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Abstract: In this report we solve the basic fractional analogue of the classical linear-
quadratic Gaussian regulator problem in continuous-time. For a completely observable con-
trolled linear system driven by a fractional Brownian motion, we describe explicitely the
optimal control policy which minimizes a quadratic performance criterion.
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Sur le probléme du régulateur linéaire-quadratique sous
perturbation brownienne fractionnaire et observation
compléte

Résumé : Dans ce rapport nous résolvons I’analogue fractionnaire de base du probléme
du régulateur linéaire-quadratique gaussien en temps continu. Pour un systéme contrélé
complétement observé gouverné par un mouvement brownien fractionnaire, nous décrivons
explicitement la politique de contréle optimale qui minimise un critére de performance qua-
dratique.

Mots-clé : Mouvement brownien fractionnaire. Systéme linéaire. Controle optimal. Cotit

quadratique.



Linear-quadratic fractional Gaussian regulator 3

1 Introduction

Several contributions in the literature have been already devoted to the extension of the
classical theory of continuous-time stochastic systems driven by Brownian motions to ana-
logues in which the driving processes are fractional Brownian motions (fBm’s for short).
The tractability of the standard problems in prediction, parameter estimation and filtering
is now rather well understood (see, e.g., [4], [10], [8], [6], [7], [11] and references therein).
Concerning optimal control problems, as far as we know, it is far from fully demonstrated
(nevertheless, see [5] for a recent attempt in a general setting). Here our aim is to illustrate
the actual solvability of control problems by exhibiting an explicit solution for the case of
the simplest linear-quadratic model.

We deal with the fractional analogue of the so-called linear-quadratic Gaussian regulator
problem in one dimension. The real-valued state process X = (X3, ¢t € [0,71]) is governed
by the stochastic differential equation

dX; = a(t)Xdt + b(t)u,dt + c(t)dBf | 1 €[0,T], Xo ==, (1)

which is as usual interpreted as an integral equation. Here 2 is a fixed initial condition,
B = (BF t € [0,T]) is a normalized fBm with the Hurst parameter H in [1/2,1) and
the coefficients a = (a(t),t € [0,T]), b = (b(),t € [0,T]) and ¢ = (e(t),t € [0,T]) are fixed
(deterministic) continuous functions. We suppose that X is completely observed and that
a closed-loop control of the system is available in the sense that at each time ¢ € [0, 7] one
may choose the input u; in view of the passed observations {X;,s < t} in order to drive
the corresponding state, X; = X{ say. Then, given a cost function which evaluates the
performance of the control actions, the classical problem of controlling the system dynamics
on the time interval [0, T so as to minimize this cost occurs. Here we consider the quadratic
payoff J defined for a control policy u = (u;, ¢ € [0,77) by

70 = 5P{an X2+ [ T0) X7 + (0}, 2

where ¢, is a positive constant and ¢ = (¢(¢),¢ € [0,7]) and r = (r(¢),% € [0,T]) are fixed
(deterministic) positive continuous functions. Tt is well-known that when H = 1/2 and
hence the noise in (1) is a Brownian motion, then (see, e.g., [1] and [9]), the solution u to
the corresponding problem, called the optimal control, is provided for all ¢ € [0, 7] by the
instantaneous linear feedback

. b(t)

Uy = —mw(t))ﬁ ; Xe= X7, (3)
where m = (7w(t),t € [0,7]) is the unique nonnegative solution of the backward Riccati
differential equation

b2(t)

w(t) = =2a(t)7(t) —q() + 5 () 7(T) = 4¢r - (4)

(%)
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4 M. Kleptsyna, A. Le Breton and M. Viot

Moreover the optimal cost J(u) is given by

1@ = 5{x0) + [ =) o). (5)

Our main goal here is to show that actually when the system (1) is driven by a fBm with
some H € (1/2,1) instead of a Brownian motion, an explicit solution to the optimal control
problem under the performance criterion (2) is still available.

