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Abstract: Under conditions of nutrient deprivation, the Gram positive soil bacterium Bacillus subtilis
can abandon vegetative growth and form a dormant, environmentally-resistant spore instead. The
decision to either divide or sporulate is controlled by a large and complex genetic regulatory network
integrating various environmental, cell-cycle, and metabolic signals. Although sporulation in B. subtilis
is one of the best-understood model systems for prokaryotic development, very little quantitative data
on kinetic parameters and molecular concentrations are available. A qualitative simulation method is
used to model the sporulation network and simulate the response of the cell to nutrient deprivation.
Using this method, we have been able to reproduce essential features of the choice between vegetative
growth and sporulation, in particular the role played by competing positive and negative feedback
loops.
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Simulation qualitative de l’initiation de la sporulation chez B. subtilis

Résumé : Dans des conditions de privation de nutriments, la bactérie du sol Gram-positif Bacillus
subtilis peut abandonner la croissance végétative et former une spore dormante et résistante aux facteurs
environnementaux. La décision de se diviser ou bien de sporuler est contr6lée par un grand réseau de
régulation génique complexe qui intégre plusieurs signaux environnementaux, signaux du cycle cellulaire
et signaux métaboliques. Méme si la sporulation chez B. subtilis est un des systémes de modéle le
mieux compris, trés peu de données quantitatives sur les parameétres cinétiques et les concentrations
moléculaires sont disponibles. Une méthode de simulation qualitative est utilisée pour modéliser le
réseau de sporulation et pour simuler la réponse de la cellule a la privation de nutriments. En utilisant
cette méthode, nous avons été capables de reproduire les caractéristiques essentielles du choix entre
la croissance végétative et la sporulation, en particulier le réle joué par des boucles de rétroaction
positives et négatives.

Mots-clés : réseaux de régulation génique, modélisation mathématique, équations différentielles
linéaires par morceaux, simulation qualitative, biologie mathématique, bioinformatique, sporulation,
B. subtilis
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1 Introduction

Under conditions of nutrient deprivation, the Gram positive soil bacterium Bacillus subtilis initiates a
range of responses that allow it to survive in the increasingly hostile environment [28, 32, 64, 72, 75].
Among these responses are the production of antibiotics, the development of motility and competence,
and as a final resort, the formation of dormant, environmentally-resistant spores. The decision to
abandon vegetative growth and enter sporulation has far-reaching consequences for the bacterium. It
involves a switch between two completely different genetic programs entailing energy-expensive changes
in gene expression and morphology [5, 28, 35, 76, 77].

The changes in gene expression and morphology induced by sporulation are regulated by a complex
regulatory network involving more than 125 genes [17, 77]. The size and complexity of the sporulation
network make it difficult to interpret the switch from vegetative growth to sporulation in terms of
the interactions between genes, proteins, and small molecules. Computer modeling and simulation
may help in understanding how a global response can emerge from a network of local interactions.
In addition, the use of modeling and simulation tools may permit the formulation of hypotheses on
missing components and interactions which, after a process of screening through computer simulation,
can guide further experimentation.

Notwithstanding the enormous amount of work devoted to the elucidation of the network of in-
teractions underlying the sporulation process, very little quantitative data on kinetic parameters and
molecular concentrations are available. As a consequence, traditional methods for the numerical anal-
ysis and simulation of biochemical systems are difficult to apply. In the accompanying report [10],
a method for the qualitative simulation of genetic regulatory networks has been described that does
not depend on precise numerical values for the parameters and initial conditions. Rather, it exploits
qualitative constraints in the form of parameter inequalities that can usually be inferred from the
experimental literature. The method is based on a class of piecewise-linear (PL) differential equation
models of genetic regulatory networks that, while abstracting from the precise molecular mechanisms
involved, capture essential aspects of gene regulation [25, 54, 74].

In this report, we will apply the qualitative simulation method described in [10] to model the
sporulation network and to simulate the response of the cell to nutrient deprivation. The aim is to show
that the method is able to reproduce experimental findings in the case of a large and complex network
that is well-understood by molecular biologists. In particular, the simulations should clarify how
the choice between alternative developmental pathways, sporulation and vegetative growth, emerges
from a network of molecular interactions. To our knowledge, except for a previous version of the
model presented here [11], no modeling and simulation studies of sporulation in B. subtilis have been
published thus far.

The model of the regulatory network has been constructed from the extensive literature on sporu-
lation in B. subtilis and computerized resources like the database SubtiList [55]. It consists of a dozen
differential equations representing the evolution of the concentration of key proteins in the sporulation
network, as well as inequalities constraining the parameter values. Using this model, the response of
wild type and mutant bacteria to physiological perturbations has been simulated by means of the com-
puter program Genetic Network Analyzer [9], which implements the qualitative simulation method
mentioned above. Each simulation results in a graph of qualitative states and transitions between
qualitative states, representing all possible qualitative behaviors of the bacterium.

Comparison of the predicted and observed behaviors reveals that essential features of the response
of the cell to nutrient deprivation can be reproduced by means of the model. In fact, the qualitative
behaviors in the transition graph correspond either to the continuation of vegetative growth or to the
initiation of sporulation. Closer analysis shows that the choice between these alternative pathways
is determined by competing positive and negative feedback loops influencing the accumulation of the
phosphorylated transcription factor SpoOA. If the positive feedback loops favoring phosphorylation of
Spo0A outweigh the negative feedback loops favoring dephosphorylation, then Spo0A~P may reach
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a concentration at which it starts to activate genes whose expression commits the cell to sporulation.
If this is not the case, the cell continues to grow and divide. The attainment of a critical level of
Spo0A~P thus functions as a developmental checkpoint in the response to starvation conditions.

In the next section, we review current knowledge on the network of interactions controlling the
choice between vegetative growth and sporulation. In section 3, the qualitative simulation method
described in [10] is briefly summarized. In sections 4 and 5, we show how the sporulation initiation
network can be modeled in terms of PL models. The results obtained when simulating the bacterium
in various genetic backgrounds are presented in section 6, followed by a discussion in the concluding
section of the report.

2 Initiation of sporulation in B. subtilis

One of the most intriguing questions of modern biology concerns the decision-making processes involved
in the adaptation of an organism to its environment. In order to survive, in the short term as well as on
an evolutionary time scale, an organism constantly has to adapt to ever-changing conditions. The key
to its adaptability is the capacity to monitor the environment and respond to changes in, for example,
nutrient availability, cell density, temperature, and light by adjusting the synthesis and degradation of
regulatory proteins controlling growth, metabolism, and development.

e
@

Vegetative growth

Figure 1: Life cycle of B. subtilis: decision between vegetative growth and sporulation (figure adapted
from [48]).

Like any bacterium, B. subtilis is in constant competition with individuals of the same and different
species for limited resources. As long as nutrients are available, B. subtilis cells growth and divide as
fast as possible. However, when the environmental conditions deteriorate, the cells stop growing
exponentially and enter stationary phase. During the transition to stationary phase, the cells initiate
a range of responses destined to survive in the increasingly hostile environment [28, 32, 64, 72, 75].
The ultimate response of the cells is to sporulate [5, 28, 35, 76, 77], that is, to form spores that are
remarkably resistant to chemicals, heat, dessication, radiation. Spores can remain dormant for many
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years, but when the nutrient limitations disappear, the spores germinate and the bacterium resumes
vegetative growth. In a bacterial culture submitted to starvation conditions, most of the cells will
undergo sporulation (spo™ phenotype), but a minority continues vegetative growth (spo~ phenotype).

The morphological differences characterizing the spo™ and spo~ phenotypes can be easily identified
(figure 1). During vegetative growth, the cell divides symmetrically and generates two identical cells.
In sporulation, on the other hand, cell division is asymmetric and results in two different cell types:
the smaller cell (the forespore) will form the spore, whereas the larger cell (the mother cell) helps to
deposit a resistant coat around the spore and then disintegrates.

The decision to abandon vegetative growth and initiate sporulation involves a radical change in the
genetic program, the pattern of gene expression, of the cell. The switch of genetic program is controlled
by a complex genetic regulatory network involving more than 125 genes [17, 77]. Due to the ease of
genetic manipulation of B. subtilis, it has been possible to identify and characterize a large number of
the genes, proteins, and interactions making up this network. The decision-making processes involved
in the choice between sporulation and vegetative growth have thus become a model for understanding
the principles that underlie developmental decisions in higher organisms.

A crucial factor in the decision to commit the cell to sporulation is the phosphorylation of the
transcription factor SpoOA in response to various environmental, cell-cycle, and metabolic signals
[5, 28, 35, 76]. Above a certain threshold concentration, the phosphorylated protein activates a cascade
of sigma factors directing the transcription of genes initiating the morphological changes occurring
during sporulation [30, 43]. Spo0A~P promotes the synthesis of o, involved in septum formation
and in the autoregulatory feedback loops controlling Spo0A~P accumulation (see below). It also
activates the genes coding for ¢ and o', which are responsible for the alternative developmental fates
of the mother cell and the forespore, respectively. Among other things, they activate the expression of
yet other sigma factors, & and 0%, controlling late sporulation events. In this report, we will focus
on the initial stage of sporulation, and consider that the cell is committed to sporulation once the
concentration of of has reached a certain threshold.

A

A
B Stochiometric conversion of A into B. E Synthesis of protein A from gene a.
a

A~B

A=——=01 Binding of A and B. E— Activation

C
A L P Modification of A through phosphorylation.
D

Inhibition

Cisakinase and D aphosphatase.

Figure 2: Elements of a graphical representation of genetic regulatory networks [42].

Figure 3 depicts key genes, proteins, and interactions involved in the initiation of sporulation, us-
ing the graphical conventions proposed by Kohn [42] (figure 2). The sporulation network is centered
around a phosphorelay, responsible for the phosphorylation of SpoOA [4, 28, 35]. The phosphorelay
transfers a phosphate from the kinase KinA, KinB, or KinC to the response regulator SpoOF, which
in turn passes its phosphate to SpoOA, by way of the phosphotransferase Spo0B. The phosphatases
SpoOE, RapA, and RapB, acting upon Spo0A~P or Spo0F~P, are able to reverse the flux of phosphate
through the phosphorelay, thereby inactivating SpoOA. The activation of the kinases and phosphatases
is determined by signals providing information about, among other things, nutrient availability, popu-
lation density, progression of the cell cycle, and activity of metabolic pathways. The phosphorelay thus
functions as an integrating device, deciding on the basis of a range of physiological and environmental
parameters when it is appropriate for the cell to enter sporulation. Recent work has provided insights
into the mechanisms connecting these parameters to the phosphorelay, although many of the molecular
details remain unknown [5, 15, 28, 48, 76].
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Figure 3: Network of key genes, proteins, and regulatory interaction involved in the initiation of
sporulation in B. subtilis. The contents of the box denoting the phosphorelay are detailed in figure 4.
In order to improve the legibility of the figure, the control of transcription by the sigma factors ¢ and
o has been represented implicitly, by annotating the promoter with the sigma factor in question.
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The complexity of the phosphorelay, in comparison with the two-component systems usually re-
sponsible for signal transduction in bacteria, reflects the importance of the decision to commit the cell
to sporulation [4]. The cell must balance the risk of unnecessarily initiating a process that confers a se-
rious growth disadvantage against the risk of reacting too late to a disruptive change in environmental
conditions. In this report, we simplify the phosphorelay by considering only one kinase (KinA) and one
phosphatase (SpoOE), and by ignoring the intermediate steps in the transfer of phosphate to Spo0A
(figure 4). This simplification does not affect the essential function of the phosphorelay: modulating
the phosphate flux as a function of the competing action of kinases and phosphatases (here KinA and
SpoOE) [57]. We also include one environmental signal, abbreviated to Signal, which acts on KinA and
stimulates its autophosphorylation [89].

