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Abstract: Image segmentation using Markov random fields involves parameter estimation
in hidden Markov models for which the EM algorithm is widely used. In practice, a simple
Markov model is often used to account for the spatial dependencies between pixels, namely
the isotropic homogeneous Potts model with no external field. It has the advantage to involve
only one interaction parameter and leads in a lot of cases to good results. The absence of
an external field parameter implies that all colors have the same weight. In this paper, we
investigate the use of additional parameters (external field) that would play the role of the
weight terms in mixture distributions and would allow more flexibility for the segmentations.
To deal with the difficulties that arise due to the dependence structure in the models, we
use a class of EM-like algorithms based on the Mean Field approximation principle and
presented in some previous work. We illustrate with numerical experiments the advantages
of introducing an external field parameter in the basic Potts model.
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Modéle de Potts avec champ externe pour la
segmentation d’image par un algorithme de type EM

Résumé : L’utilisation des champs de Markov pour la segmentation d’image passe par
un probléme d’estimation des paramétres d’un modéle de Markov caché pour lequel il est
commun d’utiliser 1’algorithme EM. En pratique, le modele de Markov caché utilisé est le
modele de Potts le plus simple, isotropique, homogéne et sans parameétre de champ externe.
Il donne de bons résultats dans beaucoup de cas et a ’avantage de ne dépendre que d’un seul
parameétre d’interaction. Toutefois, I’absence de champ externe revient a supposer que toutes
les couleurs ont le méme poids. Dans cet article, nous considérons 'utilisation de paramétres
suppl’ementaires (champ externe) qui jouent un role comparable a celui des proportions dans
les modéles de mélange et qui peuvent introduire plus de souplesse pour les segmentations.
Nous utilisons un algorithme de type EM basé sur le principe d’approximation en champ
moyen et introduit dans des travaux précédents. Nous illustrons sur des exemples l'intérét
de la prise en compte du champ externe.

Mots-clés :  Segmentation d’image, Modéle de Potts, Estimation du champ externe,
Algorithme EM, Approximation du champ moyen
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1 Introduction

Problems involving incomplete data, where part of the data is missing or unobservable, are
common in image analysis. The aim may be to recover an original image which is hidden and
has to be estimated from a noisy or blurred version. More generally, the observations may
represent measurements, e.g. multidimensional variables recorded for each pixel of an image
while the hidden data could consist of an unknown class assignment to be estimated from
the observations for each pixel. This case is usually referred to as image segmentation. A
simple model that allows classification of the pixels is the independent mixture model which
assumes that the observations are independent realizations of a mixture distribution. For
images, this independence assumption has some limitations and, in this paper, we focus on
Markov model-based image segmentation. This involves hidden Markov random fields and
have the advantage to take into account spatial information. Let S denote the set of pixels
with a neighborhood system defined on it and N (%) be the set of pixels (usually the closest 4
or 8) considered as neighbors of pixel 7. A commonly used model for the hidden data is the
K-color Potts model: each pixel 1 € S takes one of K states, which can represent K different
class assignments. Each of them is represented by a binary vector z; of length K with one
component being 1, all others being 0. In its simplest version (homogeneous, isotropic Potts
model with no external field) the model involves a single parameter 8 that accounts for the

strength of the inter-pixel interaction and is usually referred to as the interaction parameter,

Pon|f) = W) exp(X 58 X #tz), (1)

i€S ©  jeN(i)
where z = (z;,4 € S). In practice, parameter 3 often does a reasonable job in accounting for
spatial dependencies between pixels and leads to satisfying results in a lot of cases ([3], [9],
[4], [11], [13], [8], [2], [5])- However, unlike independent mixture models which allow different
class or color proportions, this basic version models the different colors in the image as
having the same probability. To go further this constraint, a natural generalization is to use

the Potts model with external field which involves an additional K-dimensional parameter
V= (’Ul, .. .,UK)t,

Po(a| 6,V) = W(EV) " en(XAV+ 8 Y ). 2

i€S JEN(i)

V acts as weights for the different values of z; and is often referred to as an external field

parameter ([6]). This results in more flexibility but induces additional parameter estimation
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6 Gilles Celeuz , Florence Forbes , Nathalie Peyrard

problems so that this model is much less used in image segmentation problems than the
simpler isotropic potts model. Our aim is to investigate whether it leads to a significant
gain and a better adequacy especially when the color proportions are very unbalanced in the
images to be recovered.

