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(b) Embedded multiplier
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Critical path

Critical path

library virtex2;
use virtex2.components.all

mult: MULT18x18S port map (
  P => XY,
  A => X,
  B => Y,
  C => Clk,
  CE => Ce,
  R => Clr);

. . .

¡$l{q:vm~�de�� �8l{~�s�d]�A� ���ËtC~�l{s�amced_s�lnr�£¤dutCs�vm~�d3wLpu��d_~��Alnd�4�§

l{k���pSo{��d-w��mo{l{s�s�l{kmq�s�a�d=pS��d_~�tCk��mw¢l{kQs�p�sR4Ëp���tC~�s�wu§ �
m
�Òzml{s%l{kQs�d_q�d_~

X
lnw%�md3r3pSc��Mp:w�d3��l{kQs�p

t�onp*4Ëd_~L��tC~�s
X0

tCk��	t�aml{q:a�d_~���tC~�s
X1

w�v�r�a¼s�a�tCs

X = X0 + 2nX1 =

n−1∑

i=0

xi2
i + 2n

m−n−1∑

i=0

xn+i2
i,

41a�d_~�d
n < m

§	}�tC~�tCq:~�tC�ma�w 2 §{�:² 2 §Ýf�²HtCk�� 2 § 2 �md3w�r_~�l{zMd©s�am~�d3d�tC~�r�aml{s�d3r_s�vm~�d3we~�d3|Qvml{~�l{kmq
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tC~�d-w�vmc�c©tC~�lA@ud3�¼l{k¼��tC~�tCq:~�tC�ma 2 § ��§
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°¤¡$l{q:vm~�d¢f�´OtCk��-lnwOz�tSw�d3�

pSk½s�a�d-£¤pSo{onp*41l{kmqKd3|�v�tCs�lnpSk 

(X1k +X0)(Y1k + Y0) = X1Y1k
2 + (X1Y0 +X0Y1)k +X0Y0,

41a�d_~�d
k = 2n

§�68pSs�d©s�a�tCs�s�a�d
n
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tCk��

Y0
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ondutSw�s¢w�l{q:kml�·�rutCk�s%zml{s�w¢pC£
X
tCk��

Y
§ 9Lvm~1d]����d_~�l{ced_k�s�w=41l{o{oM�md_cepSk�w�s�~�tCs�dLs�a�tCs¢s�amlnw%r�a�pSlnr3d

�mpAd3wek�pSs0tCoA4¢t3y�wKondutS�¶s�p s�a�d½£tSw�s�d3w�s©r_l{~�r_vml{su§ `%a�d_~�d]£¤pS~�d:² 4¢d¼a�t3��d�41~�l{s�s�d_k t��8¸8¹=º
q�d_k�d_~�tCs�pS~=tCo{onp541l{kmqKs�a�d=v�w�d_~�s�p�w��Md3r_l�£\y0s�a�d?41ln��s�a	pC£

X0
²
X1

²
Y0
²�tCk��

Y1
§

&

&

X0

Y0
X1

Y1
X0

Y1
X1

Y0

concatenation

5:0

3:0

7:4

X0 * Y0

X1 * Y0 * k

X0 * Y1 * k

X1 * Y1 * k * k

X1 X0

Y1 Y0

Optional pipeline level

n bits
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w���tC~�d�t É P8ºA`-�uª^�M�uª�zmonpAr�«¼tCk���lnw1z�tSw�d3�¼pSk½s�a�d-~�d�41~�l{s�l{kmq 

(X1k +X0)(Y1k + Y0) = X1Y1(k2 − k) + (X1 +X0)(Y1 + Y0)k +X0Y0(1− k).

�Ðs�l{kQ��pSo{��d3w�s�am~�d3d¼cgvmo{s�l{�mo{lnd_~�wu²Ëk�tCced_o{y
X1Y1

²
(X1 + X0)(Y1 + Y0)

²¢tCk��
X0Y0

²®s�am~�d3d
tS�m�md_~�w»²�tCk��KsO4¢p�w�vmzms�~�tSr_s�d_~�w�°¤¡$l{q:vm~�d 2 ´]§�¸8p54¢d_��d_~u²ms�amlnw¢ced_s�a�p��Ka�tSw1tgw�c©tCo{oM��~�t�41z�tSr�«
l{k s�a�tCs

