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Sur une étude directe dans un cadre de Hilbert-Schmidt
de ’équation de Riccati intervenant dans la factorisation
d’un probléme aux limites elliptique du second ordre

Résumé : Dans ce rapport on revient la méthode de factorisation d’un probléme aux
limites elliptique du second ordre présenté dans [7]. Dans ce papier on avait en effet montré
que, dans le cas d’un domaine cylindrique, le probléme aux limtes peut se factoriser en
deux problémes aux valeurs initiales du premier ordre non couplés. Cette factorisation fait
intervenir 'opérateur Dirichlet-Neumann qui vérifie une équation de Riccati. On se place
ici dans le cadre des opérateurs de Hilbert-Schmidt en se référant au travail de R. Temam
[12]. Ce cadre permet une étude directe de cette équation de Riccati.

Mots-clés : factorisation, probléme aux limites, opérateur Dirichlet-Neumann, opérateur
de Hibert-Schmidt, équation de Riccati
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1 Introduction

In [10], [7] we developed a factorization method for second order elliptic boundary value
problems by dynamic programming. The principle of the method was presented in the
book by Angel and Bellman [3]. We restrict the presentation to the simple geometrical
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4 Henry & Ramos

case where the domain is a cylinder whose axis is parallel to the z; coordinate. This
coordinate will play a distinguished role. Namely, let © be a bounded open set in IR* !,
Q be the cylinder Q =]0,a[xO in R™ and I'; = {s} x O. The lateral boundary of the

cylinder is denoted by ¥ = 00x]0,a[. Let f € L*(Q) and yo,y, € HgéQ(O). Let us denote

A = E?zl —586; = —;88: + A,, where z denotes the independent variables xs, ..., z,. Let us
i 1

consider the problem

—Ay=f inQ,
y=20 on Y,
Y =10 on I'y, (1)
Oy .
Bp Yo OB T, (respectively y =y, on Ty).
Z1

In [10], [7] we showed that this problem can be factorized as

dP
£+PAZP+I:0, P(0) =0,
1
ﬂ + PA,r=—Pf, r(0)=uyo, (2)
dz
P—d;/ +y=r, yla)=—P(a)y, + r(a) (respectively y(a) = y,)-
1

0
Similarly, problem (1) (respectively _B—y =y on I'y), can be factorized as
Z1

dQ _ _

%_QQ_AZ_O7 Q(a‘)_oa

—-Qu=f  w@) =y, 3)
1

dy

In this article we shall study the direct solution of system (2). A similar study for the
system (3) shall be carried out in a further article.
In [10], [7] we showed a justification of the derivation of the Riccati equation

dP
S L PAP+I=0,

ot +I=0 @
P(0) = 0.

We obtained its solution in a general distribution sense and we showed some regularity
results. All this was done by using the fact that the operator P was defined as the Neumann-
to-Dirichlet operator on the boundary of a subdomain (following the invariant imbedding
techniques developed by Bellman). We used a Galerkin method to study the problem in
finite dimension. The passing to the limit for the infinite dimensional problem was similar

INRIA



Factorization of Boundary Value Problems 5

to the method used by J.L. Lions in [8] to derive the optimal feedback of linear quadratic
control of parabolic problems. It was also shown that this factorization could be viewed as
an extension to the infinite dimensional problem of the block Gauss LU factorization.

In this article we follow the inverse way, that is, we first study directly the solutions of
the Riccati equation (4) and then we show that the solution of this equation is the operator
relating the Dirichlet and Neumann conditions of the same second order elliptic boundary
value problem as before. This direct method for studying the Riccati equation provides a
more efficient way of deriving the factorized form (1) of (2). It is hoped to be helpful for the
case of more complex (non cylindrical) domains and more general differential operators. We
shall give much more detailed results for the solution of (4) than those given in [10] and [7].

In [12] R. Temam studied the equation

£+A*OP+POA+POP=F,
da:l

P(O):P():

in a Hilbert-Schmidt space framework. In the above equation, A is a coercive operator,
which allowed the author to get a solution P € C([0,T] : H®,H), with H being a suitable
Hilbert space. In equation (4) there is not an equivalent coercive operator A and therefore,
we are not able to use the theory developed in [12]. We shall justify equation (4), also in a
Hilbert-Schmidt space framework, by using the Galerkin method. We shall use the notation
©1 ® o and X®,Y, in the context of Hilbert-Schmidt spaces, as used in [12].

In Section 2 we introduce the functional space framework we are going to deal with. In
Section 3 we develop the direct study of the Riccati equation appearing in (2). Finally, in
Section 4 we show how to obtain the solution of different elliptic equations with the help of
the factorization method, pointing out that this method is well suited for setting transparent
boundary conditions.

2 Hilbert-Schmidt Spaces

2.1 Generalities

In this section we remind the definitions and properties of Hilbert-Schmidt spaces (see [5]
and [1]) following the notation given in [12]. We consider two Hilbert spaces X,Y with
scalar products (-,-)x, (*,-)y and associated norms || - ||x, || - |[y. We suppose that X and
Y are separable and {p;}2, {¢;}$2, are any orthonormal basis of X and Y respectively.

Definition 1 P € L(X,Y) (a bounded linear operator from X toY ) is said to be a Hilbert-
Schimdt operator in case

D IP(@a)lls < oo
i=1

RR n°® 4451



6 Henry & Ramos

In this case we denote P € X®@,Y and

0 1/2
1Pl xg,y = (Z IIP(soi)Ilzy>
i=1

is called the Hilbert-Schmidt norm of P.

The proof of the following properties and other results regarding Hilbert-Schmidt spaces
can be seen in [5] and [1].

Lemma 1 The Hilbert-Schmidt norm is independent of the orthonormal basis used in its

definition and
1/2

o0
1Play = | D 1(Pos )y 2

i,j=1
Proposition 1 FEvery Hilbert-Schmidt operator is compact.

Proposition 2 X®,Y is a Hilbert space with the inner product

o

(P, Q]ngy = Z(Pﬁoi;QSoz’)Y-

i=1

2.2 A special case

Following [9], let us suppose that H,V are two real separable Hilbert spaces such that V C H
and V is dense in H with continuous injection. Then, we can identify H' (topological dual
of H) with H and with a dense subset of V'. Therefore,

VcHCV,

with every space being dense in the following one with continuous injections.
Let us suppose that the injection V' C H is compact and let A : V — V' be the canonical
isomorphism between V and V', i.e.

(Au,v)lev = (’IL,U)V Vu,veV.

Then, A=' : H — V is a compact self-adjoint linear operator. Therefore, there exists an
orthonormal basis {w;}$°, of H, consisting of eigenvectors of A=! such that

Aw; =\w;, YielN

with A\; > 0 and

11— 00

INRIA



Factorization of Boundary Value Problems 7

Now,
||w,||%, = (wi,wi)v = (Awi,wi)lev = (Aiwi,wi)H = /\i Vi= 1, R o

Therefore,

o o
u = Zu,’wi eVe ||v||%, = Z)‘i|“i|2 < 00.

i=1 i=1
o0 o0
Furthermore, if u = Zuiwi €eVandv = Zvi'wi €V, then

i=1 =1

o)
(w,0)v = Y Aiwivi.
i=1

Definition 2 For every r € IR we define the Hilbert space V" in the following way:

o0 oo
U= Zuz‘wi eV e ol = Z)\ﬂuip < 0.

i=1

o o0
Furthermore, if u = Zuiwi eV and v = Z vw; € VT, then

i=1 i=1

(u,v)yr = E Al uiv;.

Remark 1 We have that H =V, V = V! and V' = V1. Furthermore, {\; "*w;}$2, is
an orthonormal basis of V", for all r € IR.

Definition 3 Let H = { Z wiw;, i € R} and < w; >= {pw;, p € R} for all j € IN.
finite
Given i,j € IN, we consider the operator w; ® w; : H =< w; > defined by

w; @ wi(p) = (wi, p)rw; Vo € H.

