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t�i�Kr`�lT��p4[]`�`_h]o_{4vJ��p4ijlLh ¥C`_vL?þixh'wYvYp�`Vt�A�±gµYixh]oV`5qTkxk6qLo_p4sDqTk»ix^���kj`_^a`_hYp�qTp4ijlLh]t�qT{�`�p�qT{4mC`_p�`V�
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S[0, . . . , 2r + 3]
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X � Y A�±

• P ixpÉ�¢ijt�`�`�©�o_kxs]t4ix�C`�lL{�lT�6p«��l w �Ëw�ixp��¯lL{���tM?º��`_h]lLp�`V��w@v X ⊕ Y A�±

• ¡�lL^���s�p�qTp4ijlLh¤lT� f(X) = (X(2X + 1))
^alJ�

2w
Ä��¢[]`_{�`

X
ijt�q

w
�Ëw�ixp�ixh@p�`_mC`_{r±
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qTkxmClL{4ixp4[�^at5oVlL^���s�p4ixh�m
f(X)

± R³`���{�lL�lnt�`�¶]hDqTkxkxv´t�lL^a`SqT{�o�[�ixp�`Vo_p4s�{�`Vt5lT��q�~�¡$£���{�lT�
oV`Vt�t�lL{r±
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§>ix{4p�`�©J�«ª qTh]�¸§>ix{4p�`�©Y�«� oVlLh�¶]mns�{�qTw�kj`gkjlLmnijo�w�kjlJo�¥�t�?Ë¡ � P t�Aè��{�lr�Jij��`��ºs�h]o_p4ijlLhDqTkW`_kj`_^a`_h@p�t� lL{ t4vJh]o�[�{�lLh]lLs]t<qTh]��oVlL^�w�ixhDqTp�lL{4i¼qTkJkjlLmnijon±»ª¯qLo�[5¡ � P ixh]o_kxs]��`Vtu{�`Vt4�`Vo_p4ix�C`_kxv>pÉ�¯l(?þ§>ix{4p�`�©J�ª A�lL{>� lLs�{M?þ§>ix{4p�`�©Y�«�*A�t4kxijoV`VtgoVlLh@p�qTixh�ixh�m�wDqLt4ijorqTkxkxv¤p«�¯l¸�L�Ëixh���s�pgkjlJlL¥@�Ës��¨p�qTw�kj`Vt�? ��5>ZBA�Ä
pÉ�¯l�t4p�lL{�qTmC`2`_kj`_^a`_h@p�trÄ(qTh]���ËqLt4p�orqT{4{4v�kjlLmnijo���`V��ijorqTp�`V��p�lSqL����ixp4ijlLh¤qTh]�'t4s�w�p4{�qLo_p4ijlLh ±

}8§>ix{4p�`�©Y�«�¢��`_�JijoV`aqTkjt�l�`_^�w`V��t2^SqThYv �JG × �JG¸p«��l �ét�oVlL^���kj`_^a`_h@p�^�s�kxp4ix��kxij`_{�tQ?þp4[]`I65 �YZ2�JG�©W�JG>w�kjlYo�¥Jt7A�ÄC`rqLo�[SlT�(p4[]`_^8t4s����lL{4p4ixh�m2p«�¯l�ixh���s�p��(lL{4p�t¢�JG��Ëw�ixp�t�ixmnh]`V��lL{��5;¹�Ëw�ixp
s�h]t�ixmnh]`V�S�¢ij��`n±�®]s�{4p4[]`_{4^alL{�`nÄ�`rqLo�[�^�s�kxp4ix��kxij`_{¢[DqLt¢qTh¸ixh@p�`_{4hDqTkW��ix�`_kxixh]`!t4p�qTmC`n±èµYs�{4��{4ijt4�
ixh�mnkxvCÄ�p4[�ijtW� `rqTp4s�{�` ijtu�(lJlL{4kxv>��lJo_s�^a`_h@p�`V��ixh�p4[]` §>ix{4p�`�©J�«�#�]qTp�q�t4[]`V`_p»qTh]��t4vJh@p4[]`Vt�ijt p�lJlLkjt
t�`V`_^ s�hDqTw�kj`2p�lSqTs�p�lL^SqTp4ijorqTkxkxv���`rqTk �¢ixp4['ixpr±èZ$[]`+I65 �JZ2�JG�©W�JGCµ�oVlL^��lLh]`_h@prÄ#qr�LqTixk¼qTw�kj`
ixh p4[]`a§>ix{4p�`�©Y�«��kxixw�{�qT{4v²lT�!µYvJh���kxi·�þv³z�{�l�Ä6qTkxkjl¹��t�s]t�p�l��¢{4ixp�`S§87 � �0^�s�kxp4ix��kxij`_{�t5p4[DqTp
p�qT¥C`�qL���LqThYp�qTmC`�lT�»p4[�ijt���ix�(`_kxixh]`�o�[DqT{�qLo_p�`_{4ijt4p4ijon±
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f(X) = (X(2X + 1))
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p4[]`5t4i�Kr`5lT��p4[]`�lL�(`_{�qTh]��t>ijtgt4p4{4ijo_p4kxv�mn{�`rqTp�`_{>p4[DqTh	�5;JÄ#p�lJlLkjt!kxix¥C`�µYvJh���kxi·�ºv�s]t�`�p4[]`5��`_kxk·�
¥Jh]lr�¢h¤��ix�Yij��`��ÉqTh]�J�«oVlLh]yYs]`_{gqT����{�lCqLo�[ ?ºt�`V`>�ºlL{�`�©]qT^���kj`�CÖ£ED,A�ixh¤lL{���`_{�p�lat4vJh@p4[]`Vt4i�Kr`�s�h��
t�ixmnh]`V� ^�s�kxp4ix��kxij`_{�t�� lL{�p4[]`¸§!ix{4p�`�©J�«�g�ËqT^�ixkxvC± ¡�lLh]t�`Vy@s]`_hYp4kxvCÄ$µYvJh���kxi·�þv qTkxkjlYorqTp�`Vtap4[�{�`V`
I65 �YZ2�JG�©W�JG�w�kjlJo�¥�t¢p�laorqT{4{4v�lLs�p�p4[]`2��{�lJ��s]o_p

