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Abstract: The three-dimensional equations of elasticity are posed on a domain of R3
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After a scaling in the transverse variable, the elasticity operator admits a power series
expansion in € with intrinsic coefficients with respect to the mean surface of the shell. This
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Elasticité sur une coque mince:
Résolution en séries formelles

Résumé : Les équations de 1’élasticité tridimensionnelle sont posées sur un domaine de
R? définissant une coque mince d’épaisseur 2¢. On impose des conditions aux limites de
traction libre sur les faces supérieures et inférieures, ainsi que des conditions aux limites
d’encastrement le long du bord latéral. Aprés un changement d’échelle dans la variable
transverse, l'opérateur d’élasticité se développe en séries entiéres en puissances de €. Les
coefficients de ce développement sont des opérateurs intrinséques par rapport & la surface
moyenne de la coque. Ceci améne & définir un probléme en séries formelles en puissances de
€ associé au probléme tridimensionnel. Le principal résultat est la réduction de ce probléme
4 un probléme en séries formelles avec conditions aux limites, posé sur la surface moyenne
de la coque

Mots-clés : Meécanique des solides, Elasticité linéaire, Couches limites, Géométrie diffé-
rentielle



Formal series solution on shells 3

1 INTRODUCTION
1.A ORIGIN OF THE PROBLEM AND MAIN AIMS

This paper deals with shell theory, whose main aim is the approximation of the three-
dimensional linear elastic shell problem by a two-dimensional problem posed on the mean
surface. This is an old and difficult question.

Let us recall that a shell is a three-dimensional object represented as a surface S thick-
ened in its normal direction. We suppose that S is a compact orientable smooth surface
with boundary, embedded in R® . For ¢ < gy sufficiently small, we define the shell as the
image Q° of the manifold S x (—¢,¢) via the application

®°: S x (—¢,e) > (P,x3) = P+ x3n(P) € R, (1.1)

where n(P) is a unit normal vector field on S. If S is a planar domain then the shell is
a plate.

We suppose that the material constituting the shell is homogeneous and isotropic, and
we consider the linear equations of three-dimensional elasticity, together with traction free
conditions on the upper and lower faces and clamped boundary conditions on the lateral
boundary. The solution u is a three-dimensional displacement and is considered in the
following as the “exact” solution to be approximated by a two-dimensional object defined on
the mean surface S'.

In the sixties, different models have been proposed: see in particular KOITER [20, 21, 22],
NAGHDI [23], JonN [18], NovozHILOV [25]. Concerning plates the derivation of the first two-
dimensional model is earlier, see KIRCHHOFF [19].

Most of the shell models rely on a 3 x 3 system of intrinsic equations on S depending
on ¢, and write

K(e) :== M + £?B (1.2)

where M is the membrane operator on S and B is a bending operator. If all above authors
agree with the definition of the membrane operator M , different expressions of B can be
found in the literature. For general shell geometry, the most popular and natural model is
the one proposed by KOITER. This model describes the displacement of the shell by two
tensors representing the change of metric and change of curvature of the surface submitted
to a displacement. Moreover this model is elliptic for & > 0 (see [1]). However, for ¢ =0,
the nature of the membrane operator depends on the geometry of the surface. In particular,
M is elliptic only at the points where S is elliptic. The Koiter model relies partly upon
computations made by JOHN in [18]. But the question of determining the best model was
very controversial (see in particular the introduction in [2] and the discussion in [21, 23]).
Different ways were explored in order to estimate the precision of a two-dimensional mod-
el. One of the first attempts was the estimate given by KOITER. Starting from the solution
z of a 2D-problem associated with an operator K(g) of the type (1.2) he constructed a
3D-displacement polynomial in the transverse variable z3, and gave an estimate in energy
norm between this reconstructed displacement and the 3D-displacement w . However, this
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estimate fails for plates and the reason for this is the presence of boundary layer in the
vicinity of the lateral boundary. This problem was already pointed out by GOL’DENVEIZER
[16] (see the works of NAZAROV & ZORIN [24] and DAUGE & GRUAIS [9] for explicit proof).

More recently, the works by SANCHEZ-PALENCIA [26] and CIARLET, LODS, MIARA [4,
6, 5] showed that the 3D-displacement w» and the 2D-displacement z solution of a system
associated with the Koiter model converge toward the same limit as £ tends to 0, but in
a weaker norm than the energy norm. See [3] for a review on these results. The limit is
identified with the solution of a bending equation associated with the operator B of the
Koiter model.

When it is available, the use of complete asymptotic expansions allows to have an exact
representation of the behavior of the 3D displacement with respect to the thickness. Up to
now, this is only done for plates and clamped elliptic shells: see [9, 10, 7] for plates. The
result concerning clamped elliptic shells is a consequence of the present work and will be
developed in a next paper, see also [14, 15]. In these cases, we can derive sharp estimates
in every norm and analyze the performance of a 2D model. For clamped elliptic shells, all
the classical models of the type (1.2) have the same accuracy with respect to €.

The present work has several goals and consequences.

1. It gives formal computations that can be compared to those made by JOHN in [18].
In particular, we give the most general “shell model”, e.g. the most general bending
operator appearing after the dimension reduction process. The main point is that the
mathematical setting of the result has been made precise and powerful by the use of
formal series. We also show how this general bending operator “contains” (see below)
Koiter’s bending operator. Note however that the computations of JOHN were made
for a more general 3D nonlinear elasticity model.

2. The present analysis was developed in order to find a complete asymptotic expansion
of the displacement in the case of a clamped elliptic shell. In particular, it incorporates
boundary layer phenomena near the lateral boundary in the case of clamped boundary
conditions. This is thus a first step in the direction of finding a complete asymptotic
expansion of the displacement (see [7] for an application to plates eigenvalues). This
formal series representation has also been used in various situations: see [11, 12].

3. As we will see, the main result is the reduction of the 3D problem in formal series to
a 2D boundary value problem in formal series, posed on the mean surface. It appears
that the 2D formal series problem has strong similarities with Koiter’s 2D problem.
This fact can be used to state and prove a valid energy estimate in the spirit of Koiter.
This work is presented in [8]. Thus the formal series approach can lead to real estimates
and results.

1.B  GENERAL CLASSICAL SETTING

We now sketch the main ideas. First of all, we set the equations in Cartesian coordinates
on the domain Q° . Our first goal is to write the equations in normal coordinates, where we

INRIA



Formal series solution on shells 5

agree that a normal coordinates system on )¢ is a system induced by the diffeomorphism
(1.1) and of the form (z,,z3) where (z,) is a coordinate system on S and z3 is the
transverse coordinate.

We first note that all tensor fields on Q¢ can be decomposed into several tensors fields
on the surfaces S,, := ®°(S,z3) for fixed z3. For example the displacement field u
decomposes into the surfacic 1-form (u,) and the function us. After that, we show that
any tensor field on S,, can be seen as a tensor field on S depending on z3 . Finally, the
natural spaces involved in the equations are of the type C* ((—5, e), (T So)) where Sj is
identified with the surface S, and where I'(T}/Sp) is the space of tensor fields of type (p,q)
on So .

In a normal coordinate system, we write L(zq,23;Dq,03) the three-dimensional opera-
tor, where D, isthe covariant derivative on S and 03 the partial derivative with respect to
x3 . Similarly, the traction operator on the upper and lower faces writes T(Zn,23;Dq4,0s) -

It is important to note that even if these operators are written in a coordinate system,
they are in fact intrinsic, and express with respect to tensor operators on Sy . For ease of use,
we consider the shifted displacement w obtained by multiplying the surfacic components
of u by the Jacobin of the application ®(-,z3) on S. This is a standard change (see
[23]). Thus the operators L and T act on the shifted displacement w , and are intrinsic in
normal coordinates. Moreover, we made a change of sign, and the shifted displacement w
satisfies the inner equation Lw = —f in Q° if f is a 1-form field representing the loading
forces.

In the equation (1.1) we note that the definition of the shell is analytic in z3 . It is easy
to show that all the natural tensors in 2° and the covariant derivative expand in convergent
power series of z3 . Hence we can show that the operators L and T expand in power series
of x3 with intrinsic coefficients with respect to Sg. Now in order to work on a manifold
independent on ¢ we make the scaling X3 = e !z to state the problem on the manifold
Q:= 8 x(—1,1). The 3D elasticity operator are written L(¢) and T(¢). These operators
clearly expand in power series of £ with coefficients intrinsic operators on the manifold €2 .

Theorem 3.3 provides the expressions of the operators L¥ and T* appearing in the
expansions

L(e) =2 ZekLk and T(e)=¢! Z ek Tk,
k=0 k=0
This result, even if stated for the first time in this way, can be obtained using standard

expansions of the covariant derivative and the metric. Most of these expressions can be
found in [23].

1.c FORMAL SERIES

Now with the operators L(¢) and T(g) we associate two formal series in powers of ¢,
written L[e] = 72 ,5,e*LF and T[e] = e7' Y., 5,*T*. Considering a formal series
Flel = X o0 £ with 1-form field coefficients in Q, we state the following formal series
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6 Faou

problem: Find a formal series wle] = 3,5, e*w* with 1-form field coefficients, such that

Lejwle] = —fl] in 9,
Tlelwle] = 0 on D4, (1.3)
wle] = 0 on [,

where I'+ are the upper and lower faces of Q and T’y the lateral boundary. Here, the
product between two formal series is the Cauchy product.

The equations (1.3) are in fact a collection of equations. Up to multiplication by a
constant, the first terms of the formal series L[e] and T[e] are 8%, and Ox, respectively.
But the operator (9%,,9x,) on (—1,1) hasnon-trivial kernel and co-kernel. In the manifold
Q, the kernel is the space of displacements independent of X3, and is denoted by X(Sp) -
Hence, if wle] is a formal series solution of the first two equations in (1.3), the displacements
wk are determined up to elements z* of the kernel. Moreover, solving successively for the
displacements w* requires compatibility conditions on the right-hand sides, e.g. on the
w’ for ¢ < k. This conditions are in fact equations on the z* and form a formal series
equation on Sy .

Theorems 4.1 and 4.3 reduce the two first equations in (1.3) to a two-dimensional prob-
lem. We show the existence of formal series operators V[e], Q[e], Ale] and Gle] such that
if z[e] = ,50€2* is a formal series with coefficients in ¥(Sp) satisfying the equation

Ale]z[e] = Gle] f[e], (1.4)

then we can construct a formal series wle] by the equation

wle] = V[e]z[e] + Q[e] f[e], (1.5)
solution of the problem
Lelwle] = —fle] in 9,
(1.6)
Tlelwle] = 0 on T'i.

Here, the coefficients of the formal series V[¢] are polynomial in X3, and V° coincides
with the identity. Similarly, the coefficients of Q[e] are operators acting on the 1-form fields
space on . The coefficients of the formal series A[e] are 2D operators acting on 3(Sp)
and the coefficients of G[e] take values into this space. Note that the first coefficient G° is
the mean value across (—1,1).

The equation (1.4) is a two dimensional formal series problem set on the mean surface.
We show that the formal series Ale] writes

Ale] = M+ e2A2 + -« |

where M is the membrane operator. The operator A% is a sort of bending operator.
The exact expression of A? is given in Theorem 4.4. Proposition 4.5 gives an estimate of
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Formal series solution on shells 7

the difference between A2 and the bending operator B of the Koiter model. We obtain in
particular that these operators coincide on the space of inextensional displacements. This has
to be related with the convergence result (see [3]). Hence in the formal series Ale] the first
term M is not elliptic for every geometry of S, but the Koiter operator K(e) = M+¢2B is
always elliptic and we can estimate the difference between K(¢) and the operator M+¢2A? .

Note that in the case where the boundary 85, is empty, no boundary conditions are
present, but orthogonality conditions to the rigid displacements are imposed to the load-
ing forces and the displacement. These conditions can also be expressed as formal series
conditions.