Now, since H is a dense subset of V", for all r € IR, we can consider the extension w; Qw; :
V' =< w; > defined by

o
w; @ w;(p) = pw; Yo = Zgoiw,- evr.
i=1

Remark 2 From Definition 1 it is easy to see that, for alli,j € IR, we have that w; w; €
[e.e]
VT®,V*® for all v,s € R. Furthermore, if P = Z &jw; @ wy, then

i,j=1

ey s 2 T/2
PeV'@&V* &Pl . = ZIIP Dy < oo

RR n® 4451



8 Henry & Ramos

Now,
7‘/2 —r/2 r/2
Z 6’6] wka i w; ij Zfz]

k,j=1

Therefore
1P 2w} = Zsmxv

and we deduce that

PeV'@&V’ &P}, . = Z E5ATTAS < oo

i,j=1
Finally, if Q = Z Nijw; @ wy € VT®,V?, then
i,j=1
PQlyg,ve = 2 (PO 2w, QT Pwi))ve = 37 &gmigh; ™A
i=1 i,j=1

o] e}
Example 1 Let P = Z &ijw; @w; and @ = Z Nijw; @ wj.

i,j=1 4,j=1

H@yH Z{,J<ooand

3,j=1

1. P€ H®:H & ||P| ~

[P Q H®2H Z 511772]

3,j=1

o]
2. PcV'&H & |P|? B = D &iXi < o0 and

3,j=1

[P, Q]V’® H™ Z &ijMijAi

3,j=1

3. PeEV&H & ||P||%/@2H = Z EX < 0o and

ij N
3,j=1

[P, Q]V® H™ Z 51]771])\_ -

3,j=1

INRIA
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4. Pe HR,V & ||P||§I§2V = &) < oo and

3,j=1

[P, Qlyg,v = X &imishi-

ij=1

x
5. Pe H®,V' & I1PI% g,y = > A < oo and

ij=1

[Pa Q]HézV’ = Z 61]7)2])‘]—1

3,j=1

2.3 Our particular case

In this work we shall consider the spaces V"®,V?, r,s € IR, for the particular case of
H = L?>(0) and V = H(0O). Therefore, we consider as orthonormal basis of V the set
{w1, ..., Wy, ..} of eigenfunctions of the Dirichlet problem —A,w, = A,w, for z € O with
the boundary conditions w,|so = 0. It has the following properties:

(a) (wn,wm)r2(0) = 6nm VYm,n.
(b) (wn;'wm)Hé(O) = fo Vown(2)V wn(2)dz = Anbn,m,
(e){ z wiw;, pj € IR} is a dense subset of V.

finite

If we write the sequence in a nondecreasing way, it can be proved that A; > 0, for all
i=1,---,400 and
lim A; = +o00.

11— 00

Proposition 3 The identity operator I can be expressed as

o
I= sz ® w;,
i=1

with this sequence converging in L(H, H).

Proof. Let ¢ € H, then

[oo] o] o]
D wi@wilp) =Y (o wi)awi = Y piwi =
i=1 i=1 i=1
where ¢;, ¢ = 1,---,00 are the coordinates with respect to the orthonormal basis {w;}2;

in LQ(O) O

RR n® 4451
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Lemma 2 (Weyl’s Estimate) Given a regular domain Q C IR™, the asymptotic behavior
of the eigenvalues for the Laplace operator with homogeneous Dirichlet boundary conditions

is the following: A
4 2/n

A~ ek
¢ Vol(@)rm
Proof. See [13].

We point out that w; € V* for all s € IR and i € IN. Further, V® = H and V! = V.
Depending on the space dimension, we shall need slightly more regular spaces than H and
V.

Definition 4 Let § = 0 if dim(O) = 1 and § > 0 if dim(O) = 2 (dim(O) > 2 is not of
interest in applications). Let us define H=V?® and V =V'*® (if dim(O) =1, then H = H
and V =V ). For § > 0 small enough, we have V.CV C H C H.

Corollary 1 If dim(0) < 2, then I € (V&,H) N (HR,V").

Proof. We have to prove that

=1

Z < +00
1+6 ’

i=1 ’\i

which is a consequence of Lemma 2.

3 A direct Study of the Riccati equation (4)

3.1 Semi discretization
3.1.1 Formulation of the problem and monotonicity results

We approximate V, V and H by V™ = span(wy,- -+, wy) and define the m-approximate
solution of (4) by the finite dimensional operator

P™(xy) = Z i@ w; @w; eV V™,

3,j=1

where £7?(z1) are chosen such that

apm -
+PmA,P™+ 1T , Wi Q@ wj =0, V’L,]G{l,"'m}
dzq H®, H (5)
Pm(O) =0,

with I™ = 37" | w; ® w;. We point out that £ (1) = (P™(21)wi, w;)n -

INRIA
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System (5) is a nonlinear system of equations in ¢f} of the form:

agm

- Am(gm mo_
AT+ =0,
§m0)=0
where
A" = || DD &rwor@w | A, ( > G ® ws) Wi Q@ wj
k,l=1 r,s=1 H@gH
and

b’.’-‘—{ 1, ifi=j
Y 1 0, otherwise.

But this derivation is still formal since we have assumed the derivability of P™. Then,
by the theory of ordinary differential equations, we know that there exists a local solution
P™ to (5) in [0, 8], with § small enough. Further, P™ is C* from [0, §] with values in H®,H.

To go further, we need estimates on £™(s) (i.e. on P™(s)) independent of s.

Now, it is easy to verify that

A™(E™)ij = Z Erjwe @ wy ( Z =AM w, ® ws> , Wi @ W;

k,l=1 r,s=1 H@QH
Now, taking into account that
] we@w, ifk=s,
Wk ® Wi ©Wr @ Ws = { 0, otherwise,
we have that
m m
A™(E™)i; = Z =AM & wr @ wi, w; @ wj = Z =Mkl -
k,l,r=1 H@,H F=1

Then, if we write the (¢, j)-coordinates in m X m matrix form, we obtain

dém m Amem m o __
E_é ATET +I™ =0, 6)
£m(0) =0,

where I™ represents here the m x m identity matrix and A™ is a diagonal matrix, with A;,
i =1,---m, being the elements of the diagonal.

RR n°® 4451



12 Henry & Ramos

Now, following page 11 of [11], the solution of the above problem can be expressed as
§™(z1) = V(e)U(z1)

where Y = ( g ) satisfies the corresponding linear (Hamiltonian) matrix differential sys-

tem
JY'+UY =0
(™ (7)
ro=( ).
with
0 —-Im —Im™ 0
7=(m 5 ) u=(0 )
Therefore
Y(xl)zeAwl-(IO ), V.’E1€[0,+OO),
with

o, ( 0 Im 1m0\ _[ 0 Am
a=gu=( 0 5T )= )

The eigenvalues of A are v/A; and —/)\;, i = 1,---m, and the matrix of eigenvectors is

( (A;"ng“ —(A;)l/z ) .

Then U and V are given by

1 m\1/2 my1/2
U(ml)zi(e(A e g e (A )/m)a (8)
m)—1/2 my1/2 my1/2
V($1)=7(A ; (e*(A ) e _ oA™Y Z1). 9)

Thus, U is non-singular and we can extend the solution of 5 from [0, §] to [0, +00]. The
uniqueness is a consequence of Corollary 2 of page 13 of Reid.

Remark 3 The matrix A has positive and negative eigenvalues. The initial value problem
for the Hamiltonian system (7) is well posed in finite dimension. This would not be the case
for the corresponding infinite dimensional initial value problem because of the part of system
(7) corresponding to negative eigenvalues {—+/A;}$2, which are going to —oo. For this part
of the system we have a situation similar to a backward heat equation whose ill-posedness
is well-known.

Proposition 4 For a given m € IN, we have that, for all x; > 0,
m
P™(z1) = Y & (m)w; @ wy,
i=1
and there exists Py € V™ x V™ such that, if 0 <t; <t, then
02> P™(t1) > P™(t2) > Pg.

INRIA



Factorization of Boundary Value Problems 13

3.1.2 Analytical Proof of Proposition 4

From (8), (9) the unique solution of (5) is diagonal and given by

-1 e AiT1 — e~ AiT1 -1 )
balo) = 75 eVdizt | e—VAiz1 = —itanh( VAiz1), t=1,...,m.

Vi Vi
It can be computed also as the solution of the diagonal system
dszz 2 _
do, i t1=0 i=1,...,m. (10)
£i(0) = 0.
Therefore,
d&i; -1
T)=—— <0, Va2 €R, 11
dzy 2 cosh? (v Aiz1) ! (11)

and we can define
m -1

i,00 "= z}gnw Cii(z1) = Vo

(3

i=1,...,m,
which concludes the proof.
Remark 4 From (11) and 0 > %(ml) > —1 we obtain that
0< Néi(z1) <1, Vo eR, i=1,...,00. (12)

Remark 5 The Hamiltonian system (7) is related to an optimal control problem. Let us
show it in a componentwise fashion. Let ¢ € IR and U, = {p € H'(0,a) : ¢(0) = c}. Let us
consider the problem

{ Find n € U,, such that (13)

J(n) < J(p), ¥ v €U,

a1
J(p) = / (;90'2 + <p2) da, .
0 i

a
. 1 12 2
= — d
fle,a) ggg;/o (/\icp +¢ ) 1,
following the ideas developed in [2], it can be proved (see Appendix A.1) that
fle,a) = —E&ii(a),

and the minimum is obtained for the function satisfying the Euler equation

where

Then, if we define

" =X =0
n(0) = ¢ (14)
1'(a) =0,

RR n°® 4451



14 Henry & Ramos

which is equivalent to the optimality system

{ n' =p; n(0) =0
—p'=—-Xin; p(a) =0,

and has a unique solution given by

(x ) _ e\/)\_i(a_wl) + e_\/)\_i(a_wl)c _ cosh(\/A_Z(a — wl))
T =T VR eV = cosh(Vaa)

Problem (13) is equivalent to the optimal control problem

Find v € L?(0,a), such that
J(u) < J(v), Vv e L*0,a),

J(p) = /Oa (/\iivz + w2> day,
{Zote

Then, following the ideas developed in [2], it can be proved by Dynamic Programming (see
Appendix A.1) that the optimal policy u is given by

where

with

u(e,a) = —%%(C, a) = Ai&i(a)c,

and therefore,
w(zy) = 1'(21) = Niii(a — z1)n(z1),

which can be readily verified.

