(p7 .’L') = ¢k+2(p737)F(pa$> to F(pax>

INRIA



Worst case model risk management 9

Consider the HIBI equation associated with (12), that is,

%(t,p,x} + H;, (D?*v(t,p,z), Dv(t,p,z),p,x) = 0in [0,T) x R+,

(13)
(T, p,z) = F*(p, ),

where, the functions a, ¢ being defined in (6) and (7),
H]; (A7 Z,D, .'L’)

|1 2
= max min | STr (¢u(p,2)"a(p, 2,0,m)4) + du(p.2)z - q(p2,b,m) | . (14)
All the assumptions of Fleming & Souganidis [10, Thm.2.6] are satisfied, so that V* is the
unique viscosity solution to (13). In addition, as the right hand side of (12) is null as soon
as (P*(t),X"*(t)) is outside By,1, and as F*(p,2) = F(p,z) inside By,2, in view of the
definition of V* as a value function one has

V*(6,p,x) = F(p,z) (15)

for all 6 € [07T] and (p,x) S B}c+2 - Bk+1-
Set
Vk(t,p,m) in [07T] X Bk+17

16
F(p,z)in [0,T] x R**! — Bj41. (16)

VE(t, p,x) = {
In view of (15) and the continuity of V*, V* is a continuous function on [0,7] x R**1.
Moreover, as F* = F in Biyy and H (4, 2,p,x) = 0 for all (p,z) in R**! — By, we have
that V* is a viscosity solution to

19} .
a—:(t,p,x) + H, (D*v(t,p,z), Dv(t,p,x),p,z) = 0in [0,T) x R+,

o(T,p,x) = F(p,z).

(17)

Moreover, in view of (12), for all (p, z) outside By one has
Eo,p,. F(P*(T), X*(T)) = F(p, x).
Thus, for all (p,z) € R**! one has

th, ,T) = inf su E wFPkT,XkT )
(t.p,2) HeAdn(a)u(.)eAgu(a) 0.p.2 [F(P*(T), X*(T))]

Observe that H,, (4, z,p, ) converges to H™ (A, z,p, z) locally on compact subsets of 5% x
R**+! x R*+1. Therefore, owing to Lions [12, Prop.L.3], if the viscosity solutions V* to (17)
converge on compact subsets of Rt x R**! to the function V, then V is a viscosity solution
to (9). We now prove the convergence.

RR n® 4328.2



10 Talay €9 Zheng

Arbitrarily fix a compact subset of R**!. This set is included in the ball By, for all k large
enough. Let (p,x) be in the compact set under consideration. Fix an arbitrary admissible
control w. and an arbitrary admissible strategy II. Let 7 be the minimum of 7" and the first
exit time of (P(t), X (t)) from By. Before the stopping time 7%, the solutions to (3) and (12)
coincide. Thus

[E g,z [F(P(T), X(T)) — F(PX(T), X*(T))]]

= [Eo,p,« [F(P(T), X(T)) = F(P*(T), X*(T))[Lr,<7]|

< Esp0 [QUP(T), IX(T)|, [PH(T)], 1 X*(T)])
(P + X (D) + [PH(T)] + X (T) )t ] -

From
Eo,p0 [[P*(T)P™ + (X*(T))*™ + |P(T)|*™ + (X(T))*™] < C(T)(|p|*™ + ™),  (18)

and

P gpe(Th <T) =Py | sup (|P(H)]> +X(8)) > k?
0<t<T

< (Ipl? +:22)C(T)’

for some constant C(T') independent from k, using Cauchy—Schwarz’s inequality we deduce

(19)

o(|pl, |=|)
B < [F(P(T), X(T)) — F(PH(T), X*(r)] < 22D
where ® is a polynomial function determined by the set K, x K, the function F', and the
time T only. Using Inequality (11), for all 6 in [0,7T] and (p, ) in the compact set under
consideration, we deduce that

a(pl, Jsl)

|Vk(9,p,x)—V(0,p,x)| < k

(20)

Thus V* converges to V uniformly on compact subsets of Rt x R**!, from which we deduce
that V' is a viscosity solution to (9).
3.2.2 TUniqueness of a viscosity solution

The next statement and its proof are appropriate modifications to the uniqueness result of
Barles, Buckdahn & Pardoux [4, Thm.3.5].