The second step of this work (Theorem 5.3) deals with boundary layer formal series. In
general, if z[e] is a solution of (1.4), the reconstructed displacement (1.5) cannot satisfy
the condition w[e] = 0 on the lateral boundary. Indeed the operators in the formal series
V[e] have increasing orders of surfacic derivatives, and the condition w|e] |Fo = 0 implies
an infinity of boundary conditions on the coefficients of z[e]. But even if we consider that
the formal series Ale] has K(e) as first term, this operator of order 2 in z, and 4 in z3
cannot solve for an infinity of boundary condition for the coefficients z* .

In the case of plates, the operator K(¢) decouples into the membrane and the bending
operator respectively. These operators are elliptic. In this case, there exists an asymptotic
expansion of the displacement in powers of £ with two scales (see [24, 9]). The first scale
consists of terms independent of ¢, and the second of boundary layer terms near the lateral
boundary. If we set r the distance to the lateral boundary and s the arc length along 9Sg ,

these terms are of the form ¢(e~1r,s,e7tx3) on Q° , and are exponentially decreasing with

respect to R =¢71r.
In our case, we introduce a new formal series problem including a new scale of boundary
layer: Find a formal series @[e] whose terms are functions ¢*(R,s, X3) exzponentially

decreasing with respect to R, such that
(Cle) T @l =0 and wle] |y, +¢le] | =0, (17)

where the formal series L[e] and Tle] are induced by Taylor expansions in R = 0 of the
operators L and T in coordinates (R,s,Xs), and where the formal series wle] is given
by (1.5). Note that R =0 coincides with the lateral boundary T .

Theorem 5.3 shows that the existence of a formal series ¢[e] solution of (1.7) relies upon
compatibility conditions on z[¢] on the boundary 9Sp: There exist formal series operators
d[e] and h[e] whose coefficients define four trace operators on the boundary 9Sp , such that
if z[e] satisfies the equation

dle]z[e] = hle] fe] (1.8)

on the boundary 9Sp, then we can construct a formal series [e] solution of the problem
(1.7). Moreover, the first term of the formal series d[e] writes

dOZ = (ZT,ZS’ 23’87‘23) |BSO

RR n°® 4349
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where r is the geodesic distance to 39Sy in Sp. This operator is the natural Dirichlet
operator associated with the Koiter model K(g) for € > 0.

The equations (1.4) and (1.8) form the two-dimensional reduced problem. If z[e] is a
solution of the reduced problem, then we can construct two formal series we] and ¢le]
satisfying the equations (1.6) and (1.7).

Various difficulties arise when trying to solve the reduced equation. In particular, the
first terms (M,d®) do not define an invertible operator, even if the surface Sy is elliptic.
Using the estimate for A2 — B where B is the bending Koiter operator, we can however
see the formal series (Ale],d[e]) as a formal series with first term (K(g),d°) that defines an
invertible operator for every geometry of Sp . This fact is used in [8] to obtain an estimate
in the spirit of Koiter.

In the case of clamped elliptic shells, the membrane operator with boundary conditions
zs =2s =0 on 05y is elliptic, and we can consider the problem (1.4), (1.8) as a singularly
perturbed formal series problem. We have to introduce a new boundary layer scale of formal
series to obtain a solution. This work will be presented in a next paper (see also [15, 14]).

In the case of plates, the operator M + £2A? is triangular with respect to (z4,23) and
we can show that the reduced 2D problem has a solution. This yields the construction of a
complete asymptotic expansion of the displacement as in [9, 7].

2 NORMAL COORDINATES AND TENSORS
2.A THREE-DIMENSIONAL PROBLEM

Recall that the domain Q¢ defining the shell is given by (1.1). This domain has a lateral
boundary I'§ image of 9S x (—¢,e) by the application ®°. The upper and lower faces
Ste are the images of S x {Te}. We suppose that the material constituting the shell
is homogeneous and isotropic, characterized by its two Lamé coefficients A and p. The
loading forces applied to the shell are represented by a smooth vector field f defined on Q° .
We suppose that the shell is clamped along I'§ and we imposed the traction free condition
on Sy. and S_.. The displacement of the shell is represented by the 1-form field w. In
Cartesian coordinates {t'} the problem then writes

—ainjkzekg(u) = fz in QE,
Ti(u) = 0 on S, (2.1)
u = 0 on TIF§,

where AUk = N5 5k 4 14(57 53¢ + §¥57%) | where O; is the partial derivative with respect
to t' and e;;(u) = 3(diu; + dju;) with w =w;dt" in Cartesian coordinates. On the same
way f¢ denote the components of the vector field in the basis % . The operator Ti(u) is
the natural traction operator on the faces Si. appearing after integration by parts in the
associated bilinear form:

(u,v) = [ A% e (u)ep(w) dt* dt* dt®.
QE

INRIA



Formal series solution on shells 9

This is the classical problem of linear elasticity set in Cartesian coordinates on a shell-

shaped domain of R? . Korn inequality [13] implies that this problem has a unique solution
in H'(Q%)3.

2.B NORMAL COORDINATES

The diffeomorphism ®° of the equation (1.1) is called the normal parametrization of Q° .
A normal coordinate system is a coordinate system on Q° = ®° (S X (—5,5)) induced by a
coordinate system on S . If (U;,¢;)icr is an atlas of local charts on S, a natural atlas on
QF is given by the charts ®°(U; x (—¢,€)) together with the applications

ey—1 .
R® D @°(U; x (—¢,¢)) @), U, x (—e,e) Y5 i (U3) x (—e,e) C RE. (2.2)
Moreover for fixed x5 these charts induce local charts on S, with domains ®*(U;,z3)
and applications

1

F .
Sey D (Us, z3) =2 Us 25 ¢i(U;) € R?, (2.3)

where Fy, : S — S;, is defined as ®°(-,xz3) .

Let us fix a local chart (U,p) of S and the associated coordinate system (z,). In
the following Latin indices will always refer to three-dimensional indices (here 1,2,3) while
Greek indices will refer to two-dimensional indices (1 and 2). Using the application (2.2),
the system (z,,z3) is hence a local 3D coordinate system on the shell. We set

0
6.Z'i

=x;, i€{1,2,3}

the associated coordinate vector fields. It is clear that x3(z4,z3) = n(z,) and that the
vectors X, (Z,23) are tangent to S, : they are the coordinates vector fields associated
with the local map (2.3). In this coordinate system on Q° the metric is defined by

gz’j = <Xz',Xj>]R3. (24)

For fixed z3, the surface S,, is embedded in the domain Q¢ of R® and the metric of S,
is thus the restriction of the metric g;; to S, . In the following, we usually identify the
abstract manifold S with the embedded manifold S, . We set V the standard connexion on
Q¢ associated with the Euclidean scalar product on R?® . The Christoffel symbols associated
with V wvanish in Cartesian coordinates. We set D®3 the connexion on S,, induced by
V . A first step is to show how the 3D tensor fields on Q° yield naturally tensor fields on
the surfaces S;, . After that, we show that in fact all the tensor fields on S,, can be seen
as tensor fields on S = Sy depending on z3 . These ideas and normal reduction of tensor
fields are already explained in [23].

RR n°® 4349
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2.c NORMAL REDUCTION OF TENSOR FIELDS

Let (U,¢) and (V,v¢) two local charts of S around P € S. Writing F,, the application
®°(-,x3), these two charts induce local charts (Fy,(U),p o0 F; ') and (F,,(V),¢ o F;.!)
on the surface S, around the point F,,(P). The changing chart application is then
oFlo(oF )t =¢poy~! from ¢(VNU) into o(VNU).
On the other hand, these two local charts induce local charts of the type (2.2) on Q°.
We verify that the changing chart application on Q¢ is simply

R SV NU) x (—&,6) V3V NU x (—¢,6) Z5 o(V N U) x (—e,¢) C R,

The Jacobian matrix of this application writes

i_(Jg O
4= )
where j§ is the Jacobian matrix of the application potp~! from »(VNU) into o(VNU).
Let u be a 1-form field on Q°. Let w; and w; be the components of » in both
coordinate system of type (2.2) induced by (U,¢) and (V,%) respectively. We consider
the two families of functions u, and @, where « is a surfacic varying index. These two
families define local 1-form fields on S;, in two different local basis. However, as u is a

tensor field on ° the expression of the components of u in the two basis are related by
the matrix A . Using the special form of this matrix, we compute that

%64 _ 7 —
Jy Ua = A,Yui =1,.

As Jg is the Jacobian matrix of changing chart on S, , we conclude that the components
u, and U, are the components of a 1-form field defined globally on S,, . Similarly, we
have uz = A3uz = Au; = U3, and thus the component w3 in any coordinate system is a
global function defined on S, .

Similarly, consider the deformation tensor of type (2,0) on Q° written e;; and €;; in
both coordinate systems induced by (U,¢) and (V,4) respectively. We consider the two
families of functions e,3 and €,3 where « is a surfacic varying index while 3 is fixed.
Using the fact that the deformation tensor is a tensor field on 2*, the components e;; and
€;; are linked and we have j,?‘ €a3 = Afy A% €;j = €43 , and we conclude that the components
eq3 define a 1-form field globally on S;, . Similarly, we see that the components eqg,
where a and [ are surfacic varying indices, are the components of a tensor field of type
(2,0) on S, , and the component e33 defines globally a function on S, .

We can obviously generalize this fact to other type of tensor fields. The result is that
each tensor field on ¢ can be decomposed into several tensors fields on S, by fixing some
indices to the value 3 and letting the other vary into surfacic indices.

2.0 SHIFTER AND PROJECTIONS ON THE MEAN SURFACE

The mean surface Sy is characterized by its metric aa3(2s) = gop(zs,0) and its curvature
tensor bog(z,) which is symmetric. The Codazzi-Mainardi equation, expressing the fact

INRIA



Formal series solution on shells 11

that the curvature tensor of 2 vanishes, yields that
Dabﬁa' = Dﬂbour,

where D = DY is the connexion on Sy (see [23]). Recall that on a Riemannian manifold,
we use the metric to obtain isomorphisms between covariant and contravariant vector fields
spaces. In coordinate system, this means that we can lower or upper the indices, which
correspond to contraction with the metric tensor. For example the curvature tensor b,g
can be viewed as a tensor of type (1,1) and in this case the components are written
bg = aP%b,, where a®® is the inverse of the metric tensor. Note that even if an expression
is written in coordinate system, the equation is intrinsic provided that the indexed object
are tensor fields on Sy .

Consider a vector field Y on Q°. In a local basis x; = (X4, X3)(Za,z3) this vector
field writes

Y =Y (20,23)%X0 (Ta, 23) + Y3 (24, 23)X3(2a, £3).

For z3 = 0, the basis (x;(z4,0)) consists simply of a local basis X,(z4,0) on a domain
U of Sp and of the normal vector field x3(zq4,0) = n(zq,0). However, as U x (—¢,¢)
is embedded in R, this basis extends by translation over the domain corresponding to
U X (—¢,¢e) in Q° . Hence we can decompose Y as

Y = f’"(xa, 23)Xy (2o, 0) + }73(xa,m3)x9,(za, 0).

But we compute easily using the form of the diffeomorphism (1.1) and the properties of the
curvature that we have for all z3

X3(Za, T3) = X3(2a,0) and X, (T, T3) = Xy (24, 0) — 2302 (24)%5(74, 0), (2.5)
and this implies the relation
Y3(2a,23) = Y3(24,23) and Y7 (2g4,z3) = pg(:ﬂa,mg)Yﬂ(ma,xg),
where pf is the shifter (see [23]) defined by
15 (@a, 23) = 85 — w3b] (za).

Hence a vector field Y can be represented by its components (Y?) or (Y?) and the
shifter appears as the Jacobian of a change of coordinates. Similarly, a displacement (which is
a covariant tensor of order 1) can be represented by its coordinates (v,,v3) along the basis
induced by the diffeomorphism (1.1) or by its coordinates (?,,%3) along the coordinates
associated with the fact that S is included in R? , and we have the relations

B3 =wv3 and U, = (u")Pvp,

where (pu~')? is the inverse of the shifter.