(X1 + X0)
tCk��

(Y1 + Y0)
~�d3|Qvml{~�d

n + 1
zml{s�wu§ � kZB �VF ²[X=kQvms�a;w�vmq:q�d3w�s�d3�¶tCk

l{c��m~�p»��d_ced_kQs8zQy 41~�l{s�l{kmq 

(X1k +X0)(Y1k + Y0) = X1Y1(k2 + k)− (X1 −X0)(Y1 − Y0)k +X0Y0(1 + k).
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X=k�vms�a 4%tSwgtCzmond�s�p½~�d_�mo¬tSr3d
X1 + X0

zQy
X1 − X0

§��%s�s�a�d��m~�lnr3depC£�t0£¤d�4<tS�m��l{s�lnpSk�tCo
onpSq:lnr:²	4¢d�rutCk�tCoA4¢tuyAw=w�vmzms�~�tSr_s8s�a�dgond3w�w�d_~�£¤~�pSc s�a�d�q:~�dutCs�d_~-tCk�� w�tu��dgs�a�d�d]��s�~�tezml{s B�VGF §
¸8p54¢d_��d_~u² 4¢dX41l{o{o³k�pSs(r3pSk�w�ln�md_~(s�amlnw�pS�ms�lnpSk¼l{k¼s�a�d8£pSo{onp541l{kmq�§

&

&

X0

X1

Y1

Y0

X0

Y0
X1

Y1

13:4 3:0

X0X1

Y1 Y0

X0 * Y0

X1 * Y1 * k * k

−X1 * Y1 * k

Sign extension

(X0+X1) * (Y0+Y1) * k

−X0 * Y0 * k
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pC£$s�a�d8pS�Md_~�tCk��mw1lnw%w�o{l{q:a�s�o{yKq:~�dutCs�d_~1s�a�tCk �*VA²As�a�d-��l{�Aln�md]�ÐtCk��A� r3pSk�|Qv�d_~

tC�m�m~�p�tSr�a�ondutS�mw®s�p�tX4%tSw�s�dLpC£³~�d3w�pSvm~�r3d3wu§ ¡�pS~%d]�mtCc��mond:²�l�£
X
tCk��

Y
tC~�d=f:�^�Òzml{sËvmk�w�l{q:k�d3�

l{k�s�d_q�d_~�wu² ; y�km�mo{l�£¤yetCo{onp�rutCs�d3w1t É P8º�`-�uª^�O�uªgzmonp�r�«�£¤pS~Ës�a�d 2 × 2 c�vmo{s�l{�mo{lnrutCs�lnpSk X1Y1
§��Ðk

w�v�r�a¨rutSw�d3wu² 4¢d�w�vmq:q�d3w�s=tCk�tC~�r�aml{s�d3r_s�vm~�d�l{k���pSo{��l{kmq¼tew�l{kmq:ond É PLºA`-�uª^�O�uª 41amlnr�a�rutC~�~�lnd3w
pSvmsËs�a�d1�m~�pA��v�r_s

X1Y0
°¤¡>l{q:vm~�dL�Qt�´ tCk��Kw�pScedLtS�m��l{s�lnpSk�tCo�onpSq:lnr%£pS~®s�a�d%£d�4 pSs�a�d_~Ë��tC~�s�l¬tCo

�m~�pA��v�r_s�w½r3pSc��mvms�tCs�lnpSk tCk��/tS�m��l{s�lnpSk³§�� d¨r3pSc�zml{k�d�s�a�d�~�d_c©tCl{kml{kmq
xiyj

s�d_~�cew¼tCk��
zmvml{on�

m− 17
��tC~�s�l¬tCo³�m~�p���v�r_s�w8tSw��md_�mlnr_s�d3�¼l{k¼¡$l{q:vm~�d-�Qt�§®`%a�d3w�d-��tC~�s�l¬tCo³�m~�pA��v�r_s�w(}H}

itC~�d�w�vmc�ced3��v�w�l{kmq½tKs�~�d3d�pC£ËrutC~�~�y��Ò�m~�pS��tCqQtCs�detS�m�md_~�we°¤¡$l{q:vm~�d��:z"´]§-À%tC~�~�y�� w�tu��d�tS�m�md_~�w
tC~�d�k�pSs=v�w�d]£¤vmo�l{k��8l{~�s�d]��¡�}Ëi-�Lw=zMd3rutCv�w�d�pC£Ës�a�d�£ÒtSw�s8rutC~�~�y�onpSq:lnr:§g¡�pS~�c©tCo{o{y�²³}H}

