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pe�RhlU�Z�cealawd�Y@{ghlt�p|�Xa]d��X}gZ�nN��U�t�~xU�t�hNUXcea��4Z�Z��®}gZ�nbtv�eZ5}³t�aNce}�}�nbZ5ababZ�}���t�c9awtvY�d�y�cFhlt�p|�Xa�¥�µ�dXnwhlU�Z�n
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¶¨·�¸=¹lº�» �F¼��e� pe�g��yvt���Z�Z5akhlt�Y�cFhlt�p|�¦­�Y�d�y¤hltv~�ceawh�­
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 Zznxcr{X{�p|nwhR{Xnbp|{�p�awZ�d��'cey��|penlt¤hlU�Y@Z�{�p|d�nRZ5akhlt�Y@Z�nRy�c�hlcet�yvy�Z²}
� dX��Zi{4pe{�dXyvcrhbtvpe��Y�dXy¤hlt¤�
{4petv��h²}gj£�XceY t�°�d�Ze¥V± y�� crt�}gZ�}
� d��³{�nlpg~"Z�alabdXa�}gZ�}gt�©=dXawtvpe�³}�ZNhkj£{�Z��²nb�XawhbZ�t������iy�U�Z��£��Z5~��'Z"h²}�� d��
¬ y¤hlnbZ®}gZ®«Ncey�Y�ce�¦­z��p|dXau}g`��|Z�yvpe{�{4pe�Xa�d�� Z5akhlt�Y�crhbZ�dXnu°�d�t]Y@t��Xt�Y@t�awZ¯y�c´�Fcrnltvce�X~"Z�}gZ�y�� Z�nlnbZ�d�n�¥

 p|��hbnxcrtvnbZ�Y Z���h¨cedgfH`�hbdX}�Z�a³{Xnb`5~"`�}�Z���hbZ5a³°�d�t�abd�{�{4p|abZ���h�°�d�Z´y�c$hlcet�yvyvZ }gd �enlpedX{�Z7Z5akh ¬ f£`�Ze­
y�� cryv�epenlt�hbU�Y@Z {�nbp|{�p�aw`@ce~"hbdXcey�t�abZ�y�� Z5akhlt�Y�crhbZ�dXn���~xUXc|°�d�Z@{Xcea�}gZ@hlZ�Y@{Xa�¥���c�nlpe�XdXakhlZ�alawZ@crd�f�U£j|�
{4prhlU�W�abZ�a�}�d9Y@pg}gW�y�Z�Z�awh�hbZ5akhl`�Z�� y�� crt�}gZ�}gZNabt�Y�d�y�cFhbtvpe��a�¥��¦Z5aVnb`5awdXy¤hxcFhlaVp|�ghbZ��£dXa�awp|��hV`��|cey�Z�Y Z���h
�Fcey�t�}g`�a�abd�nz}gZ5a#hbnxce~�Z�aVnl`�Z�yvyvZ�a�}gZNabZ�alawtvpe�Xa#Y�d�y¤hlt�{4petv��h²crd�}gt�p�¥
��» �5� ¹ ��� � �N� Z�awhbtvY�cFhbtvpe��Z���y�tv�e��Z|­ªY�d�y�hbtv{�p|t���h5­ ¬ yvZ#}
� cFhbhbZ��|hlZ

M/M/∞ ­F{Xnbpg~"Z5ababdXa�}gZ#}�t¤©=dXabt�p|�¦­¬ y¤hlnbZN}gZ�«Ncey�Y�cr�¿­�awtvY�d�y�cFhlt�p|�¦­g�Fcryvtv}XcFhbtvpe�¿¥
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n
pe��hlU�ZN��tv��peY@t�cry

(n, p)}�tvawhbnlt��Xdghbtvpe�¦­�hlU�Z�j�}�Z�nlt��|Z²cr��t���hlZ�nl�ªcey=Z�awhbtvY@crhbp|nR�Ep|n
n
cr�X}���p|d��X}�a¢�Ep|n¢hlU�ZNcrY@pedX�|h#pr���EZ�Z�}��Xce~��

c|aL�#Z�yvy�c|aohbUXZi{4peyvy�tv����{�nlpe��cr��tvy�t�hkj t��'p|nl}�Z�nohlp�ce~xUXt�Z��eZzab{�Z5~"t ¬ ~znlZ�°�d�tvnbZ�Y@Z���hla�¥�TVU�Z�j�cr{�{�yvj�hbU�Z�t�n
nlZ�abd�y�hla�pe�´�4prhlU Y@Z�~xUXce��t�awY�a�tv��hbnlpg}gdX~"Z5}7tv� H �2IÙ­ H [5�2IÙ­ H [e[�IV��UXtv~xU´U�cª�eZ'{4petv��h�Z�awhbtvY�cFhlpenxa�cr��}
�EdXnwhlU�Z�n]ce}�}¨abpeY@Z�~�pe��hbnlt��Xdghbtvpe�Xa�hbp'Z5ce~xU¦¥�±z�XprhbUXZ�nzhlt�Y@Z�nw���XceabZ�}9�EZ�Z�}g��ce~���al~xU�Z�Y Z�tvai{�nbp|{�p�awZ5}
tv� H ��I=��U�Z�nlZ�nbZ5~"Z�t��|Z�nxaLawZ��X} hbUXZ�tvn¢nxcr�X}�peY@y�j }gZ�y�cªjeZ5} nbZ5aw{4pe�XabZzp|��y�j�hbp�hbU�Z]awp|d�nl~�Z���U�t�~xU�t���hld�nl�
tv��t�hbt�cFhlZ�a�c@��Z�� nlped��X}�pr�BnlZ�{�yvt�Z5a�¥ GLc|~xU�nlZ�°�d�Z5akhV�Ep|n�nbZ�{�y�tvZ�a�abZ���h��£j�hbUXZ�awp|d�nl~�Z��¢p|d�yv}�nlZ�abZ"hVhbU�Z
hlt�Y@Z�nlaVcFh#hbUXZ²nlZ�~�Z�tv�eZ�nxa�¥�T��¢p��eZ�nlabt�p|�XaLpe�¦hbUXZ]Y@Z5~xUXcr��t�abY�crnlZi{�nlpe{4p|abZ�}'}�Z�{4Z��X}gtv��� pe����U�Z"hlU�Z�n
hlU�Z�Z5akhlt�Y�crhbtvpe�¨t�az�Xc|awZ5}upe�uhbUXZ ¬ nxakh�crnlnbtv�Fcry¿abpeyvZ�yvj�p|nip|�³cryvy¦hbUXZ�nlZ�~"Z�t��|Z�}9nlZ�ab{�p|�XawZ5a�¥zTVUXZ�yvcrhw�
hlZ�nN�|Z�nxawtvpe��t�Y@{�nlpF�eZ5azhlU�Z'ce~�~"d�nxce~�j¨pr�RhlU�Z�Z�awhbtvY�cFhlpen���dgh�tv�¯��pehbU7~�c|awZ5a�­=hlU�Z�{�nlpe�Xce��t�yvt�hkj¨pr�#c
�EZ�Z�}g��ce~��'tvY@{�y�p�awtvpe�9t�aV��prhz��Z��eyvt��|t��Xy�Z|¥
TVU�Z�{�cr{4Z�n�t�aNpenl�|ce��tv¡�Z�}�cea��Ep|y�yvpF�zaD:²hlU�Z'Y�cFhlU�Z�Y�crhbt�~�cryoY@pg}gZ�yLtva�t���hbnlpg}gdX~�Z�}®t�� 9 Z5~-hlt�p|�7�

ce�X}�hbU�ZVpe{�hbtvY tv¡�crhbtvpe� tvaB{4Z�nb�EpenlY@Z�}�t�� 9 Z5~-hlt�p|� �X¥�TVU�ZVnlpe��d�akhl��Z�ala�pr�XhlU�Z�Z�awhbtvY�cFhlpenBtvaoc|}�}gnlZ�alawZ5}
�4prhlU��£t�c�abt�Y�d�yvcrhbtvpe�XaA<Etv� 9 Z5~-hlt�p|���Q>Rcr�X}'��t�c��Fcey�t�}�cFhlt�p|�Xa¢��t¤hlU�nlZ�cry4crdX}�t�p�hbnxce~"Z5aA<;t�� 9 Z�~"hbtvpe� J >-¥
�²{4Z��7t�alawd�Z5a�nlZ���crnx}gt��X��hlU�Z	�wpe{ghlt�Y�cey�
'awZ�y�Z5~-hlt�p|�7pr�

p∗
cr�X}
S
cenbZ'}gt�al~"dXalawZ5}¯t�� 9 Z�~-hlt�p|� � cr��}

~�pe�X~�y�d�}gt��X� nlZ�Y�cen �gaVcrnlZ²�|t��|Z��9t�� 9 Z5~-hlt�p|�
�g¥
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?®Z�~�pe�Xabt�}gZ�n c³Y�dXy¤hltv~�ceawh��enlpedX{�hlUXcFh@{Xcenwhltv~�t�{Xce��hla�qkp|t���cr�X}7yvZ�cª�|Z'cFh nlce�X}gpeY�hbtvY@Z�a�¥��¿Z"h
Tice�X}

Ti + σi
�4Z²hlU�ZVqkpetv��hbtvY ZNce�X}'hlU�Z�y�Z5cª�eZ²hbtvY@Ze­gnlZ�ab{�Z5~-hbtv�eZ�y�j|­gpr��hbU�Z

i
�OhlU�{�crnbhbt�~"tv{Xcr��h�¥ � �9hbU�Z

�Ep|y�yvpF��tv���X­
σi > 0

t�a�~�cryvyvZ�}�hbU�ZNp|�g�ÙhbtvY Z�pe��hlU�Z
i
�OhlU�{Xcenwhltv~�t�{�cr��hzcr�X} {σi}i tvaznbZ��EZ�nlnbZ5}�hbp'c|a#hbU�Zp|�g�ÙhbtvY ZzabZ�°�d�Z��X~"Z|¥	�¿Z"h

N(t)
�4Z�hbU�Zi��dXY��4Z�nLpe�={�crnbhbt�~"tv{Xcr��hlaocrhLhbtvY@Z

t
pen5­rZ�°�d�tv�FcryvZ���hbyvje­ehbU�Z²awtv¡�Z

pe�¿hlU�ZNY�d�y�hbt�~�c|akhiabZ�alabt�p|��cFh�hlt�Y@Z
t
¥��i�X}gZ�nVhlU�ZNZ����Epenx~"Z�}9cealabd�Y@{ghbtvpe��hbUXcrh

N(0) = 0
­��#Z�UXcª�eZ

N(t) =
∑

i

�
(Ti ≤ t < Ti + σi)

<k[&>

��UXZ�nlZ �
(E)
t�aVZ�°�dXcey=hbp

1
t���hlU�ZNZ��|Z���h

E
pg~�~�d�nxa#ce�X}�hbp

0
prhlU�Z�nl��tvabZe¥

±#hVhbtvY@Z�a
t = nS

­
n = 1, 2, . . .