Theorem 3.6. Suppose that there exist o wviscosity subsolution v(t,p,x) and a viscosity
supersolution w(t,p,x) to (9) such that

lim  v(t,p,z)exp(—A|log(|p|* + 2*)|*) = 0 for all t € [0,T],

|p|24+z2—00

INRIA



Worst case model risk management 11

and
lim  w(t,p,z)exp(—A|log(|p|* + z*)[*) = 0 for all ¢ € [0,T]

|p|2+w2~>oo

for some A > 0.
Moreover suppose that v(T,p,z) < w(T,p,x) for all (p,x) € R**'. Then v(t,p,z) <
w(t,p,x) for all (t,p,x) € [0,T] x R*+1.

We start with two technical lemmas.

Lemma 3.7. Let v(t,p,x) be a viscosity subsolution and w(t,p, ) a viscosity supersolution
to (9). Then the function T := v — w 4s a viscosity subsolution to

ov

where
1
(A4 = —Tr A .
H™(A, z,p,x) o (hax  max (2 (a(p,z,0,m)A) + 2 q(p,ﬂmbﬂr)) ;

for all (n + 1) x (n + 1) symmetric matriz A and all vector z in R**1.

Proof. Let ¢ € C%([0,T] x R**1) and let (¢, p,r) be a strict global maximum point of ¥ — ¢.
We introduce the following function

Vea(t,p,2,5,D,T)

=2 =2 2
p—p°+lr—2 t—s
_l | 2| | _| a2| _(p(tapvx)v

= /U(t,p,.’lf) —w(s,p,f) €

where €, o are positive real numbers which are devoted to tend to zero.
By a standard argument in viscosity solution theory, (see Crandall, Ishii & Lions [6]),
there exists a sequence (te,o; Pe,as Te,ar Se,as Pe,as Te,a) SUCh that

® (te,s Pe,os Teyas Se, Pe oy Te,a) 15 @ global maximum point of ¥ o in ([0, T x Br)? where
Bp is a large ball in R*+1,

° (te,aape,aaxe,av SE,CHﬁe,avfé,a) tends tO (t7p7x7t7p7 .'I:) When (67 Oé) - O

. |p€,ﬁ - pe,a|2 + |x€,a - Ef,a|2 + |te,a - Se,a|2

5 o2 is bounded and tends to zero when (e, o) —

€
0.

We now use the jet sets 52’+v(t,p,x) and ﬁQ’fw(t,p,az). It follows from Crandall, Ishii &
Lions [6, Thm.8.3] that there exist X,Y € S such that

a —=2,+
(ae,a + 8—(‘:(756,047176,0“ xe,a)a e, + Dgp(te,aape,cn xe,a)v X) €D v(te,aape,aa xé,&)’

—2.— _ _
(ae,aaze,aay) €D w(se,aape,aaxe,a)a

RR n® 4328.2



12 Talay €9 Zheng

and
X 0 < i I -1 + ‘D2Lp(t€,oé7p€,aaxe,a) 0
0 =Y |—e | -T I 0 o1l’
where " )
€, Se,a
Qe o = T,
and o
i 2((pe,a,l'e,a) - (pe,oul'e,a»
Re,o 1= 3 .
€

Observing that (tc,a, Pe,as Te,as Se,as De,as T.,o) is a local maximum point of ¥. , and v(t, p, z)
is a viscosity subsolution of (9), we obtain

Oy

G T ¢

(te,a, Pe,arTen) + HT (X, 2e,0 + Do(te,arDe,ar Te,a), Pe,asTe,a) = 0. (22)
Similarly, since w(t, p, z) is a viscosity supersolution to (9), we have

e + H (Y, 2oy Pe o> Teyar) < 0. (23)
Thus

dy _
_(te,aapf,aa xe,a) + H (Xa ze,a + Dgo(te,aapf,aa xe,a)7pe,a7 me,a)

ot
- H (Y, Zf,aaﬁe,oufe,Q) >0. (24)

Suppose that we have shown

H™ (X, 2,0 + Dp(te,ar Peas Te,a), Pesas Te,a) = (Y, 2e 0, Pe o Tera) (25)
< 2
< max max [Tr(a(Pe,as Te,ar 0 T)D? (e, De,as Teya))