The paper is organized as follows. At first in Section 2, we fix some notations and
preliminaries. Then, in Section 3, the concerned closed-loop control problem is solved : the
optimal control is defined as a linear but not instantaneous feedback which involves the
solution of a Volterra type integral equation; moreover a representation of the optimal cost
is also provided. Globally, the solution of the problem is expressed in terms of the solutions
of a family of three-dimensional backward differential Riccati equations which for H = 1/2
actually all reduce to the standard one-dimensional Riccati equation (4).

2 Preliminaries

In what follows all random variables and processes are defined on a given stochastic basis
(Q, F, IP). Moreover the natural filtration of a process is understood as the IP-completion of
the filtration generated by this process.

Here, for some fixed ' > 0 and H € [1/2,1), BT = (Bt € [0,7]) is a normalized fractional
Brownian motion on [0, T] with Hurst parameter means that B is a Gaussian process with
continuous paths such that B =0, EB =0 and

1
JEBfo’:§[S2H+t2H_|.e_t|2H], 0<s,t<T. (1)

Of course the fBm reduces to the standard Brownian motion when H = 1/2. For H # 1/2,
the fBm is outside the world of semimartingales but a theory of stochastic integration w.r. to
fBm has been developed (see, e.g., [2] or [3]). Actually the case of deterministic integrands,
which is sufficient for the purpose of the present paper, is easy to handle (see, e.g., [10]).

- Fundamental martingale associated to BT - There are simple integral transformations
which change the fBm to martingales (see [10], [8] and [11]). In particular, defining for
0<s<t<T

kp(t,s) =kt st M (t—s)7~ 1 ky = 2HT(3/2 = H)T(H + 1/2), (2)

H _ ;IltZ—ZH, /\H — QHF(B_ QH)F(H+ ]/2) (3)

= ’ T(3/2— H) ’

t
MtH:/ kH(taS)dBfa (4)
0

INRIA



Linear-quadratic fractional Gaussian regulator 5

then the process M is a Gaussian martingale, called in [10] the fundamental martingale,
whose variance function < M > is nothing but the function w?. Actually, the natural
filtration of M coincides with the natural filtration (F) of B¥. In particular, we have the
direct consequence of the results of [8] that, given a suitably regular deterministic function
¢ = (e(t),t €[0,T7), the following representation holds :

/Ot e(s)dBF = /t K§(t,s)ydMH (5)

0

where for H € (1/2,1) the function K¢ is given by
4 1 3
K§(t,s) = H(2H — ])/ C(T)TH_E(T — s)H_5 dr, 0<s<t, (6)

and for H = 1/2 the convention Kf/Q(t, .) = c for all ¢ is used. Conversely, given a suitably
regular deterministic function f = (f(¢),t € [0,T]), we have also :

[ s = [y 9any, M

where the function k}; is given by

k‘f (t _ S d !
w(t,s) = —kg 8277 —

(r— )27 f(r)dr. (8)

S

- Admissible controls - Let Uy the class of (F¥)-adapted processes u = (u;,t € [0, T]) such
that the stochastic differential equation (1) has a unique strong solution X* which satisfies
J(u) < 400, where J(u) is evaluated according to (2) with X = X*. Of course then X"
is a (F/)-adapted process. Actually, as mentioned in Section 1, for control purpose we are
interested in closed-loop policies. So, we introduce the class of admissible controls as the
class Uyq of those u’s in Uy which are (F}')-adapted processes where (F}') is the natural
filtration of the corresponding state process X". For u € Uaq, the pair (u, X") is called an
admussible pair and if 4 € Uyq 1s such that

J(u) = inf{J(u),u € Usa},

then it is called an optimal control and (4, X), where X = X% is called an optimal pair and
the quantity J(u) is called the optimal cost.