­£hbU�Z�abped�nx~"Z]{�p|y�y�aVcryvy={Xcrnbhbt�~"tv{Xcr��hla <Ep|nVnbZ5~"Z�tv�eZ�nla1>-­���t�hbU
S > 0c³�etv�eZ��7~�pe�Xawhlce�|h5¥��z{4pe�´nlZ�~�Z�tv�£t����³c³{�p|y�yvt��X�³nbZ5°�d�Z�awh�­oc¨{Xcenwhltv~�t�{�cr��h�awZ��X}�a�cr� ± 
 « �Xc|~��³hbp

hlU�Z�abped�nx~"Z@��t�hbU´{Xnbp|�Xcr��tvyvt¤hkj
p∗
ce�X}7}gp£Z�aN�Xprh�abZ��X}¯ce��j��EZ�Z5}g�Xce~���t����EpenlY@crhbtvpe�®hbp³hbU�Z�abpedXnl~�Z

��t�hbU7{Xnbp|�Xcr��tvyvt¤hkj
1 − p∗ ¥9T�nlcª�|Z�y�hbtvY@Z�a�pr��{�p|y�yvtv���¨nbZ5°�d�Z�awhla]�EnlpeY�hbU�Z�awp|d�nl~�Z hbpuhbUXZ'nbZ5~"Z�t��|Z�nxace�X}¯hlnlcª�|Z�y¢hbtvY Z5a pr�²± 
 «Na��Enbp|Y hbU�Z9nbZ5~"Z�t��|Z�nxaNhbp�hbUXZ9abped�nx~"Z�crnlZ�abd�{�{4p|abZ�}7hlp��4Zu��Z��|y�tv�etv��yvZ

��t�hbU�nbZ5aw{4Z�~"hRhbp
S � �¢Z²cry�awp�c|ababd�Y@ZzhlUXcFh¢hbU�Z²{�nlp£~�Z�alawtv���Nhlt�Y@Z²��Z�Z5}gZ�}@hlp��|Z���Z�nlcrhbZice��± 
 « cFh#cnlZ�~�Z�tv�eZ�nRt�aR��Z��eyvt��|t��Xy�Z²��t¤hlU�nlZ�ab{�Z5~-h#hbp

S
¥Bµ�tv�Xcryvyvje­£�¢Z]cealawdXY ZihbUXcrh#�XZ�t�hbU�Z�n#{4peyvyvt�����nbZ5°�d�Z�awhla¢��pen

± 
 «NaV~�cr�9��ZNyvp|awh�¥��i�X}gZ�nVhlU�Z�abZNcealawdXY {�hbtvpe�XaVt�hztva�abZ�Z���hlUXcFhicrhVhbtvY Z
nS
hbUXZ�abpedXnl~�Z²{4p|alawZ5ababZ�a

cey�y�± 
 «NaiabZ���hzhbp�t�h²�£j9{Xcrnbhbt�~"tv{Xce�|hxaV��U�t�~xU¨UXcª�eZN�4Z�Z��³{�p|y�yvZ�}¨crhzhbUXZ
n
�OhlU¨{�p|y�yvtv���'tv�Xakhxcr��h�<;tO¥ Ze¥

crhVhbtvY Z
nS
>-¥LTVU�nlped��|U�ped�h¢hlU�ZN{Xcr{4Z�n

p∗
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S
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� tv�eZ���hbU�t�aVab~xUXZ�Y@Ze­�ped�n#pe��qkZ�~-hlt��|Zzt�aLhlp�}gZ���t�abZ²cr��cryv�epenlt�hbU�YJ�Epen#Z�awhbtvY�cFhbtv����hbU�Z]awZ5ababt�p|�'awtv¡�Z
crhVhbtvY Z5a

t = nS
�Epen
n = 1, 2, . . .

¥
s¨cet��Xy�j��Epen�Y�cFhlU�Z�Y�cFhltv~�cry=hlnlc|~-hlce��tvy�t�hkj��¢Z�abUXcey�y¦c|ababd�Y@Z]�Enbp|Y���pF� p|��hlUXcFh�hlU�Z�crnlnlt��Fcry={�nlpr�

~�Z�ala�tvaNm�p|tvalawp|����t�hbU¯nxcFhbZ
λ > 0

cr��}³hlUXcFh�p|�g�Ohlt�Y@Z5a]�EpenlY c9nbZ���Z��VcryLabZ�°�d�Z��X~"Z@��t�hbU7~"p|Y Y@p|�
Z�fg{�p|��Z���hbt�cryV}gt�akhlnbtv��dghlt�p|� ��t�hbU ¬ ��t�hbZuY@Z�cr�

1/µ
­B�Ed�nbhbUXZ�n@t���}gZ�{4Z��X}�Z���h�pr�zhlU�Z9cenbnltv�ªceyR{�nlpg~"Z5aba

<;Y@penlZ��eZ��XZ�nxcryLcrnlnlt��Fcryo{Xnbpg~"Z5ababZ�aN~�cr�¯�4Z�~"p|�Xawt�}gZ�nbZ5}���abZ�Z'^zZ�Y�crn �®��¥�[2>-¥ � ��hlU�t�a�abZ"hwhlt��X�X­�hbU�Z
{Xnbpg~"Z5aba {N(t), t ≥ 0} c|a�}gZ ¬ �XZ�}9t�� <w[&>#t�a���pehbU�tv���@��dghzhlU�ZNpg~�~�d�{XcFhlt�p|�u{�nbpg~�Z�alaVt��¨c M/M/∞°�d�Z�d�Z�tv���uawjgawhbZ�Y*��t¤hlU7crnlnbtv�Fcry�nlcrhbZ

λ
cr�X}�Y@Z�ce�®abZ�nl�£tv~�Z�hlt�Y@Z�a

1/µ
H � I�¥�µ�penNabdX~xU¯c�°�d�Z�d�Ze­�t¤h

t�a �£��pF���¨hbU�cFh�hbU�Z�awhlcrhbtvpe�Xcenbj9�£d�Y��4Z�n�pr�#��dXabj³awZ�nb�|Z�nxazt�a�}gtvawhbnltv��dghbZ5}�c|~�~�penx}gt��X��hbpuc�m�p|tvalawp|�
nxcr��}gpeY*�Fcenbt�cr��yvZ <;^ K >���t¤hlU7{XcrnxcrY@Z"hlZ�n

ρ := λ/µ � tv�7{Xcrnbhbt�~"dXyvcen�­¿hbU�Z'Y@Z5cr�¯�£d�Y��4Z�n�pe����dXabjabZ�nl�eZ�nla¢tv�uawhbZ5ce}gj��áakhxcFhlZ²t�a�Z�°�dXcey=hbp
ρ
¥

�i�g�Epenbhbd���cFhbZ�y�j|­���pehzY�dX~xU9tva ���XpF����p|��hlU�Z�hbnxcr�XabtvZ���h���Z�UXcª�£t�p|n�pr�¿hlU�Z
M/M/∞ �Ep|nic ¬ fgZ�}hlnlc�E'~�t���hbZ��Xabt¤hkj

ρ
¥ ?®Z���tvy�y�t��XawhbZ5ce}9tv���|Z�awhbtv�|crhbZ�hbUXZ

M/M/∞ °�d�Z�d�Z�tv�¨U�Z�cª�£j�hbnxc�E'~r¥VT¿p'hbU�t�aZ��X}�­LyvZ"h@dXa tv�|hlnbpg}gd�~"Z�hbU�Zuab~�cryvZ�}7{Xnbpg~"Z5aba {NT (t), t ≥ 0} ��U�tv~xU�tva t�}gZ���hltv~�cry¢hbp�hbU�Zupenltv�etv�Xcry{Xnbpg~"Z5aba {N(t), t ≥ 0} Z�f�~"Z�{�h#�Ep|nVhbU�Z��;c|~-hVhbU�cFhVhbU�Z�cenbnltv�ªceyva¢UXcª�|Z²�4Z�Z��uab{4Z�Z�}�Z�}�d�{��£j�c��;c|~-hbp|n
T
­£hbUXcrhVt�a�­ghbU�Z�cenbnltv�ªcey=nlcrhbZ�t��9hlU�Z

M/M/∞ °�d�Z�d�Z�tva��XpF� λT ¥oTVU�ZNY@Z�cr�uabZ�nl��t�~"Z�nxcFhlZ]t�a �eZ�{ghdX�X~xUXcr�X�eZ�}�cr�X}9Z5°|d�cry=hbp
1/µ
¥

9 tv�X~�Z
NT (t) → ∞

cX¥ a�¥³cea
T → ∞ ­��#Z'��tvy�y#tv�XakhlZ�c|}¯�¢p|n ����t¤hlU7hbU�Z���penlY�cryvt�¡�Z�}®{�nlpg~"Z�ala

{ZT (t), t ≥ 0}
}gZ ¬ �XZ�}9�£j

ZT (t) =
NT (t)− ρT√

T
, t ≥ 0. <Ù� >

TVUXZ�{�nlpg~"Z5aba {ZT (t), t ≥ 0} }gZ5ab~�nbtv�4Z�a²hbU�Z��XdX~"hbdXcrhbtvpe�Xa�pe�LhbUXZ@al~�cey�Z5}¨{�nlpg~"Z�ala {NT (t), t ≥ 0}cenbp|d��X}�t¤hxa�y�tvY@t¤hlt��X�@hbnxcFqkZ�~"hbp|nbj
ρT
cea
T →∞ ¥± ��t�~"Z²�EZ�crhbd�nlZ²pe�¿hlU�Z²{Xnbpg~"Z5aba {ZT (t), t ≥ 0} tva#hlUXcFhVt�h�~�pe�£�eZ�nb�|Z�aLhbp@c�}gt�©=dXawtvpe��{�nlp£~�Z�alaVcea

T → ∞ ¥zsup|nbZ�{�nlZ�~�tvabZ�yvje­4cea T → ∞ hlU�Z�{�nlpg~"Z�ala {ZT (t), t ≥ 0} ~"pe�£�|Z�nl�eZ�a#tv�³}gt�akhlnbtv��dghlt�p|�uhbphlU�Z �²nl�XakhlZ�tv�g� �zU�yvZ��£�4Z�~���{�nlpg~"Z�ala {X(t), t ≥ 0} �etv�eZ����£j H [5�g­XTVU�Y � ¥�[��X­£{¦¥�[ J J I

X(t) = X(0) e−µt +
√
2λ

∫ t

0

e−µ(t−u) dB(u)
<O�;>

��UXZ�nlZ {B(t), t ≥ 0} tva]hlU�Z�akhxcr�X}Xcrnx}�§#nbpF���Xtvce��Y@prhlt�p|� <OawZ�Z@ceyvabp H ��­�TVU�Y [|­¦{¦¥u[ �e�2I >-¥@TVU�Z�²nl�XawhbZ�t��g� �zUXy�Z����4Z�~���{�nlp£~�Z�ala�}gZ ¬ ��Z�}¯tv� <O�;>�t�a�ce�7Z�nl�epg}gt�~'s¨crn �epF�³{Xnbpg~"Z5aba�cr�X}¯t�hla�t��£�Fcrnltvce��h
}�tvawhbnlt��Xdghbtvpe�9tvaic��XpenlY@cey¦}gt�akhlnbtv��dghlt�p|����t�hbUuY@Z�ce��¡�Z�nlp@ce�X}��ªcenbt�cr��~"Z

ρ
H �g­�{¦¥L� J�� I�¥

� ��hbU�Z ��Z"f£h�awZ5~-hbtvpe���¢Z awUXcey�yB}gZ���t�abZ�pe{�hbtvY@cey�Z5akhlt�Y�crhbpenxa��Ep|nihlU�Z�Z�y�Z�Y@Z���hla]pr�ohlU�Z@awZ5°|dXZ��X~�Z
{X(nS), n = 1, 2, . . .} �Xc|awZ5}�p|�9«Ncey�Y�ce� ¬ y�hbZ�nVhbU�Z�penlje¥± �#penx}'p|�'hbUXZN��prhxcFhbtvpe��t��udXabZ :