As regards parameter estimation, the EM algorithm is a commonly used algorithm in
hidden data problems. In particular, it has been widely used as a classification tool using
independent mixture models. For such models, the independence assumption leads to an
easy implementation of the algorithm (c¢f. [10]). For Hidden Markov random fields, due to
the dependence structure, approximations are required to make the EM algorithm tractable.
In this paper, we use approximations based on the mean field principle ([13]). This allows to
take the Markovian structure into account while preserving the good features of EM ([5]).

In Section 2, we specify the complete parametric models for the observed and unobserved
data. In Section 3, we describe the parameter estimation algorithm we considered for these
models and more specifically point out the additional work required to estimate the extra
external field parameters. Experiments comparing both models, with and without external

field, are reported in Section 4 and a discussion section ends the paper.

2 Hidden Markov random fields

A typical example of pixels set S in image analysis is the two dimensional lattice with a second
order neighborhood system. For each site, the neighbors are the eight sites surrounding it.
Image segmentation involves observed data and unobserved data to be recovered. In this
paper, the unobserved data is modeled as a discrete Markov random field, Z = {Z;, i € S},
defined on S, each Z; taking values in a finite set {ey,..., ex} where e is the K-dimensional
vector with kth composant set to 1 and all others to 0. A commonly used distribution for
Z is the K-color Potts model defined in (2). When V is zero, no color is favored, i.e. at
a given site ¢, if no information on the neighboring sites is available, then all colors appear
with the same probability at site . When [ is zero, there is no interaction between pixels
and the variables are independent. When £ is zero, it comes from (2), for all ¢ in S and all
kin {1,..., K},

exp (v
Pe(Zi =€) = KA;
121 exp(v;)
from which we can see that V. = (v1,...,vk) acts as weights for the different possible

values of z;. Note that V is defined up to a constant ¢, i.e. a value V' defined as V' =
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(v1 +¢,...,vk + c)! would lead to the same Potts model since Pg(z | V') = Pg(z | V). In

K
particular, we can choose V such that Y exp(vg) = 1.
k=1
In hidden Markov models, the observations Y are conditionally independent given Z,
according to a density f which is assumed to be of the following type (# is a parameter and

the f;’s are given),

f(y ‘ z, 9) = Hs‘fZ(yZ ‘ 2 0) (3)
= eXp{Zlogfi(yi | zi, 0)},

assuming that all the f;(y; | z;, 6) are positive. This makes the model similar to an inde-
pendent mixture model (¢f. [10]). An independent mixture model could be seen as a hidden
Markov model where the hidden field Z is one of independent identically distributed vari-
ables, which is the case for a Potts model with 8 = 0. For the f;’s, Gaussian distributions
are considered in most applications. If z; is in class k, f; is the Gaussian distribution with
parameters p; and oy, i, and oy being scalar mean and standard deviation, in the univariate
situation, and vector means and covariance matrices in the multivariate case. The vector
parameter to be estimated is then (8, V,0) with 6 = {(ux,0%),k=1,..., K}.

In image segmentation problems, the question of interest is generally to recover the
unknown image z, interpreted as a classification into a finite number K of labels. This
classification usually requires values for the vector parameter ¥ = (6, 3, V). If unknown, an

estimation of ¥ can be obtained via the EM algorithm that we describe below.

3 Parameter estimation using an EM-based procedure

Assuming ¥ unknown, our aim is to get the maximun likelihood estimate of this parameter

knowing the observations y. The log-likelihood of the model is

L(Y) = logPs(y | ¥) = logZZ:Pa(y,z | 0).
The EM algorithm [7] is an iterative algorithm aiming at maximizing this log-likelihood by
maximizing at iteration g,

QU | ¥9) = EywllogPs(y, Z | V) | Y =y],

the expectation of the complete log-likelihood knowing the observation y and a current

estimate U(9. Using Bayes’ rule, Q can be further written as follows

QY | 9) = EywlogPs(y|Z,0)|Y =y]+ EywllogPs(Z | B, V) | Y =y].

RR n°® 4456



8 Gilles Celeuz , Florence Forbes , Nathalie Peyrard

The first term does not depend on 8 and V while the last one does not involve §. Therefore

we will write,

QO] V) = EywlogPs(y|Z,0)|Y =y]
= >3 Pl |y, 99) log fi(yi | 2, 6) (4)

€S 24

Q(B,V|¥9) = EyologPs(Z|B,V)|Y =y]

= —logW(B,V) (5)
- E Z 2 (V + 2/8 Z Z]) PG(ZZUN ‘ ya )7
1€S leN(l)

where for any subset A of S, z4 stands for {z;,7 € A}. There are two difficulties in evalu-
ating @ in this case. Both the partition function W (3, V) and the conditional probabilities,
Pg(z |y, U@) and Po(ziung) | ¥ U(@) cannot be computed exactly. We used approxima-
tions based on the mean field principle (|6]). The mean field approach consists of neglecting
fluctuations from the mean in the environment of each pixel. More generally, we talk about
mean field-like approximations when the value at site i does not depend on the values at
other sites which are all set to constants (not necessarily the means) independently of the
value at site .