3 Solution of the optimal control problem

In order to state our main result, starting from the solution 7 of the Riccati equation (4),
for any fixed s € [0, 7], we introduce auxiliary deterministic functions ¥(.,s) = (y(¢,s),t €

RR n 4358



6 M. Kleptsyna, A. Le Breton and M. Viot

[s,7]) and A(.,s) = (A(t,s),t € [s,T]). They are the solutions of the following backward
differential equations in the variable ¢ on [s, 77 :

2
7(;8) = —aly(, 5) + Ky (., s)7] = qKg (., 8) + —my(,5); A(T,5) = 4, K (Tr5), (1)

. 2
Aoy s) = =2aK5 (., 8)7(.,s) — q[K& (., 8))2 + %72(., s); MT,s) = ¢ [K5(T,s))%.  (2)

Let us mention that actually the 2 x 2 matrix-valued function T'(.,s) = (T'(t,s),t € [s,T])
where 0 (t.5)
_ mw(t Y(t, s

= (i M)
is the unique nonnegative symmetric solution of the backward Riccati equation
I'(,s) = —a{K% (., s)eiT(.,s) + (., s)e1[KG (., 5)]'}
c - C b2 ~C c
— K5 ()i (o) + (o s)erei () (T, ) = g K (T, ) K (T, 5)]'

with the vectors e; and K% (t,s) in R? given by

e = <(])> P Kt s) = <I\"§'{Et,5)> '

We shall use the following notations :

Y(s) =7(s:5); Als) = Als,s), (3)
where (., s) and A(., s) are defined by equations (1) and (2) respectively. We introduce also
the function k(t,s) = k};(¢, s) by substituting 4 for f in the definition (8), i.e. :

- 1 d ¢ 1 B
k(t,s) = _5;{155—"’% (r—s)7~"5(r)dr. (4)

Theorem 1 There erists a unique opimal control i in Uzq and the optimal pair (i, X) is
governed on [0,T] by the system

[r(t) X +0]; Xe= X7, ()

r(t)
v = t—as mwsﬁ s t_fc(t,s)
= [ ot + T nteds + [ (2

where © and k are defined by (4) and (4) respectively. Moreover the optimal cost is given by

— m(s)|[{dX, — [a(s) X, + b(s)i,]ds}, (6)

T
J@) = 5{x(0)s" + [ Aaull), ™)

where X is defined by (3).

INRIA



Linear-quadratic fractional Gaussian regulator 7

Remark 1 (a) Observe that in the case H = 1/2, for all 0 < s <t <T', the entries y(t, s),
A(t, s) and k(t, s) reduce to m(t)c(s), 7(t)c?(s) and m(s)c(s) respectively. Hence, it is readily

seen that v = 0, w = —(b/r)7X and At)dwl = n(t)c*(t)dt. So, finally, the statement in
Theorem 1 reduces to the well-known result recalled in Section 1.

(b) It is worth to mention that actually the additional term T, which appears in the case
H > 1/2 can be interpreted in terms of the predictors at time t of the noise component
B, = fOT c(s)dBH | t < 7 < T based on the observed optimal dynamics (X,,s <) up to time
t. Precisely, one can rewrite

T A
Ty = /t ¢(r, t)m(r)dBL (8)
where Bt = E(ET/TE) and

o(r,t) = exp{/tT [a(u) — brj((;)‘)w(u)]du. (9)

This will be made clear in Remark 2 after the proof of Theorem 1.

Before turning to the proof of Theorem 1, at first we derive a sufficient condition for opti-
mality in Ug. Given u € Uy and X = X%, we introduce the following backward stochastic
differential equation in the pair of unknown (F)-adapted processes p = (p:, t € [0, T]) and

=P, tel0,T]):
dpe = —a(t)pedt — q(t) Xedt + BedME  t€[0,7T]; pr = q, X, . (10)

Lemma 1 Suppose that u € Uy is such that u = —(b/r)p where (p,B) is a pair of (F)-
adapted processes which satisfies equation (10). Then u minimizes J over Upy .