N(m, v)
��tvy�y¦}�Z���pehbZNc��XpenlY@cey¦}gt�akhlnbtv��dghlt�p|����t�hbU9Y@Z�cr�

mce�X}��ªcenbt�cr��~"Z
v
cr�X}
X ∼ N(m, v) ��tvy�y�}gZ���pehbZNc@^ K ��t�hbU¨}gt�akhlnbtv��dghlt�p|� N(m, v) ¥
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&-1���1� {ZT (t), t ≥ 0}
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&-1���1� {ZT (t), t ≥ 0}
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� �Hpenx}gZ�n�hbp$ce~xU�tvZ��|Z�cr�Hpe{ghlt�Y�cry]Z�awhbtvY�cFhlt�p|�¦­z�#Z®abUXcryvy]dXawZ®c «Ncey�Y�cr� ¬ y¤hlZ�n�hbUXcrhu~�peY@{�dghlZ�a
hlU�Z¯akhxcFhbZ®Z�awhbtvY�cFhlpen9pedghupr��hk�#p$y�tv��Z�cen�Z5°�dXcFhlt�p|�XaU:´hbU�Z7abj£awhbZ�Y
}gj£�XcrY@t�~�Z5°|d�cFhbtvpe� cr�X} hbU�Z
Y@Z5ceabd�nbZ�Y@Z���h#Z5°�dXcFhlt�p|�¦¥LTVU�Z�abZ]hk�¢p@Z5°|d�cFhbtvpe��a#cenbZ�tv��hbnlp£}�dX~"Z5}�tv�9hbU�ZN��Z�f£h�hk�¢p@awZ5~-hlt�p|�Xa�¥
TVU�nlpedX�eU�p|dgh�hbU�Z5awZ�awZ5~-hbtvpe��a��¢Z�awUXcey�y�cealawd�Y@Z�hlUXcFhzhlU�Z�{�nlpg~"Z5aba {X(t), t ≥ 0} tvait��¨Z5°|dXt�yvt����nltvd�Y cFh�hlt�Y@Z

t = 0
­X�XcrY@Z�yvje­

X(0) ∼ N(0, ρ) <;abZ�Z�~�peY@Y@Z���hzcF�ÝhlZ�n#<;�Q>'>"¥

����� ���
	���
�� ���
�
��������	
µXnbp|Y <;�Q>#�¢Z�p|�ghlcet��

X(t) = e−µ(t−s)X(s) +
√
2λ

∫ t

s

e−µ(t−u)
}
B(u)

�Ep|n
0 ≤ s ≤ t ­£�Enbp|Y ��U�t�~xU9t¤h��Ep|y�yvpF�za#hbUXcrh

ξn+1 = γ ξn + wn, n = 0, 1, . . .
<;�Q>

��t�hbU
ξn := X(nS)

­
γ := exp(−µS) cr�X}

wn :=
√
2λ

∫ (n+1)S

nS

e−µ((n+1)S−u) dB(u).

TVUXZ�^ K � a {wn, n = 0, 1, . . .} crnlZ]tÙ¥ tO¥ }�¥o��t�hbU

wn ∼ N(0, Q), n = 0, 1, . . .
< J >

<OawZ�Z�Ze¥ �X¥ H ��­�{¦¥�[ �&I >R��t�hbU
Q
�etv�eZ��9�£j

Q = 2λ �
[

∫ (n+1)S

nS

e−µ((n+1)S−u) dB(u)

]2

= 2λ

∫ (n+1)S

nS

e−2µ((n+1)S−u) du

= ρ (1− γ2).
�iprhltv~�Z²hlUXcFh

ξn ∼ N(0, L), n = 0, 1, . . .
< � >

��t�hbU
L := ρ

­�d��X}gZ�nVhbU�Z�c|ababd�Y@{ghlt�p|��hlUXcFh
X(0) = ξ0 ∼ N(0, ρ)

­���U�t�~xU�tvY@{�y�tvZ�a��Enbp|Y <E�">¢hbUXcrh
~�pF�
(ξn, ξn+1) = γρ, n = 0, 1, . . . .

< � >
GL°�dXcrhbtvpe� <E�">@Z�awhlce��yvtvabU�Z�a�c7abtvY {Xy�Z¨p|��Z"��penx}gZ�n@nlZ�~�d�nlabtv�eZuZ"fg{�nlZ�alawtvpe��nbZ�yvcrhbtv���®hbU�Z�akhxcFhbZ¨pe�

hlU�Z�yvt�Y@t�hbtv���'{�nlpg~"Z5aba {X(t), t ≥ 0} ��Z�hk�¢Z�Z��uhk�#p'~"pe��awZ5~"dghlt��|ZN{�p|y�yvt��X�'t���akhxcr��hla�¥ ?®Z�abUXcryvy¿�XZ"f£h}�Z�nlt��|Z'hbUXZ9~�penlnbZ5aw{4pe�X}�t����¨Y@Z5ceabd�nbZ�Y@Z���h }gt�al~"nlZ"hbZ��Ohlt�Y@Z�Z�°�dXcFhlt�p|�¦­L��U�t�~xU´��tvy�y�cey�yvpF�/dXa�hbp�dXawZ
awhlce�X}�cenl}�pe{ghlt�Y�cry¿Z�awhbtvY@crhbtvpe��hbZ5~xU���t�°|dXZ�a�¥
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 �
�¿Z"h
ζi(n)

�4Z�hbU�Z t���}gtv~�cFhlpen²�Ed��X~-hlt�p|�³hlUXcFh]nbZ5~"Z�tv�eZ�n
i = 1, 2, . . . , NT (nS)

UXcea]abZ���h]ce��± 
 «/cFh
hlU�Z
n
�ÙhbU7{4peyvy�tv���³tv�Xawhlce�|h5­���t�hbU

ζi(n) = 1
t¤�zce�´± 
 « �Vcea�abZ���h��£j�nbZ5~"Z�tv�eZ�n

i
ce�X}
ζi(n) = 0pehbU�Z�nb��t�abZe¥�µXnbp|Y*hbUXZ�}gZ ¬ ��t¤hlt�p|�7pr�VhbUXZ�Y pg}gZ�yRt�h�t�a�awZ�Z��¯hlUXcFh5­�~�pe�X}gt�hbtvpe�XZ�}®pe�

NT (nS) = k
­

ζ1(n), . . . , ζk(n)
crnlZ�tÙ¥ tÙ¥ }¦¥�§#Z�nl��ped�yvyvtB^ K � a]��t¤hlU � [ζi(n)] = p∗ ¥�TVU�Z ~�pe�X}�t¤hlt�p|�Xcry�Z"fg{4Z�~-hxcFhlt�p|�ce�X}9�Fcrnltvce�X~"Z�pr��hbUXZN��dXY��4Z�nzpe�B± 
 «Na ∑NT (nS)

i=1 ζi(n)
nbZ5~"Z�tv�eZ5}��£j�hbU�Z�abpedXnl~�Z�crh�hbtvY@Z

nS
cenbZ

hlU�Z��unlZ�ab{�Z5~-hlt��|Z�yvj��etv�eZ��9�£j

�




NT (nS)
∑

i=1

ζi(n) |NT (nS)



 = NT (nS) p
∗ < � >

K crn




NT (nS)
∑

i=1

ζi(n) |NT (nS)



 = NT (nS) p
∗(1− p∗).

<;�;>
?®Z�}gZ ¬ ��ZNped�n��XpenlY@cey�tv¡�Z5}'Y@Z�c|awdXnbZ�Y Z���hVZ5°�dXcFhlt�p|�9c|a

YT (n) =

∑NT (nS)
i=1 ζi(n)− p∗ρT√

T
, n = 0, 1, . . . .

<k[5�;>

��UXtv~xUu~�ce���4ZNnbZ���nbt�hwhlZ��¨cea
YT (n) = p

∗ ZT (nS) + VT (n)
<k[|[&>

��t�hbU9hlU�ZNU�Z�yv{upr� <O� >"­���t�hbU

VT (n) :=

∑NT (nS)
i=1 ζi(n)−NT (nS)p∗√

T
.

<w[5� >

TVUXZ���Z�f�hNawhbZ�{�tvaihbp9yvZ"h
T → ∞ t�� <k[|[&>-¥ � h�tva]abU�pF���³tv�³hbUXZ�±z{X{�Z��X}gt�f³hbUXcrh²hlU�Z�nlZ�Z�fgtvawh²tÙ¥ tÙ¥ }�¥^ K � a {vn, n = 0, 1, . . .} ��t¤hlU

vn ∼ N(0, R), n = 0, 1, . . .
<k[��Q>

��t�hbU
R := ρ p∗ (1− p∗) ­£tv�X}gZ�{�Z��X}gZ���h#pr� {wn, n = 0, 1, . . .} ­£abdX~xU�hbU�cFh {vk, k = n, n+1, . . .} t�atv�X}gZ�{�Z��X}gZ��|h]pr� {ξk, k = 0, 1, . . . , n} �Epen n = 0, 1, . . . ­=cr�X}¨abdX~xU9hbUXcrh YT (n) �¢Z5c �£y�j9~"p|���|Z�nl�eZ5ac|a

T →∞ hbp�c@^ K yn ��t�hbU9hbU�ZNnlZ�{XnbZ5awZ��|hxcFhlt�p|�

yn = p
∗ξn + vn, n = 0, 1, . . . .

<k[��Q>
TVUXZ]{Xnbp|{�Z�nwhlt�Z5aVZ��FqkpFj|Z�}���j'hbU�Z�^ K � a

vn
hlpe�|Z"hbUXZ�nV��t¤hlU=< � >"­ < � >Vcr�X} <k[��Q>¢nlZ�ce}�t�yvj'tvY {Xy�j�hbUXcrh

yn ∼ N(0,M)
<k[ J >

��t�hbUu�Fcrnlt�cr�X~�Z
M := ρ p∗

­Xce�X}
~"pF�
(yn, yn+1) = γρ (p

∗)2
<w[ � >

�Ep|n
n = 0, 1, . . .

¥
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 �
GR°|d�cFhbtvpe��a <E�Q>Vce�X}�<k[��Q>¢nbZ�{�nlZ�abZ���hVhbU�ZNZ5°|d�cFhbtvpe��aVpr�oc }�tval~"nlZ"hlZ²hlt�Y@Z�yvtv��Z�cen ¬ y¤hlZ�n5­£�Epenz��UXtv~xU9�¢Z
~�cr�¨~"p|Y@{�dghbZ�hlU�Z�p|{ghbtvY�cry¿Z5akhlt�Y�crhbpen5¥RTVU�nlpedX�eU�p|dghz�¢Z�abUXcey�y¿c|ababd�Y@Z�hbU�cFh�hbUXZ � crdXalabtvce�9tv��t�hbt�cry
~�pe�X}�t¤hlt�p|�

ξ0
­|hlU�Z�awtv�e�Xcey��Xpet�awZ�awZ5°�d�Z��X~�Z {wn}n cr��}@hbU�Z�p|�XawZ�nb�Fcrhbtvpe����p|tvabZ²abZ�°�d�Z��X~"Z {vn}n crnlZcey�y�Y�dghbd�cryvy�j�t��X}�Z�{4Z��X}gZ���h�¥

�¿Z"h
ξ̂n
��Z9cr�7Z�awhbtvY�cFhlpen�pe�

ξn
­ocr�X} }gZ���pehbZ'�£j

εn = ξn − ξ̂n
hlU�Z�Z5akhlt�Y�cFhlt�p|�7Z�nlnbp|n�¥¨TVU�Z

Z5akhlt�Y�crhbpenVhlUXcFh²Y tv��tvY@t�¡�Z�a�hlU�Z�Y@Z�ce�³ab°�dXcenbZ�pe��hlU�Z�Z5akhlt�Y�cFhlt�p|�uZ�nlnbp|n�tvai�etv�eZ��u�£j'hlU�ZN�Ep|y�yvpF��t��X�
«Ncey�Y�ce� ¬ y�hbZ�n(<;abZ�Z�Ze¥ �X¥ H [ J ­g{¦¥R�r� �&I >-­£��U�t�~xUuUXcea#hlU�Z��Epeyvy�pF��tv���@awtvY@{�yvZNnbZ5~"d�nxawtv�eZ]akhlnbd�~-hbdXnbZ;:

Pn =
(

(

γ2Pn−1 +Q
)−1
+ (p∗)

2
/R
)−1 <w[ ��>

Kn = Pnp
∗/R

<k[ � >

ξ̂n = γξ̂n−1 +Kn

(

yn − p∗
(

γξ̂n−1

)) <w[��;>

�Ep|n
n = 1, 2, . . .