RR n°® 4349



12 Faou

Now the fact that the change of coordinates application are the same for Sy or for S,,
implies that the coordinates ¥, and v, are in fact both the coordinates of 1-form fields on
So depending on z3 . More generally, if we consider a tensor field on 2° | then by fixing
some indices to the transverse index 3 it gives a tensor field on S,, of type (p,q). But
these components yield also a tensor field on Sy of type (p,q) depending on z3 and thus,
an element of C*((—e,e),[(T¥Sp)) where TI'(T2Sp) is the fiber bundle of tensor fields of
type (p,q) on Sp. The shifter appears as an endomorphism of these spaces.

As it will be of constant use, we define the space ¥(Sp) := I'(T1.S0) x C*°(Sp) . Thus the
natural space for a 3D 1-form field u after the normal reduction on the surface will be the
space C*((—¢,¢),2(So))

Recall that © = (uq,us) denotes the 3D displacement solution of (2.1). The 3D equa-
tions are simpler when expressed with respect to the shifted displacement @ . That is why
we will always denote by w the shifted displacement associated with w .

Hence, in normal coordinates, the problem (2.1) can be written

L($a,$3;Da,63)’w = —f in QF
T(zq,23;D4,05)w = 0 on Si., (2.6)
w = 0 on I7,

where w is the shifted displacement, and where the operators
L:C*®((—¢,€),E(S0)) = C®((—¢,€),E(S0)), T:C®((—¢,¢),E(So)) = B(S+)

are intrinsic operators. Note that the fact that we decided to define the operators L and T
as taking values in the space C*°((—¢,¢),%(S0)) and X(S+.) implies that the f appearing
in the equation (2.6) is considered as a element of C>((—¢,¢€),X(Sp)) . Hence, in terms of
components, the covariants components of f: f; = g;;f’ are involved in the equations.

3 EXPANSION OF THE OPERATORS

In this section, we give the expansions of the operators L and T. All the framework
for these computations can be found in [23] or in [14] for a similar presentation.

3.A EXPANSION OF THE CONNEXION

In the following, we only write the dependence on z3 of the tensor fields. Using the equations
(2.4) and (2.5) we have that

93i(23) = diz  and  gap(®3) = aap — 273bap + TiCap, (3.1)
where d;; is the Kronecker tensor, and where we used the classical notation: cog = b%bsg .

The equation (3.1) is valid in the space C*((—¢,¢),['(T2S0)) and hence is intrinsic and
does not depend on the coordinate system on Sp. Note that the relation (3.1) can be
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Formal series solution on shells 13

written gap(w3) = pg (23)p}(23)aq - It is clear that for o sufficiently small, the shifter is
invertible, and that we have the expansion:

=3 2k oh), (32)

k=0

where we write (b¥)8 for b1byz---b5  with the convention (b°)2 =42 . Hence it is clear
that the metric tensor is invertible, and we compute that:

¢%i(z3) = 0® and ¢ Z (k + 1)z (b*F)~ (3.3)
k=0

Recall that the Christoffel symbols in any coordinate system are defined by the formula
i = 59" (8igje + 8,9 — Degij),

where g% is the inverse of the metric tensor. From the previous equations we have that

F§3($3) = 0,

F?&3(973) = 0,

[35(x3) = —50%(23)33908(x3) = baop(xs) = Dbap — T3Cap, (34
Toy(ws) = 36°7(23)sga0(m3) = —bG(u")o(zs) = — i, zh(0*1)E.

Moreover, it is clear that the Christoffel symbols I'] 5(23) are the Christoffel symbols of the
connexion D?* on S,, . In the following we identify the connexion D and D°. Hence in a
fixed normal coordinate system, the Christoffel symbols I‘lﬂ = FzB(O) are the Christoffel

symbols associated with the connexion D . The following proposition gives the expansion
of the Christoffel symbols (see [23, 14]):

Proposition 3.1 In a fixed normal coordinate system, we have the expansion

Tog(@s) = Th5 = Y a5 (0" "){Dab). (3.5)
n=1
Note that this equation can also be written
) 5(23) =T75 — 23(u™")3 (23)Dabj. (3.6)

The most important fact is that the difference I‘a[j (z3) — Flﬁ is an element of the space

C>=((—¢,e),['(T3S0)) and thus is intrinsic. In particular, this implies that the covariant
derivative of a tensor field on S,, expands with respect to z3 in an intrinsic way. Let
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us take for example a tensor field T2 (x3) viewed as a tensor field on S,, or as an ele-
ment of C*°((—e,e),T(TSs)) . The covariant derivative DZ*T(z3) defines an element of
[(T}S,,) . But the previous expansion implies that in the space C*((—e¢,¢),[(T3S,)) we
have the expansion

DT (25) = Do TS (23) + @3 (u™") (23) T (23) D b, — 23 ()5 (3) T2 (23) Dy b,

and thus the covariant derivative D?3 expands with respect to D . Similar formula can be
found for other type of tensors.

3.B  2D-OPERATORS AND DEFORMATION TENSOR

We call 2D-operator an operator independent of z3 acting on X(Sp) and taking values in a
tensor field space on Sy . We will see that the expansions of the operators L and T involve
naturally 2D operators on Sy . Let us define the following classical 2D operators: we first
recall that the change of metric tensor is the 2D-operator -« : £(Sg) = I'(T2So) defined by

Yap(2) = 5(Dazs + Dpza) — bap2s, (3.7)

for z € £(Sp) . The change of curvature tensor is the 2D operator p : £(Sp) = I'(T2So)
defined by:

Pap(z) = DaDpzs — capzz + 05Dz, + Dab3z,- (3.8)
Moreover we define the operator 6,(z) = D,z3 + b%2, and the operator
Aag(z) = %(bgDUZg — bgDaza). (3.9)

All these operators are intrinsic with respect to the mean surface Sy . These operators act
naturally by extension on the space C*((—¢,¢),%(So)) . Remark that the operator A,g is
not symmetric. Thus we write A%; = a®"A,p for the corresponding (1,1) tensor field.

The deformation tensor on ° writes e;;(u) = 3(Viu; + Vju;) in any coordinate
system. We define the shifted deformation tensor as: €;;(w) = e;j(u) where w is the
shifted displacement associated with w . The following result gives the expansion of the
operators €;; :

Proposition 3.2 For w € C*((—¢,¢),(So)) we have the expansions

ész(w) = Osws,
éag (w) = %(8311)& — $3b§6311)5 + t9a (’lD)), (310)
€ap(w) = 7ap(z) + 23 (cagwg — %bngw(, — %bgDaw(,).

Remark that using the normal reduction of tensor fields, the first equation of (3.10) is
valid in C*°((—¢,¢),%(S0)) , the second in C*((—¢,¢€),I'(T1So)) and the third in the space
COO((_E7E)7F(TZSO)) -

INRIA



Formal series solution on shells 15

Proof. (i) In a normal coordinate system we have using the equation (3.4),
633(“) = 6311,3 — F%3($3)Uz = 63’LL3.

As uz = wz we get the result.
(ii) On the same way we compute that

2eq3() = Osug + Oquz — 2F§3(x3)u5
using the fact that T'2,(z3) = 0. Using the relations u, = p2(z3)wg and (3.4), we have
2803(w) = O3ul(z3)wp + Oaws + 265wg
= Osw, — O3(x3b2wp) + Oaws + 208w,

and we get the result.
(iii) We have that

ap(t) = }(Baus + Oua) — Ty (za)uy — I (ws)us.
Using (3.6) and (3.4) we get
eap(u) = 3(Daug + Dgus) + xgwgDabg — bapws + T3Capws.
We find the result using u, = wy — m3b§w[3 and the Codazzi-Mainardi equation. [ ]

Recall that &2 (w) = g% (23)és.(w) . Using Proposition 3.2 and the expansion (3.3) of
g*?(23) we can show that we have expansion (see [14]):

&3 (w) =75 (w) + Y 25 (M)§h(w) + Y naf (" HFA j(w). (3.11)

n=1 n=1
3.Cc EXPANSION OF THE OPERATOR

In normal coordinates, the system (2.1) writes

—Vinijekg(u) = fl in Q°
A%ikle(u) = 0 on Sy
u = 0 on I§,

where AU = Agii (25)g* (23) + 2p1(g™ (w3)g7 (v3) + g"(25)g"" (3)) . Hence, using the
definitions of L and T and the fact that the covariant derivative V commutes with the
metric, we have:

Li(w) = A; 7"V ép(w) and Ti(w) = A; ** & (w).

e

Hence we have

Li(w) = AV;85(w) + 2uVé(w) and Ti(w) = A3&5(w) + 2ué} (w). (3.12)
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It is clear that the operators L and T admit power series expansions with respect to x3 .
In order to set the problem in a manifold independent on €, we make the following scaling
on the transverse variable: We define the manifold Q2 = Sx (—1,1) and weset I = (—1,1).
A normal coordinate system on €2 is a coordinate system of the form (z,,X3) where {z,}
is a coordinate system on S and where z3 = X3 is the corresponding point in Q. We
note I'+ the upper and lower faces of Q and I'g the lateral boundary corresponding to
oS x1I.
We then define the 3D elasticity operator on Q as the operators L(e) and T(e):

L(e) : € (I,%(So)) = € (I,=(So)) and T(e): C=(I,%(So)) = =(T+),

obtained from L and T after the scaling z3 = €X3. Hence in any normal coordinate
system, we have

(L(E), T(E)) (o, X3; Do, 0x;) = (L, T)(z4,eX3; Da, 5_18X3).

In the following, if w € C*>(I,%(S,)) is independent on &, we set &3(¢)w the deformation
tensor after the scaling. Hence we can write the equation (3.11) as

éz(e)w = Z ek (€3 (E)’w)k (3.13)
k=0
where for all k£ >0,
(@ (e)w)" = XE®M)§f(w) + k XEBFHEAS (w). (3.14)

Using the previous expansions, it is easy to show that the operators L(¢) and T(g) expand
in power series of €. The following theorem gives the expressions of these expansions. As
it is a simple computation, the proof is given in Appendix A. Note that all the framework
required to obtain these expansions is present in [23].

Theorem 3.3 The operators L(e) and T(g) expand in power series of € for € <ey and
write

Le)=¢2 Z efLF and T(e)=¢2 Z ek Tk,
k=0 k=0

where we have the following expressions: for k=0, we have L° = 6063(3 et TO =/lo0x,,
where {(w) = (pwa, (A + 2p)ws) , moreover

LL(w) = —pb30x,ws + (A + p)DsOx, w3 — Xzpbl 0%, wa,

1 o o (3.15)
L3(w) = —pbl0x, w3 + (’\ + :u')')/a ((9)(31.0),
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Formal series solution on shells 17

and
L2 (w) = —puX3c%0x,w, + ,uX3bgb56X3w5 — pbSDyws — pbgbgwa + AD, 5 (w)
+2uDavg (w),  (3.16)
L3 (w) = —pX3cq0x,ws + (A + )b (Ox, (Xaw)) + pbing (w) + pD*0a(w).
Moreover, for n > 3, we have

Ly(w) = —pX3 ™" (07)30x, we + nX5 ™" (6" 71) b5 0x,ws — nX5 (6" )30, (w)

+AD, (6" ) §72 (X7 ~*w) + 24D, (5 (2)w) "

(3.17)
+2p Y py XE(0F1)S (83 (e)w) " Daby
—2u R XE(F)2 (8 (e)w) " T Dby,
and
LY (w) = —pX37 (b™)20x,ws + (A + p) (0" 1)574 (0x, (X5~ w)) 5.18)

+ u(n = D" HGYE (X5 2w) + p Yy (095D (57245 05(X 3~ *w),

where for all k>0, (ég‘(s)w)]c is given by the equation (3.14). For the traction operator,
we have

T (w) = pb, (w) — pX3b%0x,wa, and T2 (w) =0 for n>2 (3.19)
and

T3 (w) = /\(b"_l)gfyg(X;’_lw) for n>1. (3.20)

4 FORMAL SERIES SOLUTION
Using the theorem 3.3, we associate with the operators L(e) and T(g) the formal series

Lle] and T[e] defined by

Ll =) L* and Tle]=e) &*TH
k>0 k>0

We recall that if E and F are two function spaces, if ale] =), c"a* is a formal series
with coefficients a* € L(E, F) , and if ble] = 3.~ €"b* is a formal series with coefficients
b* € E, then the formal series c[e] = ale]ble] is defined by the equation c[e] = Spsocrck
where for all n, ¢® =3,_,akb" k. -
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Let fle] = X0 e* f* be a formal series with coefficients in C> (I, %(Sy)) . The three-

dimensional formal series problem is the problem of finding a formal series w[e] = Y, e*w*
with coefficients in C*° (I , E(S’o)) , solution of the equations

Lielwle] = —fle] in 9,
TleJwle] = 0 on T, (4.1)
wle] = 0 on T.

