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�mlM�@oHed[:v�li�m¦Ycdkslpa\ed[Dtpkslpa\kzv�f
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cgWY[@vdh�[�aY[Qh�lpegeg[Dvd�=liaqw�ksaYt+cdl�cdWYkzv*ed[Dtpkslpa
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m
�=[�f\�7lpksa1c�ksa¸cdWY[�WqkmtiW�oPeg[Dvdlp�s¦�cgkmlia�ksZ�futp[

I
fpaqw

m′
�=[�f��7lpksaic
ksaªcgWY[\�mlM�@oHeg[Dvdlp�s¦�cdkslpa�ksZ�futi[

I ′
©��%aY[�h�fpa£h�W=fue�fphjcg[�egk�CD[�f�ed[Dtpkslpa�ksa£cdWY[

�slM�@oHed[:v�li�m¦�cgkmlia�ksZ\fptp[
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�7lpksaic�v
m′ ∈ R
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�

m
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h�lpZ\�Y¦�cg[�fuaqw�cgWY[�eg[� ³lied[
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θ
r�f�cde�fua=v��zfMcgkmlia�ksa£cdWY[�ksZ�futi[

�q�sfpaY[��1¬�f\®p[Dh�cdlie
(a, b)

r=fuaqw�f��0������� ���&#' !�+ »fphjcglpe
h
§

m′ =





h cos θ −h sin θ a
h sin θ h cos θ b

0 0 1



 m
,G�!.
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m
fuaqw

m′
¦qvd[Dw¸fp�=lM®i[%�x¬��MoP®i[Dhjcglpe�v

x
fua=w

x′
vd¦qh�W�cdWqfucD§

m′ =





u′

v′

1



 =

(

x′

1

) fua=w
m =





u
v
1



 =

(

x

1

)
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x′ = h
�

x + t
,G]�.
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×
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t
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cgl�w�[�4qaY[¸fªZ\[:fpvd¦Yed[nlu %vdkmZ\ks�sfpedkmc6¬p©O�%aY[��=l1vdvdks�Ykm�skmc6¬£kzv,cdl£¦qvd[�h�liedeg[��zfMcgkmlia'©£_baJcdWqksv\h�fiv�[ir�cdWY[
vdksZCks�zfuegk¥c6¬��7[�c6�Q[�[Da

x ∈ I
fuaqw

x′ ∈ I ′
h�fpa��7[
�+edkmc�cg[�a¸fpvD§

∑

∆p

[I ′(x′ − ∆p′) − I(x − ∆p)]
2
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∆p

kzv�fºv�Wqk¥  c¸®p[:hjcdlieD© ´¯kmcdWScdWY[¢v�¦q�qv6cgk¥cg¦�cdkslpaU ³lpe
x′
fu�7lM®p[pr�kG© [p©sr�[:­=© ,G]�.�fuaqw¯�+kmcdW

∆p′ = h
�

∆p
�Q[¡li��cgfpkma·§

∑

∆p

[I ′(h
�

(x − ∆p) + t) − I(x − ∆p)]
2 ,³��.
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 ³lie�cgWY[CWYkmtiW�oHed[:v�li�m¦�cgkmlia�kmZ�fptp[,cdWx¦qv¡�x¬ioH�qfivdvdkmaqt�cdWY[
vgh�fp�m[�oPksax®Mfuegksfpaqh�[��Yeglp�Y�s[�Z¸©·V@Wq[BksZ\fptp[<Z�fMc�h�WYksaYt��Yeglp�Y�s[�Z fMc�Wqfuaqw
cdWY[Da��=[:h�liZC[:v·f+liaY[�oPcdlpoPZ�fpa1¬
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,³k�.�[�¶xcde�fph�c�v�[�cgv@lu �ksaicg[�eg[Dv�c+�=likma1cgv+ ³edliZ#cdWY[�c6�Ql\kmZ�fptp[DvDr
(x1, . . . , xM )

fpaqw
(x′
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, . . . , x′

N )
r
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fp�Y�Yeglp�Yegksfucd[�vgh�fp�m[� ³lpe@Z�fMc�h�WYkmaqt
fpaqw�fu�s�slM��v@cdl�[:v6cgkmZ�fucd[
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´£[�h�liaqv�kzw�[De�fpv@�7[� ³lpeg[¡c6��l\ksZ�futp[:v
I(x)

fpaqw
I ′(x′)