Proof Given an arbitrary u* € Uy, for which we use the notation X; = Xt“*, we evaluate
the difference J(u*) — J(u) between the corresponding cost and the cost for the announced
candidate u to optimality over Uzr. Of course, we can write

T
7(0) = 70 = 58{g,[(¥)* = X2+ [ AaW)[(X7)* = X2+ r(0)[(07)° — s} |

Using the equality (y*)?—y? = (y* —y)?+2y(y* —y) and exploiting the property u = —(b/r)p,
it is readily seen that

J(w*) — J(u) = A+ Ag,

where

T
8= yu{al - X0+ [ {0 - X+ 0l - ullat)

T
Ay = m{qTXT[X;_XTH/O {q(t)Xt[X;—Xt]—b(t)pt[u;‘—ut]}dt}.

RR n 4358



8 M. Kleptsyna, A. Le Breton and M. Viot

But, rewriting the quantity in the last integral as
(X7 = Xo)lg() Xs + a(t)pe] = pela(t) (X7 — Xo) + b(#) (uf — ur)],

and taking into account equations (1) and (10), we see that this integral can be written as

T T T
- [ = xdp = [ -0+ [0 - X0,
0 0 0

Therefore, taking the expectation, since the stochastic integral part gives zero, we get that

T T
Az = B{g, X, [X] - XT]—/O (X;‘—Xt)dpt—/o ped(X; = X0}

Now, integrating by parts, since ppr = ¢, X, and Xj — Xy = 0, it comes that As = 0 and
finally J(u*) — J(u) = Ay > 0. This of course means that u minimizes J over Uy . |

Now we show that the minimum value of J over U 1s achieved uniquely and we identify
the minimizer :

Lemma 2 There exists a unique u € Up such that u can be represented as u= —(b/r)p
where (p, B) is a pair of (FIT)-adapted processes which satisfies equation (10). Moreover for
the corresponding pair (p, ), the following representations hold :

¢
po=mX+ [ bls) = wOKi (M5 B =300, ()
0
where 7, v and ¥ are defined by equations (4), (1) and (3) respectively.

Proof At first, we prove the uniqueness. Suppose that.ul and u? in Uy both satisfy the
required property, i.e., for i = 1,2, we have u* = —(b/r)p’, where (p', 3') is a pair satisfying
equation (10) with X' = X%, Let us use the notations

SX =X'— X%, dp=pt —p?; 68 =" — p%.

From equations (1) and (10), we have

b(t)
doX: = a(t)dX.dt — ) dpedt , t €10,7]; 6Xo =0, (12)
dép, = —a(t)dpidt — q(t)dX,dt + 6B, dMHE |t € [0,T], 8pp = ¢,6X,,

Applying the Ttd formula to the product dp:d X, we obtain immediately that

12 16X, ] / {aOFX.]? (())[510 2y d 4 / 5,0 prd M

INRIA



Linear-quadratic fractional Gaussian regulator 9

Thus, taking expectation, we get

T 2
Bop (B0 + [ a0 + 2 0n ) =0,

Consequently dX; = 0, dp: = 0 and hence also §3: = 0. This means in particular that

ul = u?.

Now we turn to prove the existence. We take

U = —:ig—gpt ;ope = W(t))?t + Vi, (13)
where )
X, = a(t)[X, + Bildt — br((f)) (1)K, + Vidt; Ko =2, (14)
with

t t
B :f c(s)dB?; Vv, :/ y(t, s)dMH . (15)
0 0

Observe that actually, from (13)-(15), it appears that the process X = X + B is nothing
else but the state process X" which corresponds to u by equation (1). Moreover, due to the
representation (5), it is readily seen that we can rewrite p in terms of X in the form given
in (11).