3.1.3 An alternative proof of Proposition 4. Full discretization scheme I

In Section 3.1.2 we used the fact that the Riccati matrix differential equation (5) can be
solved explicitly. This enabled us to verify directly the monotonicity, boundedness and
diagonal character of the solution. Let us now employ a different method using a finite
difference approximation, which is applicable to the more common cases where we do not
possess an explicit analytic representation for the solution.

Proof of Proposition 4. Let us consider z; € (0,00). We take N € IN, h = z1/N
and t; = ih, for all ¢ = 0,1,--- N. The integration can be continued for i > N. Now, we
approximate ™ (¢;) by the matrix "}, defined by the explicit scheme

E(Th = 07

INRIA
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and, for ¢ > 1,
Ein — &1,
h

We point out that we could have taken whatever convergent scheme. In Section 3.1.4 we
show another possible scheme.

It is easy to prove, by induction, that {{Z:’h N, is a sequence of diagonal matrices.
Therefore, £™(z1) = A}i_r)rloogj’vn,zl /v is a diagonal matrix and then P™ has the diagonal form

=TI+ G0 AT (15)

indicated in Proposition 4.
Now, proving that P™(z1) < 0 is equivalent, even for the general non diagonal case, to
m

proving that £™(z1) < 0, since, given an arbitrary function u = Zukwk € V™, we have

k=1
that
m m m
(P™(z1)u,u) = Z uiffj(wl)wj,z'ukwk = Z wi&iy (T1)uj.
ig=1 k=1 ij=1

Therefore, it suffices to prove the monotonicity properties for {™(x1). We need the following
lemma:

Lemma 3 There exists a unique diagonal negative definite matriz £ satisfying the matriz
equation

—ERATER + T = 0. (16)
If h satisfies
1
—_— 1

"< Ay 4

the following monotonicity properties hold for i < j:
02> &7 2 & = & (18)
0 < EHA™ET, < ERA™E < EEA™EL, (19)
02> &7, +h&HA™E, > & + hETA™ET, > £ + hEGA™EL. (20)

Furthermore,
lim &7, = 0.
11— 00
Proof. It is clear that £ must satisfy (€72)% = (A™)~! and therefore, £7 = —(A™)~1/2.
Suppose by induction that these properties are satisfied till 4. By (15), (16) and (19) we
get &, > &y - We have also from (16)

Eift,n — oo = Eip — §0o + R(ETRATET, — EGA™ER)

RR n°® 4451
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and so, thanks to (20), {7, , > €50.
define the real valued functions fi(x) = X\;22, where ); is the (i,4) element of the matrix

A™. These functions satisfy

To prove the second monotonicity property let us

fi(z) =2 z (< 0if £ <0)

and f;(0) = 0, which implies (by the diagonal character of the matrices involved) the mono-
tonicity property

an A& < & p AT E N < ESATER.
To obtain the monotonicity property for the sequence {7, +h&, A&, 172, we define the
real valued function g;(z) = x + hA;x?, which satisfies gi(z) = 1 + 2h\;z and ¢;(0) = 0.
Now, we need 1+ 2h\;x > 0 for all z € [(§2)::,0] and for all ¢ = 1,---,m, which is true if

1

"< gpamyEy

By the same reasoning the same properties are true for 4 = 1, and the proof is completed
by induction.

By the monotonicity and boundedness of the sequence {£7}, }{2, it must have a limit
which, by its definition must be £32.

End of the proof of Proposition 4. As we showed above, it suffices to prove the
monotonicity property for £™(z;). We have that

€(@1) = Jim €Ru,n-

Then, £™(x1) is a diagonal matrix, for £y > 0, satisfying 0 > £™(x;) > £™. Furthermore,

o

dém ENoy/N ~EN-1,2
é‘_(wl) — hm N’ I/N N la 1/N

dx N—oo h

<0,

which implies that, if 0 < ¢; < to, then
0>E&M(t1) >&M(t2) 2 €L

3.1.4 Full discretization Scheme II
In the proof of Lemma 3 we have obtained the stability condition

1

"< Sp@amyy

This has not been a problem for our purposes, but, from a computational point of view,
it can be interesting to obtain unconditionally stable schemes. An example of this type of

INRIA



Factorization of Boundary Value Problems 17

schemes is the following one (exactly equivalent to a block Gauss factorization as shown in
[7]):
&(Th = 07

and, for ¢ > 1,

&h — & 1n

5 =-=I"+ &% ,A™(I - hAmgim—l,h)_lginll,ha (21)

(we still use the notation &iy, for the solution of this new scheme). The proof is given in
Lemma 4.

Lemma 4 There ezists a unique diagonal matriz £ , < 0 satisfying the matriz equation
— £ pA™(I = RA™ER )Ry + T = 0. (22)

The following monotonicity properties are satisfied for i < j:

02870 280 288 ns (23)
0 < f?hAm(I_hAmfg,nh)_lffh < AT - hA™ Zlh)_l ih (24)
< ER AN — hATED ) THER s
and
0o > ;?h + h ZlhAm(I - hAmfg,nh)_l Z‘h (25)
> f;,"h + h{;?hAm(I— hA™ JT-’”h)fl ]T-:Lh
> Loon T hEL B AT(T — hAmfgno,h)ilggno,h'
Furthermore,

lim &%, = &5 p-
11— 00
Proof. It suffices to define {7} , as the diagonal matrix with the element (i,%) solution of

)\iﬂfz _
1- h)\zflf B
z <0,

where ); is the (4,%) element of matrix A™. This real equation has a unique solution since

iz
: satisfies

the real valued function f(z) = T-hna

_ —h)\?wQ + 2\;z

fl(z) = = hho)? (<0ifz <0),
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f(0) = 0 and f(z) — 400 as © — —oo. Now the proof by induction is similar to the
one of Lemma 3. From the assumption of induction and by (21), (22) and (24) we have
Th > &0y - From (21), (22) we have

Ehin—Son = &ih—&oon T RERA™T — hAmf?th1 ih
—E0 R A (I = hA™ED L) THER 1)

Then by (25), £, < &% ;- The monotonicity property of the real valued function f, implies

EnA™ (I — hAmﬁﬁh)_lﬁf,nh E n AT (T — hAmﬁﬁl,h)_lﬁﬁ-l,h

s n A (I = RA™ER ) T1ED,

oo,h*

<
<

Similarly, we can obtain the monotonicity property for the sequence {f{fh + h{thm(I -
hAméz-’:’h)_lég‘h}i, by using the real valued function

hA;z? _ T
1—hlx 11— h)\,'.’L"

g(z) =z +

which satisfies

9'(z) = A= hrna)? (>0),

and g(0) = 0. Finally, as in Lemma 3, {{]7, }3°, must have a limit which, by definition, must
be S(T)no Ix 0O

As previously we can conclude the proof of Proposition 4 using the facts that
em (181) = 1\}1_1)110(J 65\7@1/]\7’

and
. m — cm
’EI_I)I}) goo,h - S0

which is defined by (16).

3.2 Passing to the limit. Existence of solution. Regularity and
Monotonicity Results

We can now define the solution of the Riccati equation (4) in a Hilbert-Schmidt framework.