­V��t¤hlU
ξ̂0 = � [ξ0] = 0 cr�X}Þ��U�Z�nbZuhlU�Z�~�pe�Xawhlce�|hxa γ ­ R cr�X} Q UXcª�|Z¨��Z�Z��}�Z ¬ ��Z5}³tv� 9 Z�~-hlt�p|�Xa]��¥v[ ce�X}��X¥ ��¥ GR°|d�cFhbtvpe� <k[ ��>itva�~�cey�yvZ�}³hbU�Z@^�t�~�~�cFhbtBZ5°|d�cFhbtvpe�®cr�X}

Pn
�etv�eZ�a

hlU�Z��Fcenbt�cr�X~�Z�pr�ohlU�Z Z�awhbtvY@crhbtvpe�³Z�nbnlpen
εn
¥ � � <w[ � >

Kn
t�a²~�cryvy�Z5}uhbU�Z ¬ y�hbZ�n]�|cet��¿¥AGL°�dXcrhbtvpe� <w[��;>

t�aVhlU�Z�awhlcFhlZNZ�awhbtvY�cFhbZ�Z�°�dXcFhlt�p|�¨cr�X}9t�hitvazhbU�Z�abd�Y pr�Lcr�uZ�f�hlnlce{�p|yvcrhbtvpe��hbZ�nbY cr�X}upe�Bce�¨d�{4}XcFhbZ
hlZ�nlYu¥
TVU�Z�cr�4pF�eZ ¬ y¤hlZ�n�Y tv��tvY@t�¡�Z�a@hlU�Z�abd�Y pe�]Y@Z�ce� ab°�dXcenbZuZ�awhbtvY�cFhlt�p|�$Z�nbnlpenxa d���hbtvyzhlt�Y@Z

nS
¥

�²�XZ�~�cr�ucry�awp <Ocr�X}���t�yvy��EnlpeY��XpF� pe��>#dXawZ]hlU�Z�akhxcFhlt�p|�Xcrnlj��eZ�nlabt�p|��pe��hlU�Z�«NcryvY�cr� ¬ y¤hlZ�n5­���U�t�~xU
Y@tv��tvY tv¡�Z5aVhbUXZ�hbtvY Z�cª�|Z�nxcr�|ZzY@Z�cr�¨al°�dXcrnlZ²Z5akhlt�Y�crhbtvpe�9Z�nlnbp|n�­£�XceY Z�y�j|­

P =
(

(

γ2 P +Q
)−1
+ (p∗)

2
/R
)−1

K = Pp∗/R

ξ̂n = γξ̂n−1 +K
(

yn − p∗
(

γξ̂n−1

))

.
<Ù�r�;>

P
��pF� �etv�eZ5aVhbUXZ�akhlZ�c|}gj���awhlcrhbZN�Fcrnltvce�X~"ZNpe�BhbU�Z�Z5akhlt�Y�crhbtvpe�¨Z�nlnlpen5¥ � hit�azp|�ghlcet���Z5}¨ceaVhlU�Z�dX��tv°�d�Z
{4p|abt�hbtv�eZNawp|y�d�hbtvpe�9pr�¿hlU�Z�^�t�~�~�cFhbt¿Z�°�dXcFhlt�p|�

(p∗)2 γ2P 2 + (Q (p∗)2 +R
(

1− γ2
)

)P −RQ = 0.
?®Z ¬ �X}

P =
−Q (p∗)2 − R

(

1− γ2
)

+

√

(Q (p∗)2 +R (1− γ2))2 + 4(p∗)2γ2RQ
2 (p∗)

2
γ2

.

µXpenBZ��|Z�nlj
n
­FhbU�Z#Z�nlnlpen

εn
tvaoc²��penlY�cry£^ K ��t�hbU Y Z5cr��¡�Z�nlp�cr�X}��ªcenbt�cr��~"Z

P
­r�Ed�nwhlU�Z�nBtv�X}gZ�{�Z��X}gZ���h

pe�¿hlU�ZNpe�XabZ�nl�FcFhlt�p|�
yn
H [ ��­�{¦¥R�r�|��IÙ¥
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�	 ��� � � � ��
 �
?®Z���pF� nlZ"hbdXnb�9hbp�p|d�nzp|nbtv�etv�Xcry�Z5akhlt�Y�crhbtvpe�u{�nlpe��yvZ�Yu­X��crY@Z�yvje­ghlU�Z�}gZ�nbtv�FcFhlt�p|�9pe�Lcr�uZ�awhbtvY�cFhbZ �
~�cryvy�Z5}

N̂n
���Ep|nVhbU�ZN�£d�Y���Z�n�pr��{�crnbhbt�~"tv{Xcr��hla

NT (nS)
cFhVhbtvY@Z

nS
¥

^�Z5~�cey�y]hbU�cFhuhbU�Z¯{�nlpg~"Z5aba {NT (t), t ≥ 0} }gZ5ab~�nbtv�4Z�a�hbU�Z¯�£d�Y���Z�n9pe����dXabj abZ�nl�eZ�nla�t�� cr�
M/M/∞ °�d�Z�d�Z9��t¤hlU�crnlnlt��Fcry¢nlcrhbZ λT cr�X}�awZ�nb�£t�~"Z'nxcFhlZ µ ¥ � � NT (0) = 0 ­o��crY@Z�yvj¯hbU�Zuabj£aw�hlZ�Y*t�aNtv��t�hbt�cryvy�j³Z�Y@{ghkje­�hlU�Z��¯�#Z����XpF� �£j�T�c��
	e~�a H [ � ­�TVU�Y [|­¦{�{¦¥v[ � �F�x[ � [UI�hlUXcFh � [NT (t)] =
ρT (1− e−µt) �Epenzce�£j�hbtvY@Z t ¥ � �9{�crnbhbt�~"d�y�crn5­ � [NT (t)] = ρT tv�9awhbZ5ce}gj��áakhxcFhbZ
<;tO¥ Ze¥Lc|a t→∞ >-¥supehbtv�FcFhbZ5}9��j <O� >"­��#Z�}�Z ¬ ��Z

N̂n
c|a#�Epeyvy�pF�zaD:

N̂n = ξ̂n
√
T + ρT

<O��[&>

��t�hbU
ξ̂n
�|t��|Z��utv� <O�r�Q>-¥ 9 hlcenwhlt��X���Enbp|Y � [ξ̂0] = 0 t�hit�aiabZ�Z��u�Enbp|Y <O�e�;>Vce�X}=<k[��Q>¢hbU�cFh � [ξ̂n] = 0�Ep|n

n = 0, 1, . . .
­B��U�t�~xU¯t��¯hld�nl�7t�Y@{�yvt�Z5aN�EnlpeY <O�g[2>²hbUXcrh � [N̂n] = ρT ¥9TVU�Z'Z5akhlt�Y�cFhlpen N̂n tvac|awj£Y@{ghlprhbt�~�cey�yvj�d��£��t�ceabZ�}�t��9hlU�Z�awZ��XabZ²hlUXcFh

∣

∣

∣
�
[

N̂n −NT (nS)
]∣

∣

∣
la = e−µnS −→

n
0.

?®Z¢~�pe�X~�y�dX}�ZohbU�t�a�awZ5~-hbtvpe�N�£j]��nlt�Z-�Xj]}�tval~"dXalabt����zhbU�ZL�Fcenbt�cr�X~�ZLpr�£hlU�ZRZ�nbnlpen
en := NT (nS)−N̂nc|a�c��Ed��X~-hlt�p|�upr�¿hlU�ZN{XcenlceY Z�hbZ�n

T
¥�?®ZNUXcª�|ZC<;dXabZC<Ù� >6>

en =
√
T (zT (nS)− ξn)

­�abp�hbUXcrh

K cen ( en√
T

)

=
K cen
(zT (nS)− ξn).

±iy¤hlU�pedX�eU9�¢Z�UXcª�|Z²��pehz��Z�Z��¨cr�Xy�Z]hbp@{�nlpF�eZ²hbUXtvaVnlZ�abd�y�h�­g�#Z]�4Z�yvtvZ��eZ�hlUXcFh K cen (
en/
√
T
)

→ P cea
T →∞ ¥

� � ��� +9�"	��B�"
����

�²d�niZ�awhbtvY@crhbp|nzUXceaV�4Z�Z��³}gZ�nltv�eZ�}9d���}gZ�nic�abZ"h²pr�B�ªcenbtvped�a�akhxcFhbt�awhbt�~�cry�cealawd�Y@{ghlt�p|�XaVhlUXcFhiY�cªj
�4Zz�£tvpey�cFhbZ5}@t���{Xnlc|~-hbt�~"Z�<;m�pet�ababpe��cenbnlt��Fceyva�­rZ"fg{4pe��Z���hbt�cryXp|�g�ÙhbtvY Z5a�­|U�Z�cª�£j��Ùhbnxc�E'~#nbZ��etvY Z2>-¥ � ��hbUXtva
abZ�~"hbtvpe�¦­��¢ZNtv�£�eZ5akhlt���cFhbZ]hlU�Z�nlpe��d�akhl��Z�alaVpr�opedXnzZ�awhbtvY�cFhbp|nicr��}9hbnlj'hbp�tv}gZ���hbt��Ej9abt¤hldXcFhlt�p|�Xaz��UXZ�nlZ
t�h��¢p|n �ga#�#Z�yvy�
F{�p£penlyvje¥BT¿p�}gp�abpX­£�¢Z�UXcª�|Z]~�pe�X}�dX~-hlZ�}��ªcenbtvped�a#abtvY�d�y�cFhlt�p|�XaV��U�Z�nlZ�awp|Y Z�p|nVcey�y�pe�
hlU�Z�cealabd�Y@{ghbtvpe�Xa#��Z�Z�}gZ5}��EpenVhbUXZ�}gZ�nlt��Fcrhbtvpe�9pr��hbU�Z�Z�awhbtvY�cFhlpenzcrnlZ��£t�p|yvcrhbZ�}¦¥
µXped�n²hkj£{�Z5aipe�RawtvY�d�y�cFhlt�p|�XazU�cª�eZ��4Z�Z���{4Z�nb�EpenlY Z5}�¥²µXpen²Z�ce~xU³abtvY�d�y�cFhlt�p|�¦­4hbU�Z�{XcrnxcrY@Z"hlZ�nxa