KinA
Signal 4>L
Spo0A J-] P
SpoOE

Figure 4: Simplified phosphorelay involved in B. subtilis sporulation. The intermediate steps in the
transfer of phosphate to Spo0OA have been compiled into a single step. Moreover, a single kinase
(KinA), phosphatase (SpoOE), and environmental signal (Signal) are taken into account.

The components of the phosphorelay are themselves regulated on the transcriptional level by
Spo0A~P and a number of proteins directly or indirectly controlled by SpoOA~P (figure 3). The
transition-state regulator AbrB [78] plays a key role, in that it represses the expression of spo0E. In
addition, it represses the gene sigH, which codes for the sigma factor ¢ directing the transcription
of kinA, spo0A, and sigF. AbrB also controls the expression of other transition-state regulator genes
[28, 64, 72, 79, 80], such as sinR, sinl, and hpr, which are involved in the regulation of the expression of
spo0A from its of-dependent promoter. More particularly, sinR codes for a repressor (SinR) of spo0A
transcription and an anti-repressor (Sinl). When SinR is complexed to Sinl, it can no longer bind to
DNA and repress transcription of spo0A. Hpr is a DNA-binding protein repressing the transcription of
the sinIR operon [3]. In addition, the expression of abrB and most of the other genes mentioned above
is positively or negatively controlled by SpoOA~P [35].

How does the decision to enter sporulation or continue vegetative growth emerge from these in-
teractions? Three feedback loops are particularly important for the accumulation of Spo0A~P, and
thereby the activation of the transcription of sigF' and the commitment to sporulation [28, 36]. A first
positive feedback loop arises from the downregulation of abrB following an increase in the concentration
of Spo0A~P. This leads to an increased expression of sigH and thereby kinA, which further stimulates
phosphorylation of Spo0A. The downregulation of abrB and upregulation of sigH also give rise to a
second positive feedback loop. A decrease in the concentration of abrB by Spo0A~P leads to increased
transcription of Apr, sinl, and sinR. Because sinR mRNA is poorly translated in comparison with sin/
mRNA, most SinR will be inactivated through heterodimerization with Sinl. As a consequence, follow-
ing the upregulation of sigH, SinR repression of the o -dependent promoter of spo0A is relieved. The
increase in the concentration of Spo0OA tends to augment the flux of phosphate through the phospho-
relay. A third feedback loop involves an increase in spo0FE expression caused by abrB downregulation
through the phosphorelay. The feedback loop is negative, because increased concentrations of SpoOE
opposes the accumulation of Spo0A~P. Besides the three feedback loops mentioned above, there are
other examples of (negative) feedback in the sporulation network, such as the repression of of kinA
and spo0A transcription at high concentrations of Spo0A~P.
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S Hidae ae Jong et al.

The above description of the interactions in figure 3 has been much simplified (more details will be
given in section 5), but it shows already that intuitive predictions of the global behavior of the system
may be extraordinarily difficult to make. In order to understand how the choice between sporulation
and vegetative growth emerges from the interplay of the competing feedback loops, we will build a
mathematical model of the regulatory network and simulate the behavior of the system. We use the
qualitative simulation method described in the accompanying report [10]| for this purpose, because
quantitative data on kinetic parameters and molecular concentrations are mostly absent.

3 Qualitative simulation of genetic regulatory networks

The qualitative simulation method in [10] is based on a class of piecewise-linear (PL) differential equa-
tion models that provide a coarse-grained description of genetic regulatory networks. The PL models
have mathematical properties that allow qualitative predictions on the steady-state and transient be-
havior of the system to be made. Below, we give a brief summary of the method, focusing on the
description of genetic regulatory networks by PL models (sections 3.1 and 3.2) and the predictions
obtained through qualitative simulation (section 3.3).

3.1 Differential equation models

The dynamics of genetic regulatory networks can be modeled by a class of piecewise-linear (PL)
differential equations originally proposed by Glass and Kauffman [25], and generalized by Mestl et
al. [54]. The equations have the form

;= fi(®,u) — gi(z,u)z;, z; >0, 1<i<n, (1)

where £ = (z1,...,2,) and w = (uy,...,uy)" are vectors of cellular protein concentrations. The
variables & represent the state of the regulatory system, whereas the variables u represent the input to
the system. The state equations (1) define the rate of change of the concentration z; as the difference
of the rate of synthesis f;(x,u) and the rate of degradation g;(x,u) z; of the protein. In what follows,
we will assume that the input variables are constant, i.e., & = 0.

The function f; : RY, x R, — R is defined as

film,w) =Yk bu(a, ), (2)

lel

where k;; > 0 is a rate parameter, by : RZ; x RZ; — {0,1} a regulation function, and L a possibly
empty set of indices of regulation functions. The regulation function is defined in terms of step functions
st,s7 : Rx R — {0,1}, where

s*(z;,6;) = {1’ G0 d (@, 0) = 1 — s (35, 6y). 3)
0, z; < Hj,

The parameter §; > 0 represents a threshold concentration of z;. A regulation function can be
interpreted as the arithmetic equivalent of a Boolean function representing the logic of gene regulation
[54, 74].

The function g; is defined analogously to f;, except that we demand that g;(x,u) is strictly positive.
In addition, in order to formally distinguish degradation rates from synthesis rates, we will denote the
former by -y instead of k. As can be easily verified, with the above definitions of f; and g;, differential
equations of the form (1) are piecewise-linear (PL) |25, 54, 74].

The dynamical properties of the PL. models can be analyzed in the n-dimensional phase space box
Q=0 x...xQ,, where every ;, 1 <4 < n, is defined as

INRIA



Quatitative Stmutation of the Initiation of Sporuiation 9

Q, = {IEZ € ]RZO | 0<x; < mami}, (4)

and maz; is a parameter denoting a maximum concentration for the protein.

Given that the protein encoded by gene ¢ has p; threshold concentrations, the n — 1-dimensional
threshold hyperplanes z; = 0?", 1 < k; < p;, partition  into hyperrectangular regions that are called
domains [10, 54]. More precisely, a domain D C Q is defined by D = Dy X ... X D,,, where every Dj,
1 <14 <, is given by one of the equations below:

D; ={x; |0 < z; < 6]},

D; ={x; | z; = 6;},

D; ={z; | 6} < z; < 6%},

(5)

D; ={z; | 0¥ < z; < maz;}.

If for a domain D, there are some 4,5, 1 <i <mn, 1 <j <p;, such that D; = {z; | z; = 6!}, then D is
called a switching domain. Otherwise, D is called a regulatory domain.

When evaluating the step function expressions in (2) in a regulatory domain, f; and g; reduce
to sums of rate constants. More precisely, in every regulatory domain D C (2, f; reduces to some
pP e M; = {fi(z) | 0 < z < maz}, and g; to some v € N; = {gi(z) | 0 < £ < maz}. M; and N;
collect the synthesis and degradation rates of the protein in different domains of Q. It can be easily
shown that all trajectories in D monotonically tend towards a stable steady state z = u? /v, the
target equilibrium, lying at the intersection of the n hyperplanes z; = uP /vP [25, 54, 74]. The target
equilibrium level pP /uP of the protein concentration z; gives an indication of the strength of gene
expression in D. Call ®(D) = {uP/vP} the target equilibrium set of D. If ®(D) N D # {}, then all
trajectories will remain in D. If not, they will leave D at some point.

In switching domains, f; and g; may not be defined, because some concentrations assume their
threshold value. Moreover, the functions may be discontinuous. In order to cope with this problem,
the system of differential equations (1) is extended into a system of differential inclusions, following an
approach originally proposed by Filippov [19, 26]. Using this generalization, it can be shown that, in
the case of a switching domain D, the trajectories either traverse D instantaneously or tend towards a
target equilibrium set ®(D) located in the same threshold hyperplane as D. Here, ®(D) is the smallest
closed convex set including the target equilibria of regulatory domains having D in their boundary. If
®(D) N D # {}, then the trajectories may remain in D. If not, they will leave D at some point.

3.2 Qualitative constraints on parameters

Most of the time, precise numerical values for the threshold and rate parameters in (1) are not available.
As a consequence, it is not possible to numerically simulate the behavior of a genetic regulatory network.
Rather than numerical values, we specify qualitative constraints on the parameter values. These
constraints, having the form of algebraic inequalities, can usually be inferred from biological data.
They are exploited by the simulation method to predict the qualitative dynamics of the regulatory
system.

The first type of constraints, the threshold inequalities, are obtained by ordering the p; threshold
concentrations of the protein encoded by gene 1, i.e.,

0<6 <...< 6% < maz;, (6)

The threshold inequalities determine the partitioning of €2 into regulatory and switching domains.

RR n° 4527
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The second type of constraints, the equilibrium inequalities, order the possible target equilibrium
levels of z; in different regulatory domains D C ) with respect to the threshold concentrations.
Biologically speaking, the equilibrium inequalities define the strength of gene expression in the domain
in a qualitative way, on the scale of ordered threshold concentrations. More precisely, for every u; € M;,
v; € N;, and u;,v; # 0, we specify one of the following pairs of inequalities:

0 </1,i/l/i < 9},
0; < pifvi <63,

(7)

6% < pi/vi < mag;.

The equilibrium inequalities constrain the relative position of D and its target equilibrium set ®(D).

The models of genetic regulatory networks treated by the simulation method consist of state equa-
tions (1), supplemented by parameter inequalities (6) and (7). Every such qualitative PL model corre-
sponds to a set of quantitative PL models consisting of state equations (1) and a particular combination
of numerical parameter values consistent with the parameter inequalities.