(X(2X + 1))
^alJ�

2w
?º®»ixmns�{�`��<A�±

C<DFEGDFE � �JI Â �"K¼�ML  E

¡�lLh]t�ij��`_{�p4[]`2��{�lLw�kj`_^ lT� oVlL^���s�p4ixh�m
f(X) = (X(2X + 1))

^alY�
2w

�¢[]`_h
X
ijt�q G��Ëw�ixp

s�h]t�ixmnh]`V� ixhYp�`_mC`_{r±³}>t5t�[]lr�¢h ixh¦®<ixmns�{�`¸�]Ä p4[]`��DqT{4p4i¼qTk¢��{�lY��s]o_p�t�orqTh w`�t4ixmnh�i·¶DorqThYp4kxv
t�ix^���kxi·¶D`V��w(`�� lL{�`>�(`_{â� lL{4^�ixh�m�p4[]`_ix{�qL����ixp4ijlLh�s]t4ixh�m�p4[]`>ij��`_h@p4ixp4ij`Vt

xixi = xi
qTh]�

xixj +
xjxi = 2xixj

±<®<ixhDqTkxkxvCÄCwDqLt�`V�alLhSp4[]`${�`_k¼qTp4ijlLh
xixj+xi = 2xixj +xix̄j

�¯`¢{�`_^al¹�C`
x3x2qTh]�

x2
�þ{�lL^�p4[]`�kj`��þp4^alnt4pgoVlLkxs�^�h³qTh]�'{�`_��k¼qLoV`5p4[]`_^�w@v

x3x̄2
±>}!t

f(X)
ijt>oVlL^���s�p�`V�

^alJ��s�kjl
28 Ä���`2ixmnh]lL{�`2p4[]`2p�`_{4^ 2x3x2

±
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ý�ÿ�� ��������
!�
" ���4ö#��÷Vý���÷��	�Vý%$¹ý�ö " ��� ��� " � ��
 ��������
&��

�����ÿ " �%���¦ù ��÷��� �����������Vý���÷	�����'�#�(����û�ÿr÷������)�
�����ÿ " �%�*� ù ��÷��� �����������Vý���÷	�����'�#�(����û�ÿr÷������)�
�����ÿ " �Sø ù ��÷��� �����������Vý���÷	�����'��+����û�ÿr÷������)�

$¹ý����4ÿ ��($¹ý�ö " ��� ��� " �
���-,�. 
 �
�*�/,�. 
 �����%����û�ÿV÷��%���10324�)2�
ø5,�.%���-6/�*�)�
� ,�.Sø7����������û�ÿV÷��%�����

ý�ÿ��+$¹ý�ö " ��� ��� " �8�

®<ixmns�{�`�b�H }!kxmClL{4ixp4[�^ ��H6hDqTix�C`�ix^���kj`_^a`_h@p�qTp4ijlLh lT�
f(X)

±

(24 × x6x5x4x3 × x3x2x1x0) 9;:�< 28=?> <@9BAC DFEHGCHEHIKJ

x0x4

x0x0

x3x3

x4x2 x3x2

x5x1 x4x1 x3x1

x6x0 x5x0 x4x0 x3x0

(24 × x7x6x5x4 × x2x1x01) 9;:�< 28x7

x0x6 x6

x1x5 x0x5 x5

x2x4 x1x4

x0

x4 x3x2x1x0 × x2x1x01

x2x0 x1x0

x2x3 x3

x2x1 x1x1 x0x1 x1

x2x2 x1x2 x0x2 x2

LKM DN9OAC DFEHGCHEHIKJ

x1x3 x0x3

25

P JF<Q9BAC DFEHGCHEHIKJ

27 26 24 23 22 21 20

R IKEHSUT�D

®<ixmns�{�`���H�µYvJh@p4[]`Vt4i�KVixh�m´p4[]`¸oVlY��`�ixkxkxs]t4p4{�qTp�`V�¦w@v ®»ixm]± b'�¢ixp4[ p4[]`���ix�Jij��`��ÉqTh]�J�«oVlLh]y@s]`_{
t�p4{�qTp�`_mnvWV�ixh�p4[�ijt�`�©�qT^���kj`

w = 8
±

� `_p!s]t!� lL{4^SqTkxi�Kr`�p4[]`�qTkxmClL{4ixp4[�^ t4¥C`_p�o�[]`V�¤ixh¨p4[�ijt>`�©�qT^���kj`n±g«�
w
ijt>`_�C`_h Ä(p4[]`�oVlL^��

��s�p�qTp4ijlLh¤lT�
f(X)

ixhY�ClLkx�C`Vt�p4[]`�qL����ixp4ijlLh¨lT� w
2

�DqT{4p4i¼qTk»��{�lY��s]o_p�t�zèz
i
��`�¶]h]`V��w@v H

óDó
i =





w−1∑

j=0

xj2
j Ôéæ

i = w
2
− 1

xi+1x̄i2
w−1 + xi2

w−3 Ôéæ
i = w

2
− 2

w−1∑

j=2i+3

(
xj−i−2xi2

j + xi2
2i+1

) Ý�×ËÓTØåáYX ÔÖÕ Ø
?â�5A

ì	�9Suì�




���������	��
���������������������������� !�#"��$�%�� '&(�*)+�,���.-0/�1(23���54768/9�:�!���7
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27 26 25 24 23 22 21 20

x6 x5 x4 x3 x2 x1 x0 1
x7 x6 x5 x4 x3 x2 x1 x0

x6x0 x5x0 x4x0 x3x0 x2x0 x1x0 x0x0 x0

x5x1 x4x1 x3x1 x2x1 x1x1 x0x1 x1 0
x4x2 x3x2 x2x2 x1x2 x0x2 x2 0 0
x3x3 x2x3 x1x3 x0x3 x3 0 0 0
x2x4 x1x4 x0x4 x4 0 0 0 0
x1x5 x0x5 x5 0 0 0 0 0
x0x6 x6 0 0 0 0 0 0
x7 0 0 0 0 0 0 0

x5x0 x4x0 x3x0 x2x0 x1x0 0 x0 0
x4x1 x3x1 x2x1 0 x1 0 0 0
x3x2 0 x2 0 0 0 0 0
x3 0 0 0 0 0 0 0
x7 x6 x5 x4 x3 x2 x1 x0

x5x0 x4x0 x3x0 x2x0 x1x0 0 x0 0
x4x1 x3x1 x2x1 0 x1 0 0 0
x3x̄2 0 x2 0 0 0 0 0
x7 x6 x5 x4 x3 x2 x1 x0

®<ixmns�{�`�� H�}!kxmClL{4ixp4[�^�b�H�oVlL^���s�p�qTp4ijlLh.lT�
f(X) = (X(2X + 1))

^alY�
28 �¢ixp4[ }�= �

m@qTp�`Vt!qTh]�'q��º`_�,orqT{4{4v@�Ë��{�lL�DqTm@qTp�`5qL����`_{�tr±

ªèy@sDqTp4ijlLh ?â�5A�qTkxkjlr��t�s]tap�l²qTs�p�lL^SqTp4ijorqTkxkxv0mC`_h]`_{�qTp�`¤q § 7 � �,lL�(`_{�qTp�lL{S�ºlL{�qThYv	`_�C`_h
�nqTkxs]`2lT�

w
±�},��{�lYlT� lT�<p4[�ijt!qTkxmClL{4ixp4[�^ ijt�qr�LqTixk¼qTw�kj`�ixh�Cx��D«±

C<DFEGD�� � �JI Â �"K¼�ML  �

~!`_^a`_^�w`_{èp4[DqTp�p4[]`���ix�Yij��`��ÉqTh]�J�«oVlLh]yYs]`_{¯{�`VyYs�ix{�`Vt�p4[�{�`V`!`_^�w`V����`V�a^�s�kxp4ix��kxij`_{�t¯ixh�lL{���`_{
p�l²ix^���kj`_^a`_h@p

f(X)
lLh q §!ix{4p�`�©J�«����`_�JijoV`n±F¡�lLh]t�`Vy@s]`_hYp4kxvCÄ¢p4[�ijtS^a`_p4[]lJ� kj`rqL��t�p�l q

t�^SqTkxk<lL�`_{�qTp�lL{!ixh¨p�`_{4^atglT�èt4kxijoV`�h@s�^�w`_{r±>Z$[]lLs�mn[´qTkxmClL{4ixp4[�^ b¸qTkxkjlr��tgt4ix^���kxi·¶DorqTp4ijlLh]t
lT�]p4[]`¯�DqT{4p4i¼qTkJ��{�lY��s]o_p�trÄLixp<��lY`Vt�h � p»^SqT¥C`¯s]t�`�lT�]p4[]`è§>ix{4p�`�©Y�«�(`_^�w(`V����`V�5^�s�kxp4ix��kxij`_{�t�qTh]�
mC`_h]`_{�qTp�`Vt�k¼qT{4mC`_{�o_ix{�o_s�ixp�tr± R³`a��{�lL�lnt�`a[]`_{�`¸qTh¦qTkxmClL{4ixp4[�^ oVlL^�w�ixh�ixh�m¨p4[]`aw`_h]`�¶]p�t�lT�
p4[]`Vt�`�p«��l5^a`_p4[]lY��tr±è¡�lLh]t�ij��`_{$qTm@qTixh�p4[]`�oVlL^���s�p�qTp4ijlLh�lT�

f(X)
�¢ixp4[

w = 8
?º®<ixmns�{�`g�<A�±

Z$[]`�p4{4ijo�¥	oVlLh]t4ijt4p�t�ixh	�`_{â�ºlL{4^�ixh�m²p4[]` 
� 4��#"� ��� ��"�
a^�s�kxp4ix��kxijorqTp4ijlLh
(2 · X3:0 + 1)X3:0

Ä
�¢[]`_{�`

Xq:p
��`_h]lLp�`Vt ∑q

i=p xi2
i ± ª6©]qT^�ixh]`¤h]lr��p4[]`'{�`_^SqTixh�ixh�m p�`_{4^at�lT��p4[]`¤�DqT{4p4i¼qTk

��{�lJ��s]o_p�tJH

• Z$[]`¯��{�lJ��s]o_p X5:4X1:0
qT���`rqT{�t6p«��l!p4ix^a`Vt�Vnp4[]`_{�`��ºlL{�`nÄL��`$oVlL^���s�p�`$ixp»�¢ixp4[�q�t�ixh�mnkj`

`_^�w`V����`V��^�s�kxp4ix��kxij`_{>qTh]��kj`��ºpâ�«t4[�i·�ºp¢p4[]`2{�`Vt4s�kxpr±
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• }!t¢p4[]`��¯`_ixmn[@pglT� 2x0x6
qTh]�

2x2x4
ijt!t4p4{4ijo_p4kxv¸mn{�`rqTp�`_{�p4[DqTh

27 Ä���`���ijt�orqT{���p4[]`Vt�`
p�`_{4^atr±

• ®»ixhDqTkxkxvCÄ]�¯`�qL����p4[]`�p«�¯lS��{�lY��s]o_p�t!qTh]��p4[]`2[�ixmn[]`_{�[DqTk·� lT� X ^alJ��s�kjl
28 ±

®DlL{
w = 32

Ä p4[�ijt�^a`_p4[]lJ�´{�`VyYs�ix{�`Vt�q �r£ × �5;¸^�s�kxp4ix��kxijorqTp4ijlLh Ä�q �_� × �_��^�s�kxp4ix��kxijorqTp4ijlLh ÄqTh]��p«�¯l�qL����ixp4ijlLh]tr±è®]lL{4^SqTkxkxvCÄDp4[�ijt�qTkxmClL{4ixp4[�^ ijt���`Vt�o_{4ixw(`V��w@v H

(X(2X + 1))
^alY�

2w

=






w
2
−1∑

i=0

xi2
i ·




w
2
−1∑

i=0

xi2
i+1 + 1




 ^alY�

2w +


2 ·

w
2
−3∑

i=0

xi2
i ·

w−3∑

i=w
2

xi2
i+1


 ^alY�

2w+

w−1∑

i=w
2

xi2
i


 ^alJ�

2w.
? b<A

Z$[]`���{�lYlT� lT�<p4[�ijt�`Vy@sDqTkxixpÉv¸ijt�t4p4{�qTixmn[@pâ� lL{4��qT{�� qTh]���¢ixkxk h]lLp�w`�qL����{�`Vt�t�`V��[]`_{�`n±

x0x6 x6

x1x5 x0x5 x5

x2x4 x4

x2x0 x1x0 x0x0

x1x4

x2x1

x0x4

x0x1

x0

x5x1

x1x2 x0x2 x2

x2x3 x1x3 x0x3 x3

x4x1

x3x2x4x2

x1x1

x7

x3x0

x1

x4x0x5x0x6x0

x3x1

x3x3

x2x2

(25 ·X5:4 ·X1:0) 9;:�< 28

(25 ·X5:4 ·X1:0) 9;:�< 28

� E M���� J <

((2 ·X3:0 + 1) ·X3:0) 9;:�< 28

®<ixmns�{�`³��H¦}�kxmClL{4ixp4[�^ ��H oVlL^���s�p�qTp4ijlLh lT�
f(X) = (X(2X + 1))

^alY�
28 �¢ixp4[Fp«�¯l

`_^�w(`V����`V�'^�s�kxp4ix��kxij`_{�tgqTh]��p«��lSorqT{4{4vY�Ë��{�lL�DqTm@qTp�`5qL����`_{�tr±

����� �/���
=��G�?��� ��),��������	 �	��
����?�!����� �

R³`�[DqV�C`¸�¢{4ixp4p�`_h	q¨¡8kxixw�{�qT{4v³�¢[�ijo�[¦mC`_h]`_{�qTp�`Vt�§ 7 � � ��`Vt�o_{4ix��p4ijlLh]t�lT��p4[]`¸lL�(`_{�qTp�lL{�t
��`Vt�o_{4ixw(`V� qTw(l¹�C`n± Z$[]`¤§87 � �,oVlJ��`��$qLt¸t�vYhYp4[]`Vt4i�Kr`V�0s]t�ixh�m	µYvJh���kxi·�þv	z {�l ;J±Ö��±Ö�¦qTh]�

ì	�9Suì�
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ix^���kj`_^a`_hYp�`V�³lLh t�`_�C`_{�qTk6§!ix{4p�`�©J�«ª�qTh]�'§>ix{4p�`�©J�«�¢��`_�YijoV`Vtgs]t�ixh�m��>ixkxixh�©¤}!kxkxi¼qTh]oV`�µJ`_{4ij`Vt
�]±x�n±Ö�n�TiË±èZ»qTw�kj`S�2t�s�^�^SqT{4i�Kr`Vt�p4[]`2{�`Vt4s�kxp�t�lT�6t�lL^a`�`�©J�`_{4ix^a`_h@p�tr±

��������	�
������� ��������	�
������������ 
�� � ���  !#"%$'&)(+*-,/.%0
1
.%0 23"%� 4

576 8
$9 ���  !#"%$'&)(+*-,/.%0

1
.%0 23"%� 4

576 8
$9

:7;)<>=@?A?B?AC�ô#D
288 E 18.8 181 E 16.5:7;GF�<>=@?A?B?�ô#D
18 3 11.0 193 0 10.9

��������	�
������H����� 
�� � ���  !#"%$'&)(+*-,/.%0
1
.%0 23"%� 4

576 8
$9

:7;)<>=@?A?B?AC�ô#D
233 E 19.9:7;GF�<>=@?A?B?�ô#D
17 2 10.7

Z<qTw�kj`a��H¯¡�lL^��DqT{4ijt�lLh'lT� t�`_�C`_{�qTk
f(X)