The general form of the algorithms we propose consists of repeating the following steps,

(1) Create, from the observations y and some current parameter estimates U1 3 con-

figuration 79, For each site 4, set the neighbors to 253)(2.) and replace the marginal

distribution Pg(z | 3, V) b
Pyw(z | 8,V) = [[ Palai | 2.8, V). (6)

1€S

(2) Apply the EM algorithm for the model defined by (3) and (6), with starting values
9=, B~ and V@Y to get updated estimates 8@, @ and V@, The joint
distribution Pg(y,z | ¥) is thus replaced by

Pyw(y,z|®) = TI{fi(wi | 2,0) Po(z | 29, 8)}. (7)
ics
Because of step (1), the two problems encountered when considering the EM algorithm

with the exact joint distribution disappear. The computation of the normalizing constant in
) (z | B, V) becomes easy, and the E step reduces to the computation, in (4) and (5), of

INRIA
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conditional probabilities corresponding to the approximation of the conditional distribution
Pg(z | y, ¥(@). This approximation derives naturally from the approximation (6) of Pg(z | )

as

fy | 2,09) Pyo(z| B9, V9) o
Py (y | ¥@) ’ ®)

PZ(q)(Z ‘ Y7\Il(q)) =

which can be further simplified, using (3) and (6), into

fzyz|zzae()PG(zz‘Z ﬁ()v )
Pz(q)(z\ya‘l’(q)) = [I{ all

}
i€s 2oz fi(yi | 2,09 ) Pg(z | ZN( , B, V@ )

= H Pg (% | yi:ZN(i)ﬂ \I’(q)) (9)
i€S

= Il Py (2 | y:, ¥9).
€S

It follows the corresponding approximations of Q(f | ¥(9) and Q(3,V | ¥(9), defined in (4)
and (5),

Q(9 \ ‘I’(q)) ~ ZZPZ@)(% | yia\Il(q)) logfi(yi | Ziaa)a (10)
1€ES %
and
QB, V[ TD) ~ SN Pz | yi, ¥9) log Py (2 | B, V). (11)
1ES 2

The following M step in EM becomes tractable. As noted by [12], the likelihood takes the
form of a likelihood from independent observations from finite mixture of the same component
densities but the sets of mixing weights vary for each site ¢ depending on the choice of z?.
Maximizing (10) is straightforward since in our case a closed-form expression is available
for #la+). Maximizing (11) can be done numerically setting its gradient to zero which
corresponds to find (8, V) that solve the following equations:
VeE=1...K,

> Po(Zi = ex|Zyuy = 253’(1-), B,V) = Y Po(Zi=e]Y =y, Zyu) = Zg\%) @) (12)
ics ics

and

S EZ Y AP\ Zn =2, B, V] = Y EZL Y. AVIY =y, Zn = Fagy, TY13)

i€S JEN(i) i€S JEN(i)

RR n°® 4456
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To be more specific, let qﬁ’,ﬂ(ﬁ , V) and pgq,)c(\ll) denote

exp(etV + Bel. ¥ zg‘”)

B iEN (i
qg%(ﬁ,v) = PoZi=er | Znu = Zgg)(i)aﬁav) = % 1m0
> exp(elV + el > qu))
=1 JEN(i)

and

POY) = fiyi | ex,0) @28, V).

’ ’

Then the problem is to find § and V that satisfy

Vk=1...K, Y ¢9(8,V)-p%r9) = 0
€S
and

K
X X AN @6, V) - s E®) = 0.
i€S k=1  jEN(i)
Note that the first equation is due to the introduction of parameter V in addition to
B (equation (13)). There is no extra theoretical difficulty in adding equation (12) but in

practice, it adds K additional equations to the one-dimensional problem (13).