3.3 Qualitative simulation

Let @, defined on some time-interval [0,7[, be a solution of a quantitative PL model describing a
genetic regulatory network. Furthermore, at some time-point ¢, 0 < ¢t < 7, &(t) € D. A qualitative
description of & at ¢ consists of the domain D, supplemented by the relative position of D and ®(D).
We call this the qualitative state of the system. On [0, 7], the solution passes through a sequence of
domains D°,..., D™ in Q. Whenever & enters a new domain, the system makes a transition to a new
qualitative state. The sequence of qualitative states corresponding to the sequence of domains is called
the qualitative behavior of the system on the time-interval. Every solution of a quantitative PL model
can be uniquely abstracted into a qualitative behavior.

Given a qualitative PL model and initial conditions in a domain D°, the aim of qualitative simulation
is to determine the possible qualitative behaviors of the system. More precisely, denoting by X the
set of solutions x(t) of all quantitative PL models corresponding to the qualitative model, such that
z(0) = xy € DO, the aim of qualitative simulation is to find the set of qualitative behaviors that
abstract from some x € X.

In the accompanying report, we have described a simulation algorithm that generates a set of
qualitative behaviors by recursively determining qualitative states and transitions from qualitative
states, starting at the qualitative state associated with the initial domain D°. This results in a
transition graph, a directed graph of qualitative states and transitions between qualitative states. The
transition graph contains qualitative equilibrium states or qualitative cycles. These may correspond to
equilibrium points or limit cycles reached by solutions in X, and hence indicate functional modes of
the regulatory system.

A sequence of qualitative states in the transition graph represents a predicted qualitative behavior of
the system. It has been demonstrated that the transition graph generated by the simulation algorithm
covers all qualitative behaviors abstracting from some & € X [10]. That is, whatever the exact
numerical values for the parameters may be, if these values are consistent with the threshold and
equilibrium inequalities specified in the qualitative PL. model, the qualitative shape of the solution is
described by a sequence of states in the transition graph. On the other hand, the transition graph
resulting from a simulation may contain more qualitative behaviors than necessary to cover the solutions
in X [10].

INRIA
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The simulation method has been implemented in Java 1.3, in a program called GNA (Genetic
Network Analyzer) [9].1 GNA is accessible through a graphical user-interface, which displays the
network of interactions among genes and proteins, as well as the transition graph resulting from
the simulation. In addition, the user can analyze the qualitative equilibrium states and qualitative
cycles, and focus on selected qualitative behaviors in order to study the temporal evolution of protein
concentrations in more detail.

4 Modeling regulatory mechanisms in sporulation

In this section, we will discuss how the different types of interactions playing a role in the initiation
of sporulation can be modeled in terms of step functions. More particularly, we will explain how
the functions f; in (1) can be specified when dealing with the regulation of gene expression by a
transcriptional activator (section 4.1), a transcriptional repressor inactivated through dimerization
with an anti-repressor (section 4.2), and a transcriptional repressor activated through a phosphorelay
(sections 4.3). The resulting model components are combined in the next section, where for each of
the proteins in the sporulation network a state equation will be defined.

4.1 Transcription regulator

Consider the transcription regulator AbrB that activates the expression of hApr by binding to a regu-
latory site in the promoter region of the gene [81]. This regulatory mechanism, schematically shown
in figure 5(a), can be modeled by means of a sigmoidal function, the Hill rate law (appendix A.1).
Figure 6(a) shows the activity of the gene, and hence the rate of synthesis of the protein, as a function
of the cellular concentration x4 of AbrB. Below a certain threshold concentration of the transcrip-
tional regulator, hpr will be hardly expressed at all, whereas above this threshold its expression rapidly

saturates.
AbrB AbrB o———
[ —— <Hpr J
T
hpr abrB

(a) (b)

Figure 5: Regulation of the expression of (a) hpr and (b) abrB.

The sigmoid curve in the figure can be conveniently approximated by a step function [39, 85]. This
leads to the following expression for the rate of synthesis of Hpr:

fhr(l‘ab) = Khr st (q"aba Hib)a (8)

where Kp, and Géb are constants denoting the synthesis rate of Hpr and the threshold concentration
of AbrB, respectively. The function frr(z4) states that hpr is expressed at a rate ki, if zq > 6,
whereas the gene is not expressed, if x4 < Hcllb.

In addition to activating hpr, AbrB has been shown to inhibit its own synthesis, by binding to
the promoter region of abrB [82]. As in the previous example, the activity plot of abrB is a sigmoidal
curve (figure 6(b)). However, the synthesis of AbrB is now a decreasing function of the concentration of
AbrB. Moreover, the curve is shifted to a higher concentration range. This reflects the observation that
AbrB interacts more weakly with the promoter region of abrB than with that of hpr. The sigmoidal
curve in figure 6(b) can be approximated by the step function expression

!GNA is available for non-profit academic research purposes at http://www-helix.inrialpes.fr/gna.
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Figure 6: (a) Activity of the gene hpr (vp,), normalized on the scale 0 to 1, as a function of the
concentration of the transcriptional regulator AbrB (z4). (b) Idem for the activity of the gene abrB
(vgp). The activity plots have been generated from the model and parameter values in appendix A.1l.
They correspond to the regulatory mechanisms in figure 5.

fab(xab) = Kab 3_(xaba egb)’ (9)

where k4, denotes a synthesis rate, 92,7 a threshold concentration, and Ogb > H;b.

The expression of abrB is also inhibited by Spo0A~P, while ¢4 is required to inititate transcription
of the gene. These interactions have been omitted for the purpose of this example. In section 5, we
will extend (8) and (9) into complete descriptions of the regulatory logic of hpr and abrB.

4.2 Transcription regulator inactivated by anti-repressor

Figure 7 illustrates a more complex regulatory mechanism. The DNA-binding protein SinR inhibits the
expression of the gene spo0A [52], as well as its own gene sinR [73, 70]. Binding of SinI to SinR causes
the latter to lose its ability to repress the expression of spo0A and sinR [3]. That is, the regulatory
protein SinR occurs in two forms: a free (active) form and a complexed (inactive) form.

SinR —=—e— Sinl Sin] <—e—= SinR <>—

| |
——

spo0A sinR

(a) (b)

Figure 7: Regulatory mechanisms controlling the expression of (a) spo0A and (b) sinR.

Using the law of mass action and the Hill rate law, a detailed kinetic model for the above regulatory
mechanism has been derived (appendix A.2). Because the association of SinR and Sinl, and the
dissociation of their complex, takes place on a time-scale largely inferior to the time-scale of the
synthesis and degradation of the proteins, we can assume that the former processes are in quasi-
equilibrium with respect to the latter [33, 68]. This gives rise to a simplified model which can be used
to calculate, for arbitrary but realistic parameter values, the activity of spo0A as a function of the total
SinR and Sinl concentrations (zs and zs;). The resulting gene activity plot is shown in figure 8(a).

As a generalization of the previous example, the sigmoidal surface in the plot can be approximated
by means of step functions. This leads to the following expression for the rate of synthesis of Spo0A:
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fsa(l'srawsi) = Ksa (1 - 3+(-'Esr> 951») 3_(*Tsia 9;1))5 (10)

with ks, a rate parameter and 62, 0}, threshold concentrations. The function fsq (s, Zs;) states that
spo0A is expressed at a rate kgq, if s, < 02, or T5 > O;i. If this condition is not satisfied, the gene is

not expressed.

6 _ -6 _
x,, (10 M) 10 x,, (107° M) Xy (107°M) 1o X, (107°M)

Figure 8: (a) Activity of the gene spo0A (vs,), normalized on the scale 0 to 1, as a function of the
concentrations of total SinR (zs,) and total Sinl (zs;). (b) Idem for the activity of the gene sinR (vs,).
The activity plots have been produced using the kinetic model and parameter values in appendix A.2.
They correspond to the regulatory mechanisms in figure 7.

Now consider the negative autoregulation of SinR shown in figure 7(b). SinR is assumed to bind
more weakly to the promoter region of its own gene than to that of spo0A. Using the above-mentioned
model to determine the gene activity plots, we obtain a sigmoidal surface shifted to a different re-
gion of the concentration space, as shown in figure 8(b). The corresponding step function expression
approximation is

fsr($sraxsi) = Rgr (1 - 5+($57‘7 0;7») 3_(5531'7 9?1))7 (11)

with 62, > 0 and 6% < 6],.

When comparing figure 7 with figure 3, we see that the former gives an incomplete picture of the
control of expression of spo0A and sinR. Both genes are regulated in a complex manner, involving
several promoters and regulatory proteins. In section 5, we will complete the partial descriptions of
the control of spo0A and sinR derived above.

4.3 Transcription regulator phosphorylated through phosphorelay

As discussed in section 2, the phosphorelay is the principal regulatory mechanism in the network
controlling the initiation of sporulation. It controls the expression of various sporulation genes, such
as the gene sigF included in the spolIA operon [63, 86]. We consider the simplified version of the
phosphorelay, shown in figure 4.

Although the phosphorelay is more complex than the regulatory mechanism of the previous sec-
tion, a function summarizing the regulatory logic of sigF can be derived in much the same way. In
appendix A.3, a detailed kinetic model for the regulation of sigF through the phosphorelay is derived
from standard rate laws in enzyme kinetics. The model can be simplified by making the assumption,
based on time-scale considerations, that the flux through the phosphorelay is in a state of quasi-
equilibrium with respect to the synthesis and degradation of its component proteins. Given parameter
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Figure 9: Control of the expression of (a) sigF and (b) abrB through the phoshorelay.

values consistent with the biochemical characterization of the interactions in [27], we calculate the ac-
tivity of sigF as a function of the different concentrations of total Spo0OA, total KinA, and total SpoOE
(%sa, Tka, and Zse), in the absence and presence of Signal. The gene activity plots in figure 10(a)-(c)
show that, if Signal is absent, then sigF is never expressed. On the other hand, if Signal is present, then
we obtain the sigmoidal surfaces plotted in figure 10(d)-(f). The plots express the competition between
the kinase and the phosphatase [57]: the activity of sigF increases with increasing concentrations of
KinA and decreasing concentrations of SpoOE.

Let the input variable us denote the sporulation signal. We stipulate that the step function
st (us, 0s) evaluates to 1, if Signal is present, and to 0, if it is absent. Then the plots in figure 10
give rise to the following step function approximation for the rate of synthesis of o':

ff(wsaa TkayrLsey us) = Kf 5+(“s> 05) 3+($sa> 9?a) 3+($kaa olgc’a) 87(‘/1"56’ 936)- (12)

kg is a rate parameter, while 6%,, 67 | 0%, are threshold parameters for Tsq, Tq, Tse, respectively. The

function ff(%sa,Tka, Tse, us) formalizes the regulatory logic shown in the plots. In particular, if the
sporulation signal is present (s*(us,8s) = 1), then gene sigF is expressed at a rate sy, if and only if
Tsq > 03, Tq > 03, and 4. < 0%, If the sporulation signal is absent (sT(us,,0;) = 0), then sigF is
not expressed.

