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z\uTscsX��z?vwvw}g��z?v��¨}~�_ptogu��Rk{�%�gpqx��"s?��g��jivwpt�_pts?o=£"pqx_e²±²�#³�µ�°�³g}g�_x_egji�_h¨sT�_jTªcsTogrt�¯·jw£ j�¬gz?v�x&h¨jwx_eX¼
sX�g��vwz?o ��sTrq¦Tj²j �¤v�ptjwocx_rt� x_egp|�¤�~�_sT�grqjih z{x��g��ji�_jwocxR° ³~s?�=x_egj�j�¬X��ji�_pth¨jwocx����Xji��v���pt��jR� z{�Vs�¦?j?ª
£-jDe�z?�²x�s�vws?o~��x_��}~v�x
�_s?h¨j%h¯z{x_��ptvwji�'}~��ptogu�j�¬gz?v�x
vws?h¨�g}Xx�z�x_pts?o��%¿Nm
���T�gogjw���~zT��jR��À"x_s�zÁ¦?sTpt�²z?o
zTvwvw}ghD}gr|z�x�pqsTos{�oc}~h\ji�_p|vwz?rTji�_��s?���i°�d&egp|��p|��s?ogj-£&zÁ�'x�s'h¨pq¬Dj�¬gzTv�x�z?o~�o�}gh¨ji�_p|vwz?r�vws?h¨�g}Xx�z�x�pqsTo~�w°

�yx�egjw�#j�¬X��ji�_pth¨jwocx��´e~zÁ¦?j"�~}Xx#pto¤jw¦�p|�Xjwo�v�j"x�e~z�x´ptocx_ji�_¦�z{rVz{��p¥x�egh¨j�x�ptv"h¯zÁ�\�_ji�gr|z?v�jTªTz{®x_jw�-��sTh¨j
zT�g�Xpqx_pts?o~z?rgx�egjwsT�_jwx_p|vwz{r�£#sT���AªThD}grqx_pq¼N�~�_jRv�p|��pts?o¯��z�x�pqsTo~z{r�oc}~hD�Vjw���;pto¤j�¬gz?v�x-vws?h¨�g}Xx�z�x_pts?o��w°���jwx#}~�
ptrtrq}~��x_��z�x�j
x_egp|�"£"pqx_e�h¨j�x_e~s��~�"�~z?�_ji��s?o�'ji��vwz{�_x_jR� � �-�_}~rqj�s{L�_pquTo~�w°
�&z?�_p|vwz{rtrt�¸¿ç�_jwj,� �Tk���·sT�"j�¬gz{h¨�grtjRÀ�ª�x_egj�jw¬gz?v�x"¦Tjw����pts?o�s{�x_egj�_s{¼êvwz?rqrtji�0�y�_��jio~�u��� � �"z{rtu?s?��pqx_egh

p|�´z?rq��jizT�X�S��ogs�£"o¨x�s�Vjy¦?ji�_�\j �¤vwpqjioTx´·s?�´p|�_s?r|z�x_ptogu�x�egjy��jiz?rg��scs?x��´s{§}gogpt¦�z{��ptz{x_j��Vs?rt��ogs?h¨p|z{r|�w©�p¥x
viz{o9�gjiz{r�£"pqx_e¸sT��x�egs?uTs?o~z?r���sTrq��ogsTh¨ptz?rt�'rqp �?j	� pqr ��pqo���sTo�� �'s?� � egjw���X�_egjw¦ � ��s?o~ji�iªVjwx�v?°'s?´�XjwuT�_jij
uT�_jRz�x�jw�#x_e~z?o�k?�?�?�~°�d�s¯��}gh¨h¯z{��p #wj?ªcx�egj�z{rtu?s?��pqx_egh p|�-�~z?�_ji��s?o yjR�_viz{�_x_ji��� �#��}grtj's?��_pquTo~�-£"egp|v�e
p|�"�Xjw¢~ogji���Vjwrts�£�°
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sign(a)
���)(r�
�_pquTo �u��	
 ��& ��*,����

a ∈ IR
�R	%���!������

0
� �

a = 0
�
1
� �

a > 0
	
�.