+D¢ (e, Pear Tesa) - 4(Pesas Te,ar by )]

|pfa¢1 B pe,a|2 + |xe,a - fe,alz

+C 3

€
+ 0l < zeas (Peor Tea) = (Pear Tea) > |

for some positive real number C. We use the right side of (25) in (24). In view of the
definition of (te,a; Pe,a» Te,a> Pe,as Te,a), the right side of (25) tends to

max max [Tr(a(p, z,0,7)D?*p(t, p,x)) + Do(t,p, ) - ¢(p, %, b, )]

when (e, @) tends to zero. We then get our desired result:

%—f(t,p,w) + HY(D*¢(t,p,z), Do(t, p,x), p,z) > 0in [0,T) x R*+1. (26)

INRIA



Worst case model risk management

13

We now prove (25). We have

H™ (X, 2,p,x) —H (Y, Z,p,T)
= max min [Hy (X, 2,p,z)] — max min [H,(Y,Z,75,7)]

ueK, €K, weK, n€Kx
< max g%é(Hu,w(X,zm,iv) — Hux(Y,Z,5,7))

< max max (Hux(X,Z,p,2) — Huz (Y, 2,7, 7)

+ (H'u,,'/r(X7 Zapa l’) - HU,W(Xa Eapa .’I)))),
and
Huﬂr(Xv 2y 2 Z‘) - Hu,w(Xa Evpa QZ) =< Q(pa z, b7 71'), 2—=Z>.
In addition, from the definition of X,Y it results that

X — D2tp(tg’aape,a,flfe,a) 0 < 4 T -I

~ e

In view of Fleming & Soner [9, Chap.V, Lemma 6.2], there exists C' > 0 such that
Huqx(X,Z2,0,2) — Hux(Y, 2,5, T)

<ol =7 tlac—fl2

€
+ < q(p,z,b,7) — q(p,T,b,7),Z >

+ Tr(a(p7 Zz,0, W)D2¢(te,aape,a7 xe,a))

for all X, Y, z, (p,p) and (z,Z). That ends the proof.

Lemma 3.8. Set )

1
o(p,z) := | 5 log(Ipl” +2° +1) +1

For any A > 0, there exists a C; > % such that the function

p(t,p,x) = exp[(C1(T —t) + A)¢(p, v)],

satisfies
0
a_f(t7p7x) +H+(D2p(t,p,.’ll'),Dp(t,p,.’L'),p, 'T) <0in [t17T) X Rn+17
A
here ty ;=T — —.
where t1 a2

RR n® 4328.2



14 Talay €9 Zheng

Proof. In view of the definition of ¢;, there exists a constant C' independent of C; such that,
for all ¢ in [t1,T],

¢* (p,x)
Dp(t,p,z)| < Cp(t,p,2) ———"—,
|Dp(t, p, )] p(t.p )(|p|2+$2+1)§
o(p, )
D? < T2 1 2 LAy
D%t )l < Cpltpo2) e = a

As, in addition,

op(t,p,x
M = _Clp(tapa x)gb(p,x),
ot
we have
[H*(D?p(t, p, ), Dp(t, p, z), p, )|
< C((Ip* + «*)|D*p(t, p, )| + (Ipl + |2])|Dp(t, p, 2))
< Cp(t,p,z)é(p, z),
and the result follows by choosing a large enough Cj. (]

In order to conclude the proof of Theorem 3.6, we now proceed in three steps: we will
first prove that
o(t,p,z) < ap(t,p,z) in [t;,T) x R*+!

for any o > 0, where p and t; are defined in Lemma 3.8. Then we will let a tend to zero,
and finally we will show that

o(t,p,x) < ap(t,p,z) in [0,T) x R™.

Since by assumption alp tends to zero when |p|? + 2?2 tends to infinity, we have that 7—ap
is bounded from above in [t;, 7] x R**!  and the global maximum

M := a v — t,p,
[tl,%r]lx]ﬁm(” ap)(t,p, z)

is achieved at some point (g, po, Zo)-
We assume that T(tg, pg, zg) > 0, otherwise we are done.
Because (tg, po, Tq) is the global maximum, we have

(T = ap)(t,p,x) < (T—ap)(to, po, o)-

Thus 7 — 9 has a maximum at (to, po,Zo) where

?ﬁ(tvlh .Z') = ap(t,p,a:) + (5 - ap)(t07p07$0)'

INRIA
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We now show that to = T'. If not, since T is a viscosity subsolution to (21), we have

0
1p(t07vaxO) + H+(D2¢(t0,po,$0),D¢(t0,p0,$0),p0,$0) Z 0.
ot

The left hand side of the preceding inequality is nothing but

15)
a (6—5(75071007950) +H+(D2P(t071007$0)7DP(t07P07$0)7P07$0)) ,

which is strictly negative by Lemma 3.8. We thus have a contradiction. Therefore, to = T'.
By assumption we have (T, p,z) < 0, we thus have

o(t,p,x) < ap(t,p,z) in [t,T) x R**.
Letting a tend to zero, we get
o(t,p,x) < 0in [t;,T) x R**t.