4 Experiments

Because of the introduction of extra parameters and computational cost, the Potts model
with external field has not received great attention. However, The additional flexibility and
information in the complete Potts model (2), which takes into account the external field
parameter V and does not assume a priori equal probabilities for the different colors, can be
beneficial. We performed numerical experiments to compare the performance of the complete
Potts model (2) and the simplified Potts model (1) as regards segmentation purpose. We
first considered experiments on synthetic noise-corrupted images. The degraded images were
obtained by adding some zero mean Gaussian noise with standard deviation o to the K-color
original images. For each image, the colors were all degraded using the same value of 0. We
then used a model with second order neighborhood, (i.e. the eight closest neighbors for
each pixel), which is in general more realistic. For comparison purpose, the algorithms were
always initialized using the same initial classification. We used EM for independent mixtures
to produce a reasonable first guess. As regards the original images, we considered cases with

INRIA
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different color proportions. The idea is that non equal color proportions in a realization
is likely to measure non equal color probabilities in the model. Figures 1 (a) and 2 (a)
are synthetic images showing one color in small proportion, typically less than 10% while
in Figures 3 (a) and 4 (a) the color proportions are all greater than 20%. In addition, in
Figure 4 (a) proportions are almost equal (see Table 2). The restorations obtained using the
simplest model with no external field (1) and the complete model (2) are shown in Figures 1
to 4 (c) and (d) respectively. The corresponding parameter estimations and error rates are
given in Tables 1 and 2. In addition to global error rates, i.e. proportions of misclassified
pixels, color dependent error rates are computed considering misclassified pixels for each
color separately. We also reported the color proportions in the final restorations.

As one could expect, the gain in using the complete model is greater when color pro-
portions are unbalanced and especially when one of them is small (Figures 1 and 2). We
stopped the algorithms after 500 iterations but we noticed that greater numbers of iterations
were clearly in favor of the complete model in these cases: the complete model tends to give
better results while the model with no external field leads to degraded estimations where
the color in smaller proportion tends to disappear. For a color in small proportion, it seems
that the complete model allows better estimations of the parameters associated to this color
resulting then in a better restoration. This is particularly striking in the 4-color triangle
image (Figure 2 (c)) where one color tends to disapear probably due to a bad estimation of
its mean and variance (Table 1). For the 3-color triangle image, the color proportions are
close to equal and the two models lead to equivalent results.

We then compared our algorithms on a real image of a cell (Figure 5, [1]). Surprisingly,
although one class of interest (the center of the cell) is in a much smaller proportion, the
algorithms lead to equivalent results. The initial classification used is shown in Figure 5 (b)
and is already satisfying in terms of color proportions (see Table 3). However, differences
between the algorithms appear when starting from a less satisfying classification: an equal
proportion classification was produced by sorting the pixels values and dividing them in 4
intervals with the same number of pixels. The results are shown in Figures 5 (e) and (f). The
algorithm using the complete model seems to deal better with this unfavorable initialization
probably due to the extra flexibility coming from the additional parameters.

This also illustrates the difficulty in the choice of initializations. One possibility is to
use random initialization or more or less arbitrary initial values or restoration. However,
we made various experiments, not reported here, that showed that starting values were of

significant effect and could critically affect the quality of the subsequent segmentations. The
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Ji image
B A% o o
True - - 1.00 2.00 0.70 0.70
values
no 0.53 0.00 0.00 0.82 2.00 0.63 0.69
external
field
complete | 0.56 0.20 0.00 1.02 2.01 0.71 0.69
model
4-color triangle image
True - - 1.00 2.00 3.00 4.00 | 0.50 0.50 0.50 0.50
values
no 1.78 | 0.00 0.00 0.00 0.00 | 1.00 1.45 2.21 4.01 | 0.49 0.00 0.64 0.50
external
field
complete | 2.02 | 0.19 0.26 0.11 -0.08 | 1.00 2.00 2.97 4.01 | 0.49 0.50 0.48 0.50
model
Kin image
True - - 1.00 2.00 0.90 0.90 0.90 0.90
values
no 0.56 0.00 0.00 0.99 2.00 0.89 0.89
external
field
complete | 0.59 0.00 0.00 1.00 1.99 0.89 0.89
model
3-color triangle image
True - - 0.00 1.00 2.00 0.50 0.50 0.50
values
no 1.54 0.00 0.00 0.00 0.00 1.00 2.00 0.50 0.50 0.50
external
field
complete | 1.68 -0.02 0.02 -0.04 0.00 1.00 2.00 0.50 0.50 0.50
model

Table 1: Degraded K-color images: parameter estimation using Potts models with or without

external field.
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Ji image
proportions error rate | error rates by color
True 5% 95 % - -
values
no 3% 97% 3% 50% 0%
external
field
complete 5% 95% 3% 34% 1%
model
4-color triangle image
True 37% 34% 9% 20% - -
values
no 37% 0% 43% 20% 34% 1% 100% 1% 0%
external
field
complete | 38% 33% 9% 20% 1% 0% 1% 0% 0%
model
Kin image
True 21% 79% - -
values
no 20% 80% 6% 17% 3%
external
field
complete 20% 80% 5% 13% 3%
model
3-color triangle image
True 37% 34% 29% - -
values
no 38% 33% 29% 0.6% 0% 1% 0%
external
field
complete 37% 34% 29% 0.6% 1% 1% 0%
model

Table 2: Degraded K-color images: color frequencies and error rates for restorations using
Potts models with or without external field.