−1
� �

a < 0
��	�l.f.E����l� �)(r��o�}gh%��ji��s?X�_ptu?ov�e~z?ogu?jR�

V (a)
��-��(�� &��"���

a = (a1, · · · , ak)�u�@��& ��*,������S�u�
IR \ {0}

���,��l.��� ������
y�
�
���
k �

V (a1) = 0, V (a1, · · · , ak) =

{

V (a1, · · · , ak−1) + 1
� �

sign(ak−1ak) = −1,
V (a1, · · · , ak−1)

�
�)(r�����L�"���
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b
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�E���$	
����!.0���,����*-���>��+���������>���f��
a
� ����.E����l�

V (a) = V (b)
�

�'��ptogu\x_e~jz{�Vs�¦?j
ogs{x�z�x_pts?o��wª@'ji��vwz?��x�ji��� �-��}grqj�s?��_pquTo~�&p|�-x_egj�·sTrqrts�£"pqo~u~©
� � Ã�Ç � Ã � ������Ã �R ?�X�Á� Ã �	�q�\� ��& Ã²Ç� ��� ��� ��
�� ���

P =
∑d

i=0
aix

i
�!�#	B���
&��
��
*���	
&[��

IR[x]
�

3�� ���B.E����
�$�B���
V (P )

�)(r�����*,�!����� �,��� ��j �(�	
������0��|��(��0&��"���
(a0, . . . , ad)

	
�.
pos(P )

��(��
���*-�!�����u�f���%���������%�����!	
& �����
����� �

P
 !�
����$�!. �L����( *���&���� �l&��� ��������������)(r��

pos(P ) ≤ V (P )
��	
�.

V (P ) − pos(P )
�"�@���
����

��j�x#}��´z?���_}gh¨j"x_e~z{x
P
p|�´z���c}~z{��j�¼N·��jwj"�Vs?rt�co~s?h¨ptz?rgs{��gjwu?��jwj

d
pqo

IR[x]
£"p¥x�e=z{rtrVp¥x��;��scs?x��´pqo

]0, 1[
° 'j�¢�ogpqo~u

Pk,c = 2kdP (x+c
2k )

ª~p¥ yjR�_viz{�_x_ji��� �#��}grtj�s{L��ptu?o~�-uTpq¦Tji�
1
¿ç�_jR����°��cÀ-£"egjwo�z{�~�grqptji�

x�s�x_egjy��sTrq��ogsTh\p|z{r
(x+1)dPk,c(1/(1+x))

ª�x�egjwo¯x�egj��Vs?rt��ogs?h¨p|z{r
P
e~z?�;j�¬gz?v�x_rt�Ds?o~j"�_s�s{xy¿ç�_jR����°

o~s���s�s{x�ÀDpto5x�egj�ptocx_ji�_¦�z{r
] c
2k , c+1

2k [
° d&egjwsT�_jih¯�%�X}~j�x�s � sTrqrtpto~���{� ����p¥x�z?�0� �%�yz?o~� �'pqo�v�jwocxB� ���%�

��x�z{x_j=x_e~z{x%·sT�\�_}��¤v�ptjwocx_rt�Ir|z{��u?j¤¦�z{rt}gjR�Ds?
k
ª8'ji��vwz{�_x_jR� � ���}grtj=s{
��ptu?o~�%£"egjio)z{�~�grqptji�Ix_s�x_egj

�Vs?rt��ogs?h¨p|z{r
(x + 1)dPk,c(1/(1 + x))

£"ptrqr�z?rq£&zÁ�X�-u?pt¦?j
0
sT�

1
°

d&egj�h¯z{pto��_jih¨z?���¯p|�-x_e�z�x"£#j�z?�_j
s?ogrt�¤ptocx_jw��ji��x_jR�=pto�x_egj��_pquTo~�&s{�v�s�j �¤v�ptjwocx��wªgz?o~�¯x�ec}��&x_egj
zTvwvw}g��zTv��¯ogjiji�XjR��·s?�"x�egj���ji�_}gr¥x�s?;v�s?h¨�g}gx�z�x�pqsTo~�"vwz?o���j�Vs�s?�R°Y�ys�£#ji¦?jw�Rªcx_egjx_��z{o~��·s?��h¯z�x_pts?o��
x → x/2