i
lnw�t

(2m− i− 1)
�Òzml{sLl{kQs�d_q�d_~(�md]·�k�d3�	zQy 

}H}
i =

m−1−i∑

j=0

xiyj2
i+j +

m−1∑

j=i+1

xjym−1−i2
j+m−i−1.
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`%a�d���l >©r_vmo{sÐy o{lnd3w=l{k¨s�a�d��md_s�d_~�c�l{k�tCs�lnpSkYpC£Ës�a�dN41ln��s�a�pC£Ës�a�d�l{k�s�d_~�ced3��l¬tCs�dew�vmcewu§�ºxd_s
v�w�k�pSs�lnr3d-s�a�tCs

max (
}®}

i) =

m−1−i∑

j=0

2i+j +

m−1∑

j=i+1

2j+m−i−1

=
m−1−i∑

j=0

2i+j +
2m−2i−2∑

j=m−i
2i+j = 2i

(
22m−2i−1 − 1

)
.

`%a�d_~�d]£pS~�d:²

max (
}H}

i +
}®}

i+1) = 22m−i−1 + 22m−i−2 − 2i+1 − 2i
°��»´

= 10 11 · · · 11︸ ︷︷ ︸
2m−2i−4×

01 0 · · · 0︸ ︷︷ ︸
i×

°f�´

tCk���}®}
i +

}H}
i+1

lnw�t
(2m − i) �Òzml{s�l{k�s�d_q�d_~u§��Lw�w�vmced�s�a�tCs m = 21

tCk���r3pSk�w�ln�md_~-s�a�d
w�vmc

(
}®}

0 +
}H}

1) + (
}H}

2 +
}H}

3)
§H¡�~�pSc °f�´]²04Ëdg�md3��v�r3d

max
(

(
}H}

0 +
}H}

1)︸ ︷︷ ︸
42 ��� ���

+ (
}H}

2 +
}H}

3)︸ ︷︷ ︸
40 ��� ���

)

= 10 11 · · · 11︸ ︷︷ ︸
38×

01 + 10 11 · · · 11︸ ︷︷ ︸
34×

0100.

¸8d_k�r3d:²>s�a�d©w�vmc lnw�t
42
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m
tCk��

n
~�d3w���d3r_s�l{��d_o{y��md_k�pSs�d=s�a�d=s�pSs�tCo³w�lA@ud-pC£$s�a�d-pS��d_~�tCk��mw(tCk���s�a�d

w�lA@ud-pC£$s�a�d_l{~�onp*4Ëd_~L��tC~�su§
`%a�d�·�~�w�sgd]����d_~�l{ced_k�s�r3pSc���tC~�d3w�s�a�d�s�am~�d3d©w�pSo{vms�lnpSk�wK°¤¡$l{q:vm~�d D�´]§K`%a�de��l{��ln�md]�ÐtCk��A�

r3pSk�|�v�d_~=w�s�~�tCs�d_q:y½ondutS�mw(s�p©s�a�d�w�c©tCo{ond3w�sLr_l{~�r_vml{s�w8l{k	s�d_~�cew=pC£Hw�o{lnr3d3wLkQvmc�z�d_~u²Md]�mr3d_�ms(£pS~
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(a) Proposed multiplier
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(c) Adding the partial products

(b) Adding the partial products (tree structure)
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m = 18
tCk��

m = 19
41a�d_~�d-s�a�d�w�l{kmq:ond É P8º�`-�uª^�O�uªetC~�r�aml{s�d3r_s�vm~�d�lnw�w�c©tCo{ond_~u§®`%a�d-sO4¢pC�

4%t3y�ced_s�a�pA��lnw ��lnw�tC�m�MpSl{kQs�l{kmq �s�a�pSvmq:ael{sHw���tC~�d3wËt-w�c©tCo{omcgvmo{s�l{�mo{lnd_~u²�l{s lnwHw�onp*4Ëd_~%tCk���s�a�d
tS�m��l{s�lnpSk�tCo®onpSq:lnr�lnwLsR41lnr3d�zml{q:q�d_~-s�a�tCk�s�a�d���l{�Aln�md]�ÐtCk��A� r3pSk�|Qv�d_~�tC�m�m~�p�tSr�a³§�¡>l{k�tCo{o{y�²³s�a�d
tC~�r�aml{s�d3r_s�vm~�d��md3w�r_~�l{zMd3�	l{k ��tC~�tCq:~�tC�ma 2 § 2 lnw=teq�pAp��	s�~�tS�md]� pC¯YzMd_sO4Ëd3d_k�w�lA@ud�tCk�� ��d_~�lnpA�
41a�d_k

m
lnw(r_onp:w�d=s�p

17
§

�(k½l{k�s�d_~�d3w�s�l{kmq©�MpSl{kQs1lnw1s�a�tCs(s�a�d=�m~�pS��p:w�d3�	w�l{kmq:ond É P8ºA`-�uª^�M�uªetC~�r�aml{s�d3r_s�vm~�dglnw(w�s�l{o{o
d,>©r_lnd_k�s0£¤pS~

m = 23
²C41amlnr�a;lnw©s�a�d c©tCkQs�lnw�wVtYw�lA@ud	l{k � M M M w�s�tCk���tC~�� B�p�tCs�l{kmqS�Ò��pSl{k�s

k�vmcgzMd_~�w�°t�w�vm~���d_y©pSk B�p�tCs�l{kmqS�Ò��pSl{k�s(rutCk0z�dL£pSvmk��©l{k�BÝfGF\´]§ � d8a�t3��d8l{c��mond_ced_kQs�d3�¼sO4Ëp
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τ
d3|�v�tCo³s�pYD

k�w»§ 9Lvm~�tCo{q�pS~�l{s�amc k�d3d3�mw
182

w�o{lnr3d3w»²>t�w�l{kmq:ond É PLºA`-�uª^�O�uª ; zmonpAr�« tCk��¨lnwgt0o{l{s�s�ond�zml{s
w�onp54Ëd_~�°

τ = 8
k�wV´]§ � d=�mo¬tCk¼s�pew�s�v���y B�p�tCs�l{kmqS�Ò�MpSl{kQs=tC~�l{s�amced_s�lnrgpSk	¡�}Ëi=�8wu§

º³d_sgv�w�k�p54¿w�s�v���y�s�a�del{c���tSr_s�pC£
n
pSkYs�a�d©��l{�Aln�md]�ÐtCk��A� r3pSk�|�v�d_~�ced_s�a�pA�O§ � d©pSz��

s�tCl{k s�a�d¼w�c©tCo{ond3w�s©r_l{~�r_vml{s�w 41a�d_k
n = 17

°¤¡$l{q:vm~�d D�´]§ `%amlnwe~�d3w�vmo{selnwek�pSs©w�vm~��m~�lnw�l{kmq 
~�d_ced_c�z�d_~=s�a�tCs8s�a�d

n
ondutSw�s8w�l{q:kml�·�rutCk�s=zml{s�wLr3pSced���l{~�d3r_s�o{y½£¤~�pSc¦t É P8ºA`-�uª^�M�uª©zmonp�r�«�§

À¢pSk�w�d3|Qv�d_k�s�o{y�²xs�a�d�o¬tC~�q�d_~
n
lnwu²³s�a�dew�c©tCo{ond_~�s�a�d�o¬tSw�s�tS�m�md_~gpC£¢¡$l{q:vm~�d©f�zMd3r3pSced3wu§�¡�pS~

tKr3pScgzml{k�tCs�pS~�l¬tCo¢r_l{~�r_vml{su²Or�a�pAp:w�l{kmq
n = m/2

ondutS�mw=a�p*4Ëd_��d_~�s�p�t©£tSw�s�d_~8r_l{~�r_vml{su§ �;a�d_k
4¢d-l{kQs�~�pA��v�r3dgt��ml{�Md_o{l{k�d�w�s�tCq�d=z�yK~�d_�mo¬tSr_l{kmq�tCo{o É P8º�`-�uª^�O�uª�zmonpAr�«�w1zQy É PLºA`-�uª^�M�uª ; ²
pSvm~8d]�A�Md_~�l{ced_kQs�w8w�a�p*4 s�a�tCs