λce�X}
T
crnlZVhlc �|Z�� hbpN�4ZzZ5°|d�cryghlp

1
cr�X}
1/185.9

awZ5~ −1 ­�nlZ�ab{�Z5~-hbtv�eZ�y�j|­ecr��} hbU�Zznld�� hbtvY@Zzt�a 124240abZ�~e¥�TVUXZ�abZi�Fcryvd�Z�aRUXcª�eZi��Z�Z��'Y@Z�c|awdXnbZ5}@pe�'c�nlZ�cey�hlnlc|~"Z(<OawZ�Z 9 Z�~"hbtvpe� J �Epen#}gZ"hxcrtvyvaRpe��hlU�Zzhlnlc|~"Z�a
�#Z�UXcª�eZ]dXabZ�}�>"¥LTVU�Z�± 
 « {�nlpe��cr��tvy�t�hkj

p∗
cr�X}�hbUXZ�± 
 «�t���hlZ�nl�ªcey

S
U�cª�eZ���Z�Z��uawZ�h�hbp���¥ ��[�cr��}

1.0
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hlU�t�a�~�ceabZe­�hlU�Z��4t�{���}gt�akhlnbtv��dghlt�p|� ¬ hlaV�#Z�yvy�t���hbU�ZN~�peyvy�Z5~-hbZ5}�}XcFhlcX¥ � ��hlU�ZN~�ceabZ]��U�Z�nlZ]abZ�alabt�p|�XaVcrnlZ
abU�p|nwh5­�hlU�Z@Y�cFfgt�Y�d�Y*Y@Z�Y���Z�nlabU�tv{�}gdXnlcrhbtvpe��t�a]Y�dX~xU®awUXpenbhbZ�n²hbU�cr���Epen�y�p|����abZ�alabt�p|�Xa�­=hlU�Z�nlZ��£j
Z�y�tvY@t���cFhbtv���@yvpe���@pe���Ohlt�Y@Z�a�¥
?®Z¨UXcª�eZ9nld���p|d�n�cryv�ep|nbt�hbU�Y p|� hk�#p¯}gt¤©=Z�nlZ���h�hlnlc|~"Z�a�­Lp|��Z¨~"peyvyvZ�~-hlZ�} �Enbp|Y c¯awU�p|nwh'cedX}gtvp

abZ�alabt�p|��hbUXcrhzakhxcrnbhbZ�}�pe�9� ��� pr���²Z�~�Z�Y���Z�nV� � ce�X}'y�ceawhbZ5}��Ep|n][�}�cªj¨[5��U�p|d�nlaV�|��Y@t��£dghlZ�a�ce�X}'���
abZ�~�pe�X}Xa�­FtÙ¥ Z|¥V[5�F�£�F���zawZ5~"p|�X}�a � hbUXZ�prhbUXZ�nope�XZ#nlZ�abd�y�hla��EnlpeY�c]yvpe���NcedX}gtvp�abZ�alabt�p|��hbU�cFhLy�ceawhbZ�}��EnlpeY[ � � � pe�o�ipF�eZ�Y��4Z�nz� � hlp³[�� ��� pr���²Z�~"Z�Y��4Z�n]� � <O��[�}�cªjga�[5� U�p|d�nxaz� ��Y@tv��d�hbZ�aicr�X}³� � awZ5~"pe��}�a�­
hlUXcFh�t�a�[ �;J � � � ��abZ�~"p|�X}�a1>-¥�µ�tv�|a�¥��¨cr��}��u{�yvprh�hbU�Z'c|~-hbd�cryL�|nbp|d�{®abtv¡�Z�cr�X}®t�hla�Z�awhbtvY@crhbtvpe���Epen
Z5ce~xUuawZ5ababtvpe�¦¥
TVU�Z��Fcryvd�Z5aRpe�¿hbUXZ]cenbnlt��Fcey�nxcFhlZ

T
<EhbU�nlpedX�eU�p|dgh

λ = 1
abp�hbUXcrh¢hlU�ZNcrnlnbtv�FcryXnxcFhlZ²t�a

T
>¢cr�X}'hbU�Z

Z�fg{�Z5~-hbZ5}¨pe���Ohlt�Y@Z�a
1/µ
�#Z�nlZ�Z�f�hlnlc|~-hlZ�}u�EnlpeY hbUXZ�hbnxce~�Z�a�¥²µXpenzhlU�Z@awU�p|nwh]}gd�nxcFhbtvpe��awZ5ababt�p|�¦­�hbU�Z

Y@Z5ceabd�nbZ5} �kyvp|c|} 
#t�a
ρT = 34.1 � �EpenRhbU�Zzyvpe�X��}gd�nxcFhlt�p|�@abZ�alabt�p|�¦­rhlU�ZzY@Z�c|awd�nlZ�} yvp|c|}@tva ρT = 63.5 ¥±/��crtv�eZ'cr{X{�nbp�ce~xU�hbp¨hlU�Z'Z5akhlt�Y�cFhlt�p|�7{�nlpe��yvZ�Y��¢p|d�yv}¯~�pe�Xabtvawh�tv�7dXawtv��� ∑NT (nS)

i=1 ζi(n)/p∗c|a�cr�®Z�awhbtvY@crhbp|n]pe�¢hlU�Z�awtv¡�Z@pe�RhbUXZ�Y�d�y�hbt�~�c|akhN�enlpedX{�cFh�hlt�Y@Z
nS
¥@^�Z�~�cryvyBhbUXcrh ∑NT (nS)

i=1 ζi(n)�|t��|Z�a#hlU�Z��£d�Y���Z�nzpr�L± 
 «Na��|Z���Z�nlcrhbZ�}ucrhzhbtvY@Z
nS
¥V�zprh]awd�nl{�nltvabtv���eyvj'hlU�tvaiZ�awhbtvY�cFhbp|nz{4Z�nb�EpenlY@a

�|Z�nlj¯{�p£penlyvj7��pehbU$��Z5~�crd�awZ9t¤h'}gp£Z5a@��prh hlc��eZ9t���hbp7c|~�~"p|d���h�hlU�Z �kU�t�awhbpenlj 
�pr�²hbU�ZuY@Z�Y���Z�nlabU�tv{
{Xnbpg~"Z5abaRcr�X}@�4Z�~�crdXabZVhbU�Z²nlcrhbtvp

(1/NT (nS))
∑NT (nS)
i=1 ζi(n)

��t�yvy�~�pe�£�eZ�nb�|Z¢hlp
p∗
c�¥ a�¥�p|��y�j ��U�Z��

NT (nS)
tva�yvcenb�|Z <ÝhbUXZ�akhlnbp|���¨y�cª�Jpe�#y�crnl�eZ��£d�Y���Z�nla1>-¥ �²d�n�Z�f£{4Z�nltvY Z���hla <;��prh�nlZ�{4penbhbZ5}®U�Z�nlZ&>

U�cª�eZ�~"pe� ¬ nbY@Z5}'hlU�ZN{�p£p|n���Z�UXcª�£t�p|n#pe��hlU�t�aV�Xcrtv�eZ�Z�awhbtvY�cFhlpen5¥
?®ZV��pF�´~"p|Y Z#�Xc|~��²hlp²p|d�n�Z�awhbtvY@crhbp|n�¥�?�Z#UXcª�eZ¢pe�XabZ�nl�eZ5} <;abZ�ZVµ�t���¥�� <;c;>6>�hlUXcFhop|d�n�Z5akhlt�Y�crhbpen

}�p�Z5aR�XprhV�¢p|n � �¢Z�y�y=~�c|awZihbU�Z�abZ�alawtvpe����cFhbUXZ�nxaRcN�EZ�� {Xcenwhltv~�t�{Xce��hla�¥ � ��hbU�t�aV~�ceabZe­�t�h#pF�|Z�nlZ�awhbtvY@crhbZ5a
hlU�Z�awtv¡�Z@pe�RhbUXZ��enlped�{ � hbU�Z�cr��awp|y�dghlZ@Z�nlnbp|n |NT (nS) − N̂n| tva���peh�awtv�e��t ¬ ~�cr��h]�XdghNhbU�Z@nlZ�y�cFhlt��|ZZ�nbnlpenot�a¢�eZ�nlj�UXt��|U'cr�X}'ce{�{�nlp|c|~xU�Z�a

100%
<;abZ�Zicenbp|d��X}'�NcX¥ Yu¥�t���µ�tv�X¥o��<Oc;>6>-¥oTVU�t�aL�4Z�UXcª�£tvpenL�Vcea

cey�nlZ�c|}gj³nlZ�{4penbhbZ5}¯t�� 9 Z5~-hlt�p|�7�X¥¨TVU�Z'{4Z�nx~"Z��|hlt�yvZ�a�cr�X}®hlU�Z'tv��hbZ�nx°�dXcrnbhbtvyvZ�nlce���eZ�pe�#hlU�Z'nlZ�y�cFhlt��|Z
Z�nbnlpen¢�Epen��4prhlU¨awZ5ababt�p|�Xa�crnlZ]y�t�akhlZ�}9tv�uT�cr�Xy�ZN��¥
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TVU�Z�}�cFhxc'awZ�hi~"p|nbnlZ�ab{�p|�X}gtv��� hbp�hlU�Z�abU�penbhicrd�}gt�p'abZ�alabt�p|�9Z�fgU�t��Xt¤hxa�hk�#p��eZ�nlj�}�t¤©=Z�nlZ���hi{XcenwhxaU:
�|Z�nljN�EZ��$dXabZ�nxaLcrnlZ�~"p|����Z�~"hbZ5} }�d�nbtv����hlU�Z ¬ nxakhR°�dXcenwhlZ�nopr�=hlU�Zz}�cFhxcNawZ�h�­ehbU�Z�nbZ���j awdX�e�eZ5akhlt��X�²hlUXcFh
hlU�t�aV{Xcrnbh#�Vcea#nlZ�~�penx}gZ�}��4Z"�Ep|nbZ]hlU�ZNakhxcrnbh#pe�¿hbUXZ²hlnlce�XabY t�alawtvpe�¦¥BTVU�Z�nlZ�Y�crtv��tv����{�crnbh#pe�¿hbUXZ�}XcFhlc
abZ"h�nlZ�~�penx}�a#{Xcrnbhbt�~"tv{Xcr��hxa�ce~-hlt��£t�hkj�}gd�nltv��� hbU�Z�hlnlce�XawY@t�ababtvpe�¦¥

�²d�nVcryv�ep|nbt�hbUXY�UXc|a ¬ nxawh¢�4Z�Z���nbd���pe��hlU�ZiZ��|hlt�nlZzhlnlc|~"Z|¥�±²aRZ�f£{4Z�~"hbZ5}�­£t¤hV{�Z�nw�Ep|nbY�aR{�p£penlyvj�p|�
hlU�Z ¬ nxawhi°|d�crnbhbZ�n�pe��hlU�ZNhlnlc|~"Z � t¤hxa�{�Z�nw�Ep|nbY�ce�X~"ZNtvY@{�nbpF�|Z�aV}gnxcrY�cFhltv~�cryvy�j�pe�9hbU�Z�nbZ�Y@cet��Xt����@{Xcenwhpe�¿hlU�Z�hbnxce~�Ze¥
TVU�Z ¬ nxakh�°�dXcrnbhbZ�nRpe�¦hbU�Z�}�crhlc awZ�h¢UXc|aRhlU�Z�����Z�Z���nbZ�Y pF�|Z�}�ce�X}'p|d�n#cey��|penlt¤hlU�Y�UXcea¢�4Z�Z���nbdX�

p|�7hbUXZ�nlZ�abd�y�hbtv���³hlnlc|~"Z <;�¢Z��EpedX�X}
T = 1/157.7

abZ�~ −1 ­ µ = 1/5994.6 abZ�~ −1 cr��} ρT = 38 >-¥s¨p|awhVpe��hlU�Z�hbtvY@Ze­XhbU�ZNnlZ�y�cFhlt��|Z]Z�nbnlpenVt�aVy�Z5aba�hbUXce�
15.9%

<OawZ�Z�T�cr�Xy�Z��Q>-­���U�t�~xU9tvazc�alcFhltvaw�;ce~"hbp|nbj
nlZ�abd�y�h�¥
T�cr��yvZV�²nlZ�{4penbhla�hlU�ZVY Z5cr� cr�X}��Fcrnltvce�X~"Z¢pr�XhlU�ZVZ�nlnbp|n

en
¥B±iaB�4Z"�EpenlZe­ �bsuZ5cr� 
Rt�a�hbUXZ#Y@Z5ceabd�nbZ5}

cª�|Z�nxcr�|Ze­ � K cen 
 tva]hlU�Z�Y@Z�ceabd�nlZ�}��ªcenbt�cr��~"Z�cr�X} �
TP


�t�a]hbUXZ <;~"p|�FqkZ�~"hbd�nlZ�} >iZ�fg{�Z5~-hbZ5}®�ªcenbt�cr��~"Ze¥
?®Zi~�cr��awZ�Z��EnlpeY hlU�t�aohlce��yvZ�hbUXcrh�­£ceaoZ�fg{�Z5~-hbZ5}�­|hbU�ZzY@Z5ceabd�nbZ5}�cª�|Z�nxcr�|Z¢t�aR~�y�p�awZVhlp

0
¥B±zy�awpN�Xprhbt�~"Z

hlUXcFh�hlU�ZNY@Z�c|awd�nlZ�}��Fcrnltvce�X~"Z�cr�X}�hlU�ZNZ"fg{4Z�~-hlZ�}9�Fcrnltvce�X~"Z�crnlZN~"yvp|abZihlp�Z�c|~xU�prhlU�Z�n5¥