We apply successively the same argument on the interval [t2,#], where to := (t; — A/C;)*
and if ¢ > 0 we continue... We finally obtain

B(t,p,z) <0in [0,T) x R**1.

That ends the proof.

3.2.3 The Dynamic Programming Principle

The Dynamic Programming Principle holds for V* defined as in Subsection 3.2.1 (see Flem-
ing & Souganidis [10, Thm.1.6]). Thus

VE@O,p,z) = inf sup  Eg,.[VE(t, PE(t), X*(t))]. 27
0,p, ) neAdnw)u(.)eAEu(a) 0,50 [V (t, PE (1), X5(1))] (27)

In order to get (10), we now let k tend to infinity. We first observe that, in view of (20),
VE(8,p,x) tends to V (8, p,x). Second, we have V*(0,p,z) = V*(0, p, x) for all (p,z) € Bry1.
Third, if (p, x) is in Bgy1 then (P*(t), X*(t)) is in By for all t € [0, T] almost surely. Thus,
for all (p, ), one has

RR n® 4328.2
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inf su Eg,.[VF(t, PE(t), X*(t
1 A(0) . )eAS o [VE(t, PE(t), X*(1))]

— inf su Eo,[V(t P(t), X(t
HeAdH(e)u()eAg ® 0.0, [V (t, P(t), X (1))

< sup sup  Egp0|VE(t, PH(E), X5 (1)) — V(¢ P(t), X(1))|
e Adn(0) u(-)EAd,(0)

< sup sup  Bgpq[VF(t, PR(t), X5(t)) — V(¢, P(), X5 (1))
e Adn(9) u(-)EAdL(0)
+ sup sup  Egpo|V(t, PH(t), X*(t) — V(t, P(t), X(1))|
e Ad(0) u(-)EAd, ()
< sup

sup ]E97P7$|(Vk(t7 Pk(t)7Xk(t)) - V(t7Pk(t)7Xk(t)))]ITkZT|
€ Adn(0) u(-)EAd,(0)

+ sup sup ]Eg,p@|(Vk(t,Pk(t),Xk(t))

= V(t, P*(t), X () r<r|
e Adn(9) u(-)€Ad,(0)

+ sup sup B0 [V(E, P(t), X*(8) = V(t, P(t), X (t))]-
e Adn(9) u(-)€Ad.(0)

(29)
In view of (20) and (18), we have

Eo.p,e |(VE(t, PE(t), X" (1)) = V (¢, P*(t), X" ()27

K(|P*0), 1 X* )], T)V/[PFB)]? + (XE(H))?
k

<Eg

Py T

- Olpl. ||, T)
- k
In addition, in view of (19),
Eo.p.0|V (8, P*(t), X*(t)) = V (¢, P(t), X (t))]

= B0, [V PH(0, X4 (0) = V(6 P9, X ()T
< KlphlabT)
and .
o5 (VH(8 PH(0), XF(0) = V(1 PR, XM )] < UL LT,
That ends the proof.

INRIA



Worst case model risk management 17

4 Example: worst case model risk management for bond
options

In this section we illustrate our result by considering the model risk control when the trader
aims to hedge a European option. The case of options on stocks readily appears as a
particular case of the general setting introduced in the preceding sections. We thus describe
a less elementary application, namely the case of options on bonds.

4.1 The Heath-Jarrow-Morton model

Suppose that the yield curve of the financial market follows the Heath-Jarrow-Morton
(HIM) [11] model, and therefore we have:

Definition 4.1. For all time T*, the instantaneous forward rate f(t,T*) satisfies the
stochastic differential equation

Ff@&,T*) = £(0,T*) + /Ot a(s, T*)ds + /Ot o(s, T*)dWs, (30)

for a given Borel measurable function f(0,-) : Rt — R, and given random maps . : C x Q —
R, 0:C xQ — R, where C := ((s,t) | 0 < s < t). We suppose that a(-,T*) and o(-,T*)
are adapted processes such that

/OT* la(s, T*)|ds + /OT* lo(s,T*)|?ds < 00 P — a.s.
When the market has no arbitrage, there exists an adapted process (A(t)) such that
o (t,T*) = %|a(t,T*)|2 — ot (& TN,
where -

o*(t,T*) := a(t, s)ds

i

(see, e.g., Musiela & Rutkowski [13, Chap.13]).