n = 17
lnw�s�a�dgz�d3w�s8w�pSo{vms�lnpSk ¢s�a�dgw�lA@ud�lnwLd]��tSr_s�o{y�s�a�d�w�tCced

pSk�d=s�a�tCs%l{k½s�a�d-r3pSc�zml{k�tCs�pS~�l¬tCo>rutSw�d�°\s�a�tCs5Uíw 41a�yKl{s%lnw%k�pSs1�monpSs�s�d3��l{k¼¡$l{q:vm~�d D�´%tCk��0s�a�d
�Md_~�lnpA�½�mp�d3w�k U s��md_�Md_k��	tCk�y�cepS~�d�pSk½s�a�d-�StCo{v�dgpC£
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¡$l{q:vm~�d D  6LvmcgzMd_~YpC£½w�o{lnr3d3wYtCk��6�Md_~�lnpA�
τ
pC£0�:tC~�lnpSv�w�vmk�w�l{q:k�d3�6c�vmo{s�l{�mo{lnd_~�w pSk¿t

¥LÀ%fC�XD:�:�^� De�md_�Alnr3d��
3
H��l{��ln�md]�ÐtCk��A� r3pSk�|�v�d_~-tCo{q�pS~�l{s�amc��

X0
tCk��

Y0
tC~�d©�*V»�Òzml{s�l{kQs�d_q�d_~�w

°\� É P8º�`-�uª^�O�uª�zmonpAr�«�wV´�� ◦ -sO4¢pC�14¢t3yYced_s�a�p�� ° 2 É P8º�`-�uª^�O�uª½zmonpAr�«�wV´�� • gtCo{q�pS~�l{s�amc�md3w�r_~�l{z�d3�½l{k½��tC~�tCq:~�tC�ma 2 § 2 °�� É PLºA`-�uª^�M�uª�zmonp�r�«m´]§
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pSk s�a�d���l{�Aln�md]�ÐtCk��A� r3pSk�|Qv�d_~=ced_s�a�pA���

3

n = 17

�

•  n = m/2
� ◦  n = 17

41l{s�a É PLºA`-�uª^�O�uª ; §

`%a�d¼tC~�r�aml{s�d3r_s�vm~�d3w©�md3w�r_~�l{z�d3� l{k s�amlnw�w�d3r_s�lnpSk¶pSkmo{y k�d3d3� o{l{c�l{s�d3�¶r�a�tCkmq�d3w©w�p�tSw�s�p
�Md_~�£pS~�cµw�l{q:k�d3�¶c�vmo{s�l{�mo{lnrutCs�lnpSk³§5`%a�d	v�w�d¼pC£ É P8ºA`-�uª^�M�uªYzmonp�r�«AwKrutCk ondutS� s�p 4¢tSw�s�d
~�d3w�pSvm~�r3d3we£pS~©w�c©tCo{o8pS��d_~�tCk�� 41ln��s�a±°\lÒ§íd:§

n << 17
´]§ ¡�pS~Ks�a�d	w��Md3r_l�·�r	rutSw�d	pC£���d_~�y
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É P8º�`-�uª^�O�uª�zmonpAr�«M§
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`%a�d�cep:w�s=r3pSc�cepSk ��l{��lnw�lnpSk l{c��mond_ced_k�s�tCs�lnpSk l{k �m~�pAr3d3w�w�pS~�w8lnwLs�a�d���l{q:l{s��Ò~�d3r_vm~�~�d_k�r3detCo��
q�pS~�l{s�amc k�tCced3� ; ��`;£\~�pSc s�a�d=l{kml{s�l¬tConw(pC£ ; 4Ëd3d_k�d_y�²��LpSz�d_~�s�w�pSk³²�tCk��¼`xpAr�a�d_~u§ ; ��` tCk��
pSs�a�d_~ ��l{�Alnw�lnpSketCo{q�pS~�l{s�amcew®tCk���l{c��mond_ced_kQs�tCs�lnpSk�wËrutCk�z�d®£pSvmk���l{ket8r3pSc��mond_s�d1w�vm~���d_y B D F §
¹8l{q:l{s��Ò~�d3r_vm~�~�d_k�r3dgtCo{q�pS~�l{s�amcew(~�d_s�l{~�d�tg·m��d3�0kQvmc�z�d_~LpC£$|�v�pSs�lnd_kQs1zml{s�w%l{k¼d_��d_~�y©l{s�d_~�tCs�lnpSk³§
; ��` ��l{�Aln�md_~�w®tC~�d1w�l{c�l{o¬tC~ s�p=s�a�d�� ��tC�Md_~��ÐtCk��A�Ò��d_k�r_l{o���ced_s�a�pA�O²:zmvms s�a�d_y�pSkmo{y�v�w�d%o{l{c�l{s�d3�
r3pSc���tC~�lnw�pSk�w�s�p w��Md3d3�A�Òvm� s�a�dK|Qv�pSs�lnd_k�s�w�d_ond3r_s�lnpSk³§ ; ��`<��l{�Aln�md_~�w�tC~�dKs yA�mlnrutCo{o{yYpC£�onp*4
r3pSc��mond]��l{s y�²Mvms�l{o{lA@ud�w�c©tCo{o tC~�dut�²Mzmvms8a�t3��d�~�d_o¬tCs�l{��d_o{y	o¬tC~�q�d�o¬tCs�d_k�r_lnd3wu§-�6r3pSc��mond_s�d�zMp�pS«
lnw(�md_��pSs�d3�½s�pe��l{q:l{s��Ò~�d3r_vm~�~�d_k�r3d�tCo{q�pS~�l{s�amcew B{��F §