In the following we denote by Z : £(Sp) — C>(I,%(So)) the canonical injection.

4.A FIRST TERMS

We will first consider the two first equations in (4.1):

Llelwle] = —fle] in Q,
(4.2)
Tlelwle] = 0 on T.
These equations are in fact collections of equations written:
? Llwnt = —f"? in Q,
vnen, { Zt=o (43)
Yo Twmt = 0 on I';.

For £ <0, we pose f°=0. According to [18], we pose p=A(A+2u)~!. For n =0, the
equations (4.3) write

0,00 — .
{Lw = 0 in 9, (4.4)

TOw® = 0 on TIs.

The transverse components of this equation write

A+2p)0%,w§ = 0 in Q,

()\+2p)8x3w§ = 0 on T4
We thus get immediately

X3

0%, wd dXs = 0 = Ox,wi(X3),
~1
whence w3(z4,X3) = 29(z4) where 22 is a function independent on X3 . Similarly, the

surfacic components of (4.4) write

pd%, wo 0 in
0 on F-_{-.

pOx. 3 wg
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Formal series solution on shells 19

Hence in a normal coordinate system, we have w?(z,,X3) = 22(z4) . Moreover, it is clear

that the components z, define a 1-form field on Sy, independent on X3 . Thus we have
the intrinsic equation w® = 2° in the space C*(I,%(So)) -
For n =1 the equations (4.3) write
LOw! = —L'w® in Q,
(4.5)
Tow! = —-T'w® on T..

0 0

But as w® = 2° is independent on X3, and using the expressions (3.15) of the operator
L' and (3.19), (3.20) of T', we see that L'w® =0, T.(w®) = pd,(2°) and Ti(wO) =
Av%(2°) . Thus the transverse components of the equation (4.5) write

(A+2u)d%,w3 = 0 in Q,

(A +2u)0x,wi = —M2(2°% on T4.

+1
-1 =

These equations define a Neumann problem whose compatibility condition [fyg(zo)] 0

is always satisfied. Hence we have

8X3w§ (X3) = 6)(3’11)%(—1) = _p,yg(zO),
and thus wi = 2z} — X3py¥(2°) where, as before, the function z! is independent on Xj .

Moreover, the surfacic components of the equations (4.5) write
/1,6%.3 w(lr = 0 in Q,
poxwh = —pby(z") on Ts.

As before, we deduce that wl = z! — X360,(2°) where 2! does not depend on X3 and

defines a 1-form field on Sy . Finally we have the equations
w’ =2 and w!'=2z!'4+ V20 (4.6)

where 2% and 2! are elements of the space X(So), and V' : £(Sp) — C>=(I,%(S)) is
the operator defined by

Vi(z) = —X36,(z) and Vi(z)— Xzpy%(2). (4.7)
The equation (4.6) show that the first terms of the formal series w(e] solution of the problem
(4.2) can be computed from the terms z° and z! and are polynomials in X3 .
4.B FORMAL SERIES REDUCTION

Let wle] be a formal series solution of the problem (4.2). The coefficients of this formal
series satisfy the equations:

O wh = =3 Lkt R i

‘ (4.8)
Ix,wht = =3 IT k! on [Is.

Vk € N, {

RR n°® 4349



20 Faou

In the previous subsection, we showed that the two first terms of the formal series wle]
depend on elements of X(Sg) . This dimension reduction constitute the main point of this
section. We now resume the general facts.

Let k fixed, and let us suppose that there exist k + 1 elements 2z € X(Sp) for
j =0,...,k, such that for j < k, the terms w’ depend only on 2°,...,2/ and on
f°, ..., f772 . The equation (4.8) for k+ 1 show that w**! is a solution of a Neuman-
n problem on I, which implies a compatibility condition on the right-hand side. This
compatibility condition yields an equation for the terms z/ for j = 0,...,k and f’ for
j=0,...,k—1. The term w**! is hence the sum of a term depending on the 2z’ , for
7 =0,...,k, a term depending on the fi for j=0,...,k—1, and of an element of the
kernel of the Neumann problem. But this kernel turn to be precisely the space X(Sp). We
name this element zF*! and this shows by induction that there exists a family {2*} of
elements of ¥(Sp) such that for each k, the term w* depends on the 27 for j =0,... ,k
and on the terms f7 for j=0,...,k—2. Moreover, the terms {z*} satisfy a collection
of equations coming from the successive compatibility conditions.

The goal of this section is to show that the relation between the {w*} and the two
families {z*} and {f*} can be written as an equation in formal series: there exist formal
series operators V[e] and Q[e] such that

wle] = Vle]z[e] + Qle] f[e], (4.9)

where the coefficients V¥ are operators acting on X(Sy) and taking values in the 3D 1-form
fields space. The coefficients QF are operators on the 3D 1-form fields. The computations
made in the previous subsection show that we can take V° =7 and V! = V!, and for Q°
and Q! the null operator.

Moreover, the compatibility condition can also be written

Ale]z[e] = G[e] f[e] (4.10)

where Ale] is a formal series with 2D operator coefficients taking value in 3(Sp) , and Gle]
is a formal series with coefficient operators on the 3D 1-form field space, taking value in
¥(So) . Hence, the formal series w[e] is a solution of (4.2) if and only if there exists a
formal series z[e] with coefficients in X(Sp) satisfying the equations (4.9) and (4.10).

In the previous computations, the compatibility conditions at the rank 0 and 1 where
obviously satisfied. The operators A™ and G" are determined from the compatibility
conditions at the order k£ > 2. We now show the existence of the operators involved in the
previous equations (4.9) and (4.10):

Theorem 4.1 (i) For all k € N, there exist in a unique way:

e an operator V¥ : $(Sp) — C>(I,%(So)) polynomial in X3 with 2D operator coeffi-
cients, vanishing on Sy for k>1,
e a 2D operator A*:3(Sy) = 2(So) ,
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such that the formal series V[e] = 3, e*VE and Ale] = 2 k>0 ek Ak satisfy the equations

(4.11)

{L[E]V[s] (2) = —Z o AlEl(2),
TEVE] (2) = 0,

for all z € %(Sp) . Moreover, VO is the canonical embedding T and V' is the operator
defined by (4.7).
(ii) For all k € N, there ezist in o unique way:

o an operator QF : C™® (I,E(So)) — C™ (I,E(Sg)) composition of 2D operator and
integration with respect to X3 , and vanishing on the mean surface,

e an operator G* : C*>(I,%(So)) = %(So) composition of 2D operators and integration
with respect to X3 on I,

such that the formal series Gle] = > ,~,e¥GF and Qle] =Y ,5,*QF satisfy the equations

{L[e]o[ew) =T oGE|(f) - f,
(4.12)

Tle]Q[e(f) =0,

for all feC* (I, E(So)) . Moreover the operators Q° and Q' are the null operators, and
we have

&(f) =5 [ £ axs (4.13)

Proof. We will show the existence of formal series V[e], Ale], Q[e] and Gle] satisfying
the condition of the theorem, and such that the following equations are valid:

L[e]V[e] = —T o Ae], | L[e]Q[e] = T o Ge] — Id,
T[e]V[e] =0, T[e]Q[e] = 0,

(4.14)

in the corresponding formal series spaces.
1. We first show the existence of the formal series V[e] and Ale] satisfying the first system
in (4.14). This means that

Z": Lkvn—k — —IAn_2,
Vn €N #=0 (4.15)
> oreo Thvn—k = .
These equations write
6%( V= — EZ—I f_lLkV"_k _ é—lz’An—z7
Vn € N ’ N (4.16)
{3X3V" ==Y LITRVn—E,
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We set A=1 = A=2 =0, and the previous subsection shows that (4.16) is satisfied for n =0
et 1 with the operators V® et V! defined in the theorem.

Let n > 0, and suppose that the operators V¢ and A¢~2 are determined for £ =0,... ,n,
such that the operators V¢ are polynomialsin X3 . let z € £(Sp) . Consider the equations
0% v = —Ypertkvntloky _goi7A i Q, i)
4.17

Oxv = — St 1Thynti—ky on T.

with unknowns v and A"~ !z. This is a Neumann problem on I, and the corresponding
compatibility condition write

1
/ 8§3vdX3 = [Bxsv]i,
—1

which writes again

2A" "tz = — YrEL [ (LhVntiok ) (X;) d X
+ En-{-l (Tkvn+1 k )(+1) _ Zill (Tlcvn+1—kz)(_1). (4.18)

This equation defines the operator A"~!. The unique solution v = V**!z vanishing on
the mean surface (for X3 = 0) of the equation (4.17) yields the operator V™! . It is easy
to verify that V"*!is a polynomial in X3 with 2D operators coefficients.

2. The second system in the equation (4.14) means that the formal series Q[e] and Gle]
satisfy the following equations:

TP LnkQk = 7Gm2 — 62 1d,
Vn € N, F=0 (4.19)
Yo T"FQF =0,

where 62 is the Kronecker tensor. Setting Q° = Q! =0 and G=2 = G~! =0, we see that
these equations are satisfied for n =0 et n=1. Let f € C*°(I,X(So)) . For n =2, the
problem is to find ¢ and G°f solution of

2.q = (IGf—0-'f in Q,
Ox;q = 0 on Ti.

This Neumann problem has a solution if and only if a compatibility condition is satisfied,
and we find the expression (4.13) for the operator G®. The operator Q? is thus the unique
solution of the Neumann problem vanishing for X3 =0:

Q*f = /X3 (] eees - poaa (4.20)
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Suppose now that the operators Q¢ and G2 are determined for ¢ = 0,...,n, with
n>3.Let feC>®(I,£(Sy)) and consider the problem:
0%.a = — Y eILtIRQEf 4+ 671 ZG T f in Q, e
4.21
8X3q — Zn-i—l 1Tn+1—kaf on Fi’:

with unknowns g and G" 'f. Again, this problem has a solution if the compatibility
condition

2G"~ 1f Zn-i-l (Ln-',-l—kaf) (X3) dX;
— Rk, (THIhQE£) (+1) + 05, (TrH7FQEF) (-1) (4.22)

is satisfied. This equation defines the operator G®~!, and the operator Q™! is the unique
solution operator vanishing for X3 =0. [ |

Let us consider a 2D operator acting on z = (24, 23) € £(So) . The notion of surfacic
derivative order in 2, or z3 is intrinsic. Hence if A is an operator taking values in X(Sp),
we set a;(j) the derivative order in z; of the operator A;, and we write

deg A = (Z‘;(a) a"(3)> :

Moreover, we define the order relation:
degA<degB <= Vi,j ai(j) <bi(4),

where the b;(j) are the orders of B. We also make the convention that an operator with
negative order of derivative is the null operator, and that the null operator has the derivative
degree —oo . Note that this notation extends obviously to 2D operators acting on the space
C>(1,%(So)) . Using the previous theorem, we see that

deg V0 = (_0 —oo) and degV' = ((1) (1)) . (4.23)

oo 0
We now give the following result:

Proposition 4.2 With the notations of Theorem 4.1, the operators V¥ are polynomials of
degree k in X3 for all k> 0. Moreover, for all p > 0 we have the estimates

2 2p—1 2 2p+1
2p D p 2041 D D
deg VP < <2p 1 9 ) and degV <2p+ 1 9 ) ) (4.24)
2p+2 2p+1 2p+2 2p+3
2p 2p+1
deg A < (2p +1 2p+ 2) and  deg A <2p +3 2p+2 (4.25)
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Proof. We prove this result by induction using the formulas in the proof of Theorem 4.1
and using the expressions of the operators L¥ and T* and their surfacic derivatives orders
(see [14] for details). Note that we have similar estimates for the surfacic derivatives order
of the operators Q¥ and GF (see [14]). [ |

As corollary of Theorem 4.1, we have the following result:

Theorem 4.3 The formal series (V[e], Q[e], Ale], Ge]) have the following properties: Let
Fle] be a formal series with coefficients in C*(I,%(So)) ,
(i) If z[e] = Zkzo ek z* is a formal series with coefficients in X.(Sy) satisfying the equation

Ale]z[e] = Gle] f[e], (4.26)

then the formal series wle] defined by

wle] = V[e]z[e] + Q[e] f[e], (4.27)
is a solution of the problem
Llelwle] = —fle] in Q, (428)
Tlelwle] = 0 on T4.