The HJM model is an infinite dimensional factor model. Special cases are the one factor
Merton model, the Vasicek model, the Cox-Ingersoll-Ross model, the Long & Schwartz
model, the Hull & White model, the Ho & Lee model, etc.

The price of a discount bond maturing at the date T is

B(t,T*) =exp (—/t f(t7s)ds> . (31)

RR n® 4328.2
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As shown in Musiela & Rutkowski [13, Lemma 13.1.1], the discount bond price B(¢,T™*)
satisfies

-
B(t,T*)=1 —/ (r(s) +o*(s, T*)\(s))B(s,T")ds
o
+/ o* (5, TV B(s, T*)dW,

for all 0 <t < T*, where r(t) := f(t,t) is the short term rate.
In order to simplify notation we use forward prices. Given a price P;, define the forward
price P by
Py
PFi=_——
" B(t,TO)

where B(t,T?) is the price of the bond of maturity T¢ in the model driven by o(¢,7°). In
particular, the forward price of the discount bond maturing at T is

B(t,T

It is easy to check that B (¢,T) satisfies

dBF (t,T) = B (t,T)(c* (t,T9) — X(t))(o* (t,T) — o*(t, T))dt

+ BF(t,T)(o*(t, T°) — o*(t,T))dWy;. (82)

4.2 Exact hedging strategies

We consider the following situation. A trader wants to hedge a European option written
on B(T®,T). The payoff at maturity 7° is denoted by f(B(T°,T)). The trader uses two
bonds to hedge the option: the bond of maturity TC and the bond of maturity 7.

At each date 0 < t < T9, a self-financing strategy consists in buying or selling a quantity
HP of discount bonds of maturity T¢ and a quantity H; of discount bonds of maturity T
such that

(i) The portfolio is self-financing, which means that, if
V. =H.B(t,T)+ HB(t,T7) (33)

is the value of portfolio at time ¢, then

t t
v;=v0+/ HSdB(s,T)+/ HO9dB(s,T°). (34)
0 0

. O . . . .
, -
(ii) The processes (H:) and (H;’) are adapted and satisfy technical assumptions which en
sure that all the stochastic integrals in the sequel, where (H;) and (H?) are integrated,
are well defined and are martingales.

INRIA



Worst case model risk management 19

Let V;F' denote the forward price of the trader’s portfolio:

Vi
‘,F o t
' B(t,T)
For any self-financing strategy we have
dv,f' = H,dBY (t,T) (35)

(see Bossy et al. [5] for the proof). An exact hedging (replicating) strategy is a self-financing
strategy (H, H®) such that

Vro = Hro B(T?,T) + HS = f(B(T°,T)).
For a HIM model with a deterministic parameter o, the exact hedging strategy satisfies

om,

Hy = 2= (t, B"(t,T)),
where 7, is the solution to
oy 15, ., o 8 Mo _
W(t,m)—l— 3% (a*(t,TO) — o*(t,T))? 92 —~(t,z) =0,

7o (T, x) = f(x).

The quantity HP is chosen according to the self-financing condition: in view of (33) and (34)
one has

t
HP =VF +/ H.dBY(s,T) — H,BF (t,T).
0

For details, see Bossy et al. [5].

4.3 Model risk

Bossy et al. [5] propose examples of model risk analysis based on Monte Carlo simulations
of the Profit & Loss of self-financing misspecified strategies. In this subsection we give an
outline of their results.