¡>l{q:vm~�dNV��m~�d3w�d_kQs�w8t�w�s�tCk���tC~��	~�tS��l����
r
; ��`/l{s�d_~�tCs�lnpSk�tC~�r�aml{s�d3r_s�vm~�d0°

r = 2k
´]§Ë`%a�d_~�d

tC~�d
t = dn/ke l{s�d_~�tCs�lnpSk�w=l{k�s�a�d���l{��lnw�lnpSk¨pC£ n �Òzml{s8l{kQs�d_q�d_~�wu§=` 4¢p½tS�m��l{s�lnpSk�tCoHr_yAr_ond3w=tC~�d~�d3|�vml{~�d3� °��=zMd]£¤pS~�d�tCk�����t^£¤s�d_~1s�a�d=l{s�d_~�tCs�lnpSk�wV´¢s�p�r�a�d3r�«½l{km�mvms1�:tCo{v�d3wg°¤��l{��lnw�lnpSk½zQy @ud_~�p

tCk��0w�rutCo{l{kmq�´ËtCk��©s�p�r3pSkQ��d_~�s%s�a�d8w�l{q:k�d3�A� ��l{q:l{s1|Qv�pSs�lnd_k�s¢s�p�tgw�s�tCk���tC~��©~�tS��l��A�Ðf�k�pSs�tCs�lnpSk³§
`%a�d���l{��lnw�lnpSk

x/d
�m~�p���v�r3d3w

k
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¡$l{k�tCo{o{y�²ms�a�d��m~�p���v�r_s

qj+1 × d
lnw1w�vmzms�~�tSr_s�d3�¼s�p
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� ; ��`¶��l{�Aln�md_~�w q�d_k�d_~�tCs�pS~ 4%tSw®�md_��d_onpS�Md3�el{kKÀ�����§ Á1tSw�d3�epSk�s�a�d�pS�Md_~�tCs�pS~H��tC~�tCced_s�d_~�w
°¤pS�Md_~�tCk��mw741ln��s�a³²M~�tS��l��M²M|�v�pSs�lnd_kQs�tCk�� ~�d3w�ln��v�tCo�~�d_�m~�d3w�d_kQs�tCs�lnpSk�wV´]²Ms�a�d��m~�pSq:~�tCcÊr�a�d3r�«Aw
s�a�d ��tC~�tCced_s�d_~�w½r3pScgzml{k�tCs�lnpSk³²8q�d_k�d_~�tCs�d3w�s�a�d�|Qv�pSs�lnd_k�s½��l{q:l{s�w�d_ond3r_s�lnpSk s�tCzmond�tCk�� s�a�d
w�y�k�s�a�d3w�lA@»tCzmond(�=¸8¹8º¨r3pA�md(pC£³s�a�d8r3pSc��mond_s�d=pS��d_~�tCs�pS~%�md3w�r_~�l{�ms�lnpSk³§H`%a�d_~�dLlnw®k�p��ml{�Md_o{l{k�d
ond_��d_oxl{k�w�ln�md=s�a�d-q�d_k�d_~�tCs�d3�¼l{s�d_~�tCs�lnpSk��md3w�r_~�l{�ms�lnpSk³§