lL�(`_{�qTp�lL{�t��ºlL{¢§>ix{4p�`�©Y�«ª qTh]��§!ix{4p�`�©J�«����`_�YijoV`Vt¹±

}�kxmClL{4ixp4[�^ b�ijt�p4[]`Sw`Vt4p�o�[]lLijoV`��ºlL{�p4[]`a§>ix{4p�`�©Y�«ª,�ËqT^�ixkxvC±JI!h¦q�§!ix{4p�`�©J�«�g��`_�JijoV`nÄ
qTkxmClL{4ixp4[�^ ��kj`rqL��t!p�lap4[]`�t4^SqTkxkj`Vt4p!qTh]��� qLt4p�`Vt�p�o_ix{�o_s�ixpr±�}>t¢p4[]`�oVlL^���kj`_p�`5~�¡$£���ix�`_kxixh]`
ixhY�ClLkx�C`Vt6�@�

f(X)
lL�(`_{�qTp�lL{�t¹ÄLp4[�ijtu^a`_p4[]lJ��t�qV�C`Vt»s���p�l

40
I65 �YZ2�JG�©W�JG!w�kjlYo�¥Jt<oVlL^��DqT{�`V�

�¢ixp4[¨qTkxmClL{4ixp4[�^ �n± =>lLp�`gp4[DqTp�lLs�{�§ 7 � �´mC`_h]`_{�qTp�lL{�tgqTkxkjlr��p�la��ix�(`_kxixh]`2p4[]`2lL�`_{�qTp�lL{�tr±

���LK M � 3?���!��	�3 �����	0�������	ON �QP =����B34	��"� ���
=>lr� p4[DqTp¢�¯`2[Dqr�C`�`��So_ij`_h@p

f(X)
lL�(`_{�qTp�lL{�t¹Ä�p4[]`���`Vt4ixmnh�lT��q�o_ix��[]`_{�{�lLs�h]��ijt¢t�p4{�qTixmn[@pâ�

� lL{4��qT{�� H�ixh@p�`_mC`_{�qL����ixp4ijlLh ^alJ��s�kjl
2w

p�qT¥C`VtSqL���LqThYp�qTmC`�lT�>� qLt4pâ�«orqT{4{4v¦kjlLmnijonÄ$q¨wDqT{4{�`_k
t�[�i·�þp�`_{�qLo�[�ij`_�C`Vt�p4[]`g{�lLp�qTp4ijlLh]trÄDqTh]� ��5>Zut¢ix^���kj`_^a`_hYp�w�ixp«�¢ijt�`�`�©�o_kxs]t4ix�C`glL{r±�Éh�lL{���`_{¢p�l
t�[]lL{4p�`_h²p4[]`¸o_{4ixp4ijorqTk¯�DqTp4[ Ä<�¯`�ixh]t�`_{4p�{�`_mnijt4p�`_{�t5qLt�ixkxkxs]t4p4{�qTp�`V� w@v³®<ixmns�{�`¨�n±N=!lLp�`Sp4[DqTp
p4[]`���`_��p4[¨lT��p4[]`���ix�(`_kxixh]`5��`_�`_h]��t>lLh¤p4[]`�k¼qTp�`_h]o_v

α
lT� p4[]`

f(X)
lL�`_{�qTp�lL{M?

α = 0
lL{

α = 1
A�±

®»ixmns�{�`>£nq�t4[]l¹��t�q2¶]{�t4p�qT{�o�[�ixp�`Vo_p4s�{�`goVlLh]t4ijt4p4ixh�m�lT� p4[]`�ixh���s�pè{�lLs�h]�WÄ
r = 20

{�lLs�h]��trÄ
qTh]�'p4[]`�lLs�p4��s�p>{�lLs�h]�W±�Z$[]`

2r + 4
{�lLs�h]�¤¥C`_vJt>qT{�`�t4p�lL{�`V�'ixh

w
�Ëw�ixp>{�`_mnijt4p�`_{�tr±�} t�[�i·�þp

{�`_mnijt�p�`_{2ix^���kj`_^a`_h@p�t�p4[]`�oVlLhYp4{�lLk�s�h�ixpr±�}¬p�lL¥C`_h´ixh]��ijorqTp�`Vt2p4[]`5�LqTkxij��ixpÉv¨lT��p4[]`��]qTp�q¸lLh
p4[]`$oVlL{4{�`Vt4�lLh]��ixh�m���ix�`_kxixh]`$t4p�qTmC`n±�7!l¹�¯`_�C`_{rÄCp4[�ijt�qT����{�lCqLo�[aixh@�ClLkx�C`Vtè�@�

f(X)
lL�`_{�qTp�lL{�t

qTh]���¢ixkxk lLh�kxv�¶]p¢ixhYp�lak¼qT{4mC`�®6z¯d2}!tr±
®»ixmns�{�`$£Tw���`_��ijo_p�t6qTh5ixp�`_{�qTp4ix�C`¢qT{�o�[�ixp�`Vo_p4s�{�`$�¢ixp4[5�DqT{4p4i¼qTkYkjlJlL�5s�h�{�lLkxkxixh�m2qTh]����ix�`_kxixh��

ixh�m]±èZ$[]`2o_ix{�o_s�ixp�ix^���kj`_^a`_h@p�t
k
{�lLs�h]��t(?