Spo0A~P has been shown to bind most strongly to the promoter region of abrB, thus making
this gene a sensitive measure of Spo0A~P accumulation in the cell [7, 87]. Repeating the above
analysis for the transcriptional regulation of abrB by Spo0A~P, as schematized in figure 9(b), results
in gene activity plots analogous to those shown in figure 10 (results not shown). The sigmoidal curve
is inversed, due to the fact that SpoOA~P represses abrB expression. In addition, it is shifted to a
different region of the concentration space, reflecting the stronger interaction of Spo0A~P and the
abrB promoter region. The regulatory logic of abrB is now approximated by

fub(xsaa Tkas Tses us) = KRab (1 - 3+(u37 93) 3+($saa 0;(1) 3+($ka7 9]%0,) 37(15'36’ 0;13))- (13)

with 01, < 03,, 01 < 63 and 6%, > 62,.

The step function expressions (12)-(13) describe only part of the regulatory logic of the genes. In
addition to being activated by Spo0A~P, the expression of sigF is inhibited by SinR. Similarly, the
expression of abrB is autoregulated through the action of AbrB. A complete description of the control
of expression of these genes will be given in the next section, where the step function expression for

Spo0A~P regulation will be combined with those for SinR and AbrB regulation inferred above.
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Figure 10: Activity of the gene sigF, normalized on the scale 0 to 1 (), as a function of the concen-
trations of total Spo0A (z4,), total KinA (z,), and total Spo0E (zs). In (a)-(c) Signal is present,
whereas in (d)-(f) it is absent. The plots have been produced using the kinetic model and parameter
values in appendix A.3. In each plot, two of the concentrations are varied while the third is held
constant at the maximum or minimum value of the concentration range.
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5 Modeling the sporulation network

In order to model the sporulation network of figure 3, we will define the state equation and parameter
inequalities for the different classes of genes involved: the sigma factors 6, o, and oF (section 5.1),
the response regulator Spo0A (section 5.2), the kinase KinA (section 5.3), the phosphatase SpoOE
(5.4), the transition state regulators AbrB, SinR, Sinl, and Hpr (section 5.5), and the sporulation
signal (section 5.6). The equations and inequalities making up the model are summarized in figure 11.

5.1 Sigma factors o*, o7, and oF

As reviewed in section 2, sporulation in B. subtilis requires the sequential activation of different sigma
subunits of RNA polymerase [30, 43]. ¢ is the principal sigma factor present in vegetatively growing
cells, but it has an ongoing role during sporulation [30]. For the purpose of this model, its concentration
4, Will be considered constant, that is,

g = 0. (14)

o4 is assigned a single threshold concentration 6,, which leads to the straightforward threshold

inequalities

0 <0, < maz,. (15)

If £, > 6,, then o4 is available at concentrations at which it can direct RNA polymerase to transcribe
genes with a 04-dependent promoter. No equilibrium inequalities need to be specified for o4 (M, = {0}
and N, = {0}).

The sigma factor o | present at low concentrations in the growing cell, is essential for the initiation
of sporulation [30, 43]. It is the product of the gene sigH (also known as spo0H), which is transcribed
from a o4-dependent promoter [6, 14, 90]. Control of expression of sigH is regulated by AbrB, which
represses transcription of the gene [21, 91]. We use the rate constants x% and x}, to denote constitutive
and AbrB-controlled synthesis of 0.2 Degradation of ¢ is assumed to occur spontaneously, with a
rate constant 7. This leads to the following state equation for o*:

Tp = "52 5+($aa 0a) + ”}L 5+(~7f'aa 0a) s~ (Tab, eéb) — Yh Th- (16)

The step function expressions for 04-dependent transcription and AbrB-effected repression, i.e., s1(zq,
0,) and s~ (xgp, Htllb), respectively, are multiplied, reflecting that the two mechanisms operate indepen-
dently.

As in the case of 0, we define a single threshold concentration for /. Above this concentration,
denoted by 6, the o/’-dependent promoters of the sporulation genes can be transcribed by the Ecf
holoenzyme. This leads to the threshold inequalities

0 < 0n < mazp,. (17)

By means of (16), we derive the possible synthesis and degradation rates of o, My = {0,0, k) +
k}} and Nj, = {y,}. The target equilibrium values &9 /v, and (k) + k})/7s need to be ordered with
respect to 0. The increased expression of sigH at the end of exponential growth, due to the relief of
AbrB repression, is necessary for the initiation of sporulation [5, 28, 35]. This implies the constraints

0 0 1 .. . . o). R
Kp /v < Oy and (k) + K},)/vn > 64, and hence the equilibrium inequalities:

2Several reports indicate that the cellular concentration of ¢, x5, is also regulated on the post-transcriptional level
(e.g., [16, 31, 91]). Because the exact mechanisms involved have not been elucidated thus far [12, 16], we will omit this
level of regulation.
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0 0 1
0< g, 0, <TEh o pgp,. (18)
Yh Yh

of" is a sigma factor controlling the development of the forespore [30, 43]. The operon spoIlA

includes the gene sigF (spoIIAC) coding for of" [20]. Transcription of spolIA is o¥-dependent [93, 94]
and positively controlled by Spo0A~P as well as negatively controlled by SinR [51, 63, 86, 94]. The
synthesis rate of of is denoted by & 7, while of" is degraded with rate constant 7v¢- Denoting the
cellular concentration of o by zy, the state equation for of is obtained by combining the step
function expressions for SpoOA~P and SinR regulation derived in section 4:

i =typst(zh,0h) (1 — st (zsr,0;,) ™ (5,0%))-

3+(u87 08) 3+($saa 9§’a) S+(wk3a’ Oza) 3_($sea 936) —YFIf- (19)

We define a single threshold 6y for o¥'. At concentrations above this threshold, the sigma factor
directs transcription of genes implicated in forespore development. The accumulation of o above its
threshold level will be taken to indicate the initiation of sporulation. The threshold inequalities for o’
are

0<0; < mazy. (20)

The possible synthesis and degradation rates of o' are My = {0, x;} and Ny = {y}. Because ex-
pression of sigF must allow the concentration of o' to cross the threshold 6 ¢, we obtain the equilibrium
inequalities

kf
0 < < mazf. (21)
f Vs f

5.2 Response regulator Spo0OA

Expression of the gene spo0A coding for Spo0A can be initiated from a o“-dependent (vegetative)
promoter Py and a of-dependent (sporulation) promoter Pg [18, 44, 65, 71, 96]. We will use the
rate constants k!, and k2, to denote the synthesis of Spo0A from Py and Pg, respectively. Control
of expression from Py involves transcription by the Eg4 holoenzyme [96] and repression by SpoOA~P
[83]. Expression from Pg is controlled by three mechanisms: transcription by the Eo holoenzyme
[18, 65, 71, 96], repression by Spo0A~P [83], and repression by SinR [52].> Degradation of Spo0A
turnover is not known to be regulated, so that we will assume spontaneous degradation with a rate
constant . Denoting by z, the total concentration of Spo0A, we arrive at the following state
equation:

j’IS(I = ﬁ;a 8+ (‘Taa 011) (1 - S+(u81 08) 3+("L‘saa oga) 3+ ('Tkaa H%a) S_(wsea 9?@))—*_
K’?a st (zh,0n) (1 — s* (us, 0s) st (Tsq, 9?{1) st (Tkas el%a) 5~ (se, eie))'
(1 —s%(zsr, Hér) s (zsi, ng)) — Ysa Tsa- (22)
Notice that the step function expressions for the different regulatory mechanisms are multiplied, in
order to represent their combined effect in transcription control.

Spo0A~P has been shown to bind most strongly to the promoter region of the gene encoding the
transition state regulator AbrB, while at a higher concentration level it starts to activate expression

3Al‘chough earlier experiments suggested that Spo0A~P also activates transcription from the Ps promoter, recent in
vivo transcription analyses have not substantiated this conclusion [21].
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of the gene coding for the sigma factor o [7, 28, 86]. The latter event requires the positive feedback
loop amplifying the flux of phosphate through the phosphorelay to have become active, and therefore
downregulation of Apr and upregulation of sinl to have occurred at lower concentrations of SpoO0A~P
[28, 35]. Once Spo0A~P has reached concentration levels sufficient to activate sigF, it inhibit its
further accumulation, by shutting off expression of the phosphorelay genes spo0A and kinA [28, 35].
Downregulation of the other promoter of spo0A occurs at a lower concentration of Spo0A~P, at about
the time that SinR repression of Pg is released and transcription from this promoter starts (promoter
switching) [65, 96].

The above considerations lead us to distinguish four different strengths of Spo0A~P binding, and
hence (following the reasoning in section 4.3) to four different threshold concentrations for the phos-

phorelay proteins. In the case of Spo0A, we have the thresholds ., 62,, 62,, and 8%,, which are ordered
by the threshold inequalities
0<0l, <62 <03 <0 < mazg,. (23)

The threshold 8., corresponds to abrB repression of Spo0A~P, while 2, accounts for the regulation
of the other transition state regulator genes. The SpoOA concentration must reach 63, to activate
sigF expression and repress its own synthesis from the Py promoter. Above 2, it inhibits further
expression of the phosphorelay genes, as can be verified in (22).