`%a�d_~�d�tC~�d1w�d_��d_~�tComl{c���pS~�s�tCk�sH��tC~�tCced_s�d_~�wHl{k©t ; ��` ��l{�Aln�md_~u§$`%a�d%~�tS��l��
r = 2k

�mo¬tuyAw
tgc©t^��pS~¢~�pSond:§®¡�pS~%o¬tC~�q�dL�:tCo{v�d3w1pC£

k
s�a�d8l{s�d_~�tCs�lnpSk½kQvmcgzMd_~

t
lnw1w�c©tCo{oMzmvms1dutSr�a�l{s�d_~�tCs�lnpSk

lnw(r3pSc��mond]� °\o¬tC~�q�d �8w�d_o³s�tCzmond3wu²�r3pSc��mond]�¼�m~�p���v�r_s
qj+1 × d

´]§Ë¸(l{q:a	~�tS��lnr3d3w�°\o¬tC~�q�d_~(s�a�tCk
� DYl{k pSvm~�rutSw�d»´eondutS� s�p ��d_~�y aQvmq�d¨|�v�pSs�lnd_kQs½��l{q:l{s�w�d_ond3r_s�lnpSk s�tCzmond3w0tCk�� w�d3d_c*s�pYzMd
l{c��m~�tSr_s�lnrutCzmond:§

`%a�d=~�tS��l����
2k
|Qv�pSs�lnd_k�s�lnw¢~�d_�m~�d3w�d_kQs�d3�½v�w�l{kmq©t�w�l{q:k�d3�A� ��l{q:l{s�~�d3��vmk���tCkQs�k�vmcgzMd_~(w�y�w��

s�d_c¿s�p�d_k�w�vm~�dLs�a�tCs¢k�d]��s%|Qv�pSs�lnd_k�s���l{q:l{s%�md_s�d_~�c�l{k�tCs�lnpSk½lnw¢�Mp:w�w�l{zmond8pSkmo{yez�tSw�d3�0pSk¼t-£d�4
cep:w�s¢w�l{q:kml�·�rutCk�s

nr
tCk��

nd
zml{s�w¢pC£>s�a�dL~�d3w�ln��v�tCoOtCk�����l{�Alnw�pS~%~�d3w��Md3r_s�l{��d_o{y�§ ; d_��d_~�tCo³��l{q:l{s

w�d_s�w {−α,−α + 1, . . . , 0, . . . , α − 1, α} rutCk¨zMd�v�w�d3� £¤pS~=~�tS��l��A� 2k k�pSs�tCs�lnpSkY�md_�Md_k���l{kmqpSk�s�a�d8�:tCo{v�d3w¢pC£
k
tCk��

α
§H¡�pS~%l{k�w�s�tCk�r3d:²<41l{s�a¼t�~�tS��l����Ò��~�d_�m~�d3w�d_k�s�tCs�lnpSk³²�s�a�d8c�l{kml{c©tCo{o{y

~�d3��vmk���tCk�s���l{q:l{sgw�d_s-lnw {−2,−1, 0, 1, 2} ° α = 2
´=tCk�� s�a�d�c©t^�Al{c©tCo{o{y¨~�d3��vmk���tCkQs���l{q:l{s

w�d_s8lnw {−3,−2,−1, 0, 1, 2, 3} ° α = 3
´]§�`%a�d©��l{q:l{s�w�d_s=v�w�d3��£¤pS~=s�a�d�|�v�pSs�lnd_kQs�lnw�tCk�l{c��

�MpS~�s�tCkQse�md3w�l{q:k¶�md3r_lnw�lnpSk³§ ¸Ll{q:a �StCo{v�d3w�pC£
α
ondutS��s�p�w�l{c��mond_~�|�v�pSs�lnd_kQs©��l{q:l{sew�d_ond3r_s�lnpSk

°¤w�c©tCo{ond_~L�:tCo{v�d3w=pC£
nr + nd

tSw(s�a�d�tS�m��~�d3w�w741ln��s�a�pC£Ës�a�d �8w�d_o$s�tCzmond»´�zmvms=tConw�pKs�pKcepS~�d
r3pSc��mond]�K�m~�p���v�r_s

qj+1×d
§ �Ðk©s�amlnwk4ËpS~�«M²�4Ëd8pSkmo{yev�w�d(��lnw�s�~�l{zmvms�d3�0�L� É °\z�tSw�d3�0pSk©s�a�d