Theorem 1 Problem (4) has a solution P limit of P™ in C([0,00) : H&.H N H®.,H') N
C1([0,00) : V&2, HNH®,V') asm — co. Furthermore P belongs to C([0, +00) : L(V*,Vs+1))N
CL([0,+00) : L(V*,V?#)) for all s € IR.
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Proof. The proof is based on the passing to the limit of P™ and of the differential equation
satisfied by P™ as m — o0. Now,

m
1
P = E ——w; ® w;.
i=1 VA

Therefore, if 0 < m; < my, then 0 > Pt > P™2 and (P2); = (P™2)y; fori=1,---my.
Further,

o

1 ~ o~
P = Z_—wi Qw; € HR, HN H&.H',
i=1 VAi

since

o0
1
2 _ 2 —
1Psoll%s, = 1Polllys 2, = Z N < too

Then, P — P4 in the topology of H®.H N H®:.H'. Now, since we are dealing with
diagonal matrices, it is easy to prove that, if 0 < mq < mo, then &' (z1) = £;?(z1) for
i=1,---,m; and 0 > P™i(z;) > P™(z,) > P,,, which implies that, if we define &; = ¢!
then

Zi:
P™ mege P = Zémwz ®w; in C([0,00) : ﬁ@zHﬂ H@zﬁ—l),
i=1

since, using (12),

mo_ 2 ~ = mo_ 2 =~ 77
B = Pllco 0oy i, m = ™ = Plleo ooy, iy

IA

[e) 2 [e)
— sup j : |€u(}\m61)| Z m— o0 0.
z1€[0,00) ;=7 i i=m+1 Vi

Now (12) gives the expected regularity on P because

IPl1Z(0,00)2(ve,votyy = sup  max Al€s(z1)|* < 1.
z1€[0,00) *

Further, if 0 <t; <5, then
02> P(t1) > P(t2) > Po.

We also claim that

dP™ now dP

i . e HNH® 1
dr, — dr, in C([0,00) : V@2 H N HRLV'),
since, from (12),
Hdpm dp || _Hde dp ||’
dry  drle((o,00): VB, H) dry drilie(0,00):HB, V)
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— 1 |d&; 2 — |1 = Xi&i(21))?
= sup s i ()| =
z1€[0,00) z.:%‘;l )\}+5 dz, z_%;l ,\}+5
=1
m—0oQ
< Z PEE T 0
i=m+1 "t

From (12) again
dp ||

o = sup max|l—X\(&i(21))?)? < 1.

C([0,400):L(V#,Ve))  z1€[0,00) *

Similarly, it is easy to deduce that
I ™2 T and P™A.P™ ™=° PA.P in C([0,00) : V@2 H N H&,V").

Then P € C([0,00) : H&2H N HR:H') N CL([0,00) : V&2 H N HR, V') satisfies

dP
— +PA,P+1=0,
d.’L‘l
where each term is considered as an element of T~/(§>2H N HR, V. 0O

Let P € C([0,00) : HRoH N HR:H') N CH([0,00) : V&2H N HR,V') be one of the
solutions of problem (4). Then, we have the following strict monotonicity properties:

Theorem 2 For all z1 > 0,

dP
E(.’L’l) < 0,

and therefore, if 0 < t1 < ta, then
0> P(t1) > P(t3) > Py.

Proof. It suffices to prove the inequality

d&si
<0,
I, (1)
for each Fourier coefficient &;;(z1), ¢ = 1,...,00 , which we had already proved in Section

312. g

3.3 Uniqueness of Solution

Theorem 3 The solution P of (4) is unique in C([0,00) : HR:H N H&,H') N C1([0, 00) :
V@ HNH®,V").
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Proof. Let P € C([0,00) : HR,H N H®,H') N CH([0,00) : V&2 H N H, V") be a solution
of (4). Let

00
P(x1) = Z &ij(x)w; Quj € ﬁ@)zHﬂH@Qﬁ,

3,j=1

be the Fourier expansion of P(z1). Then, equation (4) can be written as
S (L) - S negen | v v = - 3w o w,,
o1 \ 4o k=1 ' r=1

with both terms of the above equality in (V& H) N (H&,V'). Then, by the uniqueness of
the Fourier representation, we have that

dé o= e -1 ifr=1,
(z1) — Zkkﬁkz rk = { 0
k=1

dxy otherwise.

Therefore, if {™ is the matrix given by {™ = (&;;);%—1, then {™ is the unique solution of (6)
(as we proved in Section 3.1.1), which concludes the proof due to the strong convergence of
€™ to ¢ in C([0,00) : HR2H N H®,H') proved in Theorem 1.

4 Elliptic problems associated to the Riccati Equation
(4)

In this section we show how the Hilbert-Schmidt operator P solution of the Riccati equation
(4) can be used to transform a second order elliptic boundary value problem into one or two
uncoupled first order initial value problems.

We first study the case when yo = 0 and f = 0, implying that » = 0 (the linear case),
and finally we study the general case (the affine case).

4.1 The linear case

4.1.1 Dirichlet Condition on I',

Theorem 4 Let s € IR arbitrary and y, € V°. Then, there exists a unique solution y €
C"([0,a] : V*=7), for all r € IN, of the initial value problem

oy
P =Y (26)
y(a) = ya-

It depends continuously on y, € V. Furthermore y has the additional regularity y €
C>([0,a) : V™) for any m € IN.
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Proof. Let
o0
Ya = Zyaiwi
=1

be the Fourier decomposition of y, (that is, yai = A; *(ya, w;)v+). Then, the solution of the
problem is given by

371,1‘2 E yz 371 wz 372

where each Fourier coefficient y;(z1), ¢ = 1, ---, 00, satisfies the differential equation
dy;
§iid—xi = ~Yi
yz’(a) = Yai
Then,

(1) = Yo ef (€3:(4))™ ldt_y sinh (v/A;jz1)
o sinh (vVNia)

Let us prove that y € C([0,a] : V¥). The function f(z) = sinh (v/A;x) satisfies f(0) =
and f'(z) = v/A; cosh (v/A;z) > 0 for all z € IR, which implies that

Y My <0 Alyail® < oo (27)
i=1

i=1

and therefore y(z1,-) € V* for all 1 € [0,a]. Further, since y; € C*([0,a]), i = 1,---, 00,
and thanks to the uniform convergence of the series, we have that y € C([0,a] : V*), since

lly — Zyiwillcqo,a]:w) = S Z A yi(1) Z A yai)? =7

i=1 Z1 ,a] i=m+1 i=m+1
Let us prove now that y € C*([0,a] : V*~!). We have
\//\_z:h + e~ AiT1

dy
~(@1) = VA~

dxy

Further, the function f(z) = eY2® 4+ e=VAi® gatisfies f(0) = 2 and f'(z) = VAi(eVi® —
e~V2i%) > ( for all z > 0, which implies that, for all z; € [0, a],

evVhia oo \/_a>

o0 d ;
2:: y x> < Z/\3|yaz|2 (ﬁ

Now, the function
ellE + e*llZ

o) = G e
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satisfies 4
—4aa
f’(m)zm<0 Vz € IR.

Therefore,

o) ~ dy
AT =2 2 Mlyail? < 28
Sl < (s L) >Nl <0 (29)

d
which implies that %(wl, ) e Vet for all z; € [0,a], and therefore y € C'([0,a] : V*71).
1

The continuous dependence on the initial data is a consequence of (27), (28). Finally, taking
into account that, for all » € IV,

VAiz1 r+1_—vAiz1
d yl (.Z' ) — )\T‘/Q 'e + (_1) €
d r T yal e\/ria — e—\/ria ’

it is easy to prove that y € C"([0,a] : V7).
To prove the additional regularity we consider

e 0 A8 (eVAi(z1—0a) _ o=VAi(z1+a))2
SR < S0 AP ey
=1 i=1 (1-e i)

1

= m Z)‘f|yai|2/\?_se2\/)\_i(z1fa) < 00
i=1

for any z; < a, since, for any pu,k > 0, \¥*e #* — 0 as A — oo. The proof is similar for any
derivative.

Theorem 5 Given y, € V*, the solution y € C™([0,a] : V") of (26) is also the unique
solution of the elliptic problem

—Ay=0 inQ,
y=20 on X,
y=20 on Ty, (29)

Y=Y on Ig.

Proof. The equation of problem (26) is satisfied in C"([0,a] : V*~7), for all 7 € IN. Then,
derivating with respect to the z;-variable we get

6—.’E1 - d.’L‘l 6.731 (9—33%’

which is an equation with all its terms in C([0,a] : V*~1) (see Theorem 1 and regularity
results of Theorem 4). Then, taking into account the equation satisfied by the Hilbert-
Schmidt operator P, we have that

2
O _pa.p2¥ .

P—
0x? ox1
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Therefore, we have the following equation in C([0,a] : V*~1):

82
P(a 2+Azy>—0

Hence, since P(x1) < 0 for all z; > 0, we have that
oy
Oz?

Finally, the boundary conditions are obviously satisfied, which concludes the proof.

—Ay=— —A,y=0 inC([0,a]: V*¥72).

Remark 6 The regularity result in Theorem 4 appears as the result of the well known
property of regularization of parabolic operators away from the initial condition. The same
result in the context of Theorem 5 can be viewed as an interior regularity property for elliptic
equations.

Example 2 Let Q = (0,a) x (0,b) (that is, O = (0,b)). Then,

An:(n%)z,nZIandnEﬂV,

wn(z2) = \/%sin(n%m).