The possible synthesis and degradation rates of Spo0A are given by My, = {0, kl,, k%, 61, + K2, }
and Ny, = {ys¢}. We have to order the target equilibrium values s.,/Ysa, 524/Vsa, and (kl, +
Kk2,)/7¥sa With respect to the threshold values. Expression of Spo0A from the promoter Py alone permits
downregulation of abrB under the appropriate conditions, but is not sufficient to initiate sporulation
[35, 87]. As can be verified in (31) and (19), this implies &.,/vsa > 0}, and k., /vsa < 63,, respectively.
It has been shown that expression from the promoter Pg is necessary to initiate sporulation [71].
Making the additional, reasonable assumption that the Spo0A~P concentration may actually reach a
level at which the negative feedback loop becomes active, (22) implies k2,/vsq > 0%,. In summary, we
have the following equilibrium inequalities for Spo0OA:

1 2

1 2
K K Kgqg T K
02, < 24 <93 01 < L < mazg,, 0%, < 2080 < omazg,. (24)

sa ,YS(L 'Ysa

Notice that k2, /vsq > 0%, implies (K1, + £2,)/Vsa > 0%,

5.3 Kinase KinA

Of the kinases mentioned in section 2, only the kinase considered to be most important, KinA, has been
retained in the simplified phosphorelay. The gene kinA (spoIlJ) is transcribed from a o -dependent
promoter [2, 58, 65|, repressed by Spo0A~P [21, 35]|. The degradation of the kinase is not known to be
regulated. We introduce the variable zj, to represent the concentration of total KinA. We denote the
synthesis rate of KinA from its ¢ -dependent promoter by h:,lc .- In addition, we introduce a synthesis
rate Hga to account for the contribution of the kinases that have been omitted from the model, in
particular KinB and KinC [37, 41, 46, 47, 87]. With a degradation rate equal to Yk, Zkq, We obtain the
state equation

Tk = ’iga 3+($a’ 0a) + K‘llca 3+($h’ Or) (1 — 3+(u87 0s) 3+(-'Bsaa 0;1a) 3+($kaa 9,%(1) 87 (Zses 6;e)) ~ Yka Tka-
(25)
As explained in section 5.2, Spo0A~P is assumed to interact at four different strengths with the
promoter regions of its target genes, corresponding to four different concentration thresholds of the
phosphorelay proteins. In the case of KinA, we have the thresholds 0% ar 0,% o 9,:3&, and 0,%0” ordered by
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0< 04, <0i, <03 <0p, < mazkq. (26)

The possible synthesis and degradation rates of KinA are given by Mg, = {Kk3,, Khes Kva + Khat
and Ngo, = {7Vka}- Expression of kinC alone yields a SpoOA~P level that is not sufficient to initiate
sporulation, but that permits abrB downregulation [37, 47, 87]. From (19) and (31) we conclude that
this implies lﬁga /Yo < 02 , and ng o Vha > 0; .- The expression of kinA alone allows the bacterium to
sporulate under appropriate conditions [47, 87]. For sigF expression to occur, we must have (Kiga +
Nllm) /Yka > Oga, while autoregulation of phosphorelay activity at higher concentrations of SpoO0A~P
requires (K9, + K5,)/Vka > O, This gives rise to the following equilibrium inequalities:

1

0 0 1
K K Kpg T K
02, < 22 <03, Of, < k¢ < mazy,, Of, < —ke——ha

< MaTpq. (27)
Vka Yka Yka

where we have made use of the implicit constraint /ﬂga + lﬁ}w > li,lc o

5.4 Phosphatase SpoOE

Historically, SpoOE is the first phosphatase that has been characterized. It is encoded by spo0FE, a gene

transcribed from a o4-dependent promoter [59] repressed by AbrB [61, 81]. Denoting by 2., .., and
vse the synthesis and degradation rate constants, we obtain the state equation
Tse = ng 3+($aa oa) + ’ﬁie 5+($a7 Ha) Si(waba eab) — Vse Lse- (28)
Like the other phosphorelay proteins, SpoOE has four threshold concentrations: 0},, 6%, 63,, and
6%,. These are ordered by the threshold inequalities
0< 0., <02 <63 <0t < maz. (29)

The possible synthesis and degradation rates of SpoOE are given by M, = {0, x%,, %, + ki, } and
Nge = {7se}, respectively. We will set (52, +5L,)/vse > 02,. If this were not the case, SpoOE would not
be able to reach a concentration at which it can exert any influence on the sporulation decision [61].
In fact, as can be verified in (19), the state equation for o, it must hold that zs > 63, for Spo0E
to inhibit the initiation of sporulation. In addition, spoOF is expressed at a background level during
vegetative growth [59]. This motivates the following equilibrium inequalities:

0 1
Kse + Kse

1 Ko 2 3
Se
056 < < 086’ 956 <

,YSC 786

< 6L. (30)

5.5 Transition state regulators AbrB, SinR, Sinl, and Hpr

The transition state regulators implicated in the decision to sporulate that have been best characterized
are AbrB, SinR, Sinl, and Hpr [28, 64, 72, 79, 80]. The gene abrB is transcribed from two vegetative-
growth promoters, P1 and P2 [62, 78]. While the P2 promoter is repressed by both Spo0A~P and
AbrB itself, the P1 promoter is regulated by AbrB only [62, 81, 82]. We denote by !, and 2%, the
synthesis constants for the P1 and P2 promoters, respectively, and by 7. the degradation constant.
This gives the following state equation:

Tap = ”tlzb 3+($aa 0a) s~ (Tap, 92!;) + ﬁgb 3+($aa 0a) 8~ (Tab, 921))'

(1= 57 (us,05) 87 (Tsa, 9;(1) 57 (Tkas Hia) 8 (Tses 93«:)) — Yab Tap- (31)
AbrB has two threshold concentrations, Oéb and 0%, which are ordered by the threshold inequalities

ab’
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Ug =0
0<6, < maz,

Tp = K:(f)t 8+($‘1’ 0‘7') + Ellz 8+(£L'a, Ga) 8_(374117; Q;b) — YhTh
0< 6, < mazxy
0< ”g/’Yh < oha eh < (H?-L + K’}L)/’Yh < mazrp

'i.f = Kf S+($h70h) (1 - 5+($5T76;r) 5_(:55170?1))

5 (us, 05) T (T50,0%,) T (Tka,03,) ™ (Tse,02,) — 5 T¢
0< 0y < mazy
0 < Kg/vs < mazy

Tsa = Hia 3+(xaaaa) (1 - 3+(US:05) 5+($saa ega) 3+($kaa 01?;@) 3_($sea0§e))+
”ga st (xp,0n) (1 — s (us, 05) s (Tsa, 93,1) 51 (T, 020,) 57 (2se, 0;6))‘
(1- st (@sr, 0;7‘) 57 (ws, ‘931)) — Vsa Tsa
0<6l, <02 <63, <63 < mazy,
aga < n;a/')'sa < Ogaa aga < K‘ga/’yw < MAZsq, oga < (K:sl;a + K‘?a)/’)’sa < MaAZTsq

Tha = K9y 8T (a,0a) + Kk, 8T (@h,08) (1 — s (us,05) T (Tsa,0%) T (Thas 0p,) 5 (Tse, L)) — Vha Tha
0<6;, <02, <03 <6, <mazk,
aia < ’iga/'Yka < el::a’ oéa < nka/’)’ka < MaTkq, eéa < (K’ga + Rka)/'}’ka < MATkq

'i'se = K‘(s)e 8+ ('Taa ea) + K’ie S+ (maa ea) s (mab; oab) — Vse Tse
0<6l, <62 <03 <0t < mazs,
0;6 < /‘526/7% < 0?6’ 626 < ('i(s)e + ﬁie)/fyse < 0;16

Tap = Kéb st (xa; ea) 3_($aba 021;) + ’iib st (Z‘a, ea) 3_($aba 92:,)'
(1- 3+(Us,03) 5+(xsaa Q;a) 5+($kaa ellm) 5_(55se7036)) — Yab Zab
0<6l, <02 < mazg

0 < kny/Yab < Oay, 02, < (KL, 4+ K2,)/Vab < Mmaz4p

Bar = Ky 7 (Tay 0a) + g 7 (Tas0a) 57 (Tab, 033) 57 (Tnrs Onr) (1 = ¥ (@sr, 03,) 57 (20, 05,))-
(1 — §+(us,05) 8+(l'sa, 03(1) 3+(.’Il'ka, 012611) 3_($se;0ge)) — Ysr Tsr

0<6l, <6% < maz,,

02 < K2 [vsr < mazg,, 62, < (KS, + KL.)/vsr < mazs,

Figure 11: State equations and parameter inequalities for the sporulation network of figure 3. The
model has nine state variables and one exogenous variable corresponding to the concentrations of key
proteins. An additional exogenous variable denotes the presence of a sporulation signal: zy, (KinA),
zp, (o), zse (SpPoOE), zap (AbrB), 254 (Spo0A), zs; (Sinl), zs, (SinR), zp, (Hpr), z; (o), 24 (04),
zs (Signal).
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Bsi = K 8T (2a,04) + KL $T(24,00) $™ (Tap, 0%,) s~ (Thry Onr) (1 — T (257, 0%,) 57 (w5i,0%;))-
(1- $+(“8708) 3+(msaa 93(1) 3+(mkaa 9,2m) 57 (@ ge, 936)) — Vsi Tsi

0 <6l <62 < mazy

08 < K%i/7vsi < 0%, 0% < (K3 + kL) /7Vsi < mazs;

Thr = Khr st (waa aa) st (Z'ab, 0(1117) st (u37 05) st (xsa, aga) st (mka; 0}?;&) s (mse; 936) — Yhr Thr
0 < Oy, < mazy,
ahr < K/hr/’th < Maxpy,

Uy =0
0< 0, < mazg

Figure 11: Continued.

0 < 0z, < 02 < mazg. (32)

The first threshold corresponds to concentrations above which AbrB represses kinA, spo0OF, sinR, sinl,
and sigH, while the second threshold corresponds to the concentration above which autorepression of
abrB takes place [82].

The possible synthesis and degradation rates of AbrB are My, = {0, k%, 61, +£2,} and Nop = {7ap}-
In order to allow AbrB to repress its own synthesis during vegetative growth [82], we have the constraint
(/i(llb —I—/{ib) [Yab > 92,). The increase of Spo0A~P at the onset of stationary phase shuts off transcription
from P2 and induces expression of the AbrB-regulated genes. This yields the constraint m}lb [Yab < Géb.
In summary, we have the equilibrium inequalities

1 1 2
0 < Jab o 0L, 62, < Fab + Kb < Mazgp- (33)
Yab Yab

The genes sinR (sin) and sinl (isin) are grouped together in the sin operon [22, 23, 24]. As shown
in figure 3, the operon structure is rather complex: sinR is expressed from a o4-dependent promoter
located between the two coding regions (P3), while both sinR and sinl are expressed from another
o4-dependent promoter (P1) preceding the two coding regions [70, 72].* Transcription from the latter
promoter is activated by Spo0A~P [22, 79| and repressed by AbrB [78]|, Hpr [38], and presumably
SinR [70, 73]. Because a low level of Sinl is observed during exponential growth, P1 also seems to
allow some constitutive expression of the sin operon. Constitutive expression of sinR from P1 and P3
leads to a rate of synthesis 0., while regulated expression from P1 gives rise to a rate of synthesis .

ST STt
With a degradation rate equal to ~ysr zsr, we obtain the following state equation for SinR:

Ty = ng S+(xa7 Ga) + Hir S+(xa7 Ga) si(xaba eéb) si(whﬁ Hhr) (1 - 3+(-Tsr’ 0?7") 37(3:51'7 0;1))
(1 - 8+(’U,5, 95) S+(£Esa, 93(1) 8+ (‘Tkaa gl%a) 3_($se7 038)) — Ysr Lsr- (34)
The state equation for Sinl is similar, with kY, denoting the background synthesis rate during

exponential growth, m;i the synthesis rate induced by derepression of promoter P1 at the onset of
stationary phase, and ~,; 45 the degradation rate.