k
ijt�qTh�ixh@p�`_mC`_{>��ix�Yijt�lL{�lT�»p4[]`2p�lLp�qTkWhYs�^�w`_{!lT�

{�lLs�h]��t
r
A�Ä(p4[]`�ixh���s�pg{�lLs�h]�WÄ qTh]�¤p4[]`5lLs�p4��s�pg{�lLs�h]�W±gZ$[�ijt>^a`_p4[]lY��lLkjlLmnv¤��qLtgixh]t4��ix{�`V�

wYv�[DqT{�����qT{�`!ix^���kj`_^a`_h@p�qTp4ijlLh]t¢lT� p4[]`� �gª�} w�kjlJo�¥ao_ix��[]`_{¯��`Vt�o_{4ixw(`V�Sixh CÖ�EDqTh]� CÖ�ED«±6Z$[]`
oVlLhYp4{�lLk s�h�ixp¢{�`VyYs�ix{�`Vt�q5^�ixh]lL{�s���]qTp�`gixh�p4[DqTp�p4[]`gp�lL¥C`_h'qL����{�`Vt�t�`Vt¢h]l¹��p4[]`g{�lLs�h]��¥C`_v
^a`_^alL{4vC±�}$p!p4[]`5��{4ijoV`�lT��q�kjlr��`_{2p4[�{�lLs�mn[���s�prÄWp4[�ijt2qT����{�lCqLo�[³�`_{4^�ixp�t>p4[]`�ix^���kj`_^a`_h��
p�qTp4ijlLh¤lT�6~�¡$£�ixh�t4^SqTkxkj`_{>qTh]��o�[]`rqT�`_{���`_�JijoV`Vtr±
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(b) Partial loop unrolling and pipelining(a) Full loop unrolling and pipelining
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®<ixmns�{�`�£�H�Zu�¯l�qT{�o�[�ixp�`Vo_p4s�{�`Vt!lT��q�~�¡$£���{�lJoV`Vt�t�lL{r±
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} § 7 � �0mC`_h]`_{�qTp�lL{�qTkxkjl¹��t�s]t�p�l't4�`Vo_i·�ºv¤p4[]`S�DqT{�qT^a`_p�`_{�t
w
qTh]�

r
Äup4[]`ak¼qTp�`_h]o_v

α
lT�

p4[]`
f(X)

lL�(`_{�qTp�lL{¢qTh]�¸p4[]`�hYs�^�w`_{$lT�»{�lLs�h]��t¯��[YvJt�ijorqTkxkxvaix^���kj`_^a`_h@p�`V��lLh¸p4[]`g®<z�dg}�±
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Z$[�ijtSp�lYlLk�ijtas]t�`��ºs�k�p�l³t4p4s]��v p4[]`�p4{�qL��`��«lT��w`_p«��`V`_h.p4[]`'o�[]lLijoV`¨lT�2q´��`_�JijoV`¤qTh]� p4[]`
p4[�{�lLs�mn[���s�pr±	Z<qTw�kj`'b¨t4s�^�^SqT{4i�Kr`VtSt�lL^a`�{�`Vt�s�kxp�tr± «h qTkxk�lLs�{a`�©��(`_{4ix^a`_hYp�trÄ�p4[]`

f(X)lL�`_{�qTp�lL{¢[DqLt�qTh�ixh@p�`_{4hDqTku��ix�(`_kxixh]`2t4p�qTmC`�qTh]��p4[]`gk¼qTp�`_h]o_v�lT�6q5{�lLs�h]��ijt$p4[]`_{�`�� lL{�`2`VyYsDqTk
p�l�p4[�{�`V`n± �!¡$bT§g�n�n��qTh]� �!¡$bT§2bn�n����`_�JijoV`Vt�[DqV�C`�h]lLp¯`_h]lLs�mn[¸��+I>tèp�l���`rqTkD�¢ixp4[¨�rb�G��Ëw�ixp
��lL{���tr±>I!s�{$t�lLkxs�p4ijlLh�oVlLh]t4ijt4p�t¯ixh¸��`�¶]h�ixh�ma£T�L�Ëw�ixp$ixh���s�p�qTh]��lLs�p4��s�p$�lL{4p�t�qTh]�¸t4�`_h]��ixh�m
pÉ�¯l�o_kjlYo�¥¸o_v�o_kj`Vt$� lL{��]qTp�q�p4{�qTh]t4^�ijt�t4ijlLh ±

������� 	
� �� ��� � ��������� � � � 	
��� ������ ����� �
 �"!�# ����� !%$ ��&')( � &*� # �+&,� �����,- .+/+01.+/ � 2 ���43 2 5617 �43
:7;)< = DA?B?AC�ô,8 F

20 (1) 14110 (90%) E 13.2 9.7:7;)< = ?A?B?AC�ô,8 F
10 (2) 7157 (46%) E 13.2 4.8:7;GF�<:9A?B?A?�ô#D 9
20 (1) 8554 (59%) 80 (83%) 8.4 15.2:7;GF�<:9A?B?A?�ô#D F
10 (2) 7456 (52%) 0 (0%) 13.3 4.8:7;GF�<>=@?B?A?�ô#D 9
10 (2) 4391 (85%) 40 (100%) 8.6 7.4:7;GF�< YB?B?�ô#D 9
5 (4) 2365 (76%) 20 (62%) 8.2 3.9:7;GF�< F7Y�?�ô#D 9
4 (5) 1534 (99%) 16 (66%) 8.9 2.8

Z»qTw�kj`5b�Hè¡¯[DqT{�qLo_p�`_{4ijt4p4ijoVt!lT� lLs�{�~�¡$£5��{�lJoV`Vt�t�lL{�tr±

Z»qTw�kj`�����ixmC`Vt4p�t5{�`Vt4s�kxp�t���s�w�kxijt4[]`V� w@v³t�lL^a`¸lLp4[]`_{�{�`Vt�`rqT{�o�[]`_{�tr±¨} =2µJ}*p�`rqT^ [DqLt
ix^���kj`_^a`_hYp�`V�	~�¡$£��¢ixp4[	t�`_^�i·�«o_s]t4p�lL^ }2µJâ¡�t5wDqLt�`V�¦lLh q¨��±Ö�

µ
^B¡ I I2µ´kxixw�{�qT{4v C G�D«±

5>t4ixh�m¦p4[]`³qT{�o�[�ixp�`Vo_p4s�{�`³��`_��ijo_p�`V� wYv ®<ixmns�{�`´£nq �¢ixp4[ q ��ix�(`_kxixh]` t4p�qTmC` w`_p«��`V`_hFp«�¯l
oVlLh]t�`Vo_s�p4ix�C`´{�lLs�h]��t'qTh]��qTkxmClL{4ixp4[�^

1
p�l	oVlL^���s�p�`

f(X)
Ä>p4[]` =2µJ} p�`rqT^ {�`_�lL{4p�t'q

p4[�{�lLs�mn[���s�p>lT� b�±Öbadgw�ixp�t%�Ttr±
d2q�|�`_p�qTkË±'[DqV�C`���{�lL�(lnt�`V�¦qTh	qT{�o�[�ixp�`Vo_p4s�{�`�t4ix^�ixk¼qT{5p�l¨®»ixmns�{�`�£�CÖ��D CÖbED«±'Z$[]`�^SqTixh

��i·�W`_{�`_h]oV`Vt�kxij`�ixh�p4[]`
f(X)

lL�`_{�qTp�lL{>qTh]�'ixh�p4[]`2hYs�^�w`_{>lT�6��ix�(`_kxixh]`�t4p�qTmC`Vt��`_{�o_ix��[]`_{
{�lLs�h]� ? ��ixh5lLs�{ orqLt�`è�C`_{�t4s]t b�G�ixh5p4[]`_ix{ t4vJt�p�`_^QA�±�7>lr�¯`_�C`_{rÄC�ºlLs�{7�!¡¯§5�r�n�n���É£>��`_�JijoV`Vt qT{�`
{�`VyYs�ix{�`V�¸p�l5ix^���kj`_^a`_h@p�p4[]`�qTkxmClL{4ixp4[�^ �¢ixp4[¸�ºs�kxk(kjlJlL��s�h�{�lLkxkxixh�m]±�R [�ixkj`>p4[]`!p4[�{�lLs�mn[���s�p
ijt�o_kjlnt�`¸p�l´lLs�{�trÄ�p4[�ijt�t�lLkxs�p4ijlLh ijt�^alL{�`¸`�©��`_h]t4ix�C`�qTh]� {�`Vy@s�ix{�`Vtaq¤k¼qT{4mC`_{SqT{�`rq¨lLh p4[]`
z�¡ P ±�]± ��I5±G7>qL`_h�h�i6[DqLt2t4p4s]��ij`V� t�lT�ºp«�$qT{�`�ix^���kj`_^a`_hYp�qTp4ijlLh]t�lT��~¢¡$£a� lL{gÉp�qTh�ixs�^ qTh]�³d>�
��{�lJoV`Vt�t�lL{�t C ��D«±�Z$[]`�oVlY��`��$qLtg�¢{4ixp4p�`_h³ixh³qLt�t�`_^�w�kxv¤k¼qTh�mnsDqTmC`�p�l�w`_h]`�¶]pg�þ{�lL^�p4[]`��lT�
p�`_hYp4i¼qTk<lT�6^�s�kxp4ix^a`V��i¼q�ixh]t4p4{4s]o_p4ijlLh]t¹±�®6z¯d2} qTh]�¤}gµJ4¡FqT����{�lCqLo�[]`Vt>o_kj`rqT{4kxv�lLs�p4�`_{â� lL{4^
lL��p4ix^�i�Kr`V�¤t�lT�ºp«��qT{�`�t�lLkxs�p4ijlLh]tr±

; +0���51»���5%D������%

Éh p4[�ijt��DqT�`_{rÄ!ix^���{�l¹�C`V�,qT{�o�[�ixp�`Vo_p4s�{�`Vt¤lT��p4[]`´~�¡$£ w�kjlYo�¥ o_ix��[]`_{��ºlL{�§>ix{4p�`�©Y�«ª°qTh]�
§>ix{4p�`�©J�«��®6z¯dg}>t2[Dqr�C`�w(`V`_h³��`Vt�o_{4ixw(`V�W±�I!s�{���`V��ijorqTp�`V�²§87 � �	mC`_h]`_{�qTp�lL{�t���{�l¹�Yij��`¸q
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0.33! W&%�W�YB?.�/)10#'
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Z<qTw�kj`���H ~�`Vt�s�kxp�t�lT�6t�lL^a`2lLp4[]`_{�{�`Vt�`rqT{�o�[]`_{�t¹±

�¢ij��`��DqT{�qT^a`_p�`_{�t4�DqLoV`¸`�©J��kjlL{�qTp4ijlLh H�o�[]lLijoV`�lT��p4[]`¸��`V��ijorqTp�`V�
f(x)

lL�`_{�qTp�lL{rÄ6h@s�^�w`_{
lT�¯��ix�(`_kxixh]`�t4p�qTmC`Vtg�`_{>{�lLs�h]�WÄuqTh]�¨h@s�^�w`_{�lT�è{�lLs�h]��tg��[YvJt�ijorqTkxkxv¤ix^���kj`_^a`_hYp�`V�³lLh p4[]`
®6z¯d2}�±DµYixmnh�i·¶DorqThYp>t4�`V`V��qTh]�'qT{�`rq�ix^���{�l¹�C`_^a`_h@p�t2qT{�`�lLw�p�qTixh]`V��wYv�p�qT¥Yixh�m��ºs�kxkuqL���nqTh��
p�qTmC`�lT�<§>ix{4p�`�©Y�«� I65 �JZ2�JG�©�JGa��`V��ijorqTp�`V��^�s�kxp4ix��kxij`_{!w�kjlYo�¥Jt¹±