Therefore, the solution of (29) i

nmw nmw
e T -7 niw
y(z1,z2) E Yaon—mz,  —mz, P — sm(—:cz)
3 5 b

which can be approximated by

D

for m large enough.
For instance, if y, = 1, then y, € L?(0,b) and

_{ V2 if p is odd,
yan - nm

0 if n is even.
Therefore,
) M(wl a) _ 67@(z1+a) ) (Zn _ 1)7r
y(z1,z2) Z o 1 e sin( 2 T3),

Figure 1 (respectively Figure 2) shows the linear interpolation of y?° (respectively y°°),
over a grid of 16 elements for the z;-coordinate and 26 elements for the x3-coordinate, when
Yao=1l,a=3and b=35
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Figure 1: Graph of the function y2° of Figure 2: Graph of the function y5° of
Example 2. Example 2.

4.1.2 Neumann Condition on I',

In order to use the operator P for problems with a Neumann boundary condition on T, as
problem (1) we shall need the following corollary.

Corollary 2 Let s € IR arbitrary and y, € V*. Then, there exists a unique solution
y € C7([0,a] : VEHI=T), for all 7 € IN, of the initial value problem
9y
P— =-
oz, Y,
y(a) = —P(a)ya-

It depends continuously on y, € V*. Furthermore, y has the additional regularity y €
C>([0,a] : V™) for any m € IN.

Proof. It suffices to apply Theorem 1 (to show that —P(a)y, € V**!) and Theorem 4.

(30)

Theorem 6 Given y, € V?, the solution y € C"([0,a] : VT1=7) of (30) is also the unique
solution of the elliptic problem

—Ay=0 inQ,

y=0 on Y,

yaz 0 on T (31)
8—;}1 =y, onT,.

Proof. The proof is analogous to the proof given in Theorem 5.
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4.1.3 Transparent Boundary Conditions

The following theorem shows how it is possible to use P to define a transparent boundary
condition on I'y = {t} x O for 0 < t < a in order that the solution of a boundary value
problem defined on the subdomain Q; = (¢,a) x O is exactly the restriction to Q; of the
solution of (29).

Theorem 7 Given y, € V*, the solution y € C™([0,a] : V") of (26) is also the unique
solution of the elliptic problem

—Ay =0 m Qt,

y=20 on X,

—Pa—y =y only, (32)
6.731

Y="Ya on I,

where Q; = (t,a) x O.

Proof. We only need to prove that problem (32) has a unique solution. Now, the variational
formulation is

{ Find y € {p € H(Q) : ¢|x = 0,¢|r, = ¥a}, such that
a(y,p) =0V p €Uy = {p € H'(U) : 9|z = 0,¢lr, =0},

where

aly, ) = /Q VyVipddz — /O Pty (t)p(t)d=.

Now, since P(t) is a negative definite operator, it is easy to prove, by means of the Poincaré
inequality, that a(-,-) is a positive definite bilinear form on ;. This concludes the result by
using the Lax-Milgram Theorem (see Section V.3 of [4]).

Similarly, we have the following result:

Theorem 8 Given y, € V?®, the solution y € C"([0,a] : VT1=7) of (30) is also the unique
solution of the elliptic problem

—Ay =0 in

y=0 on X,
Jy

—P—~— =y onTy
6.101

Oy _ on T

B = Ya a-

Proof. The proof is analogous to the proof given in Theorem 7.
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Remark 7 Theorems 5 and 7 (respectively, 6 and 8) imply that the solution y € C"([0, a] :
V=) of (29) (respectively, (31)) is also solution of the elliptic problem

-Ay=0 in Qf,

y=0 on ¥,

y= on [y,

—Pa—y =y only,
(9.731

where QF = (0,t) x O. We point out that this problem is not well-posed, since it does not
have a unique solution (for instance, y = 0, the solution of (29) and the solution of (31)
are solutions of that problem). However, we can deduce that, given an arbitrary function
h € V#, we have that P(t)h = v|r,, where v € C([0,¢] : V**1) is the unique solution of

—Ay=0 in Qf,

vy=0 on ¥,
vy=0 on Iy,
v

— =-h T
8.’L’1 on Ly,

which was the initial definition given in [10], [7] for operator P, before deducing the associ-
ated Riccati equation.

4.1.4 Associated Optimal Control Problems

The solution of (31) is given by

o

y(z1,22) = Z@/i(ﬂh)wi(@);

i=1

with
_ Yai sinh (v/A;x1)

0i(2) = = 5 osh (Vea)

Thus, if ;(z1) = yi(a — z1) and n(z1) = ;—Jz(ml), then

_ cosh (VAi(a — 1))
N(Z1) = Yai cosh (V)

is the solution of the Euler equation (14) and, therefore, the optimal trajectory to the
minimization problem (13), with ¢ = yq;.

0
Now, if we consider the whole Fourier expansion of the solution we have that 99 is the

i
optimal trajectory of suitable optimal control problems, depending on the regularity of y,.
Let us consider a couple of examples:
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Let us suppose that y, € V~1/2 = Hy/*(O). Then, considering the whole Fourier

expansion of the solution we have that 9 is the optimal trajectory of

61‘1
J

X,., ={h € L*(0,a; L*(0)) N H*(0,a; H*(0)) : h(a) = ya}

2

Oh

oy

dxy +/ I 11720y 21 Y heX,,
H-1(0) 0

where

(we point out that X,, C C([0,a] : Hel2(0)")). ,
Similarly, if we suppose now that y, € V1/? = H&f(()), then, since 6—‘1;: is also the

optimal trajectory of

/0 B2+ AR Y €U, = {p € HY(0,a) : o(a) = yar},

0
considering the whole Fourier expansion of the solution, we have that % is the optimal

r

Xy, = {h € L*(0,a; Hy(0)) N H'(0,0; L*(0)) = h(a) = ya}

trajectory of
2

oh
8.’1)1

dz, +/ I V. 250y dzn ¥ h€ X,
£2(0) 0

where

(we point out that X, C C([0,a] : H&éz((’)))).

Remark 8 Let y' be the solution of (26) (and (29)) and y2? be the solution of (30) (and
(31)). Then
y2(a7 ) = _P(a)yl(a7 )

Now multiplying (26) by —P(a) and using the fact that P(a) and P(x;) commute, we obtain
that this relation is true for any z; € (0,a)

yQ('Z'l: ) = _P(a)yl(mla )

d 1

& ——) is the optimal trajectory of the optimal control
d(El d.’L’l

problems specified above, depending on the regularity of y,.

dy?
Therefore we have that —P(a) (=

4.2 The affine case

We now consider the Poisson problem with non zero condition on I'y or right hand side f.
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4.2.1 Function r

Theorem 9 Let s € IR arbitrary and yo € V®. Then, there exists a unique solution r €
Ck([0,a] : V*=F) N L2(0,a : V*t1/2) N H'(0,a : V*=1/2), for all k € IN, of the initial value
problem

d—T + PA,r =0,
d.’L’l
(0)—90-

Furthermore, r has the additional regularity r € C*((0,a] : V™), for any m € IN.

Proof. Let
o0
Yo = Zinwz’
i=1

be the Fourier decomposition of yo. Then, the solution of the problem is given by

o
-771;332 E Tz T wz mz
i=1

where each Fourier coefficient r;(x1), i =1, -, 00, satisfies the differential equation
dr;
dm; = Aikiiti,
7:(0) = yoi-

Then,

) — e le Aigii(t)dt _ _ Yoi
Tl('rl) Yo;€70 cosh (\/)\_le)

Now, for all z; € [0,a], we have that
[o.0] o
D Ari(an)P <Y A fyoil* < oo,
i=1 i=1

which implies that 7(z;) € V*. Hence, since r; € C*([0,qa]), i = 1,---, 00, and thanks to
the uniform convergence of the preceding series, we have that r» € C([0,a] : V*). To obtain
the L?(0,a : V*+1/2) regularity consider

/ SN (@) Pday
0 =1

a \/_
42,\8|ym|2 poN, e

IN

22 —2vAia /\5|in|2 < 00.
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Let us prove now that r € C'([0,a] : V¥~1). We have

dr; _ - sinh (Viz1)
dxq (21) = =N sh (v Aiz1))?’

which implies that, for all z; € [0, a],

)\51 i 2<4 As 12
S A <4 A <o

Tl
i=1

Thus, dd%(a:l, ) € V71 for all z; € [0,a], and therefore 7 € C*([0,a] : V*°1).
1

Further, taking into account that, for all k¥ € IV, there exists a constant ¢(k) > 0 such
that

| dk T
dz®

it is easy to prove that r € C¥([0,a] : V*F).
To obtain the H'(0,a : V*~1/2) regularity consider

C & s 1/2,dr;
A2 8 2
[ g e

(@1)] = e(k) Ayl

IA

a \/_
42/\s|y01|2 o 2\/_;1

22 e Vi) yoil” < oo.
To prove the additional regularity we consider
oo o0
N i) < YN lyod At e VAR < oo
i=1 i=1
for any z;1 > 0. [

Theorem 10 Let s € R arbitrary and f € C([0,a] : V?*) (respectively, f € L?(0,a : V?)).
Then, there ezists a unique solution r € C([0,a] : V1) n CL([0,a] : V*) (respectively,
r € C([0,a] : V**1)), of the initial value problem

dr 1

ﬂ—i—PA r=—Pf,
r(0) =0,

and 7 has also the regularity r € L*(0,a; V*t3/2) N HY(0,a : V*T1/2) (respectively the same
result).
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Proof. Let
371, Zfz 1‘1

be the Fourier decomposition of f(zy,), for all z1 € [0, a] (respectively, a.e. in (0, a)), with
fi € C([0,a]) (respectively, f; € L?(0,a)). Then, the solution of the problem is given by

$1,$2 E 331 wz $2

i=1
where each Fourier coefficient r;(z1), 7 = 1,- -+, 00, satisfies the differential equation
dr;
dfl' - §Zl ()‘ T — fi)) (33)
ri(0) = 0.