}~�_ji� �X}g��ptogu¹x_egj¸vws?h¨�g}Xx�z�x�pqsTo~�\·s?���gp|�5x�egj²}~�_j²s{�e~z{���X£&z{��j=»�sTz�x��²¿·ji¦?jwo ptocx_jw��¦�z{r
z?�_pqx_e~h\jwx_p|v²�~zT��jR�)sTo e~z{���X£&z{��j�»~sTz{x���À%·s?���_s?rt¦�pqo~uI��sTrq��ogsTh\p|z{r|�¯s?�e~pquTe �XjwuT�_jij?ª-��jRvwz{}���j¸s?
rtpth\pqx�z{x_pts?o~�¨sTo x_egj²jw¬��Vs?o~jwocx����L��z?ogu?jT° ±²s?��jws�¦Tjw�Rª�x_egj¸z?rquTs?��p¥x�egh £"ptrqr"x�jw��h¨pqo~z{x_j�s?o~rq�¶pq�x_egj
�Vs?rt��ogs?h¨p|z{r

P
pt�y�_�c}~z?�_jw¼O·��jwjT©�x�egp|�yv�sTo~�Xpqx_pts?o�e~zT�&ogs¯�g��jiv�p|�_j�h\jRz{ogptogu¨£"egjio�x_egjvwscj��¤v�ptjwocx��"s?

P
z{��j��_ji�g�_jR��jiocx_ji�=���¯»~sTz{x��&sT�"pqocx_ji�_¦�z?rt�i°
±²sT�_jis�¦?ji�iªc£"egjwo���jw�gr|z?vwpqo~u%��z�x�pqsTo~z{r§v�s�j��¯vwpqjiocx��&£"pqx_e�pqocx�jw��¦Áz?rt�iª�xF£-s\�~�_sT�grqjih¯�&h¨zÁ�=s�viv�}g�R©
� z�r|z?v!��s{go�}gh¨ji�_p|vwz?rTz?viv�}g��z?vw�'h¯zÁ��pto~�X}~vwj´�g��s?�grtjwh¯��pqo%��ptu?oD�gj�x_ji�_h¨pto~z�x�pqsTo~�-¿ 0 viz{oDz?�g�Vjiz{�pqo�ptocx_jw��¦�z{r|��À�«
� x_egj²�Vs?rt��ogs?h¨p|z{r"h¯zÁ�¶ogs?x¤��j¸���c}~z{��j�¼N·��jwj¹¿ç��zÁ�5zº��sTrq��ogsTh\p|z{r"£"pqx_e ptocx_jw��¦�z{r�vwscj��¤v�ptjwocx���_ji�g��ji�_jwocx��&z¯�_j�x"s{���sTrq��ogsTh¨ptz?rt�#x_e�z�x�h¯zÁ�=v�sTocx�z{pto�z%o~s?o��_�c}~z?�_jw¼O·��jwj
s?ogjÁÀ�°
�'�\�_egs�£"oIptod� �Tk��½ª�x_e~ji�_j¤xF£-s��_p¥x�}~z�x�pqsTo~�rtjizT�¹x_s9x_egj��_z?h¨j¤�g��s?�grtjwh�©¤�_s?h¨j��_pquTo¶�Xj�x�jw��h¨p¥¼