(ii) If wle] is a 3D formal series solution of the problem (4.28), then the formal series z[e]
with coefficients in X(So) defined by

z[e] = w (4.29)

[€] ] xy—o

satisfies the equations (4.26) and (4.27).

Proof. (i) Let z[e] be a formal series with coefficients in X(Sp) . The equations (4.14)
show that

L[e]V[elz[e] = —TA[e]z[e], i L[e]Q[e]f[e] = ZGle] f[e] — flel,
T[e]V[e]z[e] = O, Tle]Q[e] fle] = 0.

By summing these equations, we see that the formal series w(e] = V[e]z[e] + Q[e] fe] is a
solution of (4.28) if the condition (4.26) is satisfied.

(ii) Reciprocally, if wle] is a solution of (4.28), then we show by induction the existence of
a formal series z[e] with coefficients in (Sp) satisfying the equations (4.27) and (4.26) by
using the solution operators of the theorem 4.1. The fact that the operators V¥ for k> 1
and Q* for > 0 vanish on the mean surface shows that z[e] is the restriction of w[e] to
So . Thus the formal series z[e] = w[e] |X3:0 satisfies the equations (4.26) et (4.27), and
this proves the result. [ ]
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4.c FURTHER TERMS

The following theorem gives the expression of the first terms of the formal series given in
Theorem 4.1. In particular, the exact expression of the “bending” operator A? is given.

In the following we denote by M the membrane operator (see [3, 21, 23, 26]) defined by
the equations

{Ma(z) = —AD,73(2) — 2uDan2 (2), (4.30)

Ma(z) = —Abavs(2) — 2ubgvd (2).
where A = 2 u(X + 2p)~1 . This operator is associated with the bilinear form :

(2,2") = M 0 yap(2)105(2")dS0,
0

where M@P9% ig the tensor defined by M®P% = Xa®Fq?% + p(a®°aP® + a®9aP?) . The
expressions in the following theorem can be compared with those found in John [18].

Theorem 4.4 We consider the formal series of Theorem 4.1. The formal series Ale] has
for first terms A° = M the membrane operator defined by (4.30) and Al = 0. The first
terms of the formal series V[e| write

VO =1, Vi(z) = —X36,(2) and Vi(z) = —Xspy%(2).
Moreover we have
2 2
V2(2) = 5ipDon2(2) and V3(z) = Bp(pl(2) — pbavj(2) — 26875 (2))-

The first term of the formal series G[e] writes GO(f) = %f_ll f(X3)dXs . In the following

we set m(f) =L (ZGO(f) — f) where L(u) = (pus, (A + 2p)us) . The operator G' then
writes

1 X3
6x(H) =5 [ ([ OD,my— pim) (£)du) Xy

2/ 4
and
1 1 X3
G =3 [ ([ zm) = pima) () du) axs.
Moreover, all the operators GF for k > 1 are factorized through the operator m : there
exists operators R* : C>(I,%(S0)) — X(So) such that for k > 1 we have GF = RFo
m . The formal series Q[e] has for first terms Q° and Q' the null operators, and Q>

writes Q*(f) = OXS ([%, m(f)(t) dt)du . Like for the operators G¥ , the operators QF are
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factorized through m for all k > 2. Finally, the operator A2 is given by the formulas
AZ = —2ubDap2 — 2ppbiD,pl + up?Dy (b2 ph) + £ 1pDy b3l
+ 5upDabypl + 2ubgDapl + SppEDabi — LuDabID*0s
+ §uDab3D 0, — 2uDabi Y, — §up*DeD*Daryy — 5upDaD*Dory)
— 2up* Dy (c37Y) + 2upbiDab3Yy — 3upb§Dablyy — SupbgyyDabl

+ 2ubyDabByE + 2upbiDobivy — up* Dy (b36574) — 2pupDy (c78) 30
— 2upDab3blvs — 2ubgDablyy — 2ubiyeDabl — 2ubDabiy)
— SubSAE Dby + Ui Daby + FubzysDabl + 3ubsbiDav]
+ 1p?D, (b3M3) — LpbyDyMs + 1pDobSMs.
where M3z is given by (4.30), and
A3 = 2upD®Dapl + 2uDD,p, + ppedpl + 4pucgpl + Lup(3p — 2)b3b5p%
+ 2p(2p — 1)bgbp) — 3upDDably) — $uD Dbl — $uD7Dablyy
— §up*b3D*Day — §upD7Dab3yy — 5upb§D Doy — uD7 s Daby (432

— 2uDbgDayy — 2updSyy — L pdgys — Lup(3p — 2)b3bgbgY
— ppeSblyy — 2up(3p — 2)bycag — 2u(2p — 1)b3esyE — 2u(3p — 2)bgchyd
+ 2pD*DoMs + Lp(3p — 2)bLb2M; + LpcaMs.

Proof. We first prove the results concerning the operators in z .
1. We will first compute the operators A° and V? by using the formulas (4.18) and (4.16).

Using the equations (3.15) and (4.7) we compute that if z € £(S;) we have
{ L;(Vtz) = {ub3bs — (A + m)pDoratz, 4.3
4.33

LI(Viz) = {0+ 20pb2f — (O + 0)D%0a)2,

where we used the fact that v¥(V'z) = X 3{bgvg —D*6,}z . Moreover, using the equations
(3.19) and (3.20) we have

TL(V'2) = —XsupD,12z and  TH(V'z) = X5{ApbSyj — D6, } 2.
Finally we have using the equations (3.16)
{ L(ZT(VOZ) = {—pb30, + AD,7g +2uDavg b2,

50 o N (4.34)
LS(V Z) = {(A + 2)“‘)ba7,3 + jLD aa}za

INRIA



Formal series solution on shells 27

and similarly T2(V%z) =0 and T3(V°z) = X3Ab§12z . Collecting the previous computa-
tions, we see that the transverse component of the equation (4.16) writes

0%,V3z = {-pbvj — b2y +pDa}z — (A +2u)"'A3z in Q,
8X3V§z = X3p{_pba7§ + D%, — bg’yg}z on [I'+.

[e3

(4.35)

The formula (4.18) written as a compatibility condition then shows that we have
2A%z = 4p{—pbZ; — bivg ) 2.

But we have 2up = X, and thus it is clear that we have A = M3 (see (4.30)). Similarly,
the surfacic components of (4.16) write

0%,Voz = {pPDo7q — A1 -p)n~'Doyg —2Davgtz —p~'AQz in Q,
{ Ox,Viz = X3pD,v%(2) on T4.
The compatibility condition then implies that
2A%z = {—2X\(1 — p)D,72 — 4uD Y%} 2.

and using A(1 —p) = A we easily get A2 =M, (see (4.30)).
Now by taking the integral of (4.35) from —1 to X3 and using the boundary condition on
['_, we find (recall that A = M3 ):

(4.36)

0x,V3z = (X3 + 1){—pb2vj — bg + pD0a — (A +21) M3} 2
+p{pb%y) — D0 + 5375}z in Q.

Replacing the expression of M3z we find 9x,V3z = X3p{D0, — pbg'yg - bgfyg}z. As
D*6, = pS — b§7§‘ we get the expression of V3 by simple integration.
Using the fact that A2 = —\(1 — p)D,v2 — 2uD,~2 , the equation (4.36) writes

0%, Viz=pD,72(z) in Q and Ox,V2z = X3pD,y2(z) on T..
Thus we easily find that Ox,V2z = X3pD,72(z) and the result by integration.
The goal is now to compute the operators A! and A?. The equation (3.14) shows that for
w € C>(I,%(Sy)) we have (éo“(g)w)1 = X3b273(w) + X3A%,(w). For z € ¥(Sp) and

o
using the previous results, we compute successively that:

LY (V22) = Xa{—pupb3Ds3 + (A + p)pDe D + (A + 1) 2Dy Ms — upb2Darg} 2,
L3(V22) = X3{— (A + 2u)pb2D%05 — (A + 2p) £,65M3 + (A + p)pDeDy18} 2,
and
TL(V22) = XTgp{pD(,D"“Ga + 3Do Mz — b3y} 2,

TH(V22) = 22 Ap{DD,72 — bD6, — LbMs} 2.

2p o
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Moreover we have
L2(V'2) = Xa{pcibs — ub3b26s + pupbiDoryy + pbb36a

— AD,D%0,, + ApD, b5, — pDaD,0% — pDo D8, + 2upD o b3y, }2

[e3 e

and
L3(V'2) = Xa{upcivy — (22 + 3pu)b3Dgb + (2X + 3p)pey,
— ppD*Dyyy — uD*b 0, } 2,
while T2(V1z) =0 and T3(Vlz) = X32)\{—bgDa0ﬁ + pc2~¥}z . Finally we have

L3 (VO2) = Xs{—pc0, + ADsb375 + 2uDa b3l + 2uDa A%,

+ 27 Dby — 2p79Dabg } 2,
and
L3(VO2) = Xs{2(A + 2u)c§vs + uDb20p + pb D05} 2,
while T3(V°2) =0 and T3(V°z) = X3Ac3v5(2) .
Using the formula (4.18) for the operator A! we see easily that Al = 0. As we will see,
the computation of the operator A% via (4.18) only requires to compute the mean value
[V32]t! . Using the previous equations and integrating the equation (4.16) for n = 3 from
—1 to X3 we find that
3 X3 v a v 1 X3 1 o a
Ox;V,z = F2p{—DyD,0" + b3Dyyy — ﬂDgMg}z + (5 — 3){DaD,6% + D,D0,
+2pD,D, 0" + %DO'M?) —2pDabgyy — 265 Doy — 27, Daby — 2D A%, 2.

But we compute that we have
3(Dabs +Dgba) — Aap = pag — b3V80

and in particular D*4, = p& — bfiyg . Hence we deduce that we have
V32121 = {=3pDopl — 5Dapy — §5DsMs + 39D 0378 + 5DabfVy
+ 202Davy + §pDabSYY + 502DaY + 395 DabY 2. (4.37)
Similarly we have

2 2
Ox,Viz = %{—pmaDwg +p?b3Dpb" + 2pb3Dab” — 2p%cqy) — 2pcy] + 5 baMs}z

2
(%2 — 1)1 — p){pb2D, 6" + b3D 487 — 2pclvy — 2c575 + L baMs}z.
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By integration we find using the fact that 5*’A,3 =0,
[V32]11 = {—3p°D*Dary + 5(3p — 2)b3p} + 5 (2p — 1)b3p8

— E(3p — 2)b3b7) — 5p(3p — 2)cqyy — 5(5p — 3)cfd + ¢ (3p — 2)ba Ms] (2).  (4.38)

Now using the equation (4.18) we have

1
2A%; = _/ <L1V3z FL2V22 4 LPViz + L4v°z) dXs

-1

+1
n [T1v3z FTAV22 + T3z + T4VO2] . (4.39)

We verify that only the term [V32]! is involved in this expression. This is due to the fact

that we have

! +1
- [ B X+ [TV | = wgVEslH - AD, (V3]
-1

and
1 +1
- / Lj(V*2) X + [TH(V*2)] " = 2ubVi2]t] — uDe V3215
_1 -

The expression of A? comes from the computation of (4.39): see the details in [14].