Then (see Appendix A.2),

. /0 * sinh (V/Ait) fi(t)dt

ri(e1) = Vi cosh (v Aiz1) (34)
Now, for all 21 € [0,a] (respectively, a.e. in (0,a)), we have that
el < = [ 100 <\ T 1A,
Vi Jo Ai ’

and, therefore,

00 00

DN i) < @) Allfilliao,a) = allf a0 ay) < oo

i=1 i=1
which implies that r(x1) € V*T1. Hence, since r; € C*([0,a]) (because f; € L'(0,a)), i =
1,--+, 00, and thanks to the uniform convergence of the series we have that r € C([0,a] : V'*).

By the Cauchy-Schwartz inequality we have

T1 T1 1/2
/ (/X —eVA1) iyt < (/ emtdt) 1£ill 20,0
0 0

1 -
Wemzl Il £ill 22(0,a)-
i

Then

/ > A2 ()P day
0 =1

S e Vil
SO 7 da,
— 2); (eVAiz1 4 g=VAiz1)2

(SN @ e
/0 (Z E“fi“LQ(O,a)) dzy = Sl fllz2(0,0:v4)-

IN
S~

IN
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From that inequality we get r € L2(0, a; V*+3/2). Finally, since &; € C*°([0, a]) is uniformly
bounded, from (33) and Theorem 1, we deduce that r € C'([0,a] : V) N H'(0,a : V**1/2)
(respectively, r € H'(0,a : Vot1/2)).

Remark 9 More general results than those of Theorem 10 can be obtained by taking func-
tion f in other spaces (as, for instance, C*([0,a] : V?) or H~1()).

Corollary 3 Let j,k € IR arbitrary, yo € V7 and f € C([0,a] : V¥) (respectively, f €
L?(0,a : V¥)). Then, if p = min{j,k + 1}, there exists a unique solution r € C([0,a] :
VPYNCY([0,a] : VP~1) N L2(0,a : VPH/2) N HY(0,a : VP~1/2) (respectively, r € C([0,a] :
VPYNHY(0,a: VP~1/2)), of the initial value problem

dr
— +PA,r=-P
doy 0T 5 (35)
7(0) = vo.
Furthermore, each Fourier coefficient r;, i =1,---,00, is given by

ri(z1) = \//\_icos}il(\//\_iml) (/Owl cosh (/i) fs(t)dt + ym-) .

4.2.2 Dirichlet Condition on T,

In the following Lemma 5 and Corollary 4 we give existence and uniqueness results for the
corresponding solution y in a suitable functional space which enables us to prove that y
is solution of a Poisson equation. Therefore we do not try to obtain the best regularity
results, since they can be obtained later as a result of the well-known regularity results for
the Poisson equation.

Lemma 5 Let j,k € IR arbitrary, yo € V7 and f € C([0,a] : V*) (respectively, f € L*(0,a :
V*)). Then, if p = min{j,k + 1}, there exists a unique solution y € C([0,a] : VP~1) N
C1((0,a] : VP=2) N C2((0,a] : VP=3) (respectively, y € C([0,a] : VP~1) N H1(0,a : VP72) N
H?%(0,a : VP=3)), of the initial value problem

oy
Oz, —y+r,
y(a) =0,

where v € C([0,a] : VP)NC[0,a] : VP~Y)NL?(0,a : VPTY/2)NHY (0,0 : VP~1/2) (respectively,
r € C([0,a] : VP) N HY(0,a : VP~1/2)) is the solution of the initial value problem (35).

Proof. The solution of the problem is given by

y(z1,22) = Zyi(ml)wi(mz),
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where each Fourier coefficient y;(x1), 4 =1,-- -, 00, satisfies the differential equation
dy;
gzsz = —Y; + 7 (36)
yi(a) = 0.

Then (see Appendix A.3),

= /% sin : ¢ .\ cosh(vAit)
r) = Vssind (Vi) [ O (37)

Let us prove that y € C([0,a] : VP~1). It is easy to prove that the function f(z) =

% satisfies f(z) > 0 and f'(z) < 0 for all z > 0, which implies that

N ya(z)P? < —||7“z'||22 a

; Z /a0
— FllrallZ2 0,0 (38)

(tanh(\/_xl 2; L)

™ Gty o <

and therefore y(z,-) € VP! for all z; € (0,a]. Further, since y; € C((0,a]), i =1,---, 00,
we have that y € C((0,a] : VP~1). Now, since 7; € C([0,a]), it is easy to prove that, if
7:(0) = yo; # 0, then

lim

a:1—>0

(39)

@ cosh (v/Ait
/ ri(t)————5 ( )
1 (sinh (v/A t))
Therefore, if yo; = 0 and (39) does not hold, then (obviously)

hm vi(z1) = 0.

Otherwise,
\//\_i/a”(t) cOSh(\/_t)
111?0 yz(ml) _ zlllr_[}(] T1 (S]I-Hh (\/_t))
sinh (v/A;z1)
o (ey) S (Vi)
— lim ( 1)(sinh(\/)\—i:m))2 = r:(0) = yo:
T 2150 Ve cosh (v A;z1) - = e
(sinh (vA;21)) 2
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This implies that y; € C([0,a]) for all i = 1,---,00. Now, to see that y € C([0,a] : VP~1),
we notice that

m
ly = > viwille(o,ave-1) = sup Z N Hy(21)]? =0 as m — oo,
i=1 z1€[0,a] ;— m41

since in other case, there exists € > 0 and {z]"}mew C [0, a] such that

S Ny >e Yme N

i=m+1

and then, by (38), z* — 0 as m — oo, which implies that yo ¢ VP!, in contradiction with
the assumptions.
Let us prove now that y € C*((0,a] : VP=2) N C%((0,a] : VP=3). We have

dy; o - ¢ cosh(\/—t)
dml(xl) B )\zcosh(\/)\_le)/m "ilt) (smh(\/_t))

—vV/Airi(z1) coth (v/ Az ).

and

d*y; — 3gp - ar- cosh(\/_t)
dz? () = AT h(\/)\_, 1)/561 (%) (smh(\/_t))

\/)\_;l (z1) coth fa:l — Airi(m1)-

d .
Then, in a way similar to that followed above, it is easy to prove that dﬂ (x1) € VP~? and
Z1

dzyz’

(z1) € VP73 for all 2; € (0,a] (respectively, a.e. in (0,a]). Further, since y; € C2((0,a))

dz?
dy;
(respectively, y; € H%(0,a)), d ((0,a] : VP~2) d ((0,a] : VP~?)
(respectively,j (0,a: VP72) d (0,a:VP3)),i=1,- -
Ty

Corollary 4 Let j,k,q € IR arbitrary, yo € V7, f € C([0,a] : V*) (respectively, f €
L%(0,a : V*)) and y, € V9. Then, if p = min{j, k + 1,q + 1}, there exists a unique
solution y € C([0,a] : VP"H)NC((0,a] : VP72)NC?((0,a] : VP~3) (respectively, y € C([0,a] :
VYN HY0,a: VP~2)N H?(0,a : VP~3)), of the initial value problem

9y __, .
oz, UTD (40)
y(a) = Ya>
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where v € C([0,a] : VP)NC'[0,a] : VP~)NL?(0,a : VPYY/2)NH' (0,0 : VP~1/2) (respectively,
r € C([0,a] : VP) N H'(0,a : VP=1/2)) is the solution of the initial value problem (35).