“The sin operon is also transcribed from a third promoter (P2) located between P1 and the sinl coding region [72].
P2 has the characteristics of a o®-dependent promoter. Because transcription from P2 does not commence but well after
the initiation of sporulation, we will omit this promoter here.
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'ijs’i = H(s)z' 3+(Ia1 oa) + Hiz’ 3+(Iaa oa) 3_(-'511117 Oéb) 8_(517}”-, 9h7‘) (1 - 8+($sra 937) s (msia eiz))
(1- 3+(“Sa 05) 3+($saa 9fa) 3+(Ikaa Hl%a) 5 (Tge, ng)) — Vsi Tsi- (35)

SinR represses the expression of various genes involved in the activation of sporulation, such as
spo0A and sigF. In the absence of indications of the contrary, we assume that SinR interacts with these
genes at about the same strength. Furthermore, as mentioned above, at higher concentrations SinR
must be able to shut off its own synthesis. As explained in section 4.2, this leads to two threshold
concentrations for total SinR and Sinl, denoted by 6.., 62, and 0, 6%, respectively. We obtain the
following threshold inequalities

0< 6, <02 < mazg,, (36)
0 < 0y; < 0% < mazg;. (37)

As can be verified in (22), a sufficient condition for inhibiting the onset of sporulation is that the
concentration of total SinR be above the threshold 6., while the concentration of total Sinl be below
the threshold 6%.

Inspection of (34) learns that the possible synthesis and degradation rates of SinR are My, =
{0,k k% + k1.} and Ng = {7s}. In the exponential growth phase, when Sinl is available at low
levels, SinR inhibits sporulation [51]. Moreover, SinR autoregulation seems to occur in sin/ mutants
[23, 52]. These conditions imply &Y./vs, > 62,, and hence (K%, + k1,)/vsr > 62.. For Sinl, we have
Mg = {0,r%, 5% + kL,} and Ny; = {vsi}. In wild-type bacteria, Sinl seems to prevent free SinR from
accumulating to the point where it represses its own synthesis. By means of (34), we conclude that
"‘G(s)i/ Ysi > Ggi. Following upregulation of P1, Sinl accumulates to the point where it allows derepression
of SinR-controlled genes to occur [3]. This motivates the further constraint (k%; + k1) /vs > 6%. We
thus arrive at the following equilibrium inequalities for SinR and Sinl

0 0 1
K Ker + K
OET < L < mazyg,, 0§T <L < maz,, (38)
rYST 757’
0 0 1
Ko Ko + K.,
0;1- < < 9;-, 9§,~ < S8 < maz. (39)
Vsi Vsi

Hpr is a DNA-binding protein regulating the expression of several genes involved in transition state
functions of B. subtilis [72, 79, 80]. It is the product of the gene hpr (scoC, catA), which is expressed
during vegetative growth [38, 60]. Transcription of the gene is repressed by Spo0A~P [60] and activated
by AbrB [81]. Denoting the Hpr concentration by zj,, we obtain the state equation

i'hT = Khr 3+($aa 911) 3+($aba eéb) 3+(u8a 08) 3+($Sa7 Gfa) 3+ ($kaa 01%(1) 3_(',1:86; ng) — Yhr Thr (40)

where kp, and 7y, are synthesis and degradation rate constants, respectively.
Hpr has a single threshold 6p,., which gives the threshold inequalities

0 < 0y < mazp,. (41)

Above its threshold, Hpr is able to repress the P1 promoter of the sin operon, and thus prevent
inactivation of SinR by Sinl [38]. Given M}y, = {0, kp,} and Np, = {7yn,}, this leads to the constraint
Khr/Yhr > Opr, and hence the equilibrium inequalities

Onr < Bhr mMazpy- (42)
Yhr

INRIA



Quatitative Stmutation of the Initiation of Sporuiation

5.6 Sporulation signal

The phosphorelay integrates a variety of environmental and physiological signals, indicating nutrient
availibility and cell density [4, 28, 35]. As explained in section 2, we consider a single signal in our
model: the signal stimulating the autophosphorylation of the kinases, abbreviated to Signal. It is
associated with the input variable ug, and

g = 0. (43)
We define a single threshold for Signal, 6, and thus obtain the threshold inequalities

0< 8, < maz,. (44)

If the step function expression s (us, ;) evaluates to 1(0), then Signal is said to be present (absent).
The presence of Signal denotes physiological conditions conducive to sporulation.

6 Simulation of the sporulation network

The model presented in the previous section consists of 9 state variables, 2 input variables, 22 threshold
parameters, and 26 rate parameters. In addition, we specified 70 threshold and equilibrium inequalities.
The choice for particular regulation functions and parameter inequalities was motivated by the available
genetic and molecular data on B. subtilis sporulation. Using this model, we simulate the response of the
bacterium to nutrient depletion and high population density for various initial conditions and genetic
backgrounds. The leads to qualitative behavioral predictions that can be compared with experimental
observations reported in the literature. All simulations reported below have been carried out by means
of the program GNA [10].

We will focus on two issues in particular. First, the choice between vegetative growth and sporu-
lation in response to adverse environmental conditions will be explained as the outcome of competing
positive and negative feedback loops, controlling the accumulation of SpoOA~P (section 6.1). Second,
the effects of mutation and overexpression on the feedback regulation of Spo0A~P accumulation will
be analyzed (section 6.2).

6.1 Feedback regulation of choice between vegetative growth and sporulation

In response to changing nutrient conditions and population density, B. subtilis genes either assume
the correct level of activity for sporulation or remain at a level of activity appropriate for vegetative
growth [7]. The decision to initiate spore formation or pursue vegetative growth is the result of the
integration of signals reflecting the cellular and environmental conditions. On the molecular level, signal
integration is accomplished by regulating the activity of the phosphorelay, and hence the accumulation
of Spo0A~P, through positive and negative feedback loops regulating the synthesis of the phosphorelay
components [4, 28, 35] (section 2).

5The models used for the simulations reported in this section can be obtained from the authors.
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In the absence of Signal (0 < us < ), the system reaches a qualitative equilibrium state associated
with the switching domain

0, < ug < mazy, 0 <z <6y,

0<zp <0y, 0k, < Tsa < 0%,

0 < Tge < 0L, Ory < Tha < 02,4, (45)
O, < Thr < MATpy, Tap = 02,

02, < zg < mazgy, 0L < zh; < 0%,

0 <wus <0,

which describes physiological conditions found in the exponential growth phase. o is the major sigma
factor directing transcription in a vegetatively-growing cell, while o is found at concentrations too
low to permit expression of the sporulation genes. The phosphorelay proteins Spo0A and KinA are
available at background levels and allow the cell to produce enough Spo0A~P to enter the transition
state if the environmental conditions deteriorate. The transition state regulators SinR, AbrB, and Hpr
are available at concentrations preventing the onset of sporulation, while Sinl is available at a level
that does not permit repression by SinR to be relieved. The gene coding for o’ is not expressed in a
growing cell.

Starting from this qualitative equilibrium state, we perturb the system by switching on the sporu-
lation signal (05 < us < maz,). Simulation of the network takes a few seconds to complete on a PC
(500 MHz, 128 MB), and gives rise to a transition graph of 465 qualitative states. Many of these states
are associated with switching domains that the system traverses instantaneously. Since the biological
relevance of the latter states is limited, they can be eliminated from the transition graph. This leads
to a reduced transition graph of 82 qualitative states, part of which is shown in figure 12.

The transition graph contains a single qualitative equilibrium state that the system eventually
reaches in all qualitative behaviors. The qualitative equilibrium state corresponds to the spo™ phe-
notype, because the concentration of o has not reached the threshold above which it directs the
transcription of its target genes. Whereas in some qualitative behaviors the system directly reaches
the qualitative equilibrium state, in others it first passes through a period of transitory sigF expression,
which corresponds to the spo™ phenotype.

Typical qualitative behaviors for sporulation as well as for vegetative growth are explored in detail
in figure 12. The first event after receiving the sporulation signal is the downregulation of abrB, which
favors expression of sigH and sinl. Expression of sinl is further stimulated by the disappearance of
Hpr, whose synthesis is shut off following abrB downregulation. Increasing levels of o and Sinl lead
to an increase in spo0A and kinA expression. As a consequence, Spo0A~P levels continue to rise and
eventually activate sigF expression (figure 12(b)). On the other hand, abrB downregulation also causes
the Spo0OE concentration to rise, which prevents Spo0A~P from accumulating to the point where sin/
is expressed at a level sufficient to inactivate SinR. This leaves SinR repression of the o¥-dependent
promoter of Spo0A intact, and thus prevents activation of sigF expression (figure 12(c)).

We conclude that the transition graph faithfully represents the two possible responses to nutrient
depletion that are observed for B. subtilis: either the bacterium continues vegetative growth or it enters
sporulation. The initiation of sporulation is determined by positive feedback loops acting through
Spo0A and KinA, and a negative feedback loop involving SpoOE. When the rate of accumulation of
the kinase outpaces the rate of accumulation of the phosphatase, we observe transient expression of
sigF, i.e. a spo™ phenotype (figure 12(b)). If the kinetics of these processes are inversed, sigF is never
activated and we observe a spo~ phenotype (figure 12(c)). Additional negative feedback loops stabilize
the expression of spo0A and kinA at high concentrations of SpoOA~P.

The expression of sigF in the sporulation behavior is transitory. The reversion of the sporulation
decision, caused by the continuing accumulation of SpoOE, is due to the fact that the genes and
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Figure 12: (a) Fragment of the state transition graph produced for vegetative growth conditions, when
Signal is switched on (65 < us < mazs). (b) Temporal evolution of selected protein concentrations in
a typical qualitative behavior leading to the spo™ phenotype. (c) Idem, but for a typical qualitative
behavior leading to the spo~ phenotype.
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interactions required for later stages of sporulation, as well as signalling mechanisms controlling the
activation of the kinases and phosphatases, have not been included in our model. In section 7, we
discuss how the model could be extended to include these processes.

6.2 Feedback regulation in different genetic backgrounds

Much of our knowledge on the architecture of the network in figure 3 derives from studies describing the
effects of mutation and overexpression of sporulation genes. Changing the genetic background amounts
to disrupting the network structure, e.g., deleting a gene or removing a regulatory interaction. The
genetic modifications disable some of the feedback loops of the system, and may thus influence the
choice of developmental pathway. In particular, mutation and overexpression of some genes may lead
to qualitatively different outcomes, in the sense that either the spo™ or the spo~ phenotype disappears.

From the literature, we have selected a dozen genetic modifications concerning most of the genes in
the reduced sporulation network of figure 3. For each case, table 1 lists the nature of the modification
(deletion of the coding region or a promoter of a gene, overexpression of a gene). The genetic modifica-
tions are integrated into the model of section 5 by adapting state equations or parameter inequalities,
as illustrated in the examples below. The modified strains have been simulated for vegetative growth
conditions (45), sometimes slightly modified to account for the difference in genetic background, in the
presence of the sporulation signal. The simulation results have been compared with experimental data.
A specific sporulation phenotype (spot or spo™) is said to be observed, if a non-negligible proportion
of the culture (> 1%) has this phenotype under the experimental conditions. The simulation results
and their correspondence with experimental observations are summarized in the table.