ºQPL`>w%l{k�w�ln�md(s�a�d�À¢º³Á%wV´H£pS~Ës�a�d8l{c��mond_ced_k�s�tCs�lnpSk	pC£xs�a�d=w�d_ond3r_s�lnpSk�s�tCzmond3wu§ ¡mvm~�s�a�d_~�cepS~�d:²
s�a�d�w��Md3r_l�·�rg�(� É zmonp�r�«Aw�°¤rutCo{ond3� Á%�L� É l{k	�8l{~�s�d]�	�md_�Alnr3d3wV´1rutCk z�dgv�w�d3�½£pS~�s�a�d �8w�d_o
s�tCzmond3w»§
PLw�v�tCo{o{y�²=tCk�pSs�a�d_~¼l{c��MpS~�s�tCkQs½��tC~�tCced_s�d_~¼lnw�s�a�d¨~�d3w�ln��v�tCo

wj
~�d_�m~�d3w�d_kQs�tCs�lnpSk³§ ¡�pS~

�=º ; � l{c��mond_ced_k�s�tCs�lnpSk³²�tg~�d3��vmk���tCkQs(kQvmcgzMd_~(w�y�w�s�d_c w�v�r�a¼tSw1rutC~�~�y�� w�t3��d8lnw%v�w�d3�K£pS~
wjs�p¨tSr3r3d_ond_~�tCs�d�s�a�d

qj+1 × d − rwj
w�vmzms�~�tSr_s�lnpSk³§ ¡�pS~�¥8l{o{l{k�� ¡�}Ëi=�8w�l{c��mond_ced_kQs�tCs�lnpSk³²

tKk�pSk��Ò~�d3��vmk���tCk�s�k�vmcgzMd_~gw�y�w�s�d_cÊw�v�r�aYtSw-s�a�d�sR4Ëp0Uíw�r3pSc��mond_ced_kQsglnw-w�v<>©r_lnd_kQs-£pS~=s�a�d
~�d3w�ln��v�tCo³z�d3rutCv�w�d-pC£$s�a�d=£ÒtSw�s�� rutC~�~�y0onpSq:lnrgt3�:tCl{o¬tCzmond�l{k½�8l{~�s�d]�A� ���®�md_�Alnr3d3wu§

� k�s�amlnw`4ËpS~�« 4Ëd1r3pSc���tC~�d�tLw�s�tCk���tC~���~�tS��l����Ðf8��l{�Alnw�lnpSk¼°\k�pSs�lnr3d3� �Ðw�s���~�f �ê´$tCk���w�d_��d_~�tCo
; ��`/��l{�Aln�md_~�w1z�tSw�d3�½pSk É PLºA`-�uª^�O�uª�zmonp�r�«Aw�°\k�pSs�lnr3d3� � ~�� 8�� �ê´]§H�8tS��l��K��²�ª�tCk���� D�a�tu��d
zMd3d_k	l{k���d3w�s�l{qQtCs�d3� 41l{s�a w�d_��d_~�tCo�|Qv�pSs�lnd_k�sL��l{q:l{s=w�d_s�wu§%¡�pS~8dutSr�a¨w�pSo{vms�lnpSk³²>� D�²�fC��² 2 fKtCk��
�Q�^�Òzml{sLpS��d_~�tCk��mwLpS��d_~�tCs�pS~�w(a�t3��d�zMd3d_k½q�d_k�d_~�tCs�d3�O§¢`%a�d���l�¯Md_~�d_k�sLw�pSo{vms�lnpSk�w(l{kQ��d3w�s�l{qQtCs�d3�
l{k½s�amlnw 4ËpS~�«¼tC~�d-w�vmc�c©tC~�lA@ud3�	l{k¼`>tCzmond©�:§

� ~�tS��l��A��� D�l{s�d_~�tCs�lnpSk�tC~�r�aml{s�d3r_s�vm~�d�a�tSwLz�d3d_k¼q�d_k�d_~�tCs�d3� zmvms(l{s(ondutS�mw(s�p©teaQvmq�d�tC~�dut
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