�+kmcdW
x = (u, v)>

fpaqw
x′ = (u′, v′)>

©
*�a�ksa1cd[Ded[:v6c+�7lpksaic�kzv�w�[�cd[:hjcd[:w�kma�kmZ�fptp[

I
,³lie+kma¸ksZ�futp[

I ′
.@fivQ ³lp�s�mlM��vD§

)p© ��lpZ\�Y¦�cg[�cdWY[¸ksZ\fptp[¸w�[�egks®Òfucdks®p[:v,ksaºcdWY[
u
fuaqw

v
w�ksed[:hjcdkslpa=v�r

Iu

r�fua=w
Iv

© V@WY[Dvd[�h�liZ,o
�Y¦�c�fMcdkslpa=v%fped[�hDfuegedks[Dw�li¦�c��x¬�h�lpax®ilp�s¦�cdkslpa¸�+kmcdW�cgWY[,w�km¤�[�eg[�a1cdkzfu�*lu |f ��fp¦qvgv�kzfua¸«p[Dedaq[��·lp 
v6c�fuaqwqfue�w�w�[D®xksfucdkslpa

σ
§

Iu(x, σ) = I(x) ? Gu(x, σ)

Iv(x, σ) = I(x) ? Gv(x, σ)

IuIv(x, σ) = Iu(x, σ) Iv(x, σ)

��© (YliedZ
cdWY[�fu¦�cgluobh�lpegeg[��zfMcdkslpa�Z�fMcdegkm¶	-
(x, σ, σ̃)

©�V@WYkzv�Z�fMcgedkm¶¢vd¦YZ�v�¦q�Jw�[�egkm®Mfucdks®p[Dv�kmaJf
�+kma=w�lM�Sfpedli¦Yaqw�f,�7lpksa1c

x
�+kmcdW�f ��fu¦qvgvdksfpa�«i[�egaY[��

G(x, σ̃)
�=[DkmaYt�¦=v�[:w� ³lie+��[DkmtiWicgkmaqtq§

-
(x, σ, σ̃) =

[

G(x, σ̃) ? I2
u(x, σ) G(x, σ̃) ? IuIv(x, σ)

G(x, σ̃) ? IuIv(x, σ) G(x, σ̃) ? I2
v (x, σ)

]

,G�!.

]Y©
x
kzv�fua£kma1cd[Ded[:v6c��7lpksaic�km �cgWY[\Z\fucdegk¥¶+-�Wqfpv%c6�Ql�vdkstpaYk�4=h�fpa1c¡[Dkmti[�ax®Mfu�s¦Y[DvDr7cdWqfuc�kzvDr)k¥ QcdWY[

w�[�cg[�egZ\kmaqfpa1c�fuaqwncde�fph�[¡lp ·cgWYksv�Z\fucdegk¥¶�®p[�egkm ³¬nfCZC[:fpvd¦Yeg[¡lp ��dh�liedaY[Dedaq[Dvgv��j§

C(x) = det(
-

(x)) − α
cde�fph�[

(
-

(x))2
,»¼�.

�+WY[�eg[
α
kzv\f 4Y¶�[:wJ�qfpegfpZC[�cd[DeD© *�aºkma1cg[�eg[Dv�c,�7lpksaic\kzvCwY[�cd[:hjcg[Dw fMc,ksZ�futi[��sl�h�fMcgkmlia

x
km 

C(x) > t
rY�+Wq[�eg[

t
ksv�f�cgWYeg[DvdWYlp�zw)©

_ba�lpe�w�[�eBcdl,v�cd¦=w�¬\cdWY[¡�7[�WqfÒ®xkslp¦Ye�lu )cdWqksvQlp�7[�e�fMcglpeBcdl,h�W=fuaYti[Dv|ksa�vgh�fp�m[iriegluc�fMcgkmlia'r1fpaqw\cgegfpaqv6o
�zfMcgkmlia'r��s[�c�¦qv@ksa1cdeglxwY¦qh�[�cgWY[¡ ³lp�s�mlM�+ksaYt\aYluc�fMcgkmlia'§

-
(x, σ, σ̃) = G(x, σ̃) ?

�
(x, σ)

,&?�.

�+kmcdW·§
�

(x, σ) =

[

I2
u(x, σ) IuIv(x, σ)

IuIv(x, σ) I2
v (x, σ)

]

=

(

Iu

Iv

)

(

Iu Iv

) ,»��.