Furthermore, each Fourier coefficient y;, ¢ = 1,---, 00, is given by
a h ;
yi(r1) = \/)T,-sinh(\/)\_ixl)/ Ti(t)(fos(—\/)‘_t)th
@1 (sinh (v/At)) (41)
.Sinh NN

+Yai sinh v X;a

Theorem 11 Let j, k,q € IR arbitrary, yo € VI, f € C([0,a] : V*) (respectively, f €
L?(0,a:V*)) andy, € V9. Then, if p= min{j, k+1,q+1}, the unique solutiony € C([0,a] :
VP=1) N CYH(0,a] : VP=2) N C%((0,a] : VP~3) (respectively, y € C([0,a] : VP~1) N H(0,a :
VP=2)N H?(0,a : VP=2)), of the initial value problem (40) is also the unique solution of the
elliptic problem

—Ay=f inQQ,

y=20 on X,

Y=1"o on Ty, (42)
Y="Ya on Ty,

Proof. By Theorem 1, the equation of problem (40) is satisfied in C1([0,a] : V?~1) (respec-
tively, in H1(0,a : VP~1)). Then, derivating with respect to the z;-variable we get

Oy dP Oy 0%y dr

T e e

which is an equation with all its terms in C(0,a : V?~2) (respectively, in L?(0,a : VP~?)) (see
Theorem 1 and regularity results of Corollary 4). Then, taking into account the equation
satisfied by the Hilbert-Schmidt operator P, we have that

2
pa_?; —pA.P L pAsiPF=0.
Ox? ox1

Therefore, we have the following equation in C(0,a : V?~1) (respectively, in L?(0,a : VP~1)):

0%y
P(a—mf"FAzy‘}‘f) =0.

Hence, since P(z;) < 0 for all z; > 0, we have that

2
-Ay = —g—;% —Ay=f inC(0,a: VP ?) (respectively, in L*(0,a : VP~ 2)).

Finally, the boundary conditions are obviously satisfied, which concludes the proof.
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Remark 10 Once we know that the solution of (40) is the unique solution of (42) we
can improve the regularity results showed in Lemma 5 and Corollary 4. For insta.nce, if
f € L2(Q) and yo,ya € VY2 = HY*(0), then y € C([0,a] : V1/2) N CL([0,a] : V1/2) (see
[7]). More regularity results for these kind of problems can be seen, for instance, in [6]. We
also can improve the regularity results of Lemma 5, as showed in Theorem 12.

Remark 11 The above explicit formula (41) is not well-suited for computational purposes,
since at x = 0 there is a multiplication 0 - co. Nevertheless, we can avoid this problem by
developing the right hand term, obtaining the following result

Theorem 12 Let j, k,q € IR arbitrary, yo € VI, f € C([0,a] : V¥) (respectively, f €
L*(0,a : V¥)) and y, € V9. Then, if p = min{j,k + 1,q}, there exists a unique solution
y € C([0,a] : VP) N CY((0,a] : VP~ (respectively, y € C([0,a] : VP~1) N HL(0,a : VP~2)),
of the initial value problem (40) (or, equivalently, problem (42)), where r € C([0,a] : VP) N
C'[0,a] : VPY) N L2(0,a : VPT/2) 0 H'(0,a : VP~1/2) (respectively, r € C([0,a] : V?) N
HY(0,a : VP~1/2)) is the solution of the initial value problem (35). Furthermore, each
Fourier coefficient y;, i = 1,---, 00, is given by

(2) = ri(zy) — i) VA - sinh (VA
yi(z1) = ri(z1) i )sinh(\/_-a) + Yai Sinh(\/_ia)

+ sinh (v/Aiz1) /zlc B (VD) (ﬁr(t)—{}%)dt

or, equivalently,

—Vizy T1
yi(r1) = e\/i cosh (v/Ait) f(t)dt
0

Aia sinh (v Aiz1)
\/)\_i sinh (v/A;a) / cosh (VXit)i(t)

S OE) [
)\z' T ’

. ¢ 1 i(t)
+smh(\/)\_,~w1)/wl\/)\_imdt

30 (r _ rM)
sinh (v/A;a)
smh N
“sinhv/Na

Proof. See Appendix A.4.
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Example 3 Let f = 1in Q. By Theorem 12 we have that the solution of problem (40) (or,
equivalently, problem (42)) is

—VAiz1
e .
yi(zy) = 3 sinh (v/ ;1)
~Vie sinh (i)
e sin iT1) .
_ h (v
Ai  sinh (v/Aja) sinh ( =)
RLLCAT I e
Ai

2sinh (v : ,
+M (arctan(e Ai®) _ arctan(e ’\’“))
+Yoi (e‘/’m“ — e‘/x“7Sinh(\//\_iwl))

sinh (v/A;a)
sinh v/\;z1

+ai sinh v/A;a
_ sinh (\/)\—,ml) (e—\/A_iO« _ e_\/)‘_ia sinh (\/)\_zml)

Ai

sinh (v/A;a)

+ 2arctan(eV?i®) — 2arctan(e A““))

+Y0i (e—\/riz1 _ 6_\/)‘7‘1 sinh (\/)sz1)>

sinh (v/\;a)
sinh v/ ;21
FYoi————F=
sinh \/\;a

Now, let us suppose that @ = (0,a) x (0,b) (that is, O = (0,b)). Then, the eigenvalues
A, and the eigenfunctions w,, are those given in Example 2 and

2 & . n
y(z1,22) = \/;Zyn Sln(%ﬂﬁz)-
n=1

which can be approximated by

2 — . N
ym(ml,.fEQ) = \/;; Yn SIH(T.’IQ),
for m large enough.

For instance, if f =1, yo = 1 and y, = 1, then

226 :
fo = Yon = Yan = 4 mm if n is odd,
0 if n is even.
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Figure 3 (respectively Figure 4) shows the linear interpolation of y?° (respectively y°°),
over a grid of 16 elements for the x;-coordinate and 26 elements for the z2-coordinate, when
a=3and b=5.

S
S US SN
IR S
77X

NN

Figure 3: Graph of the function y?° of Figure 4: Graph of the function y5° of
Example 3. Example 3.

4.2.3 Neumann Condition on I',

Theorem 13 Let j, k,q € IR arbitrary, yo € VI, f € C([0,a] : V¥) (respectively, f €
L?(0,a:V*)) and y, € V9. Then, if p=min{j,k + 1,q+ 1}, there exists a unique solution
y € C([0,a] : VP)NCL((0,a] : VP~ (respectively, y € C([0,a] : VP~1) N HY(0,a : VP~2)), of

the initial value problem
9y
P—=-
{ ory VT (43)

y(a) = —P(a)yq +r(a),

where v € C([0,a] : VP)NC'[0,a] : VP~Y)NL?(0,a : VPYY/2)NH (0,a : VP~1/2) (respectively,
r € C([0,a] : VP) N HY(0,a : VP=1/2)) is the solution of the initial value problem (35).
Further, y is also solution of the problem

—Ay=f inQ,
y=0 on %,
yaz Yo on Ty (44)
6—51 =Y, onl,
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and each Fourier coefficient y;, i = 1,---, 00, is given by the formula of Theorem 12, chang-
ing Yo by —P(a)y, + r(a), that is

. _ . _ Yai M
viler) = mile) - O (V)

: ¢ -1
+sinh (v/Aiz1) /wl 7cosh(\/)\_it)

(\/)\_ﬂ"z'(t) - {}()\ij) dt

or, equivalently,

e*\/AiiEl z1

yi(r1) = Vv cosh (v/A\it) f(t)dt

—VAia sinh (vAiz1)
+ N cosh(\/—a)/COSh \/_th

_73““1(“7”1 / eV (t)dt

i(t)
+sinh \/_:171 El\/_cosh(\/—t)dt
. —VAiz1 —raSIHh(\/_ml)
(e e )
sinh (vVAiz1)
Yai sinh (v ;a)

4.2.4 Associated Optimal Control Problems

Equivalence between the solution y of (40) or, equivalently, problem (42) (respectively, (43)
or, equivalently, problem (44)) and the solution of suitable control problems can be again
found in a way similar to that of Section 4.1.4 (see also [7]).

4.2.5 Transparent Boundary Conditions

Theorem 14 Let j, k,q € IR arbitrary, yo € VI, f € C([0,a] : V¥) (respectively, f €
L?(0,a: V*)) and y, € V4. Then, if p= min{j,k + 1,q}, the unique solution y € C([0,a] :
VP)NCL((0,a] : VP 1) (respectively, y € C([0,a] : VP71) N HY(0,a : VP 2)), of the initial
value problem (40) (or, equivalently, problem (42)), where r € C([0,a] : VP) N C'0,4q] :
VP N L2(0,a : VPH/2) 0 HY(0,a : VP~'/2) (respectively, r € C([0,a] : VP) N H'(0,a :
VP=1/2)) is the solution of the initial value problem (35), is also the unique solution of the
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elliptic problem

_Ay = f in Qi;

y=20 on X,
0

_pY _ y+r onTy,
8.%'1

Y="Ya on Iy

Proof. The proof is analogous to the proof given in Theorem 7.