Modification Reference States Predicted phenotype | Correct?
spo0A deletion [34] 2 (1) spo~ Y
spo0A(Pg) disruption | [71] 187 (40) spo~ Y
sigH deletion [34] 17 (7) spo~ Y
kinA deletion [37, 47, 87] | 2 (1) spo—, spot N
spo0E deletion [61] 100 (39) spo—, spot N
spo0E overexpression | [61] 2 (1) spo~ Y
spo0A abrB deletion | [29] 135 (30) spo~ Y
sinR deletion [51] 1257 (142) | spo—, spot Y
sinR overexpression | [23] 137 (31) spo~ Y
kinA sinR deletion [50, 51] 2 (1) spo—, spot N
sinl deletion [3] 137 (31) spo~ Y
hpr overexpression [60] 47 (16) spo~ Y

Table 1: Qualitative simulation of cell in different genetic backgrounds, under physiological conditions
corresponding to vegetative growth, in the presence of the sporulation signal. The number of qualitative
states generated, as well as the predicted sporulation phenotype (spo~ or spot), are listed. In addition,
it is indicated whether the qualitative behaviors predicted by the model are consistent (Yes or No)
with the observations.

For example, deletion of the gene sigH means that the sigma factor ¢ cannot be synthesized. In

order to model the behavior of this mutant, we change (16), the state equation for o, into

Tp = —Yh Th, (46)

which reflects that a sigH mutant is not able to produce any o’. Qualitative simulation using the
model thus modified results in a state transition graph with a single qualitative equilibrium state,
corresponding to the spo~ phenotype (figure 13). No expression, not even transitory, of the gene sigF
occurs. As can be seen in (b), abrB downregulation still occurs, leading to activation of spo0F and
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repression of hpr, but the concentration of o”-dependent sporulation genes remains below the thresh-
olds necessary for the initiation of sporulation. The disappearance of the spo™ phenotype corresponds
exactly to the observed biological behavior: a sigH mutant does not sporulate [34].
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Figure 13: (a) Fragment of the state transition graph produced for vegetative growth conditions in a
sigH mutant, when Signal is present (; < us; < maz,). (b) Temporal evolution of the proteins in a
typical qualitative behavior.

Disruption of the Pg promoter of spo0A also inhibits sporulation [71]. The state equation of Spo0A
changes into

Tsq = ”ia st (Tas04) (1 — 3+(Us, 05) 3+(-77saa Qg’a) st (Tkas elyc’a) 5 (Tse, 9?@)) — Ysa Tsa- (47)

In comparison with (22), the term involving k2,, the rate of synthesis of Spo0A from Pg transcripts,

has been omitted. Qualitative simulation yields a state transition graph with 187 states (40 of which
are non-instantaneous), containing a single qualitative equilibrium state that corresponds to the spo™
phenotype. Contrary to what is observed in the case of the sigH mutant, an increase of KinA synthesis
occurs at the onset of stationary phase, due to derepression of sigH.

Overexpression of spo0F renders strains incapable of sporulation [61]. The negative feedback loop
is disrupted, because SpoOE is continuously available at high concentrations, thus washing away the
effects of AbrB regulation. This can be modeled by changing the equilibrium inequalities for Spo0E
into
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Qualitative simulation confirms that sporulation cannot be initiated under these conditions.

Overall, we find good correspondence between the observed and predicted qualitative behavior of
genetically modified strains under sporulation conditions. However, simulation of the cell in a kinA
background gives rise to a transition graph without a qualitative behavior corresponding to the spo™
phenotype. This prediction is in contradiction with the observation that deletion of kinA does not
substantially diminish the capability of the bacterium to sporulate, although the onset of sporulation
is delayed [37, 47, 87]. The incorrect prediction results from ignoring additional kinases that play a
role in the initiation of sporulation, in particular KinB and KinC [37, 41, 46, 47, 87]. For a similar
reason, omitting alternative kinases or phosphatases, the model fails to correctly predict the behavior
of the kinA sinR and the spo0F mutants. Extension of the sporulation model with state equations for
the alternative kinases and phosphatases restores the capacity of the model to account for the kinA
and spo0F mutants (results not shown).

7 Discussion

In this report, we have modeled and simulated the genetic regulatory network underlying the decision
between vegetative growth and sporulation in the Gram positive soil bacterium B. subtilis. We have
used the qualitative simulation method described in [10], which is based on a class of PL differential
equation models. The PL models describe a genetic regulatory network as a set of genes encoding
proteins that control the synthesis and degradation of other proteins. The models abstract from the
precise molecular mechanisms involved in the regulation of gene expression and proteolysis, such as
the interactions in the phosphorelay. Instead, they employ step functions capturing essential aspects
of the regulatory logic of the mechanisms. The PL models are particularly appropriate for a global
description of the sporulation process, which can be understood as a switch between genetic programs,
involving a change in expression of a large number of genes. For other purposes, for instance when
focusing on a specific molecular mechanism, more fine-grained models may be required [8].

The step functions in the PL models are approximations of sigmoidal functions expressing the
relation between the concentration of a regulatory protein and the activity of a target gene [66, 95].
The sigmoidal form of regulation functions arises from cooperative effects, such as the multimerization
of regulatory proteins and the existence of several binding sites for a protein in the promoter region
of the target gene. Since many of the regulatory proteins in the sporulation network are active as
multimers, e.g., SinR [24], Spo0A [49], and AbrB [88], the assumption of sigmoidal regulation functions
seems warranted. A novelty of our work is that is shows that the activity of a gene as a function of the
concentration of several proteins, involved in a complex regulatory mechanism, may give rise to a multi-
dimensional sigmoidal curve. When building a detailed kinetic model of the molecular interactions, and
simplifying the model by means of the quasi-equilibrium assumption, generalized sigmoidal functions
are found for the regulatory mechanisms involving SinR and Spo0A~P (section 4).

Instead of assigning numerical values to the threshold and rate parameters, we specify qualitative
constraints on the parameters in the form of algebraic inequalities. This results in a qualitative model
of the sporulation network (figure 11). The use of qualitative models is motivated by the fact that,
even though sporulation in B. subtilis is one of the best-understood model systems for prokaryotic
development, very little quantitative data on kinetic parameters and molecular concentrations are
available. This compromises the use of traditional numerical methods, especially when the size of
the sporulation model (11 variables and 48 parameters) is taken into account. Whereas numerical
values for the parameters are absent, the discussion of the model in section 5 shows that information
required for the choice of appropriate threshold and equilibrium inequalities can be derived from the
experimental literature.
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The parameter inequalities are exploited by the simulator GNA which, based on the mathematical
properties of the PL models, predicts the possible qualitative behaviors of the system. More precisely,
the program generates a state transition graph consisting of qualitative states and transitions between
qualitative states. A path in the state transition graph corresponds to a predicted qualitative behavior
of the system, describing the qualitative evolution of protein concentrations over time. The graphical
interface module of GNA offers visualization functions to analyze the predicted qualitative behaviors
in detail (figure 12).

The predictions obtained through qualitative simulation are less precise than their numerical coun-
terparts. We can predict that, under conditions of nutrient deprivation, the KinA and Spo(OE con-
centrations will increase over time. However, we cannot predict the numerical value to which the
concentrations will rise. In addition, while a strain bearing a sinR deletion is correctly predicted to
have the spo™ and spo~ phenotypes, it is not possible to conclude from the transition graph that the
mutant strain sporulates more frequently than the wild-type strain, nor that sigF' is expressed ear-
lier in a sinR background [51]. Although the qualitative behaviors lack numerical precision, they do
nevertheless capture essential features of the dynamics of the regulatory system.

In the case of the response of B. subtilis to nutrient deprivation, two kinds of qualitative behavior
are found, in accordance with the observations (section 6.1): one type of behavior corresponds to the
initiation of sporulation (spo™), whereas the other signifies a continuation of vegetative growth (spo™)
(figure 12). The spot phenotype arises from the (transient) expression of sigF, whereas in the spo™
phenotype sigF is not expressed at all. Given the qualitative description of the network of interactions
and the sporulation conditions, these are the only possible responses of the system. This follows from
the soundness of the qualitative simulation method, which guarantees that all qualitative behaviors
abstracting from some solution of a quantitative PL model, consistent with the qualitative PL model,
are covered by the state transition graph (section 3). Notice that this guarantee is obtained without
performing exhaustive numerical simulation.

The decision to enter sporulation or pursue vegetative growth emerges from the complex network
of interactions in figure 11. The key determinant of the behavior of the cell is the transcriptional
regulation of the phosphorelay proteins Spo0A, KinA, and SpoOE achieved by a number of competing
positive and negative feedback loops. The feedback loops ensure that small external stimuli, such as
the signal causing autophosphorylation of KinA, can be amplified and provoke a dramatic change in
the overall pattern of gene activity. Figure 12(b) describes the situation in which the positive feedback
loops act stronger than the negative feedback loop. In this case, the accumulation of KinA outpaces
the accumulation of SpoOE, and the concentration of Spo0A reaches a level at which sporulation can be
initiated. In figure 12(c), the concentration of SpoOE rises faster than the concentration of KinA, and
Sinl cannot reach the threshold concentration above which it is able to neutralize SinR. The sequences
of events predicted by the qualitative behaviors correspond well to the observed qualitative changes in
gene expression.

The same design principle of competing feedback loops is found in the genetic network controlling
the lysis-lysogeny decision of bacteriophage A [66]. Here, the feedback loops install a race between the
activator protein CI and the repressor protein Cro, analogously to the competition between KinA and
Spo0E in the sporulation network. Such a design possesses ‘undesirable’ properties from an engineering
point of view, because of its extreme sensitivity to small variations in the environmental conditions.
However, networks based on this principle appear to be quite appropriate for biological decision-making
involving the integration of a variety of heterogeneous signals (see [85] for a general account of the role
of feedback loops in development). As in the case of sporulation, mutation of the genes involved in
the lysis-lysogeny decision affect the ability of the system to weigh and integrate a variety of possibly
contradictory signals.

The signal integration mechanism controlling the initiation of sporulation in B. subtilis is actually
even more complex than shown in figures 3 and 4. As explained in section 2, the phosphorelay transfers
a phosphate from the kinase to Spo0OA in multiple steps, each of which may be separately controlled

RR n° 4527



Hidae ae Jong et al.

by environmental and physiological signals. In addition, multiple kinases and phosphatases have been
shown to play a role in the sporulation decisions, whereas we have taken into account a single kinase
and phosphatase. Recent work has shown that some mechanisms transducing signals relevant for the
sporulation decision involve proteins inhibiting the activity of the kinases and phosphatases [45, 89].
Since these regulatory proteins are, in some instances at least, under the direct or indirect control of
Spo0A~P, this gives rise to an additional layer of feedback control of the phosphorelay. We are currently
working on extended models of the sporulation network, taking into account the above interactions as
well as interactions involved in later stages of the sporulation process.