RR n°® 4456



14 Gilles Celeuz , Florence Forbes , Nathalie Peyrard

Cell image

B8 \% W o proportions

no external 1.28 | 0.00 0.00 0.00 0.00 | -3.40-0.590.410.78 | 1.230.310 .16 0.14 | 5% 31% 41% 23%
field

complete 1.28 | 0.02 0.10 -0.07 -0.02 | -3.41 -0.58 0.41 0.77 | 1.22 0.32 0.16 0.15 5% 31% 41 23%
model

Independent - - -3.54 -0.58 0.43 0.71 | 1.18 0.35 0.18 0.19 | 4% 32% 38% 26%
mixture

model

Table 3: Cell image: parameter estimation for 4-color segmentations using Potts models
with or without external field and EM for independent mixtures.

initialization choice can then be seen as an issue introducing an extra random effect in the
algorithm. One way to avoid this could be to use a systematic procedure. Using EM for
independent mixtures was enough to illustrate some differences in the models performance

but other initialization would worth studying.

5 Discussion

The basic Potts model (no external field), although performing well in a lot of cases, may not
always capture the image characteristics well enough. A natural generalization is to use Potts
models with potentials on singletons (site-dependent external field). This induces additional
parameter estimations but should result in more flexibility and better adequacy especially
when the colors proportions are very unbalanced in the images to be recovered and when the
quality of the initialization is uncertain. Our experiments tend to confirm this. Starting from
satisfying initializations, we obtained better restorations using a complete model in the case
of small proportions. This seems to result from a better estimation of the color parameters.
The extra flexibility seems also to help dealing with uncertain initializations. In practice,
the question is to decide if the complete model is worth using. As regards the computational
time, it depends on the number of colors. In our examples, it varies from 2 to 3 times more
than for the simpler Potts model but remains very reasonable. In some applications one may
specifically look for objects or features representing a class in small proportion. In that case,
the use of the complete model may lead to significantly different results and is worthing the

extra computational cost especially when the quality of the initialization is uncertain.
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EM-based image segmentation using Potts models with external field 15

(c) (d)

Figure 1: 2-color Ji image with very unbalanced color proportions, degraded with Gaussian
noise: (a) 2-color image, (b) degraded image (¢ = 0.7), (c) 2-color segmentation using a
Potts model with no external field, (d) 2-color segmentation using a Potts model with a
class dependent external field

RR n°® 4456



16 Gilles Celeuz , Florence Forbes , Nathalie Peyrard

(c) ()

Figure 2: 4-color image with unbalanced color proportions, degraded with Gaussian noise:
(a) 4-color image, (b) degraded image (0 = 0.5), (c) 4-color segmentation using a Potts
model with no external field, (d) 4-color segmentation using a Potts model with a class
dependent external field

INRIA



EM-based image segmentation using Potts models with external field 17

Figure 3: 2-color Kin image with less unbalanced color proportions, degraded with Gaussian
nois e: (a) 2-color image, (b) degraded image (¢ = 0.9), (c) 2-color segmentation using a
Potts model with no external field, (d) 2-color segmentation using a Potts model with a class
dependent external field
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(c) (d)

Figure 4: 3-color image with close to equal color proportions, degraded with Gaussian noise:
(a) 3-color image, (b) degraded image (o = 0.5), (c¢) 3-color segmentation using a Potts
model with no external field, (d) 3-color segmentation using a Potts model with a class
dependent external field

INRIA
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() (f)

Figure 5: Cell image: (a) cell image, (b) 4-color segmentation using EM for independent
mixtures, (c) 4-color segmentation using a Potts model with no external field and segmenta-
tion (b) as an initial classification, (d) 4-color segmentation using a Potts model with a class
dependent external field and segmentation (b) as an initial classification, (e) 4-color segmen-
tation using a Potts model with no external field and an initial classification in equal class
proportions, (f) 4-color segmentation using a Potts model with a class dependent external
field and an initial classification in equal class proportions.
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