����� � ��	 � � ��� ��� � 
 � � � 	
TVUXZ�}gtvawhbnltv��dghbtvpe� ¬ hxaV�Epen�hlU�ZNtv�|hlZ�nb��cenbnltv�ªceyXhlt�Y@Z�{Xnbpg~"Z5abaVce�X}�hbU�ZNp|�g�Ohlt�Y@ZN{�nlpg~"Z5aba¢�Epen��4prhlUuhbU�Z
abU�p|nwhBcr�X}Nyvpe�X�]}gdXnlcrhbtvpe��abZ�alawtvpe��a¿crnlZR{XnbZ5awZ��|hlZ�}Ntv��µ�tv�|a�¥�� <;c;>�cr��}N� <Oc;>-¥�?®Z¢UXcª�|Zo�EpedX�X}NhlUXcFh��Epen
�4prhlU�hkj£{�Z5aRpe�¦awZ5ababt�p|�Xa�­ehlU�ZLqkp|t���tv����{Xnbpg~"Z5abaRtva¢��peh¢m�pet�ababpe�'ce�X}�pe���Ohlt�Y@Z�a¢crnlZz��peh¢Z"fg{4pe��Z���hbt�cryvy�j
}�tvawhbnlt��XdghbZ5}�¥
µXpen�hlU�Z�Z��|hlt�nlZ�abU�penbhicrdX}�t�p'abZ�alawtvpe�¿­ghbU�Z�t���hbZ�nw�ácrnlnlt��Fcry=hlt�Y@Z�}�tvawhbnlt��Xdghbtvpe�¨t�az�#Z�yvy¦nlZ�{�nlZ�abZ���hbZ5}

�£j@c#?®Z�tv��d�yvy4}�tvawhbnlt��Xdghbtvpe�'��t�hbU�awUXce{�Z²{XcrnxcrY@Z�hbZ�n¢��¥ �;J ce�X} hbU�Z²pe�g�ÙhbtvY@Z²}gt�awhbnlt���d�hbtvpe� ¬ hxaR�#Z�yvy�c
?®Z�tv��d�yvyB}gtvawhbnltv��dghbtvpe����t¤hlU�awU�cr{4Z�{XcrnxcrY@Z�hbZ�n²��¥ �|�g¥z^zZ�~�cey�y¿hbUXcrhihlU�Z�abY�cryvy�Z�nzhbUXZ�abUXcr{4Z�{XcenlceY��
Z�hbZ�n²hlU�Z@U�Z�cª�£tvZ�n]hbUXZ�hxcrtvy <;c ?�Z�t��Xd�y�y¢}gtvawhbnltv��dghbtvpe����t¤hlU®abUXce{�Z@{XcenlceY Z�hbZ�n�[ tvaNce��Z�fg{�p|��Z���hbt�cry
}�tvawhbnlt��Xdghbtvpe� >"¥ �²d�nRnlZ�abd�y�hlaRcenbZz}�t¤©=Z�nlZ���hR�EnlpeYJhbUXZinlZ�abd�y¤hxaLnlZ�{4penbhbZ5}�tv� H [�I4��U�tv~xU�tvaRZ"fg{�y�crtv��Z�}@�£j
hlU�Z²�;ce~-h¢hbUXcrh¢hlU�Z�j@UXcª�|Zip|��y�j�ce�Xcryvj£¡�Z�} hlU�Z]{Xcrnbh¢pe��hbU�Z²hbnxce~�Zz��t¤hlU'hlU�Z²UXt��|U�Z�awh¢U£d�Y�cr��ce~-hlt��£t�hkje¥
9 Z�ZNµ�t���¥L��<;cQ>'>"¥
µXpen]hbU�Z@Z��|hlt�nlZ y�p|���9cedX}gtvp9abZ�alabt�p|�¦­4hbU�Z@tv�|hlZ�nb��cenbnltv�ªcey¦hlt�Y@Z�}gt�akhlnbtv��dghlt�p|��t�a]�¢Z�y�yBnlZ�{�nlZ�abZ���hbZ5}

�£j c �¿pe�|��penlY�cryi}gt�awhbnlt���d�hbtvpe� ��t�hbUH{XcrnxcrY@Z�hbZ�nxa
µ = 4.53

ce�X}
d = 1.41

cr�X}ÞhlU�Z®pe�g�ÙhbtvY@Z
}�tvawhbnlt��Xdghbtvpe� ¬ hla'�¢Z�y�yic �¿pe�e�XpenlY@cey�}gtvawhbnltv��dghbtvpe�$��t�hbUÞ{XcrnxcrY@Z�hbZ�nxa

µ = 5.55
ce�X}

d = 3.24
¥

^zZ�~�cey�y�hbUXcrhLhbU�Z �¦pe�|��penlY�cry�}gt�awhbnlt���d�hbtvpe��t�aLyvpe���e�Ohxcrtvy�Z5} � hbUXZiU�tv�eU�Z�nohbUXZz{XcrnxcrY@Z�hbZ�n d ­ehlU�Zzyvpe���|Z�nhlU�Z�hlcet�yÙ¥ 9 Z�Z�µ�tv�X¥o��<;c;>6>-¥
T�p ~�pe�X~�y�d�}gZzhlU�tvaVabZ�~"hbtvpe�¦­£�#Z²�#ped�y�}�yvt �|Zzhlp�{4petv��h#p|dgh¢hlUXcFhVpedXn¢Z5akhlt�Y�cFhlpenVawZ�Z�Y�aRhbp ��Z]�eZ�nbj

nlpe�XdXakhVhlp@~xU�cr���|Z�a#t��9hlU�ZN}gtvawhbnltv��dghbtvpe�uy�cª�za�¥o±iy¤hlU�ped��|U�hlU�Z�cealabd�Y@{ghbtvpe�Xa#hlUXcFhVhlU�ZNt���hlZ�nb��cenbnlt��Fcey
hlt�Y@Z5aocr�X}�hbUXZ#p|�g�ÙhbtvY Z5aBUXcª�eZVcr�@Z�f£{4pe�XZ���hbt�cryg}gt�akhlnbtv��dghlt�p|�@tvao~�nbdX~�tvceygt���hbUXZVhbU�Z�penlj�hbUXcrhL�¢ZVUXcª�|Z
}�Z��eZ�y�p|{�Z5}�tv� 9 Z5~-hbtvpe��a#��cr�X}���­£t¤hVt�a¢tv��hbZ�nbZ5akhlt�����hbp ��prhlZzhlUXcFhVped�n#Z�awhbtvY�cFhlpenVakhlt�yvy={�Z�nw�Ep|nbY�a¢�¢Z�y�y
�Ep|nipehbU�Z�n²}gt�akhlnbtv��dghlt�p|�Xa�­4tv�X~�y�dX}�t������Fcrnlt�p|dXazabd���Z�fg{�p|��Z���hbt�cryB}gt�akhlnbtv��dghlt�p|�Xa(<OmBcrnlZ"hbp�­ �¿pe�|��penlY�cryÙ­
?®Z�tv��d�yvy�>-¥

V�V Í�WYX"å-Î�Z



[�� � �%
�.���� � �����C	������(	����

� �����z� ���¿��+����

�²dXn�Y�crtv�´~"pe��~"Z�nl�¯tva�hbU�Z9~xU�pet�~"Z�pe�VhbU�Z�~�ped�{Xy�Z
(p∗, S)

¥
�z��hbtvy¢�XpF�J�#Z'UXcª�|Z�dXawZ5}
p∗ = 0.01ce�X}

S = 1
tv� cryvyzZ�f£{4Z�nltvY Z���hla�¥ TVU�Z5awZ¨�Fcey�d�Z5a��#Z�nlZ³~xU�p|abZ��Þtv� penx}gZ�n@hlp´UXcª�eZ¨c¯�|p�pg}$Z�awhbt��

Y�crhbtvpe�¦¥ GoY@{�tvnbt�~�cey�yvje­B�#Z'UXcª�|Z@abZ�Z��¯hbUXcrh�hlU�Z'Z�awhbtvY�cFhlt�p|�7tva�cry�awp¨�|p�pg}¯t�����pehbU
p∗
cr��}
S
crnlZ

tv�X~�nbZ5ceabZ�} 
r}gZ�~�nbZ5ceabZ�}�¥ � �R�#Z�p|��yvj9tv�X~�nbZ5ceabZ
S
­=hbUXZ�± 
 «�{�nlpg~"Z�ala²��t�yvy�Z�fgU�t��Xt¤h�y�Z5aba]~"p|nbnlZ�y�cFhlt�p|�Xa�­

ce�X}®hbUXZ�Z�awhbtvY�cFhlt�p|�7��t�yvy#}�Z"hbZ�nbtvpenxcFhlZe¥ � �¯hlU�tva ~�c|awZ|­B�¢Z'��tvyvy¢��Z�Z�}¯hlp³tv�X~"nlZ�c|awZ
p∗
c|~�~"p|nl}�t����|y�j

tv��p|nl}�Z�n]hbp9Z���U�cr�X~�Z�hlU�Z@Z�awhbtvY@crhbtvpe�¦¥��²�³hbUXZ pehbU�Z�n�UXcr�X}¦­�t¤�#�¢Z@}gZ�~�nbZ5ceabZ
p∗
hlU�Z���hbUXZ@abpedXnl~�Z

��tvyvy#~�peyvy�Z5~-h�yvZ�ala��EZ�Z�}��Xce~��¯tv�g�EpenlY�cFhbtvpe��cr�X}
S
awU�p|d�y�}´�4Z�}gZ5~"nlZ�ceabZ�}¯tv� p|nl}�Z�n�hlp�tv�X~"nlZ�c|awZ�hbU�Z

~�penlnbZ�yvcrhbtvpe�'pe��hlU�Z�± 
 « {Xnbpg~"Z5aba�¥
µXnbp|YJhlU�Z]��Z"hk�#pen ��{4petv��h#pe�¦�£t�Z��N­|hlU�Z]��Z5akhV�¢p|d�y�}���Z²hbp�UXcª�eZ²awY�cryvy

p∗
cr�X}'yvcenb�|Z

S
abp�ceaRhbp

Y@tv��tvY tv¡�Z�~�pe���|Z�awhbtvpe�¦¥�µXnbp|Y hbU�Z Z�awhbtvY�cFhbtvpe��{�p|t���hNpr�¢��tvZ��N­¦hbU�Z ��Z5akhN�#ped�y�}³�4Z hbp9UXcª�eZ awY�cey�y
S
ce�X}¨y�crnl�eZ

p∗
abp�ceazhbp�Z���UXce�X~"Z�hbU�Z °|d�cryvt¤hkj9pr�ohlU�Z�Z5akhlt�Y�cFhlpen5¥iTVU�Z�nbZ��EpenlZe­�c�hbnxce}gZ��Ùpe©�UXc|a�hbp

�4Z �Eped���}��Xc|awZ5}³p|�³hbUXZ �|nbp|d�{�abt�¡�Ze­�hlU�Z@cª�ªcet�y�cr�Xy�Z �Xcr��}g��tv}ghbU®pr�LhlU�Z@d��X}gZ�nbyvj£t����9��Z�hk�¢p|n �¨cr��}
hlU�ZN~�ce{Xce~�t¤hkj�pe�¿hbUXZ�awp|d�nl~�Z,<;penVpr�Bcr�£j'nlZ�~�Z�tv�eZ�n#��U�p@�Vcr��hla¢hbp�}gj£�XceY@tv~�cryvy�j'Z5akhlt�Y�crhbZ]hbU�Z��|nbp|d�{
abtv¡�Z&>"¥ ?�Z�~�cr��hbU�tv� ��pr�¿hlU�nlZ�Z�~"nlt�hbZ�nlt�c�hlp@~xUXp�p�awZ