Theorem 15 Let j, k,q € IR arbitrary, yo € VI, f € C([0,a] : V¥) (respectively, f €
L?%(0,a : V*)) and y, € V. Then, if p = min{j,k + 1,q + 1}, the unique solution y €
C([0,a] : VP)NC((0,a] : VP~1) (respectively, y € C([0,a] : VP~1) N H'(0,a : VP~2)), of the
initial value problem (43) (or, equivalently, problem (44)), where r € C([0,a] : VP)NC1[0,q] :
VPN L2(0,a : VPY/2) 0 HY(0,a : VP~'/2) (respectively, r € C([0,a] : VP) N H'(0,a :
VP=1/2)) is the solution of the initial value problem (35), is also the unique solution of the
elliptic problem

—Ay=f in Qy,

Y= on X,

—Pﬂ =y+7r only,
(9.7}1

8—51 = Y, onT,

Proof. The proof is analogous to the proof given in Theorem 7.

Remark 12 Theorems 12 and 14 (respectively, 13 and 15) imply that the solution y of
(40) or, equivalently, problem (42) (respectively, (43) or, equivalently, problem (44)) is also
solution of the elliptic problem

—Ay=f in QFf,

y=0 on %,

y=lé0 on Iy,

—P—y =y—r only.
85171

We point out that this problem is not well-posed, since it does not have a unique solution (for
instance, y = 0, the solution of problem (40) or, equivalently, problem (42), and the solution
of problem (43) or, equivalently, problem (44) are solutions of that problem). However, from
Remark 7, we can deduce that, r(s) = «|r,, where v is the unique solution of

—Ay=f inQy,

v=0 on %,

78: Yo on T,
gl

— =0 Ty,

8.’12'1 on e

which was the initial definition given in [10], [7] for function r, before deducing its associated
equation.
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A Appendix

A.1 Proof of Remark 5 by Dynamic Programming

We shall follow a formal way to prove the results, which shall be validated further. We shall
consider A to be an infinitesimal and neglect terms of order AZ2.

02

fle,a) = min{(-+ A+ fe+vA,a = A) + O(A%)}.
v i
Observe that this step is not rigorous, since the term O(A?) is dependent on v. Now,

expending in a Taylor series, we have

2
fles) = mi{(5- + A + fle.a) + 05 A = LA+ 0(a%).

Observe that we are assuming that f possesses partial derivatives. Finally, cancelling the

common terms on both sides, dividing through by A, and letting A — 0, we obtain

of , v Of

s [02
- =min ¢’ + — + v
Oa vEB{ /\i e

It is clear that the optimal policy u = %' is given by

i Of

u(c,a) = T2 9

and thus,

of _ »_Xi(0fY’

da 4 (60) ’

The above equations provide us with both the minimum value f(c,a) and the optimal policy
u (and, therefore, the optimal trajectory 7).

Let n be the optimal trajectory solution of (13). We define p by n = cu. Then, the

quadratic nature of the integrand of .J implies that f(c,a) = ¢2J(u). Now, it is obvious that

function r(a) = J(u) satisfies
r'(a) =1 — A\ir?(a),

and therefore r = —¢;;. Thus,

fle,z1) = =c*&i(x1) = \;—j\_z tanh(v/Aiz1),

and
u(e) = uln(en),a - 21) = =5 L (@), 0 = ) = Méala — 2o,
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On the other hand, for all ¥ € Uy, ¥ # 0, we have that n + e € U, and, therefore,
J(n) < J(n + €1), which implies that

/a(%#W+ww)mn=o
0 7

Now, if we knew that 7 had a second derivative, integrating by parts we would obtain

)\iin’(a)@b(a) +/0 (—/\lin" + n) wdz, =0, YV € Up.

From here we suspect that both terms of the left hand side have to be zero, for all ¥ € Uy,
and therefore 7 is solution of (14), whose solution is

_ cosh(VAi(a— 1)

n@) = cosh(v/X;a)
Now, it is easy to verify that, as proved above (also in a formal way)
i >\i 8f
' (21) = w(z1) = u((@r),a —21) = =5 - (0(@1),6 = 21) = Aidii(a — 21)n(21).

Finally, let us validate the results proved in a formal way. To this end, let us show that
the solution found satisfies the minimization property: Let z € U,, z # n, and ¢ = z — 7.
Then, it is easy to prove that

J(z) = J(n) + J(¢) > J(n),

which concludes the proof. 0

A.2 Proof of (34)

dr;

The solution of = & \iT; is given by
T1

F'(iL‘ ) — #
T cosh (Vi)
Then, we look for our solution in the form
__ C(=)
") = ok (A

with C(z;) being a function to be determined, such that (33) is satisfied. Therefore,

dri  C'(z1)cosh (vVAiz1) — VAiC(z1) sinh (v/Az1)
dxy (cosh (v Aiz1))?

—1 (sinh (v/Xjz1) C(z1)

o (cosh(m-ml)> (x cosh (Vi) 7).
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which implies that

(21) sinh (v Aiz1),  with C(0) =

C'(z1) = fi/:;

Thus, '
Clar) = /0 %ﬁ(ﬂdt. a

A.3 Proof of (37)

The solution of &;; ((Z’ = —7; is given by
1

7;(z1) = Csinh (v/Aiz1).
Then, we look for our solution in the form
yi(z1) = C(z1) sinh (\/ 1),
with C(z1) being a function to be determined, such that (36) is satisfied (we point out that

¥i(0) = r;(0) = yo; and, therefore, if yo; # 0, the condition |C(0)| = co must hold).
Hence,

;i;/z = C'(x1)sinh (v/Aiz1) + VAiC(z1) cosh /Ny
1
V' AiC(x1) cosh \/ Aix1 — / Airi(21) coth (\/ Ajz1),

which implies that

CI(ZL']_) — _V)\iri(xl)COSh(v);i.Z'l), with C(a) -0
(sinh (\/ )\,.'Ul))
Thus o )
oW Cos \/ it
o) / smh (VA t)) “ o

A.4 Proof of Theorem 12

Let us suppose that y, = 0 (otherwise we just have to add the additional term given by the
last term of the formula (41)). Integrating by parts in (41), for ¢ = 1,- - -, 00, we obtain
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yi(z1)

ri(an) i) TR0 N)

s1nh(\/_a)
dn 1
+ sinh \/_-Tl dml slnh (VAit) i
o)y (V)
rilen) =m0 G A
| . . ) e fi(t)
—|—smh(\//\_zacl)/zl cosh (VD) (\/)‘_z i(t) \/)\—,) dt

. / " cosh (V) fi(t)dt
0
Vi cosh (v/A;x1)
2 smh(\/_a:l/ osh (v/3t) fi(1)

v/ sinh (2v/X;a)
. 240i _ sinh (VAiz1)
cosh (Vz1) ~sinh (2v/Na)
/ cosh \/_ ) fi(T
= sinh (V) / (cosh \/_t

—&in T ¢ \/—yOz
sinh (i) /z1 (cosh(\/)\_it))2dt

+sinh (v/Asz1) \/1)\_ cosljlci((t\/)xt) dt

L " cosh (V) fi(t)dt
0
Tr ook (Ver)

2 sinh (v A;71)

V/A; sinh (2\/_a)/ cosh (v/Ait) fi(1)

n Yoi _q .smh(\/)\_iml)
cosh (v Aiz1) Yot sinh (2v/Aia)

1 "
e~V tanh (v Aiz1) / cosh (v/Xit) fi(t)dt
e o

1 \ﬁasmh(\/_xl
+\/)\_ie cosh(\/_a)/ cosh ft ) fi(t)
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_ 2sinh (VAiz1) /“ cosh (v/A;t) fitydt
\/)\_i r1 62\/A_it + ]- ‘

_ 2sinh (VAiz1)yoi + 2sinh (v Aiz1)yoi
62\//\7,4:“ +1 62\//\7a +1

i ¢ 1 3 (¢
wsinh (Vi) [ 2O
e—VAiz1 21

= —x cosh (v/Ait) f; (t)dt
i 0

e~VXiaginh (VA1) [®
Ry ek /0 cosh (v/Xet) fi () dt

sinh(\/)\_,-xl) @ —VAit £,
—T ‘/zl € fi(t)dt

' a1 i(t)
+sinh (v/Aiz1) o1 VA cosh (Vit)

+10; (e—\/ml _ o~ VAia Sinh(\/)‘_ixl)) _

dt

sinh (v/A;a)

Finally, the regularity results can be easily deduced from this formula.
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