One of the alternative phosphatases in the phosphorelay, RapA, is under the control of ComA~P,
a response regulator involved in genetic competence [56]. This brings to the fore that the binary
decision between vegetative growth and sporulation is a simplification. In fact, as mentioned in the
introduction, the behavioral repertoire of B. subtilis includes other, less drastic responses to degrading
environmental conditions. Among these is the development of genetic competence, that is, the uptake
of foreign DNA and its integration into the genome of the bacterium [13, 28]. In this report, we
have investigated a single module, responsible for the decision to initiate sporulation. But in reality
this module interacts with other modules, regulating the development of competence and motility,
the production of antibiotics, and other responses. We plan to address the interactions between these
modules in extended models of the stationary-phase behavior of B. subtilis.

The initiation of sporulation is one of the best-studied examples of development in prokaryotes. This
has allowed us to compile from published sources a detailed model of the genetic regulatory network
controlling this process. The coherence between the model predictions and the observed biological
behaviors can be seen as a validation of the modeling and simulation approach that we have chosen,
which is based on coarse-grained and qualitative models of regulatory networks. The results from this
study, and from studies carried out with logical models related to the PL models used in this paper
[63, 67, 84], warrant the future application of the method to biological systems that are understood
to a lesser degree. The possibility to explore alternative hypotheses of the network structure through
qualitative simulation may guide the choice of discriminatory experiments and thus contribute to the
efficient mapping of genetic regulatory networks.

A Kinetic models of regulatory mechanisms

A.1 Transcription regulator

Consider the regulation of hpr by AbrB in figure 5(a). Using the mass-action rate law, a detailed
mechanistic model of the interaction could be developed, possibly taking into account dimerization of
the regulatory protein and the presence of multiple binding sites in the promoter region of the gene
(e.g., [1, 40, 92]). For our purposes, it will suffice to use the Hill rate law, a simpler, phenomenological
relation between the activity of a gene and the concentration of a transcriptional regulator |25, 33, 85].
Denoting by v, the normalized activity of gene hpr, 0 < vp, < 1, and by x4 the concentration of
AbrB, the Hill function is defined as

o
Tap

o o’

Tap + Kab

Vhr =
where o > 1 is the cooperativity coeflicient and K, > 0 a phenomenological constant analogous to the
half-saturation constant in Michealis-Menten kinetics. The Hill function has a sigmoid shape, which
corresponds to experimental observations of bacterial gene regulation [66, 95]. K, can be interpreted
as a measure of the strength of the interaction between the regulatory protein AbrB and the promoter
region of hpr.
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For arbitrary but realistic parameter values, we obtain the gene activity plots in figure 6 (Ky =
5-10% M and o = 3 in (a); K4 = 6.7-107% M and o = 3 in (b)). All calculations and plots have
been produced using the program Matlab (MathWorks).

A.2 Transcription regulator inactivated by anti-repressor

The regulation of spo0A in figure 7 can be modeled by means of the mass-action and the Hill rate laws.
Let vg, and K, be defined analogously to vy, and Kg in appendix A.1. The activity of spo0A as a
function of the free SinR concentration g~ is then given by the algebraic equation

Tgrn, K,

=1— — . 49
Vaa w5, + K 19, +Kg (49)

The following reactions are involved in the association of Sinl and SinR, and the dissociation of
the SinR~Sinl complex:

k1
SinR + SinI * SinR~Sinl
k_1
k1 and k_1 are the rate constants for the association and dissociation step, respectively. The reactions
are described by the system of differential equations

Tsra = k1 Topmsi — K1 Tsra T siros (50)
Tsin = k_1 Topmsi — k1 Tsra L siny (51)
Tsrosi = K1 Tspn Tsin — k1 Tsposis (52)

where z ;. and x4~ s; denote the concentrations of free Sinl and of SinR~Sinl, respectively. In addition,
we define the following conservation relations for the total SinR and Sinl concentrations xg, and zg;:

Lsp = Tsp~ + Tsrasis (53)

Tsi = Tgin + Topmusi- (54)

The conservation relations (53)-(54) allow the system (50)-(52) to be simplified to the single differential
equation:

(l/kl) jf'srw = —xgm + (msr — Tsi — Kl) Tsr~ + Kl Tsr, (55)

where K1 = k_1/k1. (49) and (55) together describe the regulatory mechanism in figure 7.

Following the quasi-equilibrium assumption in section 4.2, we set 4~ = 0. The equilibrium
concentration of .. can be obtained by finding the roots of the second-order polynomial in the right-
hand side of (55). The polynomial has two roots, but a simple argument shows that only one root
lies inside the range 0 < zgn < Zg. For x4~ = 0, the polynomial simplifies to K x4, whereas for
Tgrn = Zgr, We Obtain —zg; 4. The first term is positive and the second negative, hence there is a
single root in 0 < 4. < Zg. Moreover, this root corresponds to an asymptotically stable steady-state
of the system, since 0% sp~/0zsr~ < 0. (In fact, 0Zspn/0Tspn = —2k1 Tspn + k1 Ty — k1 Ts; — k1 =
—k1Tgpn — K1 x50 — k1 < 0)

Taking arbitrary, but realistic values for the parameters (K; = 800 - 10° M, K, = 0.2-107% M,
o = 3), we have calculated the valid root of the polynomial in (55), for different concentrations of total
SinR and Sinl. This yields the concentration of free SinR at equilibrium, and hence the activity plot of
spo0A shown in figure 8. The result is robust, in the sense that moderate variations in the parameter
values do not change the sigmoidal shape of the surface. The activity plot for the regulation of sinR
is obtained in the same way, with K; = 80010 M, K, = 0.4-107% M, and o = 3.

RR n° 4527



Hidae ae Jong et al.

A.3 Transcription regulator phosphorylated through phosphorelay

The activation of the expression of sigF' by Spo0A~P (figure 9) is described by means of the Hill rate
law

vy= e (56)
Igafvp + Ksaa
where Zs4~p and vy denote the concentration of Spo0A~P and the normalized activity of sigF, respec-
tively, while the constants K, and ¢ have their usual meaning.
The reduced phosphorelay of figure 9 then involves the following reactions and rate constants:

k1
Spo0A + KinA " Spo0A ~ KinA —2— Spo0A ~ P + KinA
k-1
L} k4
Spo0A~P + Spo0E . ° Spo0A ~ Spo0E ——— Spo0A + SpoOE
k-3

Recall from section 2 that the autophosphorylation of KinA is stimulated by a sporulation signal, the
molecular nature of which has escaped experimental identification thus far.

The reactions are modeled by means of the law of mass action (see [69] for a similar model). Let
Zsa~p; Tsa~ denote the phosphorylated and non-phosphorylated SpoOA concentrations, Tie~, Tse~ the
free KinA, SpoOE concentrations, and Tsg4~kq, Zsa~se the Spo0A~KinA, Spo0A~Spo0E concentrations.
Then we obtain the following system of differential equations:

Tsan = k1 Tsgnka + k4 Tsanse — k1 Tsan Lkans

j:sawp = k_3Tsa~se + k2 Tsaka — k3 Tsar~p Lse~y

Ut
=)

Tsanka = K1 Tsan Than — (k—l + k2) Tsa~kas

(=]
(e
—_— — T T D —

Tsgnse = k3 Tsarp LTsen~ — (k73 + k4) Tsa~ser
Tgan = (k—l + k?) Tsa~ka — K1 Tsan Than,

Tsen = (k—3 + k4) Tsa~se — k3 Tsarp Tser-

In addition, we define the following conservation relations:

Tka = Tha~ T Tsa~kas (63)
Lse = Tsen T Tsanses (64)
Tsq = Tsa~ + Tsa~p T Tsa~ka T Tsa~se; (65)

where zyq, Zse, Tsq denote the total KinA, Spo0E, Spo0A concentrations. Thus, following (63), the total
kinase concentration equals the sum of its free and complexed concentration (idem for the phosphatase).

We will assume, as in the case of the phosphorylation/dephosphorylation cascade studied by Shacter
et al. [69], that the amount of enzyme-substrate complex is negligible in comparison with the amount
of phosphorylated and non-phosphorylated substrate. As a consequence, we can simplify (65) to
Tsq = Tsgn + Tsanp- We will further assume that the enzyme-catalyzed reactions follow Michaelis-
Menten kinetics. This leads t0 Zs4oke = 0 and Tgguse = 0.

The conservation relations (63)-(65), together with the assumptions detailed in the previous para-
graph, allow the rate equations (57)-(62) to be simplified. In the presence of Signal, we obtain the
single differential equation

(k4 Tge — ko -'Eka) Igawp - (k4 Tse (Kl + -'Esa) + k2 Tka (K3 - 375(1)) Tsa~p + ko K3 g0 Tka
(K1 + (Zsq — Tsamp)) (K3 + Tsgmp)

. (66)

Tsarp =
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where K7 = (k',l + k‘Q)/kl and K3 = (k73 + k‘4)/k‘3.

In section 4.3, it was argued that the phosphorelay is in a state of quasi-equilibrium with respect to
the synthesis and degradation of its component proteins. We therefore set &34, = 0 in (66), and solve
for zs4~p. We have to determine the roots of the polynomial on the right-hand side of the equation.
By an argument parallel to that given in the previous section, it can be shown that there is a single
root in the interval 0 < Zgq~ < Tsq, Which corresponds to an asymptotically stable equilibrium of the
system. The gene activity vk at equilibrium can then be calculated by means of (56).

The above derivation is valid under the condition that the signal stimulating autophosphorylation
of KinA is present. In the absence of Signal, (66) reduces to

Esamp = 0, (67)

and the system is in equilibrium by definition. Since Spo0OA is synthesized in its unphosphorylated
form, we fix this equilibrium at zse~p = 0.

Based on the experimental literature [27|, the following approximate parameter values have been
chosen: K1 =2.1-10M, K3 = 1.5-10"% M, k» = 0.085 57!, and k4 = 0.2 s~!. For the remaining
parameters, we have used the values K; = 1.8 - 107® M and ¢ = 3. Calculation of the activity of
sigF as a function of the concentrations of Spo0A, KinA, and SpoOE, in the absence and presence
of Signal, leads to the plots shown in figure 10. The sigmoidal shape of the surface is robust under
moderate variation of the parameter values. The activity plots for the regulation of abrB (not shown)
are obtained in the same way, with a lower value for Kpy.
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