(p∗, S)
tv�9p|nl}�Z�n#hbp

<Et�>9±¿�|pet�}'�EZ�Z�}g��ce~��'tvY@{�y�p�awtvpe�
<;t�t�>9±zyvy�pF�H�Epenzc Y�cFfgtvY�cry��ep|y�dXY Z�pe��± 
 «Na
<Etvt�t�> � �Xabd�nbZNc {�nlZ�}gZ ¬ ��Z5}�Z5akhlt�Y�crhbtvpe�u°|d�cryvt¤hkj|¥
TVU�Z ¬ nxakh�~"nlt¤hlZ�nlt�p|�¨tvaihbU�Z Y@p|awh]~�pe�Xawhbnxcrtv��tv���'cea²t¤h]y�tvY@t¤hxa²hbU�Z crY@ped���h]pr�R± 
 «Na�hlp��4Z��|Z��g�

Z�nlcrhbZ5}´cFh Z�ce~xU�± 
 « Z�{4p£~xU¿¥¯TVUXZ�Z"fg{4Z�~"hbZ�} �£d�Y��4Z�n@pr�i± 
 «Na�hbp���Z9�eZ���Z�nxcFhlZ�}´crh�hlt�Y@Z
nSt�a

p∗NT (nS)
��UXtv~xU¯t�aNZ�awhbtvY�cFhbZ5}¯cea

p∗N̂n
¥�TVU�t�a�~"nlt�hbZ�nltvpe��t�aNZ�f£{XnbZ5ababZ�}®cea

p∗N̂n ≤ α
��U�tv~xU

Y@Z5cr�Xa²hbU�cFhNhbUXZ UXt��|U�Z�awhNZ"fg{�Z5~-hlZ�}®�£d�Y��4Z�n�pr��± 
 «Na�}gd�nlt��X�
S
abZ�~"p|�X}�a]t�a�Z�°�dXcry�hlp

α
¥C? U�Z��

ce{�{�yvj£t����9pedXn�cryv�epenlt�hbU�Y hlp�hlU�Z�nlZ�cry�hlnlc|~"Z�a�­¦�#Z@pe�ghxcrtv��Z�}�d�{�hbp � ± 
 «Na�{�Z�n�awZ5~"pe��} <
S = 1

>
�Ep|n�hbUXZ�awUXpenbh²awZ5ababtvpe�ucr�X}ud�{uhlp � ± 
 «Na�{4Z�n]awZ5~"p|�X}��Epen�hlU�Z�yvpe���'abZ�alabt�p|�¦¥ � �BhlU�tvaiZ"f�~"Z�Z�}�azhbU�Z
}�Z�abt�nlZ�}uhlU�nlZ�abU�pey�}�­4t¤h�Y@Z�cr��azhlUXcFh

p∗N̂n > α
cr�X}³�¢Z awU�p|d�y�}uhbU�Z���}gZ5~"nlZ�c|awZ

p∗
awyvt��|U�hbyvje­=��U�t�~xU

~�ped�y�}9}gZ"hlZ�nlt�p|nlcrhbZ²hbU�Z�°�dXcey�t�hkj'pr��hbUXZNZ�awhbtvY@crhbtvpe�¦¥
^�Z��|cenl}gtv���ihbU�Z�abZ�~"p|�X}�~�nbt�hbZ�nbtvpe�¿­Ft¤hot�a�yvZ�alao~"p|�Xawhbnxcrtv��t��X�itv��hbUXZVabZ���awZ#hbU�cFhBt¤hLcryvyvpF�za¿�Ep|nBU�t��|U�Z�n

p∗
¥ TVU�t�a]~�nbt�hbZ�nbtvpe��hlc��eZ�a�c|}g�Fcr��hlce�eZ�pe�LhbUXZ��;c|~-h�hbU�cFhNnbZ5~"Z�t��|Z�nxa²cenbZ���prh�abj���~xU�nbp|��tv¡�Z�}�cr�X}�hbU�Z
�|Z���Z�nlcrhbZ5}�± 
 «NaocrnlZ�}gt�aw{4Z�nxawZ5} pF�eZ�n

S
awZ5~"p|�X}�a�¥ 9 p��#Z�Y�cªj�cryvy�pF�´�EpenRc]y�crnl�eZ�nB�|peyvd�Y@Z#pe�=± 
 «Na

hlp'�4Z��eZ���Z�nxcFhlZ�}¨c|azyvpe����c|azt�h]}gp£Z5az��peh²Z"f�~�Z�Z�}¨abpeY@ZNhlU�nlZ�abU�pey�}³}gd�nltv����abpeY@Z
I
awZ5~"pe��}�a�¥zTVUXtva

t�a²Z"fg{�nlZ�alawZ5}³cea
p∗N̂n

I
S
≤ α ��U�Z�nlZ I tva]tv�³hlU�Z�p|nl}gZ�n²pe� µs pen²Z��eZ�� ms ¥ � �X~�nbZ5ceabt���� I �Ep|nihlU�ZalcrY@Z

α
�¢p|d�y�}@��Z²Y p|nbZz~�pe�Xawhbnxcrtv��tv����cr��}@y�Z�hwhbtv���

I = S
�etv�eZ5aodXaLhbU�Z ¬ nlawh¢~�nbt�hbZ�nbtvpe�¦¥Bµ�p|n

I > S
­

hlU�t�az~"nlt¤hlZ�nlt�p|���4Z�~�peY@Z�a#hlU�ZNY@p|awhi~"pe��akhlnlcet���tv��� pe��Z|¥
µXpen�pF�|Z�nl{�nbpF�£t�awtvpe�XZ�}¨��Z�hk�¢p|n �ga�­�hbUXZ'pe��yvj��#penbhbU��Ed�yR~"nlt�hbZ�nltvpe�¯tvaNhbp¨tv�XawdXnbZ'abpeY@Z�Z�awhbtvY�cFhlt�p|�

°�dXcey�t�hkje¥�µ�tv�X¥ J {�yvprhxaVhbU�Z�Z"fg{4Z�~-hlZ�}u�Fcrnlt�cr�X~�ZNpr�BhbU�Z�Z�nlnbp|n
en
pF�|Z�n

γ =
Z"fg{
(−µS) �Epen²}�t¤©=Z�nlZ���h�Fcey�d�Z5a�pr�

p∗
¥ T��¢p´~�ped�{Xy�Z³pe�N�ªcey�dXZ�a'�#Z�nlZ¨nlZ"hlcet��XZ�}��Epen

λT
ce�X}

µ
­Vhlc��eZ��$�EnlpeY,hbU�Z�~"pedX{�y�Z

pe��hbnxce~�Z�a�awhbd�}gt�Z5}7tv� 9 Z5~-hbtvpe� J ¥ � � Z�ce~xU {�y�peh�hlU�Z�U�p|nbtv¡�p|��hlcry¢y�tv��Z9~"penlnlZ�ab{�p|�X}�a�hlp
p∗ = 0.01ce�X}

γ =
Z"fg{
(−µ) < S = 1 >"¥ � h'�etv�eZ�a�hlU�Z¨Z"fg{4Z�~-hlZ�}$�Fcrnltvce�X~"Zupe�ihbUXZ³Z�nlnbp|n�p|�ghlcet��XZ�}$t��$hlU�Z~�penlnbZ5aw{4pe��}gt��X��nlZ�cryBhlnlc|~"Z5a�¥ �²�XabZ�nl�eZ�hbUXcrh�awZ��eZ�nlceyB~�ped�{Xy�Z5a

(p∗, γ)
y�Z5ce}�hbpuhlU�Z'abceY@Z �Fcenbt�cr�X~�Ze­
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�Xdgh ��UXt�yvZ9hbU�Z9n�¥ U¦¥ a�¥7�Fcey�d�Z5a�~�penlnbZ5aw{4pe��}®hbp®U�t��|U�~�penlnbZ�yvcrhbtvpe�Xa���Z�hk�¢Z�Z��´hlU�Zu± 
 «Na�­BhlU�ZuyO¥ U¦¥ a�¥
�Fcey�d�Z5a�nlZ�abd�y�h tv�$t��X}�Z�{4Z��X}gZ���h@± 
 «Na�¥´µ�p|n UXt��|U

γ
<;abY@cey�y

S
>�hbUXZ�Z5akhlt�Y�cFhlt�p|� nlZ�{�nlpg}gdX~�Z�a�hbU�Z

}�j���crY@tv~�aVpr��hbU�Z��enlped�{uawtv¡�Z|­���U�tvy�Z��Ep|niabY@cey�y
γ
<Ey�crnl�eZ

S
>Vt�hznbZ�{�nbpg}gd�~"Z�a#hlU�Z�Y@Z�ce���Fcey�d�ZNpe�BhbU�Z

�|nbp|d�{�abtv¡�Z
<Eyvp|c|}�>-¥ FzpF�#Z��|Z�n5­ehlU�ZN�Fcrnltvce�X~"Z]pr��hbU�Z�Z�nbnlpen#�¢p|d�y�}��4Z�hbU�ZNalcrY@Z�t��9�4prhbU¨~�ceabZ�a#t¤���¢Z
~�pe�Xabt�}gZ�nRce{�{�nlpe{�nlt�cFhbZ��Fcey�d�Z5ao�Ep|n

p∗
¥4?�Z]crnlZztv�|hlZ�nlZ�awhbZ5}@t���hlU�Zin5¥ U¦¥ a�¥B�Fcryvd�Z�a¢cr�X}@�#ZzY�cªj alcFhltvaw�Ej

p|��Z�pr��hbU�ZN{�nlZ��£tvpedXa�~�nbt�hbZ�nbt�c�t��upenx}gZ�n¢hlp'~xU�p£p|abZihlU�ZN{XcenlceY Z�hbZ�nla#�Fcryvd�Z�a�¥

� � 
���)#��+����"
��

� ��hbU�t�a]{Xcr{4Z�n5­��#Z�UXcª�|Z�}gZ��eZ�yvpe{4Z�}�c'nlpe��d�akh�Z�awhbtvY�cFhbp|ni�Ep|n]~�peY@{�dghlt��X��hlU�Z�awtv¡�Z�pr�¢c�Y�d�y�hbt�~�c|akh
�|nbp|d�{¦¥ �²d�n�al~xU�Z�Y@ZNcryvy�pF�za#hlU�ZNdXabZ�nVhlp�hlnlc|~���pe�g��yvt���Z]hlU�ZN�Fcrnltvcrhbtvpe�9pr�¿hlU�Z�crd�}gt�Z��X~"ZNpF�|Z�n¢hbtvY@Ze¥
?®Z9UXcª�eZ9Y@p£}�Z�yvZ�}7hlU�Zu�enlped�{�}gj£�XcrY@t�~�a cea@cr�

M/M/∞ °�d�Z�d�Zucr��}´Z�awhlce��yvtvabU�Z�} ped�n@nlZ�abd�y�hladX�X}gZ�n#hlU�ZNcealawd�Y@{ghlt�p|��hbU�cFhVhbU�t�aV°�d�Z�d�Z�t�a#t���U�Z�cª�£j��Ohlnlc�E'~r¥ � �'hbUXtvaVnlZ��|t�Y@ZzhlU�Z��Xce~��£yvpe��{Xnbpg~"Z5aba
pe��hbUXZ