2. Now we investigate the computation of the operator G'. Recall that the operators G*

are determined by the equation (4.22). We compute successively that

LL(Q2F) = — [ ub2mo (F) du+ [ (A + p)Doma(F) du — Xaub2ma(f),
and
LI(Q?F) = — [ pbema(F) du+ [ (A + )y (m(F)) du,

while

TLHQ2S) = [ [¥, uDoms(f) dtdu + [ ¥, ub2ma () dt du — pX3b2 [ ma(f) du,

and T3(Q%f) = fX3 [, A2 (m(f))dtdu . Thus using the equation (4.22) we find

2GLF = — [1 [ ubom, (F) dudXs + [1, [X2 AD, ms(f) dudXs

— [t Xaubemy () dXs — 1, [* pbema(F) dtdu + [ ub2m, (f) du,

and we find the result after an integration by part. Similarly we have

2GL(f) = — [1, [ ubema(f) dudXs + 1) [T+ p)y& (m(F)) dudXs

— [ I e (m(f))dedu — [2) [ Mg (m(F))dt du,

and this yields the result.
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The factorization properties of the operators G*¥ and QF are easily shown by induction
using the definition of the formal series G[e] and Q[e]. The reader interested can find the
expression of G* and Q® in [14]. ]

Now we give a result showing that the operator A2 “contains” the classical bending
operator. Recall that Koiter’s bending operator B writes

{Ba = —2upb2Dapt — 2upDablpl — 2pb2D, %, — 2D, b2 Y,

(4.40)
Bs = 2upD*Dapl + 2uD*D,p¥, — Zupcspl — 2uch pg.

This operator is associated with the bilinear form :

(2,2) > = [ M7 o(2)ps(2")dSo.
3 Js,
Recall that the notion of Sobolev space is consistent on manifolds, as the notion of derivative
order. We denote by H*(Sy) the Sobolev space of order k on Sy . For tensors, we easily can
define the space H*(S;) corresponding to the type of the tensor. Hence, z € H' x H2(Sp)
means that the 1-form field (z,) belongs to the space H'(Sp) and 23 belongs to H?(Sp) .
We can also naturally define the space H}(Sp) of functions vanishing on the boundary, and
similarly f € H2Z(S;) means that f | a5, = Orf | 55, = 0 where 0, denote the reentrant
derivative along the boundary of Sp . With these notations we have

Proposition 4.5 Let z and n € X(So) . If  satisfies the boundary condition n |8S0 =0,
then we have

(A2 = B2, g sy | < € (M@)o sy IV s

12l gtz sy IV o sy + IV g ) 1 g )+ (441)

where B is the bending Koiter operator and C a constant depending only on Sp .

The proof of this result is presented in the appendix B at the end of the paper. As corol-
lary, the restriction of A2 to the space of inextensional displacements coincides with the
restriction of B: if Vg = {z € Hy x H2(So)|vap(2) = 0}, then

VZ;") € VB: <A2z7n> = (Bz7n>

This result is consistent with the convergence result in [3, 26].

Note that in the case where the boundary 0S5y is empty, we impose to the loading forces
and to the displacement solution to be orthogonal to the rigid displacements in R? . We
can expand the six rigid displacements of R® in normal coordinates and hence to each
rigid displacement R; is associated a formal series R;[¢] in powers of ¢ (i = 1,...,6).
Thus the solution z[e] has to fulfill a new condition due to the fact that the reconstructed
displacement wle] is orthogonal to the formal series R;[e] for the L? scalar product in €.
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5 BOUNDARY LAYERS

We consider the formal series (V[e], Q[e], Ale], Gle]) of Theorem 4.1. If z[e] is a formal
series with coefficients in ¥(Sp) , and if this formal series satisfies the equation (4.26), then
the formal series wl[e] defined by the equation (4.27) is a solution of the problem (4.28).
However, we can show that for all formal series z[e] = Y, ,¢"2" , the trace

wle] |, = (V[elzle] + Qlelfle]) |y,

does not vanish in general and thus the problem (4.1) does not have a solution in general.
In the following, r denotes the geodesic distance to the boundary 98Sp, and s denotes the
arc-length along 0S5y . We can show that in this coordinate system, the metric a,g satisfies
ars =0 and a,. =1 in a neighborhood of 85y, while azs =1 on 95 .

The goal of this section is to show that under certain conditions there exist a formal

series
E ek R S, x3)
k>0

with boundary layer coefficients ¢*(R, s, z3) exponentially decreasing with R = r /e , such
that the equations

LElple] = 0,
Tllple] = o, (5.1)
]| o + (VIEl2le] + QEEIF[E) |,

are satisfied for given formal series z[e] and f[e], where the formal series L[e] and Tle]
are obtained by doing the change of variables (r,s,z3) — (R, s, X3) in the operators L(g)
et T(e).

We then show that the existence of a formal series ¢[¢] with exponentially decreasing
coefficients satisfying the equations (5.1) relies upon the fact that the formal series z[e]
satisfies a condition written

Il
S

dfe]z[e] = he]fle], (5.2)
where d[e] is a formal series with coefficients operator taking values in C*(8S5,)* , and such

that
doz = (ZT-,ZS,Z3,6TZ3) |3So .

Thus, if z[e] satisfies the equations
{ Alelzle] = Glelffel,
dleJzfe] = hle]f[el,
then there exists a formal series ¢[e] of boundary layer coefficients satisfying the equations
(5.1), and moreover, the formal series w[e] defined by (4.27) satisfies the system (4.28).

However, the problem (5.3) does not admit a solution in general. When it is possible, as
in the case of plates, is gives an asymptotic expansion.

(5.3)
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5.A THREE-DIMENSIONAL BOUNDARY LAYER OPERATORS

Consider the coordinate system (r,s, X3) in a neighborhood of Ty in . We set

1
R= g and thus 9, = 0. (5.4)

The coordinate system (R, X3,s) is defined on the manifold ¥ x 8Sp where ¥t :=
Rt x I 3 (R, X3) is a semi-strip. The boundary of 1 decomposes into a lateral boundary
70 := {R =0} x I and the two half-lines v+ := Rt x {X3 = 1} . In coordinates (r,s,z3),
we write (L, T)(r,s,zs;0,,0s,03) the 3D operators. For ¢ < gg, we define the operators
(L(g),T(e)) on Xt x 8Sy by the formulas

{E(E)(R,S,X3;63,63,8X3):= L(eR,s,eX3;e7'0R, 05,6 10x,) and 55)
5.5

T(¢)(R,s,X3;0r,05,0x,) := T(eR,s,eX3;6 " 0r, 05,6 10x,).

The formal series (L[e], T[e]) are then the formal series associated with these operators
using the Taylor expansion in R =0 and X3 =0 of the coefficients.
We then write

Lle]=¢2 Zakﬁk and Tle]=¢7! ZEka,

k>0 k>0
where
LF:C™ (2 x 08))° —» € (Tt x 88)° and T*:C®(SF x 85)° = € (72 x 8Sp)°

are operators of degree 2 polynomials in R and X3 .
We compute that the first term of the formal series L[] writes, using the fact that the
metric tensor is the identity on 95y :

L% (%) = p(0RYr + 0%,¥r) + (A + 1)Or(ORYR + Ox,13),
,C(s)(’l,b) = .u'(a%ws + 6g(3¢s)a (5-6)
L3() = p(Bxhs + 0%,s) + (A + 1)dx; (OrtR + Ox3¢3).

Remark that this operator is independent on s, and that it does not depend on the geometry
of Sp. In particular, it is the same as for plates. Similarly, the first term of the formal
series T[e] writes

TR(W) = p(Ox,¥r + OrYs),
7;0(1/J) = pOx, s, (5.7)
T2 (W) = (A + 2p)0x, %3 + ARtk
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As in [7], we introduce the following spaces: Let $(XT) be the space of C* functions ¢
on the semi-strip 1 except in the non regular points (R = 0, X3 = *1), and such that
@ is exponentially decreasing with R in the following sense:

VijkeN, "R RFOR0% € LX(SY),

where § > 0 is a real strictly less than the smallest Papkovich-Fadle exponent (see [17]). In
the neighborhood of the two corners of the semi-strip, we impose the following: if p denote
the distance in £t to a point (R = 0,X3 = *1), we suppose that each ¢ in $H(Et)
satisfies '

Vi,jeEN, i+j#0, P 8R8%, ¢ € L2 (ET).
We then define the corresponding displacement space

HEY) = {p = (¢r, 95, 03) € HET)?}.

As the arc-length appears as a parameter, the natural space in which the equations will be
posed is hence C* (850, H(XT)) .
We now define the associated range spaces: We set £(X1) the space of 1 € C=(X1)
such that
Vi, j, k€N, e R¥050% v € L2(ST) and Vi, j €N, pHit 0505 ¢ € LA(ZT)

with the same notations. Similarly, we introduce the same space corresponding to the trace

operators on 74+ : let £(v+) the space of couple of functions 1* € C*(y+) such that
Vi,keN, eFRFORY* €L?(ys) and Vi,jeN, pHT/2050" € L ().

We then define the spaces

K(ET) == {9 = (Yr, ¥s,¥3) € RET)?},
and . e

R(ve) = {9" = (Wi, ¥5,¥3) € R(2)*}-
Thus the operators £° et 7° act on the space C® (650,3'3(E+)) and take values in
C> (080, R(XT)) and C>(0S0, K(y+)) respectively.

The properties of the operators £° and 7° involve the rigid displacement space 3
spanned by the four following displacements, written in coordinates (R, s, X3) (see [10]) :

1 0 0 —X3
Z'=10 zZZ=11 22=10 2t = 0 i (5.8)
0 0 1 R

These displacements are in the kernel of the operator (£°,7°) without boundary condition
on the lateral boundary. The operators £° and 7° have the following property (see for
example [10, section 5]):
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Proposition 5.1 Let ¢ € K(E1), ¥* € R(7+) and v € C°(7,)3 . There exist a unique
p € H(XT) and a unique Z € 3 such that

L%p-2) = ¢ in TF
Te—2) = ¥ on v X7, (5.9)
(6= 2)|pptvl, = 0

Remark that as Z € 3 the left-hand sides of the two first equations of (5.9) are equals to
L%(p) et T°(p) . The following corollary is clear using the fact that the operator (£°,7°)
does not depend on s:

Corollary 5.2 If we have ¥ € C>(0Sp, R(ZT)) , ¥ € C®(8Sy, &(71)) and v € C*(Ty)?
in the previous proposition, then the functions solution of (5.9) are in the spaces ¢ €

€ (9S0, H(XT)) and Z € (050, 3) .

5.B FORMAL SERIES SOLUTION

We now want to find a formal series @[e] = > ;5 ek p*(R,s,X3) with coefficients in
the space C*(0S0,H(EF)) satisfying the equation (5.1) If we set wle] = Y, efw” =
V[e]z[e] + Q[e] fle] , this formal series equation is equivalent to the following collection, for
k>0,

LopF = —3F  Llort in 88, x T,
TOpk = Y% Tkt on 8So x s X7,
k k -
O |pep T w |ro = 0
Note that the sum ¢[e] | o TWIe |Fo only make sense on the boundary. Using Proposition

5.1 we prove the following theorem:

Theorem 5.3 Let (V[e],Q[e],Ale], Gle]) be the formal series of Theorem 4.1. For all k >0
there exist

e an operator ¥ : 5(Sy) — C*°(dSo, H(ZT)) ,

e an operator OF : C>(I,£(Sy)) = C> (850, H(ZT)) ,

e an operator oF : (Sg) — C*(850,3),

e an operator h* : C*=(I,%(So)) = C*(850,3) ,
such that if z[e] is a formal series with coefficients in X(So) satisfying the relation

Ofelz[e] = blelflel,
where f[e] is a formal series with coefficients in C>(I,%(Sy)) , then the formal series

ple] := V[e]z[e] + Ole] fle]
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is a solution of the formal series problem

Llelple] = 0,
Tlelple] = 0, (5.10)
@lel | g + (VIEIZEl + QEEIFEEN |, = O.