o�z�x_pts?o���£"ptrqr�ogs?x'�Vj%�VsT����pt�grtj?ªA£"egp|v�e¸h¨jiz?o~��x�e~z�xRªAp¥#z���ptu?o��Xj�x�jw��h\pto~z{x_pts?o�çz{ptrt}g�_j%pt�'}~�_ji��z?�yz
��x_sT�g�gptoguv���pqx_jw��pts?o�ª?x_egjio¨x_egj
z{rtu?s?��pqx_egh £"pqrtr�z?rq£&zÁ�X��x_jw��h¨pqo�z�x_jT°�d&e~j"¢~o~z?r~��ji�_}gr¥x#£"pqrtr~�Vjyz�_j�x´s?
p|�_s?r|z�x_ptogu¨ptoTx�jw��¦�z{r|�"z{o~�²z¯�_j�x�s?�ptocx_jw��¦�z{r|�&·s?�y£"egptv�e�ogs¤�gjiv�p|�_pqsTo�p|�"�VsT����pt�grtj¤¿®x�egjw��h¯zÁ�¤s?��h¯zÁ�
o~s{x�v�s?ocx�z{pto9��jiz{r���s�s{x���À�°-�'ogj¯vwz{o9x_egjio�pto~vw�_jRz?�_jx_e~j\�~�_jRv�p|��pts?o�s{;x�egj¤z{��p¥x�egh¨j�x�ptvDx_s²v�sTocx_ptoc}~j
x�egj%vws?h¨�g}Xx�z�x�pqsTo~�w©-s?o~jpqh¨�Vs?�_x�z?oTxy·jiz�x�}g��jDp|�"x_e�z�xyx�egj%vws?h¨�g}Xx�z�x�pqsTo¸vwz{o²�VjD��ji��x�z?��x�ji��jw¬XzTv�x�rq�
£"e~jw��j�p¥x'çz{ptrqjR�§ª'��������x_egji�_jp|�'ogs¤ogjiji��x_s=�_jR�Fx�z{�_x"x_egj\v�s?h¨�g}gx�z�x�pqsTo�·�_sTh x�egj�VjwuTpqogo~pqogu�°"µ½Lx_egj
vws�j �¤v�ptjwocx��Ds{&x_e~j=ptogp¥x�ptz?r´�Vs?rt��ogs?h¨p|z{r#z?�_j,��ogs�£"oIjw¬gz?v�x�rq�TªL��}~v�e¶z¸�g�_sXvwji����£"pqrtr#z?rq£&zÁ�X��u?pt¦?j¤z
vws?h¨�grtj�x�j�z?o~��j�¬gz?v�x"�_jR��}grqxi°

d&egp|��z{rtu?sT�_pqx_egh p|��z¤¦?ji�_��uTscsX�9j�¬gz{h¨�grtjDs?#����h%��sTrqp|v ��oc}~h\ji�_p|vvws?h¨�g}Xx�z�x_pts?o��w°d&egj\hD}~r¥x�p¥¼
�~�_jRv�p|��pts?o z{��p¥x�egh¨j�x_p|v²�_��jiji�g�¨}g� x�egj¸v�sTh\�~}Xx�z{x_pts?o~�¨pto u?jwo~jw��z{r"�g}Xx=z?rt�_s¹z{rtrqs�£��\x�s¹�gjiz{r"£"pqx_e
�Vs?rt��ogs?h¨p|z{r|�"£"egsc��jDvws�j �¤v�ptjwocx��
z{��j�ogs?x'j�¬gzTv�x_jirq����ogs�£"o¶¿çz?�g�g��sÁ¬Xpqh¯z�x�jv�s�j �¤vwpqjioTx��wªV��jiz{r�z{rtu?j�¼
�~��z?ptv
o�}ghD�Vjw���iªXj�x�v?° À�°
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�"ji¦?sTr�� �?�%��e~zT��pth¨�grqjih¨jwocx_jR��pqocx�jw��¦Áz?r��yjw£&x�s?oDz?rquTs?��p¥x�eghb�t�w����z?o~��e~zT��zT�gz{�Xx�ji��pqx�x�syh%}gr¥x�pq�~rqj
�~�_jRv�p|��pts?o²v�sTh¨�g}Xx�z{x_pts?o~�i°&µêo²x_e~pt�yj�¬gz{h¨�grtj?ª�x_egjDh¨z?pqo�z?�X¦�z{ocx�z{u?j�s?�}���ptogu=±²�#³�µ"p|�yx_e~z{xys?ogjDpt�
o~s\h¨sT�_j�rtpqh¨pqx_ji�����¤x�egjv�sTh¨�g}Xx_ptogu¨�g��jivwpt�_pqsTo�©�pqo��XjwjR�§ªgs?o~j�viz{o�pqh¨�VsT�_jz{���gpqx_��z{���¨zTvwvw}g��zTv��¯sTo
�Vs{x�e¹x_egj=�_s�s{x � �Dz{�g�g��sÁ¬Xpqh¯z{x_pts?o¹z{o~�ºx�egj¤��ji�_pt�X}�z{r;pto ��ji£&x_s?o�� �%z{rtu?s?��pqx_egh �q�R�%�N° ��j�xD}~�Dpqo���p|�Fx
sTo¹x_egj¤çz?v�x%x_e~z{xx_e~j¤xF£-s9z�·sT�_jih\jiocx_pts?ogjR��pth¨�grtjwh¨jwocx�z{x_pts?o~�Dh¯z{o~z?u?ji��x�s9z?�gz?�Xx%�X��o~z?h¨ptviz{rtrq�
x�egj��g��jiv�p|�_pqsTo=x�s%x�egjv�sTh¨�g}Xx_ptogu¨ogjiji�g�&£"pqx_egsT}Xx���ji��x�z{�_x_ptoguDx_egj�£"egsTrqj��g��s?uT��z?h�°�d&egp|�"�XjR��pt��z?�grtj
·jRz�x�}g�_j�£"ptrqr���j�_s?}guTecx&z{®x_jw��·s?�&·}Xx�}g�_j�pth¨�grtjwh¨jwocx�z{x_pts?o~�&s?�s?x_egji��z{rtu?s?��pqx_egh¯�i°