M/M/∞ °�d�Z�d�Z#t�a �w~�y�p�awZ 
LhbpNc²}�t¤©=dXabt�p|��{�nlpg~"Z5aba¿hbUXcrhL~�cr� �4Z#d�awZ5}�hlp]~�ceawh�p|d�nBZ�awhbtvY@crhbtvpe�{Xnbp|��y�Z�Y t���hbp�hbUXZ@ce{�{4Z�cryvtv���'�EnxcrY@Z��#pen �9pr�¢«Ncey�Y�cr� ¬ y�hbZ�n]hlU�Z�p|nbj|¥ �iabt�����hbUXtva²hbUXZ�penlju�¢Z UXcª�|Z
}�Z�nlt��|Z�}ucr�uZ�awhbtvY�cFhlpen�hlUXcFhiY@tv��tvY tv¡�Z5a�hlU�Z��Fcrnltvce�X~"Z�pe��hlU�Z�Z�nbnlpen5¥ ?®Z�UXcª�eZ�~�crnlnbtvZ�}�ped�h²awZ��eZ�nlcey
abtvY�d�y�cFhlt�p|�Xa�hbpuhlZ�awh�hlU�Z'nlpe��dXawhb�XZ�alaNpr�Vped�n�Z�awhbtvY@crhbp|n�t��¯hlU�Z�~�ceabZ���U�Z�nlZ@hbUXZ�crnlnbtv�Fcry�aNcrnlZ���prh
m�p|tvalawp|� cr�X} 
ªpen�hbU�Z®pe���Ohlt�Y@Z�a9crnlZ��Xprh�Z�fg{�p|��Z���hbt�cryvyvjÞ}�tvawhbnlt��XdghbZ5}�¥/TVU�Z�Z5akhlt�Y�crhbpen�UXcea9cry�abp
�4Z�Z���~�peY@{�dghlZ�}³p|�³nlZ�cry�crdX}�t�p�hbnxce~"Z5a²ce�X}¨t�hla]{4Z�nb�EpenlY@ce�X~"Z�UXcª�eZ���Z�Z���abU�pF���¨hlp��4Z�Z�f�~"Z�yvyvZ���h�¥
�²�X�epetv����nbZ5awZ5crnx~xU't���~"yvdX}gZNcr�9pe{ghlt�Y�cey¦awZ�y�Z5~-hbtvpe�9pr�

(p∗, S)
��t¤hlU�nlZ�ab{�Z5~-hVhbp�abpeY@ZN~"p�akh�~"nlt¤hlZ�nlt�p|�

<;Ze¥ �X¥�Z�f£{4Z�~"hbZ5}u��dXY��4Z�nipe�R± 
 «Na��4ped��X}�Z�}¨�£juc��etv�eZ��³~"pe��akhxcr��h1>Vc|az�#Z�yvy�ceaiZ"f£hbZ��Xabt�p|�XaVhbp�hbU�Z
~�ceabZ¢��UXZ�nlZ¢�4prhlU

p∗
cr�X}
S
U�cª�eZLhlp���Z�Z5akhlt�Y�cFhlZ�}�­rhbU�ZVpe��qkZ�~-hlt��|Z¢�4Z�tv���]hbp��4Z"hbhbZ�nonlZ�c|~-h�hbpNabdX}�}gZ��

~xU�cr���|Z�a#t��9hlU�ZNY�d�y�hbt�~�c|akh�{4pe{�dXyvcrhbtvpe�¦¥

�@� ��� »£º � · ¼�� � · �4�|� TVU�ZNcrdghlU�penxaV��t�awU�hbp@hlUXcr� ��monbpe�k¥ ��¥ �4Z�t�hbp|d���t��Ep|n�U�Z�yv{g�Ed�y�awd��|�eZ5akhlt�p|�Xa�¥

� �9���z��%9���

�²Z ¬ ��Z

Z(m,n) :=

∑m
i=1 ζi(n)−mp∗√

m
.

�²��awZ�nb�|ZihlUXcFh

VT (n) = Z(NT (nS), n)

√

NT (nS)

T

<Ù�e� >

��UXZ�nlZ
VT (n)

tva�}�Z ¬ ��Z5}9t��=<k[ª� >6>-¥
TVU�Z'^ K

Z(m,n)
~�pe�£�eZ�nb�|Z�a²�¢Z5c �£y�j³c|a

T → ∞ hbp¨c9��penlY�cryo^ K `n ��t�hbU¯Y@Z�cr�®¡�Z�nbpucr��}�Fcenbt�cr�X~�Z
p∗ (1− p∗) ¥ GL°�d�t��Fcey�Z��|hly�j|­g�Epenzce�£j'��p|d��X}gZ5}u~"pe��hlt��£d�p|dXa¢�Ed��X~-hlt�p|� f ­

lim
m→∞

� [f(Z(m,n))] = � [f(`n)].
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9 t��X~�Z
NT (nS)/T

~"p|���|Z�nl�eZ5aim c�¥ a�¥�hbp
ρ
cea
T → ∞ H [5�£­�TVU�Y � ¥v[��X­={�{¦¥9[ J �r�l[ J � IÙ­4t¤h��Ep|y�yvpF�za

hlUXcFh
lim
T→∞

� [f(VT (n)) |NT (nS)] = � [f(vn)] <Ù�r�;>
��UXZ�nlZ

vn = ρ `n
t�azc ��p|nbY�cry�^ K ��t¤hlU9Y@Z5cr�9¡�Z�nlp�cr�X}��Fcrnltvce�X~"Z

ρp∗ (1− p∗) ¥�¿Z"h
f
ce�X}
g
��Z�hk�#p�crnl��t¤hlnlcenbj@�4ped���}gZ�}u~"p|��hbtv��dXpedXa#�Ed���~-hbtvpe��a�¥LTVU�Z��

lim
T→∞

� [f(VT (n)) g(ZT (nS))] =
= lim

T→∞
� [ � [f(VT (n)) g(ZT (nS)) |NT (nS)]]

= lim
T→∞

� [ � [f(VT (n)) |NT (nS)] g(ZT (nS))]
= lim

T→∞
� [{ � [f(VT (n)) |NT (nS)]− f(vn)} <O�r�Q>

×{g(ZT (nS))− g(ξn)}] + � [f(vn)] � [g(ξn)]
= � [f(vn)] � [g(ξn)] <Ù� J >

��UXZ�nlZ <Ù�F�Q>¦�EpeyvyvpF�za¿�EnlpeY <Ù�r�Q>¦hlpe�|Z"hbUXZ�nB��t¤hlU�hlU�ZV�¢Z5c ��~�pe�£�eZ�nb�|Z��X~�ZLpr�
ZT (nS)

hbp
ξn
cea
T →∞ ­ce�X}���U�Z�nlZ]hbU�ZNy�ceawh�Z�°�dXcryvt�hkj��Epeyvy�pF�za#�EnlpeY�hbU�ZN�4ped���}gZ�}u~"p|�£�eZ�nl�eZ��X~"ZihbU�Z�penlZ�Yu¥

�²��hbU�Z {�nlpe�Xce��t�yvt�hkjuab{Xc|~"Z�hlUXcFhN~�cenbnltvZ�a�hlU�Z@^ K � a {ξn, wn}n p|��Z�~�cr��cey��Vcªjgaz~"p|�XawhbnldX~-h]hbU�Z^ K � a
vn
abp�hlUXcFh hbUXZ�j cenbZ9tO¥ tÙ¥ }�¥���t¤hlU$c®��p|nbY�cey#}gt�awhbnlt���d�hbtvpe�$��t¤hlU�Y@Z�ce� ¡�Z�nlp®ce�X}´�Fcrnlt�cr�X~�Z

ρp∗ (1 − p∗) ­z�Ed�nbhbU�Z�n�tv�X}gZ�{�Z��X}gZ��|hupr� {wn, n ≥ 0} ce�X} abdX~xU hbUXcrh�­i�Epen9Z��eZ�nbj n ≥ 0 ­zhlU�Z
{vk, k ≥ n}

cenbZ tv�X}gZ�{4Z���}gZ���h�pe� {ξ0, ξ1, . . . , ξn} ¥ �i�X}gZ�n�hbU�t�a�~�pe�XawhbnldX~-hlt�p|�¦­¦�#Z�}gZ�}gd�~"Z@�EnlpeY<Ù� J >LhlUXcFh
lim
T→∞

� [f(VT (n)) g(ZT (nS))] = � [f(vn) g(ξn)]
p|n�­|Z�°�d�tv�FcryvZ���hbyvje­|hbUXcrh

(ZT (nS), VT (n))
~"p|���|Z�nl�eZ5aB�¢Z5c �£y�j�hbp

(ξn, vn)
c|a
T →∞ <�Fit���h&:B~xUXp�p�awZ

f(x) = exp(it1x)
cr�X}

g(x) = exp(it2x)
��t�hbU

t1
cr�X}

t2
nlZ�cry��£d�Y���Z�nla1>-¥ ?®Z³}gZ�}�dX~"Z9�EnlpeY

hlU�t�a�nlZ�abd�y¤hNhlUXcFh
YT (n)

}gZ ¬ ��Z5}¯t�� <w[��;>�~"pe�£�|Z�nl�eZ�a]�#Z�c���yvj�c|a
T → ∞ hlp�c¨^ K yn awdX~xU¯hlUXcFh

yn = p
∗ ξn + vn

¥

� ���F��0��z��)#���

H [UIN«@¥�±zyvY@Z�nlprhbU´ce�X}´s¯¥�±zY@Y�crn5¥ 
 p|y�yvZ�~"hbtv���³cr��}¯Y pg}gZ�y�tv���³pe�VhbU�ZNqkp|t�� 
ªyvZ�cª�eZ@�4Z�UXcª�£tvpen�pe�
Y�d�y�hbt�~�ceawh��|nbp|d�{¯Y Z�Y��4Z�nxaNtv�¯hbU�Z�s³§¢p|��Ze¥ � � " 56
&- 
 
���� "������ 	�
 ��� +�5 	 -U."��� � ��
���� ��­
{�cr�eZ5az�r�|���g��[ � ­|±zdX�edXawh�[��|� � ¥

H ��IN«@¥L±iy�Y@Z�nbpehbUÞcr�X}Þs¯¥L±zY@Y�crn5¥ sud�y�hbt�~�ceawh��enlped�{���Z�UXcª�£t�p|n�tv�$hbU�Z � ��hbZ�nb�XZ"h � a'sud�y�hbt�~�c|akh
§Vc|~����4pe�XZC<Ùs¨§#pe��Z2>-¥�������� � 
��,�,./����-1	�����
���� �
	U3Q	D$U����� ­4� J :Â�e�r� ���e�r�X­��ed���Z@[��|� �g¥

H ��I��X¥ � 
 ¥£§#peyvprh�­�T�¥�T�d�nly�Z�hwhltO­gcr��} � ¥;?¯c �|Z�Y�cr�¦¥ 9 ~�cry�cr��yvZ��EZ�Z�}g�Xc|~�� ~�pe��hbnlpeyX�Epen¢Y�d�y�hbt�~�c|akhR�£t�}gZ�p
}�tvawhbnlt��Xdghbtvpe��t��NhlU�Z � �|hlZ�nl��Z"h5¥ � � " 56
&- 
 
�� � � � � � 5�� � � � � 	0& ����
���) 
�� ����� ­5{Xcr�|Z�a J � � � �g­
9 Z�{ghlZ�Y��4Z�n�[��e�e�X¥

H � IN±�¥X±�¥�§¢p|nbpF� �|pF�4¥ � ��+��A� ��
�����-#�
����!"
&)2� ��� ��.��U.������"3
��!"�1
�5�+ ¥!�rp|U��@? tvyvZ�j#" 9 pe��a�­�[5� � ��¥
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H J I 9 ¥Xµ�y�pFjg}�­ K ¥ �|ce~�pe�Xabpe�¿­ 9 ¥4s¨~ 
 ce����Ze­ 
 ¥ �¿t�d¦­�cr�X}��L¥ �4UXce���X¥B± nbZ�y�t�cr�Xy�Z]Y�d�y�hbt�~�c|akhV�EnxcrY@Z"�
�#pen �®�Epen y�tv�eU�hb�Ù�#Z�tv�eU�h�abZ�alawtvpe��a�ce�X}´cr{X{�y�t�~�crhbtvpe�´yvZ��|Z�y¢�EnlceY@t�����¥ � � " 56
&- 
 
'� � � � � � 5 �
� � � � � 	 � ���(� � 
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(b) Pareto inter-arrivals (shape 1.1), exponential on-times
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(c) Poisson inter-arrivals, Pareto on-times (shape 1.1)
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(d) Pareto inter-arrivals (shape 1.1), Pareto on-times (shape 1.1)
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