Moreover, ¥°, @° and ©', h° and bh' are the null operators and we have that
o'z = (ar |aso )2+ (2 |aso ) 2%+ (23 |aso ) 2%, (5.11)
and
oz = (c12(2) |55, ) 2" + (0r(2) |55, ) 2, (5.12)
where ¢, is a coefficients depending on X and p, and U' is defined by

\I!}Qz = (p’yg(z) |350 )E}{: \Ijiz = (08(2) |3So )E;’ and ‘I’éz = (mg(z) |350 )@éa
(5.13)

where @' = (PR, s, Ps) is an element of C>(8So, (X)) independent on ¢ .

Proof. As for Theorems 4.1 and 4.3 we will show that the formal series satisfy in fact
formal series functional equations. We will show separately the existence of the formal series
¥le] and 0[] acting on %(Sp) and O[] and ble] acting on the space C>(I,%(S))
respectively. We conclude by summation.

1. We first show the existence of operator formal series ¥[e] = Y, .,¥¥* and 0[] =

Y k0 &"0F satisfying the equations

L[e]¥[e] = 0,
Tlel¥le] = 0, (5.14)
(Ple] —0fe]) | g + VIe] |FO = 0,

in the space of formal series with operators coefficients acting on ¥(Sp) . For £ =0 and
for z € %(Sp), the equations for ¥° and ?° write

L0V = 0 in 8S x I,
TOU%2 = 0 on 8Sy x4y X v-,
(¥°2 —0%2) | ,_, + V2 |Fo = 0.

As V92 =T oz, we see that ¥% =0 and 0° given by (5.11) are solutions.
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Suppose that ¥* and o* are constructed for k < n, where n € N, and let z € $(S) .
We consider the equation in 1) :

L0 = S Llentioly in o 9S8, x BT,
TO% = — 7 TA =42 on 8Sy x4 X 7-, (5.15)
P |R:0 +Vrtly |r0 0.

Using the properties of the operators £¢ and 7%, we see that the right-hand sides of the
two first equations are in the spaces C*(8Sp, &(XF)) and C*(0So,f(y+)) respectively.
Corollary 5.2 then shows the existence of ¢ € C*°(8So, H(ET)) and Z € C*(8S,,3) such
that 1 = ¢ — Z is solution of the system.

Setting ¥"*lz := ¢ and 9"t'z:= Z , we obtain the existence of the operator at the rank
n+1.

2. Similarly we show the existence of the formal series O[e] = 3°,5,e*©% and ble] =
Y k>0 €"h* satisfying the equations: -

L[g]®] = 0,
Tl]®] = 0, (5.16)
(Ole] + ble]) [y + QIEN ], = O,

in the space of formal series with operator coefficients acting on C* (I , E(SO)) . The fact
that Q% = Q! = 0 shows that taking ©°, ©', h° and h' as the null operators is a
solution for £ =10,1.

Suppose that the operators ©F and h* are constructed for k& < n where n € N. Let
JF €C>=(I,%(So)) and consider the equation in ) :

£0¢ — _E?i-llﬁl@n-‘rl—(ff in 850X2+,
T = -5 T'O"='f on 9S8 x v X7,
N

Using the properties of £¢ and 7%, we see that the right-hand sides of the first two
equations are in the spaces C* (85, R(XT)) and C*°(dSo, &(y+)) . Corollary 5.1 then
shows the existence of ¢ € C* (050,.6(2"')) and Z €(C*® (650,3) such that ¥ =p — 2
is solution of the system. Setting ©"'z := ¢ and h"t'z := —Z proves the existence of
the operators at the order n + 1.

3. Now let z[e] is a formal series with coefficients in ¥(Sp) and fle] a formal series
with coefficients in C>(I,£(Sp)) . By summing the equations (5.14) applied to z[e] and
the equations (5.16) applied to f[e], we see that [e] := ¥[e]z[e] + O[] fle] satisfies the
equation (L[e], T[e])ple] = 0 with the boundary equation

reo t (VIE)z[E] + QLelfle]) |, + (= dlelzle] + ble] flel) | g = 0.

ple]
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We deduce the result from these equations.
4. The equations satisfied by ¥! and 0! write, for z € ¥(Sp),

(L0, THW'2=0 and (¥'z—0'z + Vi =0.

)| o z |aso
In coordinates (r,s,z3) the components of V! are V.(z) = —X36,(z), Vi(z) = —X30,(2)
and Vi(z) = —X3py2(z). Note that the operator (£° 7°) does not depend on s and
does not contain derivatives of s. As only V! | 950 is involved in the equations and thanks
to the linearity of the operator we only have to look for the solution of the similar problem
with right-hand sides —X3 in each component.

(a) We first consider the solution (¢, Z) for the problem
(L% T =0 and (p—Z + (=X3,0,0

Recall that Z* = (—X3,0,R) and that this element is in the kernel of (£°,7°). Hence
the solution of the previous problem is simply ¢ =0 and Z = Z*. But as

(L2 TO)(0:(2) |5, ) 2" = (0:(2) | 55, ) (L%, T) 2" =0

0.

)|R:0 )|350 =

we deduce that the couple ¢ =0 and Z = (GT (2) | 950 )Z4 satisfies the equations
(L%Te =0 and (p—2)|p_,+ (Vi(2),0,0)],4, =0.

(b) Consider now the equation
(LT =0 and (p—Z)|,_,+(0,-X3,0)],5 =0. (5.17)

We note that the operators £° and 7° decouples into two parts: the operators £2 and T2
acting on s and the operators (£%,£9) and (72,7) acting on (¢gr,ps) respectively.
In particular, the components ¢r and @3 of ¢ equal to zero, and the components of Z
on the vectors Z', 2% and Z* are zero.
Moreover, Proposition 5.4 and Lemma 5.5 of [10] yield that there exists a unique non zero
function . of the space $(XT) such that

(£27 7?)@; =0 and E}c |R:0

The terms ¢ = (0,%%,0) and £ = 0 are solution of (5.17). We hence verify that for
z € X(Sg) the elements

== X3.

Z=0 et ¢=(0:(2) |55, ) 0,750
are solution of the equations
(L%T%¢ =0 and (p—2)|, o+ (0,V;(2),0)],5 =0 (5.18)
(c¢) Finally we consider the equations

(L% T =0 and (p—Z2 + (0,0, — X3 0. (5.19)

)|R:0 )|!950 -

The splitting of the operator (£°,7°) in components s and (R, X3) shows that the com-
ponents s of the elements Z and ¢ solutions of (5.19) are zero.
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Moreover the equations (6.4) and (6.5) of [10], using the parities of the operators £° and
TP, show that there exists a unique element (pL, 1) of the space $(XT)? and a unique
constant ¢; depending only on A and g, such that

(L% L) (@PRP3) = 0 in IF,

(TR, T) @R ®5) = 0 on 74 X7,
Pr ro—a = 0,
Pilpe = X

The couple ¢ = (7%,0,%3) and Z =c; Z" is then a solution of (5.19). Thus the elements
zZ= (clp"yg(z) |3,5’0 )Zl and pY = (mg(z) |3So )(@}boa@%)
are solution of the system
(L% T =0 and (¢ —Z)|,_,+(0,0,V3(2))],g, =0 (5.20)
The previous equations show the theorem. [ ]

For all k, the operators 9* decompose into 4 operators oF  X(So) = C*(8So)
where ¥z is the component of ¥z along Z*. We define also similarly the operators
b¥ : C>°(1,%(So)) = €*°(8So) . Theorem 5.3 then shows that 20z = z, 092 = 2z,
092 = z3 |8S0 , 0§z =0 and moreover diz = (0,23 + blz, + bizs
can prove the following result (see [14]):

|6So ’ |BSO ?

) | as, - More generally, we

Proposition 5.4 Let ¥[e] and 0[e] be the formal series of Theorem 5.3. For all k there
ezist a finite subset Fy, of N such that

o for all j € Fy, there exist functions @*7 of C® (850,.6(E+)) , depending only on
So, A and p,

o for all j € Fy, , there exist 2D operators Pf with scalar values, with degree of deriva-
tive at most k

o for all i = 1,2,3,4, there exist 2D operators D% with scalar values with degree of
derivative at most k
such that for k>0 and for z € ¥(Sp) , we have

4

Trz = 3 (Pz) losi o and ¥z =) (Dhz) |0, A (5.21)
JEF;, i=1

6 CONCLUSION

In order to obtain an equation of the form (5.2), we transform the equation d[e]z[e] =
hle]fle] in the following way: We define the formal series d[e] and h[e] with coefficients
d¥ : £(So) = C>=(8S,)* , and h* : C*°(I,%(Sp)) — C*>°(0S0)* , as

dle] = (01[¢], 02[e], 03[e], e 0a[e] — bl01 [e] — bSD:[e]) (6.1)
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and

hle] = (1le], bale], bale], e~ bale] — bibale] — blba[e]), (6.2)

where b and b2 are the components b%(r,s) and b3(r,s) evaluated on 9Sp; We see that
hO is the null operator and

dOZ = (zmzsszyarZS (63)

) |BSO ’

and it is clear that the formal series equations 0[¢]z[e] = hle]fle] and d[e]z[e] = h[e] fle]
are equivalent. The final result then states:

Theorem 6.1 Let (V[e],Q[e],Ale], Ge]) the formal series given by Theorem 4.1 and let
(Tle], O[e], d[e], h[e]) the formal series of Theorem 5.3 and the equations (6.1),(6.2). If f[e]
is a formal series with coefficient in C>(I,%(So)) and if z[e] is a formal series with
coefficients in X(Sp) , such that the equation

{A[s]Z[E] = Glelf[el;
dielzle] = h[e]f[e],

are satisfied, then the formal series wle] := V[elz[e] + Q[e]fle] and @le] := Y[e]|z[e] +
Ole]fle] are solutions of the equations

{'—[6]10[6] = —fll nd {E[E]w[S] = 0,

(6.4)

TleJwle] 0, Tlelple]

I
o

with the boundary condition
wle] |Fo + p[e] |R:0 =0.

APPENDIX A: PROOF OF THEOREM 3.3

(a) We first consider the surfacic components of the operator. Using the equation (3.12)
and the fact that &5(w) is a function, we have in normal coordinates on the manifold °
that

Lo(w) = AD, (82 (w) + &3(w)) + 2p(Vaél (w) + V3&2 (w)).

In this expression, we have
Va3 (w) = D5 (w) + Tag(@s)el (w)
+ Do (23)8 (w) — To, (23)85 (w) — T, (23)83 (w).

As the terms ' (23) are the Christoffel symbols of the connexion D2* on S, , and using
the equation (3.4) we have

Vaés(w) = Dg?eg (w) — b (n™1)§ (23)& (w) — b s (23)85 (w), (6.5)

o
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where we have using (3.6)

Dég(w) = a&l(w)+T55(2s)ef(w) — I, (3)E5(w)
= Dae(w) - 2 ) (@)Dalh + (i B @)Dt
Moreover, we have using (3.4)
Vaép(w) = 858} (w) — I, (23)é4 (w) = 858 (w) + b (w13 (w3)eh(w).  (6.7)

But Ze have &§(w) = g°° (23)gss(23)e5 (w) . As g°%(z3) = (=) (w3)(u™1)5 (w5)a”® , we
see that
bottso (©3)E5 (w) = b pse (x3) (1" )5 (s) (") (ws)a a3 (w).