Now we check that p satisfies the final condition which is required in equation (10). Due to
the representation (5) for ¢ = 7" and the final condition v(7,s) = ¢, K§ (T, s) in equation
(1), from definitions (15) we see that V., = qTET. Consequently, due the final condition
7(T) = ¢, in equation (4), from definition (13) for ¢ = T, it is clear that p, = ¢, X,.
Finally, we show that the process p is a semimartingale and we 1dentify its decomposition.
Since %(., s) is differentiable, we see that V is a semimartingale and, due to the definition
(3) of 4, its stochastic differential is

t
dv; = [/ A(t, s)dMT)dt +3(t)dMH
0

Taking the expression of ¥(., s) from the right-hand side of (1), this can be rewritten as

0% = [ {=al) (8. 5)+ K51 )0 =a0) K5y 1.5+ Lm0y, 30

Hence, due to the definition (15) of V' and B and taking into account the representation (5)
of B, we get

1% = (a0 + 705 — a0 B+ S @vdaes0ar. o)

RR n 4358



10 M. Kleptsyna, A. Le Breton and M. Viot

Now, from the definition (13) of p, we have
dp = 7(t) X,dt + w(t)dX, + dV;

and, inserting (14) and (16), we can compute this stochastic differential. Using the equation
(4) for m, it is easy to check that actually

dpe = —a(t)pedt — q(1)[Xe + Bildt +5(t)dM[T .

This means exactly that dp, is given by the right-hand side of equation (10) with X, =
X¢ + B; and B = %(t). Summarizing, we have checked that the pair (p, 8) of (F{7)-adapted

processes defined in (11) satisfies equation (10) with the state process X corresponding to

u=—(b/r)p. |

Now we may turn to the proof of Theorem 1.

Proof of Theorem 1 - Here we use the same notations as in the proof of Lemma 2.
At first we show that the optimal u in Uy which has just been identified i1s actually the
closed-loop control defined in (5)-(6) which then turns to be also optimal in U,4. We write
pt = 7(t) X; + vy where

vy =V, — 7r(t)§t ) (17)

Using the Riccati equation (4) for m and the equation (16) for V to compute the stochastic
differential _
dvy = dV, — 7(t) Bydt — m(t)e(t)d B |

it is readily seen that

v = /Ot[—a(s) + b:((;)w(s)]vsds+ /Ot»‘y(s)dMsH - /Otw(s_)c(s)stH.

But, due to the representation (7) of a stochastic integral with respect to MM as an integral
with respect to B, in terms of the function k defined by (4), we can rewrite this as

t 2( t R
vy :/0 [—a(s) + br((s))ﬁ(s)]vsds-l—/n [k(EE;)) — m(s)]e(s)dBE .

Consequently, since due to (1) we have ¢(s)dBY = dX; —[a(s) X, +b(s)u;]ds, it means that
the optimal pair (u, X) is governed by the system (5)-(6).

Finally we analyze the optimal cost. Let us recall the decomposition X = X + B of the
optimal state process and the representation p = 7.X 4+ V of the corresponding solution of
equation (10). Using (10) and (14) and applying the formula of integration by parts to the

INRIA



Linear-quadratic fractional Gaussian regulator 11

product pt)?t, we can evaluate

T T
PrXp = poXo-i-/ prd X + Xidp:
0 0
T
= "+ [ Billan(0) + (1T + a(t)Vi + o))
0

Tf v T 2 bz(t) 2
+ /0 7(t)deMtH_/0 () Xy + ) prldt.