� n�v={ � �=w+q n�v
±¸�´³�µ;pt�-zrtpt�g��z?�_�%·s?�-hD}~r¥x�pq�grtj
�g�_jRv�p|��pts?o¯ptocx_ji�_¦�z{rAz{��pqx_egh¨j�x�ptv'£"egp|v�e¯·}grtrq�¤��z�x�pt��¢~jR�Lx_e~j
vws?ocx�z?pqoX¼
h¨jioTx%�_jR�T}~pq��jwh¨jwocx%z?o~�Iz{rtrts�£���x_s9vws?h¨�g}Xx�j¤£"pqx_e5z?�_�gpqx_��z{���¸�g��jivwpt�_pts?o�°²µ½xDjw¬Xegpq�~p¥x��%zTvwv�ji�Xx�z?�grtj
s�¦Tjw��egjizT�g��v�sTh\��z{��ji�9x_s²¢g¬XjR��¼N�~�_jRv�p|��pts?oºpqocx�jw��¦Áz?r;rtpq�g��z{��ptji��z{o���pqx��D��ji��·sT�_h¯z?o~v�jR���Xs²ogs{x\�X�_sT�
�g��z?h¨z{x_p|vwz?rqrt�¨£"egjwo=x_egj�v�sTh¨�g}Xx_ptogu\�g��jiv�p|�_pqsTo¤pqo�v���jiz?�_ji�i°�±²�´³�µ´p|�-£"�_pqx�x�jwo�pqo � z{o��¤�g}gptrqx&}~��sTo
±¸�´³�� z{o~�¯m�±²�)z{o~�¯viz{o¨��j�·�_jijwrt�\�Xs�£"o~rqscz?�XjR�§°�µ½x´p|�´��x_ptrtr~}go~�gjw�#�gjw¦?jirqsT�gh¨jwocxi©�ogjw£ çzTv�ptrqpqx_ptji�
�_}~v�e�z?�"z?}Xx_sTh¨z{x_p|v��Xp �Ajw��jwocx�ptz{x_pts?o�z{o~��rqptogjRz{��z{rtu?ji�g��zD£"ptrqr���jzT�g�Xji��pto�x�egj�ogjRz{�&·}Xx�}g�_jT°

µ½x
e~z?�"jio~z{�~rqjR��}~�"x�s¤pqh¨�grtjwh¨jioTx�z{o~��x�ji��x'�_s?h¨jDz{rtu?sT�_pqx_e~h¨�iª~�_}~v�e¸z?�y�Xj�x�jw��h\ptogptogu=z?rqr���sTrq}X¼
x�pqsTo~�
s{#x_egj¨u?jiogjw��z{r�vwzT��j\s{#x_egj¯�Xpt��jiv�xf��ptogjwh¯z�x�ptv%�g��s?�grtjwh ·s?���~z{��z{rtrtjwr��_sT��s?x��iª§pt�_s?r|z�x�pqogu���jiz{r
��s�s{x��´s?���sTrq��ogsTh¨ptz?rt�#s{�r|z{��u?j'�XjwuT�_jij'z{o��¤£"pqx_e=�VsT���_pq�grt�¯pto~z?viv�}g��z�x�jwrt����ogs�£"o�v�s�j �¤v�ptjwocx-s?�"z{�X¼
�~�_sÁ¬Xpth¨z{x_ptoguD£"pqx_e�z{���gpqx_��z{���¯z?vwvw}g��z?v�� #wji�_s�jR�#s?�z%·}go~v�x_pts?o�}~��ptogu¨z{o�z?�gz?�Xx_jR�¤ptocx_jw��¦�z{rN��ji£&x_sTo
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