As we have b s, (z3) = b p150(73) we thus have
b ()5 (23)E3 (w) = b puso ()85 (w).
Hence, by summing the equations (6.5) and (6.7) we get
Vg (w) + Va&y (w) = 832, (w) + D525 (w) — b (u™1)§ (23) & (w)

and as & (w) = Oz3wz we get

Lo (w) = ADy &% (w) + A3 Dyws + 200582 (w)
+ 2uD20E% (w) — 2ubd, (13 (23)E (w).  (6.8)

We denote by D,(g) the connexion DZ3 after the scaling, viewed as an operator on Sy .
After the scaling, the previous equation then writes

L, (e)(w) = AD, €2 (e)w + Ae ™ 0x, Dyw3 + 2uDy (€)€2 (e)w
+2pe ™ Ox, &5 (€)w — 2ub, (1 1)§ (6 X3) &5 (e)w.  (6.9)

We compute successively the expansions of the terms in this equation. Using the equation
(3.14) and the fact that (b¥)5A%; =0 for k >0 we find that

AD,E%(e)w = AD,va (w) + Y "Dy (b™)575 (X5 w).
n=1

Using (6.6), we compute that

n

2D, ()€ (e)w = Z e"2u(Da (e)é (e)w)
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with

(Da(e)ég(e)w)"™ = Dy (e5(e)w)" — Sz, o (b*~1)2 (2 (£)w) "~ *Daby

n n—k (6.10)
+ 2k 25 (0515 (€5 ()w) T Daby
Using the equation (3.10) and the fact that g3 =0, we see that we have
2083 ()w = e~  pdxswo + phs (w) — pX3b3xs W (6.11)

We thus have that
2,u5_10X3é§(5)w = 6_2;183(310, + p6_16X30c,(w) - ps_laxs (X3b%05wq),
and

2uby (1) (eXs)é5 (e)w =
E_I,ubga)ng + uX3cZ(9X3wU — lleXabganwﬁ + ,ubgt%('w)
+ Yoy € {uXFTH ") 50x, wo + pXF (0306 (w) — p X5 (M) 30T 0x, wp b
(6.12)

By using (6.9) and summing the previous equations, we get the expressions claimed in
Theorem 3.3 after identifying the powers of ¢.
(b) In normal coordinates on ¢, the transverse component of L writes

Ls(w) = AV3(&5(w) + & (w)) + 2u(Vaé§ (w) + Vsés(w))
= (A +241)Dsgws + D385 (w) + 241(DE3EG (w) + Ty (w5)Dzws — Tog (w3)83 (w)).
Thus after the scaling we have
Ls(e)w =7 (A + 2p)0%, w3 + £ " Ax, €2 (e)w
+ 21D ()85 (£)w + 2~ T (e Xa)Ox ws — 2T (e Xa)5 ()

But using (3.4) we compute that

P4 (eX3)0x,ws = — Y e" X5 (b"H")20x,ws (6.13)
n=0
and similarly by (3.14)
OxEa(e)w =Y e"(b")574 (Oxs (X5w)). (6.14)
n=0
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Moreover, we have

[e o] n

Ty (eXs)eg(w =~ > XE@+1)5 (e (e)w)" "

n=0 k=0
Again using the fact that (bk)gA‘?‘[; =0 for k>0 we find by the equation (3.14) that

[e o]

I73(eXs)e5(e)w = Y (n+ 1)e" X5 (") 545 (w). (6.15)

n=0

To show the result, it remains to find the expansion of D,(€)ég(e)w . As gop(eX3) is the
metric on the surface S:.x, , this tensor commutes with the covariant derivative Dy/(g) .
Hence we have

D, (€)é8 (e)w = 9*P (e X3)Da(€)éns(e)w.

But we have using (3.6)
Da(e)égs(e)w = Daéps(e)w +eXa(p™1)§ (e X3)é3, (€)w Dabg.

As the equation (6.11) can be written 2ég3(e)w = e~ u§ (€ X3)0x,wa + Os(w) , we find:

2D, (¢)éa3(e)w = €' Dap(eX5)0x,ws + Dabg(w)
+ X5(0x,ws)Da bl + eXs5(n™ )3 (€ X35)0, (w)Daby,

and thus
2D, (e)égs(e)w = e 'DOx,wp — X3b5D0w,

+Dafg(w) + D " X5 (6" )60, (w)Dabl.

n=1

Using the expansion (3.3) of the inverse of the metric tensor we obtain the expansion of
the term D, (€)éS(e)w . Grouping these expansions, we get the expressions in Theorem 3.3
after tedious computations (see [14] for details).

(c) The equation (3.19) and (3.20) are consequences of the formulas for the expansions
of the tensors éJ(w) and the fact that

To(w) = 2ué3 (w) and Ta(w) = Ae%(w) + (A + 2u) & (w).

The expressions (3.10) and (3.11) yield the result after the scaling.
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APPENDIX B: PROOF OF PROPOSITION 4.5

Using the equation (4.40) and the expressions (4.31), (4.32) for the operator A? we
compute that we have

A2 — By = 2upb3Dapl, + 2upDablpl + 2ub3D,pl + 2D, b3 Y,
— 2pblDapg — 2upbDepl + pp* Do (b3pY) + 31pDybg ol
+ 3upDabl Pl + 3ub3Dapl + 2upiDabl — FuDabiD0g
§uDabgDﬂ0(, — %uDabﬁA‘_’c, — g,upzDaD"Davg — %,upD D*D,vr
— 2up* Dy (c372) + FupbaDab Yy — 2upb3Dablyy — 3 upbGysDabl
+ 2pbDabBn? + 2upbiDobS Y — pp* Dy (b3bEvY4) — 22 upDo(c37E)
2upDab2bys — 2ubSDabSyY — 2ublysDabl — 2ubDabiy]
- —ub 15Dably + 2ubZyiDaby + 2ubyeDaby + 2ublbgDary
Dy (b5 Ms) — $pblDy M + §pDobs Ms.
and
A3 — By = 3ppclpl + 2pcdpl + S up(3p — 2)b3bp!
+ 2p(2p — 1)bgb%p) — upDDably,) — suD Dabyyy — suD7DabSY,
— Sup?biDDay — ZupDTDab2Y — Fupb§DPDayY — 2D yeDabl
— 2uD7bSDo Y — 2updSyy — 2pd3nE — Lup(3p — 2)babGbsY
— ppeSbiyl — 3up(3p — 2)bycavs — 3u(2p — 1)3chYE — 3u(3p — 2)bgchyl
+ 1pDDo M5 + £p(3p — 2)bLbI M3 + pcd Ms.

Now let n satisfying n | 85, = 0. Then when evaluating the scalar product

<(A2 - B)Z, TI>L2(50)

it is possible to integrate by parts one time. We have

(& = B)z.mhyq, = [ 042 = B)()aSh,

and after integration by part, we see that :

(A =Bz Mo | < [ 170180+ O s ) 1 s,y (616)
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where

T (z,m) = =3up(Dan’b)pi(2) — 3up(Dan”)b3pl(2) — 5u(Dun”b3)pl(2)
— 2p(Dyn7)b2 P4 (2) + 2u(Dan’b’)p (2) + 2up(Don®b3) ot (2)
— up*(Den?)b3pt(2) — 3up(Den?)b5 08 (2) — Sup(Dan”)bepl(2)
— 2u(Dan?b3)p3(2) + 3 un° p§(2)Dab? + $u(Dan”)biD*05(2)
— 3(Dan?)bDP0,(2) + Zu(Dan? )b AY (2) + 3up* (Don”)D*Daryl(2)
+ 5up(Dan” DD,y (2) + SuprPespl (2) + 2unPcpl(2)
+ 2up(3p — 2)b2n3b5p(2) + 2u(2p — 1)bEbYmPpL (2) — Lup?bnP DODayY (2)
— $upbgn®DPDoyy (2).

Hence we have :

J(z,m) = pi(2) [ — 2upDan’ b2 — 2upb2Dan’ + 2upDon°b)
— up*b3Don” — ppbDan” + Supn®el + Sup(3p — 2)b3n*by]
+ ph(2) [~ 5uDun7bg — SubZDyn” + SuDun b
— 3upb2Dyn” — ZuDpanbl + Sum D, b + 2un’ed + Fu(2p — 1)b3b5 0]
+ 51(Dan”)bED*05(2) — (Dan”)bEDP0,(2) + Su(Dan”)bE A (2)

(6.17)

+ Lup?y5 (n)DDon2 (2) + Lupyg (m)DPD o (2).
The term multiplied by p%(z) writes
— 2pupDan’b2 — 2upb2Dan’ + 2upDan? b — pp?b3Dan”
— Lupb2Dan® + Supn’cd + Lup(3p — 2)b2n*y)
—3upb3Dan” — 3 upn Db — 3upbtDan” + 3 upn” Dy b}

+ 2upbDon” — pp?biDon” — Lupb2Dan” + Zupnel + Lup(3p — 2)banby.

This terms writes also

—3upbSDan” + 2upbys(m) — 3upbSDan’ + Supcdn® — up*byS (n),

or
—2up(3p — b7 (m) — 2 upbZyg (m).-
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In the same way, the term multiplied by p%(z) in the equation (6.17) writes

opa

— §HDun7bg — 3ub3Dun’” + uDun*by — §upbi Do’
— %ngn"bg + %/ﬂ)"D b + 2un3cd + %,u(Qp — l)b‘sb" 3
—2ubgDyn” — 2um°D,bg — 2ubDyn” + 2ubiD,n® + 2un®D, b))
— 4upbe Dy — 2ubfDan® — 2un®Dgbl + 2D, b2 + 2ucn?
+ 3upbJben® — Zubibsn®

This last term also writes

2ubye(m) — $upbyg (m) — 2ubgDyn® — 2ubgDyn” — 2ubfDan® + 2pcin®
Thus we have
J(z,m) = —Lup(3p — 2)p%(2)b5nS(m) — 2uppl(2)b373(m). + 2 (2)b5e (m)
— 21pp%(2)bsZ () — 2ppk(2)b2Dyun” — 2pp%(2)bDun — 2upt(2)bDsn®
+ 2upl(2)n°cy. + §u(Dan”)biD*0s(2) — 31(Dan”)b3D,(2)

+ 2u(Dan”)bZAY , (2) + gupzvg(n)D"‘Da%(ZHgumﬂ(n)DBDwZ(Z)-
(6.18)

Now we focus our attention to the terms that are not multiplied by the tensor in v,s(n) in
the equation (6.18). These terms write :

A(z,m) = =3pp%(2)b3Dun” — Suph(2)bDun” — upl(2)biDan™ + 2upl (2)egn®.
+ Lu(Dan?)bED®65(2) — S u(Dan®)bID6, (2) + 2u(Dan”BEAY, (2).

Using the fact that :
Aag = 3(Dabs +Dgba) — pag + b3 s0

we have
A(z,m) = —2pp%(2)b2Dun” — 2ppy(2)bEDan® + 2up%(z)cen®
+ Lub2D0 () (Dar®) — Lub3DP6, (2)(Dan®) + Lu(Dan WD, 8" (2)
+ 2pu(Dan?)b3D¥ 0, (z) — 2u(Dan )b p4(2) + 2p(Dan”) vy (2).
Thus
A(z,m) = —5pp%(2)b3Dyn” — §upl(2)b5Dgn® + 2up%(2)con®
+ 2ub2D*03(2) 5 (Dan” + Do) + 2u(Dan”)civi(2).
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But we have
2ubD%65(2) % (Dan” + D7na) = 2ubfD*05(2)75 (n) + 2pcSD*0s(2)n?
= ZubZD03(2)5 (n) + Zucdpf(z)n® — SudSyg(z)n’.

Hence we have

A(z,m) = —5pup%(2)02D, 07 — Fuph(2)biDan®™ + §uch p§(2)n?

+ 2ubSD*05(2)v5 (n) — 2uding (2)nP. + Sucgyy(2)(Dan®).

or

A(z,m) = —5up%(2)b275 (n) + Fub2D0s(2)75(n) — Fudi~g (2)0° + Suciyy(2)(Dan”).

The equation (6.18) then writes :

I(z,m) = —+up(3p — 2)p ()b (m) — Suppt(2)b3% (). + 2ppk(2)bys (n)
— Supp (2)bgg (m) — §upk (2)b3ye () + SpbiD*6s(2)78 (1)
— 2pding (2)n° + 2pucgyi(2)(Dan’) + Lup? (D2Dav (2))v5(
+ 2up(DPDary (2)) 5 (m)-

u)

This result and the equation (6.16) then yield the result.
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