Of course when one takes the expectation in both sides the equality remains valid and

actually the stochastic integral part in the right-hand side gives zero. Then, observing that
QTX3 = qTXTjET + qTXTéT
= pTXT +QT[XTBT+B;2~])

and that for the optimal control u one has

from the definition (2) of the cost function J, we get

2J(u) = 7r(0)a:2 + 4, []E)?T §T + ]EETQ,]
T B B (18)
LR / Bo{la()n(t) + o] %, + a(t)Vi + o(t) B}t

Recall that B, = fo ¢ (t,s)dM? and V, = fo (t,s)dM. Moreover, due to the equation
(14), we can also wrlte

¢
X = EX; +/ f(t,s)dM™.
0
where for s € [0, T, the function f(.,s) = (f(¢,s),s <t < T) is the solution of the following
differential equation in the variable ¢ on [s, 77 :
b2 b2

flos)=(a==m)f(,s)— 77(.,3) +aK§(.,s); f(s,8)=0. (19)

r

Hence, from (18), we obtain that

2J(u) = )z +qT/ {f(T T,s) + [K§(T, s)]*}dw!
+ /Om (t) + (1) {/ Ky (8, ) £ (8, 8)dw!T Yt
+ / {a(t )/ Gt s)y(t, s)dw 4+ q(t )/0 [K§(t,s)) dw}dt .

RR n"4358



12 M. Kleptsyna, A. Le Breton and M. Viot

Changing the order of integration in the double integrals of the right-hand side, we can
rewrite

2J (u) = 7r(0)a:2+/ {qTf(T,s)Kf{(T,S)—i—/ g1(t, s)dt}dw? o0
0 ’ 20

T T
4 / (4, K5 (T, )2 + / oot s)dt}dw!
0 s
where

g1(t,s) = [a(t)m(t) + gO]IKG(t,8)f(t,5);  g2(t,8) = at)Kf (¢, 5)v(1,8) + g(O)[ K (2, 5)])”

But, using equations (1) and (19), it is easy to check that

(T K5 (1) + [ grlt,it= [ [a(t)fx’ﬁ(t,s)v(t,s)—”%)ﬂt,s)]dt.

Inserting this into (20) and taking into account the expression (2) for the function ).\(.,5),
we get

T T
2J (u) = m(0)2? -|-/0 {q, [K& (T, 5)]? —/ A(t, s)dt}dw™ .

Therefore, since the final condition in (2) is A\(T', s) = ¢, [K§ (T}, s)]%, we see that the following
representation of the optimal cost holds :

T
J(u) = %{71‘(0)1‘2 —|—/0 A(s, s)dwf} .

Finally, due to the notation A(s) = A(s, s) introduced in (3), this means that (7) holds. W

Remark 2 Let us justify the observation which is formulated in Remark 1. Actually, we
can rewrite the component v, defined by (17) in the previous proof as

t
vt :/ u(t,s)dMsH,
0

where
ut,s) =v(t,s) —m(t)Kg(t,s), s<t.
It is readily seen that p satisfies the following equation :

o, .\ _ b2(t) OKE 0 . _
Sr(t.5) = —la(t) = SR wOu(t.5) = 7)) G (0,9)s w(Te) = 0.
Consequently, in terms of the function ¢ defined in (9), we have
T c
piteo) = [ otrnn) I (rs)ar.
t 37’

INRIA



Linear-quadratic fractional Gaussian regulator 13

and

vy = / {/ 8’6 s)dM " }ydr .

But, due to the representation (5) ofB it is clear that for every T € [t,T], the predictor
Bt (B /X5, s <t) ofB based on the observation of X on [0,1] is given by

dBt [T 9K},
dr — J, Ot

¢
B :/ K§(r,s)dM] (r,s)dM .
0

So, finally, we can represent vy in the form

vy = / é(r,t)m dBt

This means ezxactly that the equality (8) claimed in Remark 1 is valid.

Concluding comments — Here we have solved the basic fractional type linear-quadratic
Gaussian regulator problem when a complete observation is available. Actually, for a par-
tially observable system where the observation is governed by a linear channel with an
independent fractional Brownian noise, we can show that a certainty-equivalence principle
holds, i.e., the optimal control separates into two stages based on optimal filtering of the
unobservable state and optimal control of the filtered state. This will be reported in a
forthcoming paper.
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