Suppose that the trader does not know the random map o(s,T). Instead, he or she
chooses a deterministic model structure (s,7") and tries to hedge the contingent claim
according to this model. The quantity H; of bonds of maturity T is determined according
to the rule

H, = a;" (t, BF(t,T)),
where 77 is the solution to
871'7 1 9 3271'7
— TO) —5*(t,T))? =
T2 (1,0) + 52%(3° (6, T) — 5 (1, T)) S (t,2) =,

WF(Tv .’IJ) = f(.%')

RR n® 4328.2
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As above, the quantity Fto is then determined by the self-financing condition.
Let V; be the value of the trader’s portfolio at time ¢. The option seller’s Profit & Loss
at time ¢t < T is
P&L, :=V, -V,

and the forward price of the Profit & Loss is

P&L
F ._ t
P&LE = B T0)

One can study the probability law of the Profit & Loss at maturity 7¢, and compute some
of its statistics (moments, quantiles, etc.) by fixing o(-,-) and @(:,-). See Bossy et al. [5].
This methodology is however restricted to the comparison of one (potentially incorrect)
model against one or several (possible true) models among a class of univariate Markov
term structure models (with deterministic parameters). This class does not contain all
possible term structure models.

Consider the quantity

F (BY(T?,T), V7o) :=E[G(f(B" (T?,T)) - V7o),

where G is a given continuous function. It might be useful to choose the function G in order
to be able to justify that our game problem corresponds to a kind of a measure of risk (to
be defined). Of course such a measure of risk would be weaker than the coherent measures
of risks introduced by Artzner, Delbaen, Eber and Heath [1]: for a discussion on a related
topics, see Section 2 in [7] (where it must be understood that C/Sy(T) plays the role of
F(BF (T, T))).

We assume that the function F(p,z) := G(f(p) — z) satisfies (8). The control processes
of the market are

up (t) == o*(t,T°) — (),
us(t) := o*(t,T) — o* (¢, TO).

The control process of the trader is 7(t) := %((ZST) if VF(t) # 0and n(t) := 0if VF(t) = 0.
In view of (32) and (35), (P(t), X(t)) := (B (t,T), VI (t)) satisfies a S.D.E of type (3) with
r = 0, namely,

dP(t) = P(8)[ur (t)us (£)dt + us(£)dW],

AX(8) = X(8)m(t) [ur ()us(t)dt + us (£)dWV]

The Hamilton-Jacobi-Bellman-Isaacs equation (9) then writes

0
5 (600 + Ho(D20(t,p,2), Do(t,p,2),p,) = 0 in [0,7°) x B2,

(36)
U(Tovpvx) = G(f(p) - .T),

INRIA
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where

H= (A, z,p,x) := max min
( b 7p7 ) ’lLeKuﬂ'eKﬂ-

1 1
§ugp2A11 + u%pmrAu + §u§x27r2A22 + Z1urU2p + ZoUr UL | ,

for all 2 x 2 symmetric matrix A and all vector z in R?.

4.4 A numerical illustration

We finally illustrate that the value functions of our stochastic game problems, and the cor-
responding optimal strategies, can be numerically approximated. In our numerical example
below, except for p = 0, the function F' does not satisfy the requirements for a coherent
measure of risk (again see Remark 2.3 in [7]); this is to emphasize the flexibility of our
approach. We consider a call option and set

F(p,z) = ((p — K)+ —2)4 +p(((p — K)+ — 2)4)*.

The maturity 79 of the option is 6 months and the option is written on a discount bond
of maturity T equal to 5 years. The trader uses two bonds to hedge this option: the
bond of maturity 6 months and the bond of maturity 5 years. The strike of the option is
K = 0.509156. We set p =20, w € [-1,1], ua € [0,0.6] and u; € [—0.08,0.06].

The finite difference method is used for the numerical resolution of the viscosity solution
to (36) numerically. Because (36) is strongly degenerate, the monotone condition is not sat-
isfied in the standard explicit finite difference approximation. We apply Kushner’s technique
to overcome this difficulty, that is, there exists a (p, , ¢, u1,u2, 7)- dependent scale transfor-
mation wich yields a locally consistent approximation at (p,x,t,u1,us, 7). For details, see
Kushner [14].

Our approximate value function is drawn in Fig.1. For other numerical results (e.g.,
strategies obtained through the numerical resolution of the HJBI equation) and comments,
see Talay & Zheng [16].

5 Conclusion

In this paper we have studied a stochastic game problem related to a worst case model risk
management. We have proven that the value function of this game problem is the unique
viscosity solution to an Hamilton-Jacobi-Bellman-Isaacs (HJBI) equation, and satisfies the
Dynamic Programming Principle.

Empirical studies should be developed to check whether the strategies obtained by solving
the HJBI equation numerically are realistic in practice. The question of the accuracy of the
numerical method should also be addressed.

RR n® 4328.2
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