(�aqw�[�e�cdWY[Cfpvgv�¦qZC�Ycdkslpa�cdWqfuc�cgWY[
c6�Ql�kmZ�fptp[Dv�fueg[
�Yedli�=[Ded�s¬naqlpegZ\fp�mkDC�[:w)r�cgWY[,h�lpaqw�kmcdkslpa¸cgWqfMc
Z,¦qv�c@�7[�vgfMcdkzv 4q[Dw�kzvQcdWY[
[:­i¦=fu�sk¥c6¬�lp ·cgWY[�c6��l\ksZ�futp[:v+fMc@c6�QlC�qk¥¶�[��zvD§

I ′(x′) = I(x)
, =�.
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fivdvdl�h�kzfMcg[Dw%�+k¥cgW�c6��l@Z�fMc�h�WYkmaqt+�=likma1cgv·kma¡cgWY[<c6�Ql+kmZ�futi[Dv)fpaqw¡�=[�c6��[D[�a�h�liedaq[�egaY[Dvgv7ZC[:fpvd¦Yeg[�Z\[�a1cgv
C
fua=w

C′
fpvgv�l�h�kzfMcg[Dw��+kmcdW�cgWY[�fu¦Ycdl�h�liedeg[��zfMcgkmlia�Z�fMcgedkm¶)©+V@WY[
 ³lp�s�slM�+kmaYt��qedli�=l1v�kmcdkslpa¸[Dv�cgfp�Y�sksvdWY[Dv

cgWY[Dvd[�ed[D�sfucdkslpaqvdWYks�qvD§
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σ̃′ = hσ̃ �
- ′(x′, σ′, σ̃′) =

1

h2

��-
(x, σ, σ̃)
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(

Iu
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=
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∂v
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∂u
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(

I ′u
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



du′

du
dv′

du
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dv
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dv
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
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I ′u′

I ′v′

)
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(

I ′u′

I ′v′

)

V@WY[£ ³liedZ,¦Y�sfp[�fp�=lM®i[�fu�s�slM� ¦qv�cdl [�¶��Yeg[Dvgv�fºeg[��zfMcdkslpa=v�WYks�µ�7[�c6�Q[�[DaUcgWY[£­1¦qfiw�e�fMcdkzhª ³lpegZ\v
�

(x, σ)
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Iu(x, sσ) = I(x) ? Gu(x, sσ)

Iv(x, sσ) = I(x) ? Gv(x, sσ)
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s(x, sσ, sσ̃) = s2G(x, sσ̃) ?

[

I2
u(x, sσ) IuIv(x, sσ)

IuIv(x, sσ) I2
v (x, sσ)

]

, )D]�.
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Cs(x) = s4
(

det(
-

s(x)) − α
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(
-

s(x))2
)
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dM(m, m′) =
√

(V m − V m′)>Λ−1(V m − V m′)
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s = 4
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s = 5
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-
(x, σ, σ̃) = G(x, σ̃) ?

�
(x, σ) =

∫

U

∫

V

�
(U, V )G(U − u, V − v, σ̃)dUdV

(%v�ksaYt\[D­7© , ):��.B�Q[�lp��c�fuksa'§

G(x, σ̃) ?
�

(x, σ) =

∫

U

∫

V

h2
� > � ′(U ′, V ′)

�
G(U − v, V − v, σ̃)dUdV

V@Wq[�vdksZCks�zfuegk¥c6¬�cgegfpaqv� ³lpegZ\fucdkslpa
x′ = h

�
x + t

fp�Y�Y�skm[:w�cdl\®p[:hjcdliegv
(U V )>

fpaqw
(u v)>

¬xks[��zwYv�§

dU ′dV ′ = h2dUdV

fpaqw
(U ′

− u′)2 + (V ′
− v′)2 = h2((U − u)2 + (V − v)2)

(%v�ksaYtCcdWq[
�sfuc�cd[DeDrxcgWY[���fu¦=vdvdksfpa�«i[�egaY[��
G(U − u, V − v, σ̃)

�7[Dh�lpZ\[DvD§

G(U − u, V − v, σ̃) =
1

2πσ̃2
exp

(

(U − u)2 + (V − v)2

2σ̃2

)

= h2
1

2π(hσ̃)2
exp

(

(U ′ − u′)2 + (V ′ − v′)2

2(hσ̃)2

)

= h2G(U ′ − u′, V ′ − v′, hσ̃)
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G(σ̃) ?
�

(x, σ) = h2
� >

(∫

U ′

∫

V ′

� ′(U ′, V ′)G(U ′ − u′, V ′ − v′, hσ̃)dU ′dV ′

)

�

:Q¬�c�fu«xksaYt
σ̃′ = hσ̃

�Q[�lp��c�fuksa'§

G(σ̃) ?
�

(x, σ) = h2
� > G(σ̃′) ?

�
′(x′, σ′)

�
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