4 1(32�5� ����� A5����� �!�#%

Z$[]`aqTs�p4[]lL{2��lLs�kj� kxix¥C`�p�l�p4[DqTh�¥'p4[]`65 I¤ixh�ijt4p�\_{�`�®�{�qTh�7rqTijt���`�k¼q¸~!`Vo�[]`_{�o�[]`*8 ?þmn{�qThYp:9
�r�T��G�¡ �g~*� 5É}�¡�6|4`_s�h]`Vt>o�[]`_{�o�[]`_s�{�t;8 A�ÄWp4[]`�µY�¢ijt�t =gqTp4ijlLhDqTk�µJo_ij`_h]oV`5®DlLs�h]�]qTp4ijlLh Ä qTh]�
p4[]` �>ixkxixh�©@5�h�ix�C`_{�t�ixp«v�z {�lLmn{�qT^ � lL{�p4[]`_ix{�t4s����lL{4pr±

) � &V�6
� ��1<� %

Cx�7D5�]± � ��± P `_s]o�[DqTpr±=< �$�?>�� ���M4 �� �4 � � �$�$�� @>1A ����B7
*"<� �7� 
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"��M� "HG7���7&�±2z [ �¬p4[]`Vt4ijtrÄWµY�¢ijt�tg®]`V��`_{�qTk «h]t4p4ixp4s�p�`5lT�èZu`Vo�[�h]lLkjlLmnv �»qTs��
t�qTh�h]`nÄ]bn�n���n±�}»�LqTixk¼qTw�kj`g�º{�lL^ [Yp4p4� H � ���¢�¢��±é`_h]tâ�ËkxvClLh ± �þ{%� ∼|âkxw`_s]o�[Dq�±

CÖbED5z»±�¡¯[]lY��l¹�¢ij`VonÄJz<±JIg[Ys]lLh ÄJqTh]�KI�±Yd2q�|V±#® qLt4p¯«^���kj`_^a`_hYp�qTp4ijlLh]t¢lT� µJ`Vo_{�`_pâ�(I2`_v P kjlJo�¥¡¯ix��[]`_{�t5!t�ixh�m.I¤i·©�`V��«h�h]`_{â�»qTh]� I!s�p�`_{â�«~!lLs�h]�az ix�`_kxixh�ixh�m]±DÉhML 
*�J4�NPOM/1QSRPT'�
U3V.O
�� !� �7
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*� ��
*"��0��"JG����+U3"�� �\O�
�
"]X�&�Ä>�DqTmC`Vt¨�T�
^#�r�nb�Ä
bn�n���n±

CÖ�ED:I�± d2q�| qTh]� z<±F¡¯[]lY��l¹�¢ij`Von± ®DqLt4p°ix^���kj`_^a`_h@p�qTp4ijlLh qTh]� �ËqTix{ oVlL^��DqT{4ijt�lLh
lT� p4[]` ¶]hDqTk�orqTh]��ij�]qTp�`Vt � lL{ }¢���nqTh]oV`V� ª h]o_{4vJ��p4ijlLh µYp�qTh]�]qT{�� s]t�ixh�m ®<ij`_kj�
z {�lLmn{�qT^�^SqTw�kj` d2qTp�` }�{4{�qrvJtr± «h L 
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^J�n��± µY��{4ixh�mC`_{â�Ë§�`_{4k¼qTm]Ä bn�n���n± }u�nqTixk¼qTw�kj` �º{�lL^
[@p4p4� H � �T`VoV`n± mn^�s ±é`V��s�To_{4vJ��p�l ����s�w�kxijorqTp4i¼lLh]tr± [Yp�^�±
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�uqTs]t�qTh�h]`nÄDbn�n�nb�±

CÖ�ED5ª�± I¨lnt�qTh@v@q�Ä�¡>±uZ»`_s]t�o�[]`_{rÄ�75± ®$±u~!`Vt4p4{�`_�(l�Ä»z»±6d2qTkxkj`_vCÄ qTh]�³ª�±6µ�qTh]o�[]`�KC±'¡¯{4vJ��p�lT�
P lJlnt4p�`_{JH�} ~!`VoVlLh�¶]mns�{�qTw�kj`�qTh]��I¤lJ��s�k¼qT{�¡¯{4vJ��{�lLmn{�qT��[�ijo�¡�lL��{�lYoV`Vt�t�lL{r±�«h¦¡>± I�±
I�lJo�qTh]�	¡>± z6qnqT{rÄ�`V��ixp�lL{�trÄ L 
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P `_{4kxixh Ä�7!`_ij��`_kxw`_{4m]Ä �r�n�n��±

CÖ£ED P ±�z6qT{4[DqT^�iË±>/ ���B� � � �7
&O.
7�,�,��� ���$�%4V±>I�©J�ºlL{���5�h�ix�C`_{�t4ixpÉv�z {�`Vt�trÄ]bn�n�n��±
C:;5D5~�± ��±L~�ix�C`Vt�prÄ�I ±T�]± P ±�~!lLw]t4[DqV��Ä@~�±CµYij��h]`_vCÄ@qTh]����±���±��gixh ±�Z$[]`$~¢¡$£ P kjlJo�¥�¡¯ix��[]`_{r±}u�nqTixk¼qTw�kj`>�þ{�lL^ [@p4p4� H � ���¢�¢��± {�t�qLt�`Vo_s�{4ixpÉvC±éoVlL^ ��{�t�qTk¼qTw]t%��{�or£�Ä��r�n��G�±

C GED P ± R³`V`_¥JtrÄ I¦± P `rqTh Ä�Z2± ~�l�KVvJkjlr�¢ijo�KCÄ qTh]� ¡>± ®<ijo�¥C`n± 7gqT{�����qT{�` z»`_{â�
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